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Abstract We consider the admission control problem for a two-priorit y M =M =1
queueing system. Two classesof customers arriv e to the system accord-
ing to Poissonprocesses.Class 1 customers have preemptive priorit y in
serviceover class2 customers. Each customer can be either acceptedor
rejected. An accepted customer stays in the system and incurs holding
cost at a class-dependent rate until the service is �nished, at which time
a reward is generated. The objectiv e is to minimize the expected to-
tal discounted net cost. We analyze the optimal control policies under
three criteria: individual optimization, class optimization, and social
optimization. Using sample path analysis, we prove that the optimal
policy is of threshold-t ype under each optimization criterion. We also
compare policies under di�eren t criteria numerically.

Keyw ords: M/M/1 queue with priorities, Admission control, Coupling method,
Mark ov Decision Processes.

In tro duction

This paper considersan M =M =1 queueingsystemserving two classes
of customers. Class 1 customershave preemptive resumepriorit y over
class2 customers. Within each class,the serviceis provided on a �rst-
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come,�rst-serv ed basis. Classk customersarrive accordingto a Poisson
processwith parameter � k and require an i.i.d. exp(� k ) service time,
k = 1; 2. A decision to accept or reject a customer needsto be made
upon each arrival. There is no cost associated with rejecting a customer.
When there are i class1 customersand j class2 customersin the system,
the holding cost is incurred at rate h(i; j ) = h1i + h2j . An expected
reward of r k is generatedeach time a classk customer �nishes service.
All rewards and costsare continuously discounted with rate � > 0. The
objective is to admit customers in an optimal way, i.e., minimize the
expected total discounted net cost.

Priorit y issuearisesin various queueingsystems. For example, inter-
net tra�c protocols assignhigher priorit y to data packagesthat require
real-time transmission (e.g. on-line live audio and video) and lower pri-
orit y to delay-insensitive packages(e.g. e-mails and �le transmission).
Service queuesmay give VIP customers higher priorit y over ordinary
customers. In hospitals, patients in critical conditions receive higher pri-
orit y in treatment over non-critical patients. Admission control problem
in thesekinds of multi-priorit y queuescan be modeledby the framework
presented here. This paper is originally motivated by the problem of out-
sourcing warranty repairs to outside vendors. Consider a manufacturer
o�ering various typesof warranties for its product. When di�eren t types
of warranties specify di�eren t repair turnaround times, it is desirableto
give higher priorit y to repairs with shorter turnaround time. Warranty
repairs are outsourced to a number of outside vendors. When an item
fails and is under warranty, it is sent to one of the vendors for repair.
The manufacturer pays a �xed fee for each repair and incurs holding
costs (good will cost) while items are at the vendor. The objective of
the manufacturer is to assignwarranty repairs in such a way that the
expected long-run averagecost is minimized. Analyzing the admission
control problem studied herecan serve asa starting point for solving this
complicated routing problem. The results of this single-vendor admis-
sion control problem can be usedto derive index-baseddynamic routing
policies for multi-v endor problems (SeeOpp, Kulk arni and Glazebrook
(2005)).

Admission control for single class queueing systems is widely stud-
ied. SeeStidham (1985) for a survey. Naor (1969) proposesthe �rst
quantitativ e model. He studies an M =M =1 systemwith a single classof
customers,undiscounted reward and cost. The objective is to maximize
the long-run average net reward. Naor considersonly critical-number
policies and shows that nS � nI , where nS and nI are the critical num-
bers for social optimization and individual optimization, respectively.
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Many authors have generalizedNaor's model. Among others, Yechiali
(1971,1972)shows that for GI =M =s systemsthe socially optimal policy
has critical-number form. Knudsen (1972) considersan M =M =s queue
with state-dependent net bene�t. Lippman and Stidham (1977) study
a birth-death processwith generaldeparture rate, random reward, with
or without discounting and for a �nite or in�nite time horizon. Stid-
ham (1978) considersa GI =M =1 queuewith random reward and general
holding cost, with or without discounting. Other models of admission
control problem for single-classqueuesinclude Adiri and Yechiali (1974),
Stidham and Weber (1989), and Rykov (2001).

Multi-class admission control problem has also been studied exten-
sively. Papers in the area can be classi�ed into two categoriesbasedon
whether or not service is prioritized. For models without service pri-
orities, seeMiller (1969), Blanc et al. (1992), Kulk arni and Tedijanto
(1998), and Nair and Bapma (2001). In these models, di�eren t classes
aredistinguishedby di�eren t arrival rates, servicerates, rewards,holding
costs,etc. Among papersthat considerservicepriorities, Mendelsonand
Whang (1990) study a priorit y pricing problem for a multi-class M =M =1
queueing system, where each customer decidesby himself whether to
join the systemor not, and, if join, at what priorit y level. Hassin(1995)
studies a bidding mechanism for a GI =M =1 queuewithout balking. Ha
(1997) considersthe production control problem in a make-to-stock pro-
duction system with two prioritized customer classes.

To the best of our knowledge,Chen and Kulk arni (2005) are the �rst
to consider the admission control problem for a multi-priorit y queue
with the objective of minimizing expected total discounted cost. This
paper di�ers from Chen and Kulk arni's paper mainly in two aspects: (i)
We assumethe rewards are generatedat the time of servicecompletion
instead of the time of joining the repair queue as assumedby Chen
and Kulk arni (2005). This shift of reward times changes the nature
of the problem in some critical ways, e.g. the optimal value function
is no longer non-decreasingin the number of customers of each type
in starting state, and the caseswhere every customer is accepted do
not exist anymore. (ii) We prove the structural results using sample
path analysis(speci�cally , the coupling method) (Lindv all (1992), Wu et
al.(2005) ), while Chen and Kulk arni (2005) usestandard value iteration
method. The samplepath approach provides more conciseproofs.

