HW 10 Solutions

Due: Thursday, Nov 20, 2007

Ch. 6, Comp. Ex. 1. Define Z(t) = 0 if X(¢) is even, and Z(t) =1
if X(t) is odd. Then {Z(t),t > 0} is a CTMC on state-space {0,1} with

generator matrix
—-a o«

Using results of Example 6.12, equation 6.38, we get
P(X(t) odd|X(0) = 0) = P(Z(t) = 1|Z(0) = 0) = po1(t) = %(1_67(%5#)'

Ch. 6, Comp. Ex. 6. Using the transition rates from the modeling
Exercise 15, the forward equations 6.29 become

pi () = 3(+1)upijr1(t)—jpupij+-4(G—1)upij—1+.3(—2)upij—2(t), j >0,

where we interpret p; j(t) = 0 for j < 0. Following the steps in the solution
to Computational Exercise 2, we get

m/(t) = .Tum(t), m(0) =i.

Solution is given by
m(t) = ie ™M,

Thus the size of the amoeba colony explodes exponentially with time.
Ch. 6, Comp. Ex. 10. The system is stable if A < pu = p1 + po.

Using the transition rates developed in the solution to Modeling Exercise 7,
we get the following balance equations (use A\; = Aa, A2 = A(1 — «)):

Apo = H1Pla + H2P1b,
A+ p1)pra = Aipo + p2p2,
(A+p2)pie = Aapo + p1p2,
(A+wp2 = Apia + Apwy + ups,
A+ wpi = Api—1 + ppiy1, @ >3

The last set of equations is identical to the birth and death equations, and
hence yields the solution

Di = p?pi727 { > 27



where p = A/u. Next we solve the first three equations to obtain py, pia
and pqp in terms of po. We get (using =1 — «):

o Hape 2 +p
bo = 5 b2,
A At apr+ B
B2 A+ ap
Pla \ —)\—l—a,ug +5M1P2,
H1 A+ B
Py =

A )\—i—a,ug—l—ﬂmm

Finally we compute po by using the normalizing equation:

o0
Po+ Pia+ P15+ Y Pi = po+Pia+ P +p2/(1—p) = 1.
i=2
Ch. 6, Comp. Ex. 13. This system is always stable. Let ap = (1 —

p)p*~1, k > 1. Using the transition rates given in the solution to Modeling
Exercise 10, we get the following balance equations:

j—1
A +im)p; =AY aj_ipi+ ( + Dppjs1, 5> 0.
i=0
We have - -
G(z) = szpj, G'(z) = ijjflpj,
j=0 §=0
— (1-p)z
A(z) = Ja; = —7,
(Z) jglz CL] 1 —pz

Multiply the jth balance equation by 2/ and sum over all j =0,1,2,.... We
get

AN+ iwpi =Y PN ajipi+ Y2 (G + Dppja-
=0 =0 =0 =0
Simplifying, we get
O . 0 . .
AG(2) + pzG'(z) =AY 2'pi Y Zlaj + pGl(2),
=0 j=itl

which yields
AG(2) + pu(z — 1)G'(2) = MNG(2)A(2).



This can be simplified to get

1eN A
G'(z) = MG(Z)

Integrating, and using the fact that G(1) = 1, we get
A

G@qu:;pm

Ch. 6, Comp. Ex. 14. Using the birth and death parameters from
the solution to Modeling Exercise 11 in Equation 6.170, we get

A+ Ag)
pf=(2;j”,0§i§a
AL+ )5\
PG i i A
S!SZ 8,U,7’

Now if p = A1 /(sp) < 1,

i

[e¢) s—1
M+ A2 1
S = - )

else it is infinity. Thus the system is stable if p < 1, i.e., Ay < su. If it is
stable, the limiting distribution is given by

po=1/S, pi=pi/S, i>1.



