HW 6 Solutions

Due: Thursday, Oct 4, 2007

Ch. 3, Comp. Ex. 24. From the Modeling Exercise 1 of Chapter 2,
we see that {X,,,n > 0} is a success-runs DTMC with
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for : =0,1,2,.... Hence we can use the results of Example 3.22. Using L to

represent a generic lifetime os a new item, we heve

p():l:P(L>0),

oo
Pn=PoP1-Pn-1= »_ aj=P(L>n), n>1
j=n+1

Now,
o0 oo
an:ZP(L>n):T<oo.
n=0 n=0

Hence, from Equation (3.158), the DTMC is positive recurrent. Using Equa-
tion (3.159) we get
7Tn:73(L>n), n>0.
T

Ch. 3, Comp. Ex. 25. To avoid confusing notation, let «; be the
probability that an item produced by machine ¢ is non-defective. Let Y; ,,
i = 1,2, be the number of non-defective items in the inventory of the ith
machine at time n, after all production and any assembly at time n is done.
Since the assembly is instantaneous, both Y7 , and Y3, cannot be positive
simultaneously. Now define

Xn = M2 + Yl,n - Y2,n-

The state space of {X,,,n > 0} is S = {0,1,2,..., My + Ma — 1, M1 + M>}.
Now,
Xp=k>My = Yin=k— M, Yo, =0,

Xn:k<M2:>}/17n:07 YQ,nZMQ_ka



Xn:k‘:M2:>YLn:0, YQ,TLZO.

Thus X,, contains complete information about Yi, and Y2,. {X,,n > 0}
is a random walk on S as in Example 2.5 with

aq if n =20,

pmn-ﬁ-l:pn:{ a1(l—ag) if0<n< M+ M,

B i a9 ifn:M1+M2,
Prn=t =0 =9 4,1 —ay) if0<n< M + M,
11— if n=0,
Pnn = Tn = a1a2+<1—a1)(1—042) if 0 <n< M + Mo,
11— if n = My + M.

Using Example 3.23, Equation 3.171, we have
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o a1(1l — ag)

pn = )" i 1<n < M+ My — 1,

as(1— o) “ag(l—aq)
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on = ﬂ ) (Oél( a2))M1+M2_1’ ifn = ]\41 +M2 —1.
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Ch. 3, Comp. Ex. 26. Let D,, be the number of non-defective items
produced on day n. Then, {D,,n > 0} is a sequence of iid random variables
with common pmf

ag = (1—p)?, a1 =2p(1—p), az =p*.

Since the demand is one per day, we get
Xpni1=(Xy+ D, — 1),

Thus {X,,,n > 0} is a DTMC. Indeed, it is a random walk on {0,1,2,...}
with
o = 1 _p27 Po :p27
gi=(1-p)* ri=2p(l—p), pi=p°, i>1
Use the results of Example 3.23. We get

pi = (p/(1=p))*, i>0.



Using Eq. 3.174, we see that the DTMC is positive recurrent iff Y p,, < oco.
This is the case iff, p/(1 — p) < 1, i.e., p < .5. From Eq. 3.175, we see that
the limiting distribution is given by

m = (p/(1=p)*(1 = (p/(1 = p))?), i>0.

Ch. 3, Comp. Ex. 28. Let X,, be the inventory at the beginning
of period n, and let Y;, be the state of the machine (1 if up, 0 if down), at
the beginning of period n. Note that 0 < X,, < k = Y,, = 1. Thus the
state-space of the bivariate process {(Xy,,Y,),n >0} is {i = (i,1): 0 <i <
K —-1}yU{(#,0) : k <i < K}. It is a DTMC since the production in each
time period is iid. The transition probabilities are given by

it =% 0<i <K —1,
piic1=¢* 1<i<K-—1,
Pr-1K0) =P Do) i-10 =1, k+1<i<K,
P(k+1,0),k = L.
The balance equations, using judicious cuts, are
pPmi=¢*mip1, 0<i<k—1, (1)
PP =mip g, k<i<K -2, (2)
p27TK—1 = T(K,0)> (3)
T(3,0) = T(K,0)> E+1<i<K. (4

Solving equation (1) recursively yields
m = 70(p*/q%)’, 0<i<k. (5)
Solving equation (2) recursively, and simplifying yields

1—(p*/q%)"*

2,2 ,Ek<i<K-1. (6)

T = Wk(pz/QQ)i_k + T(K,0) p

Substituting for 7 from equation (5) in equation (6) yields

1- (*/a*)""

7Ti:7T0(p2/q2)i+7T(K70) q2—p2 5 kSZSK—l (7)



Using equation (4) and (7) in the normalizing equation

K-1 K
domit Y T =1
i=0 i=k+1
yields
K-1 K-1 2/ 2\i—k
i 1—-(p°/q .
70 3 021 + e S LTS (R ypigen = 1.(8)
i=0 i—kr1 TP

Substitute equation (3) in equation (7) (with i = K — 1) to get

1— (p*/g?)
q2 _ p2

m0)/P* = K1 = mo(P*/¢*)E TV + 7k 0 9)
Solve equations (8) and (9) simultaneously to obtain my and 7(x o).
(a) Steady state probability that the machine is off = 35, | m(i0) = (K —
k)W(K,O)'
(b) Probability of 4 items in the inventory = m; if 0 < i < k, m + m(; 0y if
E+1<i<K-1, andﬁ(K,O) ifi = K.

Ch. 3, Comp. Ex. 29.
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