Following Chen and Kulk arni (2005), we analyze the optimal control
policies under 3 criteria: individual optimization, class optimization,
and social optimization. Under individual optimization, each customer
decideswhether to join the systemor not in order to minimizes his own
expectedtotal discounted cost. Under classoptimization, there is a con-



4

troller for each class. The controller of classk decideswhether to accept
an arriving classk customer or not in order to minimize the expected
total discounted cost incurred by all classk customers,k = 1; 2. Under
social optimization, there is a singlecontroller for the wholesystem. The
systemcontroller decideswhether to acceptan arriving customeror not
in order to minimize the expected total discounted net cost incurred by
all customers. Using samplepath argument, we obtain the samestruc-
tural results as in Chen and Kulk arni (2005), i.e., the optimal control
policy under each optimization criterion is of threshold type. We also
compare di�eren t policies numerically. The numerical results suggest
the samerelationships as shown in Chen and Kulk arni (2005), i.e., the
socially optimal policy acceptsmore low priorit y customersand lesshigh
priorit y customersthan the class-optimal policy; the individually opti-
mal policy acceptsthe most high priorit y customerswhile, dependingon
the parameters, it can accept either more or lesslow priorit y customers
than the other two policies.

The remainder of the paper is organized as follows. Section 1, 2, 3
are dedicated to the structural properties of the optimal policies under
individual optimization, social optimization, and classoptimization, re-
spectively. Section 4 comparesdi�eren t policies numerically. We end
with the summary in Section 5.

1. Individual Optimization

Following the sameapproach asin Chen and Kulk arni (2005), onecan
easily derive the following results for individually optimal policies.

Theorem 1.1 Under the individual optimization criterion, an arriving
class 1 customer who sees the system in state (i; j ) joins the queue if
and only if i < L I

1, where

L I
1 = blog

h1

h1 + �r 1
=log

�
� + �

c: (1.1)

An arriving class2 customerwho sees the systemin state (i; j ) joins the
queueif and only if j < L I

2(i ), where

L I
2(i ) =

(
blog h2

(h2+ �r 2 )� i (� ) =log � c; if i � L I
1

b(log h2
(h2+ �r 2)�

L I
1

(� ) + (i � L I
1)(log � + �

� ))=log � c; if i > L I
1

(1.2)
where � i (� ) is the LST of the busyperiod initiate d by i class1 customers
and � = �

� + � + � 1 (1� � 1 (� )) . bxc is the largest integer lessthan or equal to

x. Furthermore, L I
2(i ) is decreasing in i .



Admission Control in the Presence of Priorities: a SamplePath Approach 5

Note that shifting the reward time (from the moment a customerjoins
the queueto the moment a customer �nishes service) not only changes
the form of the threshold functions but also eliminates the caseswhere
everyone is accepted.

2. Social Optimization

We considersocially optimal policies in this section. The objective of
a socially optimal policy is to minimize the expected total discounted
net cost generatedby all customers. Let v(i; j ) be the expected total
discounted net cost generatedby a socially optimal policy over an in-
�nite horizon starting from state (i; j ). Following Lippman (1975), we
uniformize the processby de�ning the uniform rate � = � 1 + � 2 + � .
Rescaling time so that � + � = 1, we have the following optimalit y
equations

v(i; j ) = h1i + h2j + � 1 minf v(i; j ); v(i + 1; j )g

+ � 2 minf v(i; j ); v(i; j + 1)g

+ �

8
<

:

v(i � 1; j ) � r 1; if i � 1
v(0; j � 1) � r 2; if i = 0; j � 1
v(0; 0); if i = 0; j = 0:

(1.3)

Lemma 1.2 v(0; 1) � v(0; 0) + r 2 � 0:

Proof. De�ne two processeson the sameprobabilit y spaceso that they
seethe same arrivals and potential services. Process1 starts in state
(0; 1) and follows optimal policy. Process2 starts in state (0; 0) and
follows policy � which is described below. Let � be the �rst time Process
1 reaches state (0; 0). Let Process2 take the sameaction as Process1
upon each arrival until time � , then follow the optimal policy afterwards.
If a new class 2 customer is accepted while Process1 is serving the
last class 2 customer, we resample the remaining service time of the
class2 customer currently under servicein Process1 so that he �nishes
serviceat the sametime as the new class2 customer in Process2. (This
resampling argument can be applied to similar situations in the rest of
this paper.) Therefore, Process1 and 2 have identical customersexcept
for one extra class2 customer in Process1 until time � . Two processes
becomeidentical from then on. Thus,

v(0; 1) � v(0; 0) � v(0; 1) � v� (0; 0)

= E
Z �

0
e� �t h2dt + Ee� �� (� r2 + v(0; 0) � v(0; 0))

� � r2Ee� �� � � r2: 2
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Lemma 1.3 v is supermodular, i.e.,

v(i + 1; j + 1) � v(i + 1; j ) � v(i; j + 1) + v(i; j ) � 0: (1.4)

Proof. Fix i and j . De�ne four processeson the sameprobabilit y space
sothat they seethe samearrivals and potential services.Process1 and 4
follow optimal policiesand start in states (i + 1; j + 1) and (i; j ), respec-
tiv ely. Process2 and 3 start in states(i + 1; j ) and (i; j + 1), respectively,
and usepolicies � 2 and � 3 which are described below. Denote the state
of Processk at time t by (X k

t ; Y k
t ), k = 1; 2; 3; 4.

