
SOLUTION HW 5.

P17. Let X(t) be the state of the system at time t. State 0 indicates that the system has crashed
at time t. State i, 1 ≤ i ≤ 5, indicates that the system is functioning with i CPUs working,
and 5 − i CPUs down. The iid exponenitial lifetimes of the CPUs and the instantaneous
recovery mechanism implies that {X(t), t ≥ 0} is a CTMC with the generator matrix given
below:

Q =



0 0 0 0 0 0
µ −µ 0 0 0 0

2µ(1− c) 2µc −2µ 0 0 0
3µ(1− c) 0 3µc −3µ 0 0
4µ(1− c) 0 0 4µc −4µ 0
5µ(1− c) 0 0 0 5µc −5µ


.

P21. Let Y (t) be the number of packets in the buffer and Z(t) be the number of tokens in the
token pool at time t. Define X(t) = M − Z(t) + Y (t). Since 0 ≤ Z(t) ≤ M and Y (t) ≥ 0,
we get 0 ≤ X(t) < ∞. Also, 0 ≤ X(t) < M ⇒ Y (t) = 0, Z(t) = M − X(t), and
M < X(t) ⇒ Y (t) = X(t) − M,Z(t) = 0. Thus X(t) has complete information about
(Y (t), Z(t)). Now, if a token arrives, X(t) reduces by one (unless it is at 0, in which case
the token is lost, and X(t) remains unchanged.) If a packet arrives, X(t) increases by 1.
Thus {X(t), t ≥ 0}is birth and death process with birth rates λi = λ, i ≥ 0 and death rates
µ0 = 0, µi = µ, i ≥ 1.

P15. Using the transition rates given in the solution to Modeling Exercise 13, we get the following
balance equations:

λp0,0 = µ1p1,1 + µ2p1,2,

(λ + µj)p1,j = λαjp0,0 + µ1αjp2,1 + µ2αjp2,2, j = 1, 2,

(λ + µj)pi,j = λpi−1,j + µ1αjpi+1,1 + µ2αjpi+1,2, i ≥ 2, j = 1, 2.

Multiply the second equation by z, the third by zi and add over all i to get

(λ + µj)
∞∑
i=1

zipi,j = zλαjp0,0 + λ
∞∑
i=2

zipi−1,j + µ1αj

∞∑
i=1

zipi+1,1 + µ2αj

∞∑
i=1

zipi+1,2.

Simplifying, we get

(λ + µj)φj(z) = zλαjp0,0 + λzφj(z) + µ1αj(φ1(z)− p1,1z)/z + µ2αj(φ2(z)− p1,2z)/z.

Collecting terms,

(λ(1− z) + µj)φj(z) = zλαjp0,0 +
αj

z
(µ1φ1(z) + µ2φ2(z))− αj(µ1p1,1 + µ2p1,2).

Using the first balance equation, we get

(λ(1− z) + µj)φj(z) = λαj(z − 1)p0,0 +
αj

z
(µ1φ1(z) + µ2φ2(z)), j = 1, 2.

These are two equations for φ1(z) and φ2(z). Solving simultaneously, and simplifying, we get

φi(z) =
λαi(λ(1− z) + µj)

µ1µ2

z − λµ1(1− α1
z )− λµ2(1− α2

z )− λ2(1− z)
.
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P16. Using the birth and death rates given in the solution to Modeling Exercise 14, we get the
following

ρ0 = 1, ρi = Πi
j=1

λ

µ + (j − 1)θ
, i ≥ 1.

This birth and death process is always stable, and the limiting distribution is given by

pi =
ρi∑∞

j=0 ρj
, i ≥ 0.

P17. If Q is irreducible, it has a unique limiting distribution p = [p1, ..., pN ]. Since Q is doubly
stochastic, we can verify that pi = 1/N, 1 ≤ i ≤ N satisfies the balance equations:

N∑
i=1

piqij = (1/N)
N∑

i=1

qij = 0.

Now let {X(t), t ≥ 0}be a PP (λ), and define Y (t) = X(t)mod(21). Then {Y (t), t ≥ 0} is a
CTMC on {0, 1, ..., 20} with transition rates

qi,i+1 = λ, 0 ≤ i ≤ 19, q20,0 = λ.

Thus the Q matrix is doubly stochastic. Hence the limiting distribution of Y is uniform over
the state space. Now X(t) is divisible by 3 or 7 if and only if Y (t) ∈ {0, 3, 6, 7, 9, 12, 14, 15, 18}.
Hence the desired probability is 9/21 = 3/7.
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