Let � 1 be the �rst time Process2 and 3 have 0 customers entirely.
Note that if Process2 and 3 take the sameaction upon each arrival they
will reach state (0,0) at the sametime, sinceservicerates are the same
for both classes.Let � 2 be the �rst time Process1 and 4 take di�eren t
actions. De�ne � = minf � 1; � 2g. Let Process2 and 3 take the same
action as Process1 and 4 until time � , then follow the optimal policy
afterwards. Thus

v(i + 1; j + 1) � v(i + 1; j ) � v(i; j + 1) + v(i; j )

� v(i + 1; j + 1) � v� 2 (i + 1; j ) � v� 3 (i; j + 1) + v(i; j )

= E
Z �

0
e� �t [h(X 4

t + 1; Y 4
t + 1) � h(X 4

t + 1; Y 4
t )

� h(X 4
t ; Y 4

t + 1) + h(X 4
t ; Y 4

t )]dt

+ Ee� �� (� R1 + R2 + R3 � R4)

+ Ee� �� (v(X 1
� ; Y 1

� ) � v(X 2
� ; Y 2

� ) � v(X 3
� ; Y 3

� ) + v(X 4
� ; Y 4

� )) ;

where Ri is the potential reward generated in Processi at time � . It
can be easily seenthat the �rst term is 0 becauseof the linear holding
cost rate.

To simplify notation, de�ne

D = v(i + 1; j + 1) � v(i + 1; j ) � v(i; j + 1) + v(i; j ) (1.5)

A = � R1 + R2 + R3 � R4; (1.6)

B = v(X 1
� ; Y 1

� ) � v(X 2
� ; Y 2

� ) � v(X 3
� ; Y 3

� ) + v(X 4
� ; Y 4

� ): (1.7)

Case1: � = � 1. Then, at � , the four processesare in states (0; 1), (0; 0),
(0; 0), and (0; 0), respectively. The two distinct paths by which this state
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is reachedare: (i) f (1; 2) (1; 1) (0; 2) (0; 1)g ! f (0; 2) (0; 1) (0; 1) (0; 0)g !
f (0; 1) (0; 0) (0; 0) (0; 0)g; (ii) f (2; 1) (2; 0) (1; 1) (1; 0)g ! f (1; 1) (1; 0)
(0; 1) (0; 0)g ! f (0; 1) (0; 0) (0; 0) (0; 0)g. In the former case,R1 = R2 =
R3 = r2, and R4 = 0. In the latter case,R1 = R2 = r1, R3 = r2, and
R4 = 0. In both cases,we have

D � Ee� �� (r2 + v(0; 1) � v(0; 0)) � 0;

where the last inequality follows from Lemma 1.2.
Case2: � = � 2. Then A = 0. We have the following possibilities.
Case 2.1: A class 1 arrival is accepted by Process1 and rejected by
Process4. Let Process2 accept the arrival and Process3 reject it.
Then after this event the states in four processesare (X 4

� + 2; Y 4
� + 1),

(X 4
� + 2; Y 4

� ), (X 4
� ; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and
subtracting v(X 4

� + 1; Y 4
� + 1) + v(X 4

� + 1; Y 4
� ), we have

B = v(X 4
� + 2; Y 4

� + 1) � v(X 4
� + 1; Y 4

� + 1) � v(X 4
� + 2; Y 4

� )

+ v(X 4
� + 1; Y 4

� ) + v(X 4
� + 1; Y 4

� + 1) � v(X 4
� ; Y 4

� + 1)

� v(X 4
� + 1; Y 4

� ) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms and the secondfour terms above are in-
equality (1.4) evaluated at (X 4

� + 1; Y 4
� ) and (X 4

� ; Y 4
� ), respectively. Thus

the above argument can be repeated until either Case1 or Case2.2 or
Case2.4 happens.
Case 2.2: A class 1 arrival is rejected by Process1 and accepted by
Process4. Let Process2 reject the arrival and Process3 accept it.
Then after this event the states in four processesare (X 4

� + 1; Y 4
� + 1),

(X 4
� + 1; Y 4

� ), (X 4
� + 1; Y 4

� + 1), and (X 4
� + 1; Y 4

� ), respectively. Note that
Process1 and 3 couple, so do Process2 and 4. Therefore B = 0 and
(1.4) holds.
Case 2.3: A class 2 arrival is accepted by Process1 and rejected by
Process4. Let Process2 reject the arrival and Process3 accept it.
Then after this event the states in four processesare (X 4

� + 1; Y 4
� + 2),

(X 4
� + 1; Y 4

� ), (X 4
� ; Y 4

� + 2), and (X 4
� ; Y 4

� ), respectively. Adding and
subtracting v(X 4

� + 1; Y 4
� + 1) + v(X 4

� ; Y 4
� + 1), we have

B = v(X 4
� + 1; Y 4

� + 2) � v(X 4
� + 1; Y 4

� + 1) � v(X 4
� ; Y 4

� + 2)

+ v(X 4
� ; Y 4

� + 1) + v(X 4
� + 1; Y 4

� + 1) � v(X 4
� + 1; Y 4

� )

� v(X 4
� ; Y 4

� + 1) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms and the secondfour terms are inequality
(1.4) evaluated at (X 4

� ; Y 4
� + 1) and (X 4

� ; Y 4
� ), respectively. Thus the

above argument can be repeateduntil either Case1 or Case2.2 or Case
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2.4 happens.
Case 2.4: A class 2 arrival is rejected by Process1 and accepted by
Process4. Let Process2 accept the arrival and Process3 reject it.
Then after this event the states in four processesare (X 4

� + 1; Y 4
� + 1),

(X 4
� + 1; Y 4

� + 1), (X 4
� ; Y 4

� + 1), and (X 4
� ; Y 4

� + 1), respectively. Note that
Process1 and 2 couple, so do Process3 and 4. Therefore B = 0 and
(1.4) holds. 2

Lemma 1.4 v(i; j ) is a unimodal function in i , i.e., if v(i + 1; j ) �
v(i; j ) � 0, then v(i + 2; j ) � v(i + 1; j ) � 0.

Proof. De�ne two processeson the sameprobabilit y spaceso that they
seethe samearrivalsand potential services.Process1 follows the optimal
policy and starts in state (i + 2; j ). Process2 starts in state (i + 1; j )
and follows policy � that is described below.

Let � be the �rst time Process1 has i + 1 class1 customers. Process
2 takes the sameaction as Process1 upon arrivals until � then follow
the optimal policy afterwards. Thus, at time � Process2 has i class
1 customers and the same number of class 2 customers, say j 0, as in
Process1. We have j 0 � j , since no class 2 customers have started
serviceyet. Hence

v(i + 2; j ) � v(i + 1; j ) � v(i + 2; j ) � v� (i + 1; j )

= E
Z �

0
e� �t h1dt + Ee� �� (v(i + 1; j 0) � v(i; j 0)) ;

where j 0 � j . From supermodularit y, we have

v(i + 1; j 0) � v(i; j 0) � v(i + 1; j ) � v(i; j ) � 0:

Therefore v(i + 2; j ) � v(i + 1; j ) � 0. 2

Theorem 1.5 The socially optimal policy for admitting class 1 cus-
tomers is characterized by a monotonically decreasing switching curve,
i.e., for each j � 0, there exists a thresholdL s

1(j ), such that a class 1
arrival in state (i; j ) is accepted if and only if i < L s

1(j ). Furthermore,
L s

1(j ) is monotonically decreasing in j .

Proof. We follow the convention that a customer is accepted when
accepting or rejecting that customer makes no di�erence in terms of
cost. Then a class 1 arrival in state (i; j ) is accepted if and only if
v(i + 1; j ) � v(i; j ). For any �xed j , let

L s
1(j ) = minf i : v(i + 1; j ) > v(i; j )g:
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Using Lemma 1.4, one can easily show that a class1 arrival is accepted
if and only if i < L s

1(j ).
For j 1 � j 2, we have v(i + 1; j 2) � v(i; j 2) � v(i + 1; j 1) � v(i; j 1),

which follows from supermodularit y. By de�nition of L s
1(j 1), we have

v(L s
1(j 1) + 1; j 1) > v(L 1(j 1); j 1), so v(L s

1(j 1) + 1; j 2) > v(L s
1(j 1); j 2). By

de�nition of L s
1(j 2), we have L s

1(j 1) � L s
1(j 2). Thus, L s

1(j ) is decreasing
in j . 2

Lemma 1.6 If h1 � h2 and r 1 � r2, then v is diagonally dominant in
both i and j , i.e.,

v(i; j + 2) � v(i; j + 1) � v(i + 1; j + 1) + v(i + 1; j ) � 0; (1.8)

v(i; j + 1) � v(i + 1; j ) � v(i + 1; j + 1) + v(i + 2; j ) � 0: (1.9)

Proof. (a). Consider (1.8) �rst.
De�ne four processeson the sameprobabilit y spaceso that they see

the samearrivals and potential services.Process1 and 4 follow optimal
policiesand start in state (i; j + 2) and (i + 1; j ), respectively. Process2
and 3 start in state (i; j + 1) and (i + 1; j + 1), respectively, and usepolicies
� 2 and � 3 which are described below. Denote the state of Processk at
time t by (X k

t ; Y k
t ), k = 1; 2; 3; 4.

Let � 1 be the �rst time Process3 and 4 have 0 class 1 customers.
Sinceservicerates are the samefor both classes,Process1 and 2 �nish
serving the �rst class2 customer at � 1. Let � 2 be the �rst time Process
1 and 4 take di�eren t actions. De�ne � = minf � 1; � 2g. Let Process2
and 3 take the sameaction as Process1 and 4 upon each arrival until
time � , then follow the optimal policy afterwards. Thus

v(i; j + 2) � v(i; j + 1) � v(i + 1; j + 1) + v(i + 1; j )

� v(i; j + 2) � v� 2 (i; j + 1) � v� 3 (i + 1; j + 1) + v(i + 1; j )

= E
Z �

0
e� �t [h(X 4

t � 1; Y 4
t + 2) � h(X 4

t � 1; Y 4
t + 1)

� h(X 4
t ; Y 4

t + 1) + h(X 4
t ; Y 4

t )]dt

+ Ee� �� (� R1 + R2 + R3 � R4)

+ Ee� �� (v(X 1
� ; Y 1

� ) � v(X 2
� ; Y 2

� ) � v(X 3
� ; Y 3

� ) + v(X 4
� ; Y 4

� )) ;

where Ri is the potential reward generated in Processi at time � . It
can be easily seenthat the �rst term is 0 becauseof the linear holding
cost rate.
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De�ne A; B as in (1.6), (1.7).
Case a.1: � = � 1. Then the states in four processesat time � are
(0; Y 4

� + 1), (0; Y 4
� ), (0; Y 4

� + 1), and (0; Y 4
� ), respectively. Note that

Process1 and 3 couple, so do Process2 and 4. Therefore B = 0. Also,
R1 = R2 = r2 and R3 = R4 = r1, so A = 0. Thus (1.8) holds.
Casea.2: � = � 2. Then A = 0. We have the following possibilities.
Case a.2.1: A class1 arrival is acceptedby Process1 and rejected by
Process4. Let Process2 accept the arrival and Process3 reject it.
Then the states in four processesat time � are (X 4

� ; Y 4
� + 2), (X 4

� ; Y 4
� +

1), (X 4
� ; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and subtracting
v(X 4

� + 1; Y 4
� + 1) + v(X 4

� + 1; Y 4
� ), we have

B = v(X 4
� ; Y 4

� + 2) � v(X 4
� + 1; Y 4

� + 1) � v(X 4
� ; Y 4

� + 1)

+ v(X 4
� + 1; Y 4

� ) + v(X 4
� + 1; Y 4

� + 1) � v(X 4
� ; Y 4

� + 1)

� v(X 4
� + 1; Y 4

� ) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms are inequality (1.8) evaluated at (X 4
� ; Y 4

� ),
so the above argument can be repeateduntil Casea.1 or Casea.2.4hap-
pens. The secondfour terms are inequality (1.4) evaluated at (X 4

� ; Y 4
� ),

which is non-negative by Lemma 1.3.
Case a.2.2: A class1 arrival is rejected by Process1 and acceptedby
Process4. Let Process2 accept the arrival and Process3 reject it. Then
the statesin four processesat time � are (X 4

� � 2; Y 4
� + 2), (X 4

� � 1; Y 4
� + 1),

(X 4
� � 1; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and subtracting
v(X 4

� � 2; Y 4
� + 1) + v(X 4

� � 1; Y 4
� ), we have

B = v(X 4
� � 2; Y 4

� + 2) � v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� + 1)

+ v(X 4
� � 1; Y 4

� ) + v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� + 1)

� v(X 4
� � 1; Y 4

� ) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms are inequality (1.8) evaluated at (X 4
� �

2; Y 4
� ), so the above argument can be repeated until Casea.1 or Case

a.2.4 happens. The secondfour terms are inequality (1.9) evaluated at
(X 4

� � 2; Y 4
� ), so the argument in part (b) can be repeateduntil Caseb.1

or Caseb.2.1 happens.
Case a.2.3: A class2 arrival is acceptedby Process1 and rejected by
Process4. Let Process2 accept the arrival and Process3 reject it. Then
the states in four processesat time � are (X 4

� � 1; Y 4
� + 3), (X 4

� � 1; Y 4
� +

2), (X 4
� ; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and subtracting
v(X 4

� � 1; Y 4
� + 2) + v(X 4

� ; Y 4
� + 2) + v(X 4

� ; Y 4
� + 1), we have

B = v(X 4
� � 1; Y 4

� + 3) � v(X 4
� � 1; Y 4

� + 2) � v(X 4
� ; Y 4

� + 2)

+ v(X 4
� ; Y 4

� + 1) + v(X 4
� � 1; Y 4

� + 2) � v(X 4
� � 1; Y 4

� + 1)
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� v(X 4
� ; Y 4

� + 1) + v(X 4
� ; Y 4

� ) + v(X 4
� � 1; Y 4

� + 1)

� v(X 4
� � 1; Y 4

� + 2) � v(X 4
� ; Y 4

� + 1) + v(X 4
� ; Y 4

� + 2):

Note that the �rst four terms and the secondfour terms are inequality
(1.8) evaluated at (X 4

� � 1; Y 4
� + 1) and (X 4

� � 1; Y 4
� ), respectively. Sothe

above argument can be repeated until Casea.1 or Casea.2.4 happens.
The last four terms are inequality (1.4) evaluated at (X 4

� � 1; Y 4
� + 1),

which is non-negative by Lemma 1.3.
Case a.2.4: A class2 arrival is rejected by Process1 and acceptedby
Process4. Let Process2 accept the arrival and Process3 reject it. Then
the statesin four processesat time � are (X 4

� � 1; Y 4
� + 1), (X 4

� � 1; Y 4
� + 1),

(X 4
� ; Y 4

� ), (X 4
� ; Y 4

� ), respectively. Note that Process1 and 2 couple, so
do Process3 and 4. Therefore B = 0 and hence(1.8) holds.

(b). Consider (1.9) next.
De�ne four processeson the sameprobabilit y spaceso that they see

the samearrivals and potential services.Process1 and 4 follow optimal
policiesand start in state (i; j + 1) and (i + 2; j ), respectively. Process2
and 3 start in state (i + 1; j ) and (i + 1; j + 1), respectively, and usepolicies
� 2 and � 3 which are described below. Denote the state of Processk at
time t by (X k

t ; Y k
t ), k = 1; 2; 3; 4.

Let � be the �rst time Process2 and 3 have 0 class1 customers. Let
� 1 be the �rst time Process4 has 0 class 1 customers. Since service
rates are the samefor both classes,Process1 �nishes serving the �rst
class 2 customer at � and the secondclass 2 customer (if any) at � 1.
Process2 and 3 �nish serving the �rst class2 customer (if any) at � 1.
So between � and � 1, Process1 and 2 have identical customers, and
Process3 has one more class2 customer but one lessclass1 customer
than Process4. While Process4 is serving the last class 1 customer,
the servers in Process1 and 2 are either serving class 2 customers or
idle. In the former case,the rewards generatedin four processesat � 1
are respectively r 2; r2; r2, and r 1. In the latter case, the rewards are
respectively 0; 0; r 2, and r 1. Let � 2 be the �rst time Process1 and 4
take di�eren t actions. De�ne � = minf � 1; � 2g. Let Process2 and 3 take
the sameaction as Process1 and 4 upon each arrival until time � , then
follow the optimal policy afterwards.
Caseb.1: � = � 1. Then

v(i; j + 1) � v(i + 1; j ) � v(i + 1; j + 1) + v(i + 2; j )

� v(i; j + 1) � v� 2 (i + 1; j ) � v� 3 (i + 1; j + 1) + v(i + 2; j )

= E
Z �

0
e� �t [h(X 4

t � 2; Y 4
t + 1) � h(X 4

t � 1; Y 4
t )

� h(X 4
t � 1; Y 4

t + 1) + h(X 4
t ; Y 4

t )]dt
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+ Ee� �� (� r2 + r1 + r1 � r1)

+ E
Z �

�
e� �t (h1 � h2)dt + Ee� �� (r2 � r1)

+ Ee� ��

8
<

:

[v(0; 0) � v(0; 0) � v(0; 0) + v(0; 0)]; if Y 1
� � = Y 2

� � = 0

[v(0; Y 4
� � 1) � v(0; Y 4

� � 1) � v(0; Y 4
� ) + v(0; Y 4

� )]; o.w.

The �rst term is 0 becauseof the linear holding cost rate. Using the fact
that h1 � h2 and � � � , one can show that (1.9) holds.
Caseb.2: � = � 2. Then

v(i; j + 1) � v(i + 1; j ) � v(i + 1; j + 1) + v(i + 2; j )

� v(i; j + 1) � v� 2 (i + 1; j ) � v� 3 (i + 1; j + 1) + v(i + 2; j )

= E
Z �

0
e� �t [h(X 4

t � 2; Y 4
t + 1) � h(X 4

t � 1; Y 4
t )

� h(X 4
t � 1; Y 4

t + 1) + h(X 4
t ; Y 4

t )]dt

+ Ee� �� (v(X 1
� ; Y 1

� ) � v(X 2
� ; Y 2

� ) � v(X 3
� ; Y 3

� ) + v(X 4
� ; Y 4

� )) :

We have the following possibilities.
Case b.2.1: A class1 arrival is acceptedby Process1 and rejected by
Process4. Let Process2 accept the arrival and Process3 reject. Then
the states in four processesat � are (X 4

� � 1; Y 4
� + 1), (X 4

� ; Y 4
� ), (X 4

� �
1; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Note that Process1 and 3 couple,
so do Process2 and 4. So (1.9) holds.
Case b.2.2: A class1 arrival is rejected by Process1 and acceptedby
Process4. Let Process2 accept the arrival and Process3 reject. Then
the states in four processesat � are (X 4

� � 3; Y 4
� + 1), (X 4

� � 1; Y 4
� ),

(X 4
� � 2; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and subtracting
v(X 4

� � 2; Y 4
� ) + v(X 4

� � 2; Y 4
� + 1) + v(X 4

� � 1; Y 4
� + 1), we have

B = v(X 4
� � 3; Y 4

� + 1) � v(X 4
� � 2; Y 4

� ) � v(X 4
� � 2; Y 4

� + 1)

+ v(X 4
� � 1; Y 4

� ) + v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� )

� v(X 4
� � 1; Y 4

� + 1) + v(X 4
� ; Y 4

� ) + v(X 4
� � 2; Y 4

� )

� v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� ) + v(X 4
� � 1; Y 4

� + 1):

Note that the �rst four terms and the secondfour terms are inequality
(1.9) evaluated at (X 4

� � 3; Y 4
� ) and (X 4

� � 2; Y 4
� ), respectively, so the

above argument can be repeated until Caseb.1 or Caseb.2.1 happens.
The last four terms are inequality (1.4) evaluated at (X 4

� � 2; Y 4
� ), which

is non-negative by Lemma 1.3.
Case b.2.3: A class2 arrival is acceptedby Process1 and rejected by
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Process4. Let Process2 accept the arrival and Process3 reject. Then
the states in four processesat � are (X 4

� � 2; Y 4
� + 2), (X 4

� � 1; Y 4
� + 1),

(X 4
� � 1; Y 4

� + 1), and (X 4
� ; Y 4

� ), respectively. Adding and subtracting
v(X 4

� � 2; Y 4
� + 1) + v(X 4

� � 1; Y 4
� ), we have

B = v(X 4
� � 2; Y 4

� + 2) � v(X 4
� � 1; Y 4

� + 1) � v(X 4
� � 2; Y 4

� + 1)

+ v(X 4
� � 1; Y 4

� ) + v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� )

� v(X 4
� � 1; Y 4

� + 1) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms are inequality (1.8) evaluated at (X 4
� �

2; Y 4
� ), so the argument in part (a) can be repeated until Case a.1 or

Casea.2.4 happens. The secondfour terms are inequality (1.9) evalu-
ated at (X 4

� � 2; Y 4
� ), so the above argument can be repeateduntil Case

b.1 or Caseb.2.1 happens.
Caseb.2.4: A class2 arrival is rejectedby Process1 and acceptedby Pro-
cess4. Let Process2 accept the arrival and Process3 reject. Then the
states in four processesat � are (X 4

� � 2; Y 4
� ), (X 4

� � 1; Y 4
� ), (X 4

� � 1; Y 4
� ),

and (X 4
� ; Y 4

� ), respectively. Adding and subtracting v(X 4
� � 2; Y 4

� + 1) +
v(X 4

� � 1; Y 4
� + 1), we have

B = v(X 4
� � 2; Y 4

� ) � v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� )

+ v(X 4
� � 1; Y 4

� + 1) + v(X 4
� � 2; Y 4

� + 1) � v(X 4
� � 1; Y 4

� )

� v(X 4
� � 1; Y 4

� + 1) + v(X 4
� ; Y 4

� ):

Note that the �rst four terms are inequality (1.4) evaluated at (X 4
� �

2; Y 4
� ), which is non-negative by Lemma 1.3. The secondfour terms are

inequality (1.9) evaluated at (X 4
� � 2; Y 4

� ), so the above argument can
be repeated until Caseb.1 or Caseb.2.1 happens. 2

Cor ollar y 1.7 If h1 � h2 and r 1 � r2, then v is convex in both i and
j , i.e.,

v(i + 2; j ) � v(i + 1; j ) � v(i + 1; j ) � v(i; j ); (1.10)

v(i; j + 2) � v(i; j + 1) � v(i; j + 1) � v(i; j ): (1.11)

Proof. (1.10) is implied by (1.4) and (1.9), and (1.11) is implied by (1.4)
and (1.8). 2

Theorem 1.8 The socially optimal policy for admitting class 2 cus-
tomers is characterized by a monotonically decreasing switching curve,
i.e., for each i � 0, there exists a threshold L s

2(i ), such that a class 2
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arrival in state (i; j ) is accepted if and only if j < L s
2(i ). Furthermore,

L s
2(i ) is monotonically decreasing in i .

Proof. Using supermodularit y and convexity in j , one can prove this
theorem by following similar argument as in the proof for Theorem 1.5.
2

3. Class Optimization

We considerclass-optimal policies in this section. The objective of a
class-optimal policy for class k, k = 1; 2, is to minimize the expected
total discounted net cost generatedby all customersin classk.

Optimal Policies for Class 1

We consider optimal admission control policies for class1 customers
�rst. Denote v(i ) the expected total discounted net cost generatedby a
class-optimalpolicy for class1 over an in�nite horizon starting from state
i , where i is the number of class1 customersin the system. Note that
class1 customersdon't seeclass2 customersunder classoptimization
becauseof their higher priorit y. Thus, after uniformizing, the optimalit y
equation can be written as

v(i ) = h1i + � 1 minf v(i ); v(i + 1)g + �v (( i � 1)+ � r1I f i � 1g): (1.12)

Lemma 1.9 v(1) � v(0) + r 1 � 0:

Proof. De�ne two processeson the sameprobabilit y spaceso that they
seethe samearrivals and potential services.Process1 starts with 1 class
1 customer and follows optimal policy. Process2 starts with 0 class1
customersand follows policy � which is described below. Let � be the
�rst time Process1 has 0 class 1 customers. Let Process2 take the
sameaction as Process1 upon each arrival until time � , then follow the
optimal policy afterwards. Therefore, Process1 has one more class 1
customer than Process2 until time � . Two processesbecomeidentical
from then on. Thus,

v(1) � v(0) � v(1) � v� (0)

= E
Z �

0
e� �t h1dt + Ee� �� (� r1 + v(0) � v(0))

� � r1Ee� �� � � r1: 2
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Lemma 1.10 v is convex, i.e.,

v(i + 2) � v(i + 1) � v(i + 1) + v(i ) � 0: (1.13)

Proof. De�ne four processeson the sameprobabilit y spaceso that they
see the same arrivals and potential services. Process1 and 4 follow
optimal policies and start in state i + 2 and i , respectively. Process2
and 3 start in state i + 1 and usepolicies � 2 and � 3, respectively, which
aredescribedbelow. Denotethe state of Processk at time t by (X k

t ; Y k
t ),

k = 1; 2; 3; 4.
Let � 1 be the �rst time Process2 and 3 have 0 class 1 customers.

Let � 2 be the �rst time Process1 and 4 take di�eren t actions. De�ne
� = minf � 1; � 2g. Let Process2 and 3 take the sameaction as Process
1 and 4 upon each arrival until time � , then follow the optimal policy
afterwards. Thus

v(i + 2) � v(i + 1) � v(i + 1) + v(i )

� v(i + 2) � v� 2 (i + 1) � v� 3 (i + 1) + v(i )

= E
Z �

0
e� �t [h(X 4

t + 2) � h(X 4
t + 1) � h(X 4

t + 1) + h(X 4
t )]dt

+ Ee� �� (� R1 + R2 + R3 � R4)

+ Ee� �� (v(X 1
� ) � v(X 2

� ) � v(X 3
� ) + v(X 4

� )) ;

where Ri is the potential reward generated in Processi at time � . It
can be easily seenthat the �rst term is 0 becauseof the linear holding
cost rate.

To simplify notation, de�ne

�D = v(i + 2) � v(i + 1) � v(i + 1) + v(i ); (1.14)

�B = v(X 1
� ) � v(X 2

� ) � v(X 3
� ) + v(X 4

� ): (1.15)

Also de�ne A as in (1.6).
Case 1: � = � 1. Then the states in four processesat � are 1, 0, 0, 0,
respectively. The rewards generatedat � are R1 = R2 = R3 = r1, and
R4 = 0. Therefore,

�D � Ee� �� (v(1) � v(0) + r 1) � 0;

where the last inequality follows from Lemma 1.9.
Case2: � = � 2. Then A = 0. We have the following possibilities.
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Case2.1: A class1 arrival is acceptedby Process1 and rejected by Pro-
cess4. Let Process2 accept and Process3 reject the arrival. Then the
states in four processesat � are X 4

� + 3; X 4
� + 2; X 4

� + 1; X 4
� , respectively.

Adding and subtracting v(X 4
� + 1) + v(X 4

� + 2), we have

�B = v(X 4
� + 3) � v(X 4

� + 2) � v(X 4
� + 2) + v(X 4

� + 1)

+ v(X 4
� + 2) � v(X 4

� + 1) � v(X 4
� + 1) + v(X 4

� ):

Note that the �rst four terms and the secondfour terms are inequality
(1.13) evaluated at X 4

� + 1 and X 4
� , respectively. Sothe above argument

can be repeated until Case1 or Case2.2 happens.
Case 2.2: A class 1 arrival is rejected by Process1 and accepted by
Process4. Let Process2 accept and Process3 reject the arrival. Then
the states in four processesat � are X 4

� + 2; X 4
� + 2; X 4

� + 1; X 4
� + 1,

respectively. Notice that Process1 and 2 couple, so do Process3 and 4.
So �B = 0 and hence(1.13) holds. 2

Theorem 1.11 The class-optimalpolicy for admitting class1 customers
is characterized by a critic al number, i.e., there exists a threshold L c

1,
such that a class1 arrival in state i is accepted if and only if i < L c

1.

Proof. De�ne
L c

1 = minf i : v(i + 1) > v(i )g:

Using Lemma 1.10 one can easily show that a class1 arrival is accepted
if and only if i < L c

1. 2

Optimal Policies for Class 2

We consider optimal admission control policies for class2 customers
next. Denote v(i; j ) the expectedtotal discounted net cost generatedby
a class-optimal policy for class2 over an in�nite horizon starting from
state (i; j ). Assuming class1 customersare admitted according to the
class-optimal policy for class1, the optimalit y equation can be written
as

v(i; j ) = h2j + � 1

�
v(i + 1; j ); if i < L c

1
v(i; j ); if i > = L c

1

+ � 2 minf v(i; j + 1); v(i; j )g

+ �

8
<

:

v(i � 1; j ); if i � 1
v(0; j � 1) � r 2; if i = 0; j � 1
v(0; 0); if i = 0; j = 0:

(1.16)

Lemma 1.12 v(0; 1) � v(0; 0) + r 2 � 0:
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Proof. Sameargument as in the proof for Lemma 1.2 applies. 2

Lemma 1.13 v is convex in j , i.e.,

v(i; j + 2) � v(i; j + 1) � v(i; j + 1) + v(i; j ) � 0: (1.17)

Proof. Sameargument as in the proof for Lemma 1.10 applies after the
following changes. Replace class1 by class2. Replacev(i ) by v(i; j ),
v(i + 1) by v(i; j + 1), etc. Replacer 1 by r2. 2

Lemma 1.14 v is supermodular, i.e.,

v(i + 1; j + 1) � v(i; j + 1) � v(i + 1; j ) + v(i; j ) � 0: (1.18)

Proof. Sameargument as in the proof for Lemma 1.3 applies after the
following changes. No reward is generated when a class 1 customer
�nishes service, i.e., r 1 = 0. Case 2.1 does not exist, since a class 1
arrival is always acceptedin state (i; j ) if it is acceptedin state (i + 1; j ).
Case2.2 is the sameas in Lemma 1.3 except that it only happenswhen
i = L c

1 � 1. 2

Theorem 1.15 The class-optimalpolicy for admitting class2 customers
is characterized by a monotonically decreasing switching curve, i.e., for
each i � 0, there exists a thresholdL c

2(i ), such that a class2 arrival in
state (i; j ) is accepted if and only if j < L c

2(i ). Furthermore, L c
2(i ) is

monotonically decreasing in i .

Proof. Using supermodularit y and convexity in j , one can prove this
theorem by following similar argument as in the proof for Theorem 1.5.
2

4. Numerical Comparison

We compare policies under di�eren t criteria numerically in this sec-
tion. The numerical examplesare computed by using standard value
iteration algorithm. We approximate the in�nite state spaceby assum-
ing that no customersarrive when the total number of customersin the
system reaches an upper bound B , which is much larger than the ex-
pected queuelength. Thus the state spaceis S = f (i; j ) : 0 � i; j � B g.
The stopping criterion is maxfj vn+1 (i; j ) � vn (i; j )j : (i; j ) 2 Sg � 10� 5,
where vn (i; j ) is the value function at the n th iteration.
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Figure 1.1 plots the cost of class-optimal policy for class1 customers
against i , the number of class1 customersin starting state. Figure 1.2
plots the cost of class-optimalpolicy for class2 customersagainst j , the
number of class2 customersin starting state, for di�eren t i . Figure 1.1
and 1.2 use the following parameters � = 0:2; � = 0:5; � 1 = 0:15; � 2 =
0:15; h1 = 0:3; h2 = 0:2; r 1 = 25; r 2 = 18. Note that the class-optimal
v function is not non-decreasingin i or j , which is di�eren t from the
results in Chen and Kulk arni (2005).

Figure 1.3 and 1.4 plot the cost of socially optimal policy against i
and j for �xed j and i , respectively. They usethe sameparametersas in
Figure 1 and 2 except that r 1 = 15; r 2 = 10. Again the socially optimal
v function is not non-decreasingin i or j , which is di�eren t from the
results in Chen and Kulk arni (2005). So moving the reward from when
the customer join the system to when the serviceis completed changes
the nature of the problem.

Figure 1.5 and 1.6 plot the switching curvesunder three optimization
criteria for class1 and class2, respectively. Figure 1.5 usesthe following
parameters � = 0:1; � = 0:5; � 1 = 0:1; � 2 = 0:3; h1 = 25; h2 = 20; r 1 =
450; r 2 = 300. Figure 1.6 usesthe following parameters � = 0:1; � =
0:5; � 1 = 0:39; � 2 = 0:01; h1 = 2; h2 = 0:3; r 1 = 550; r 2 = 500.

Note that for class1 (higher priorit y) customer, individually optimal
policy accepts the most and socially optimal policy accepts the least
number of customers, which is consistent with the existing results in
the literature. For class 2 (lower priorit y) customer, socially optimal
policy accepts more customers than classoptimal policy, which is the
exact opposite to the comparison result for class1. Depending on the
parameters, individually optimal policy can accept either more or less
customersthan either of the other two policies. The above observations
are the sameas in Chen and Kulk arni (2005). We restate the explana-
tion for the counter intuitiv e behavior of class2 customersprovided by
Chen and Kulk arni (2005) in the following. The total cost incurred by
each acceptedcustomercan be divided into two parts: internal cost, i.e.,
individual holding cost, and external cost, i.e., e�ect on other customers.
The internal cost of a class2 customer is the highest under individual
optimization and the lowest under social optimization, since the more
class1 customersaccepted,the longer a class2 customer needsto wait.
The external cost of a class2 customeris zerounder individual optimiza-
tion and the samepositive amount under classand social optimization,
which is the delay causedon later class2 customers. Therefore, the total
cost of a class2 customer is higher under classoptimization than under
social optimization. It can be either higher or lower under individual op-
timization than under the other two criteria depending on which e�ect
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dominates. This behavior of class2 customersalso shows an interest-
ing socio-economicfacet: the lower priorit y customersfare better under
centralized control than under class-basedcontrol.
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Figure 1.1. Plot of v against i : classoptimization for class1
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Figure 1.2. Plot of v against j for �xed i : classoptimization for class2
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Figure 1.3. Plot of v against i for �xed j : social optimization

0 5 10 15 20 25 30 35
-30

-25

-20

-15

-10

-5

0

5

10

15

j (# class 2 customers)

v

Plot of v against j for fixed i: social optimization

i=1 
i=3 
i=15
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Figure 1.5. Switching curves for admitting class1 customers
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5. Conclusion

We have studied the admission control problem to a two-priorit y
M =M =1 queueing system. We consider the optimal policy from three
perspectives: individual optimization, class-optimization, and social op-
timization. Using samplepath argument, we show that the optimal pol-
icy for each priorit y classfrom each perspective is of threshold type. We
also compareoptimal policies from di�eren t perspectivesnumerically.
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