AllocatingOutsourcedNarrarty ServiceCortracts

Motivated by our interactions with a leading manufacturer of computers,in this paper we
considerstatic allocation as applied to the problem of minimizing the costsof outsourcing
warranty servicesto repair vendors. Under static allocation, a manufacturer assignsead
item to oneof seweral cortracted repair vendors;every time a particular item fails, it is sent
to its preassignedvendor for repair. In our model, the manufacturer incurs a repair cost
eat time an item needsrepair and also incurs a goodwill cost while items are undergoing
repair. We model eat servicevendor asa nite population multi-server queueingsystem
and formulate the resulting outsourcing problem as an integer-variable resourceallocation
problem. After establishing corvexity results regarding the queue lengths at the repair
vendors, we show that marginal allocation is optimal. Through a detailed computational
study we comparethe optimal algorithm with v e static allocation heuristics in terms of
time and optimality gap. Our study indicates that the optimal algorithm takeslessthan a
minute to solve industry size problemson average. Further, the commonly used heuristics
are far away from the optimal on average,thus emphasizingthe bene ts of the optimal
allocation algorithm. We also comparethe optimal static allocation to two simple dynamic
allocation heuristics. The results of this study further validate the use of static allocation
asa justi able and easy-to-implemen policy. Among other computational insights we shov
that whenthe number of items to be allocated is large, a single-serer approximation leads
to optimal allocationsin most of the cases.

1 Intro duction

The last decadehas seenan explosionin the degreeof outsourcing of various businessoper-
ations that weretraditionally performedin-house. Speci cally, warranty serviceswhich is a
major componert of the manufacturing and retail industry, hasexperienceda rising trend in
terms of outsourcing. Se\eral large companiesin the past few yearshave begunto outsource
their repair activities. For example,electronic equipmen manufacturers routinely augmern
in-houseservicingof warranties by cortracting outside vendorsto repair the items (machines
like personalcomputers,or componerts like hard drives)that are sold under warranty. Ac-
cording to a recert report by Merrill Lynch, the warranty servicesrepresetts a 100 billion
dollar opportunity for electronicsmanufacturers and subcortractors (Serart [18]). Se\eral
vendorsin the recert past have madelarge investmens to enhancetheir capabilitiesin this
dimension. For example, Solectronhas acquired se\en repair companiesfor mobile phones,
desktop computersand notebooks since1999(Serart [17]).



Outsourcing repair and warranty servicesprovidesan opportunity for the original equip-
mernt manufacturer (OEM) to improve turnaround times and have better assetutilization
by usingthe core competenciesof the vendorsspecializingin repairs. Howewer, it alsoposes
downward risksin terms of customersatisfaction, particularly in casesvherepoor experience
in repair servicesmay translate into future lost sales.Thus, it is very important for the OEM
to not only pay attention to cost reductions but also customer experiencewhile managing
the outsourcedwarranty and repair services.

Our motivation for this researti comesfrom extensiwe discussionswith the warranty and
repair servicesdivision of a prominernt local computer manufacturer, although theseissues
are encourtered by other manufacturersin the electronicindustry aswell. A typical large
manufacturer of personalcomputers(PC) sellsthem with a warranty that covers parts and
labor for the maintenanceof the PC for a stipulated period of time. The chargesfor repairs
are spelled out in the cortract. Generally the customer pays no money if the computer
is under warranty, and the manufacturer absorbsthe ertire cost. While there are many
important issuesn the outsourcingof warranty repair servicesto subcortracted vendors,we
focusmainly on the problem of allocation. That is, whena manufacturer has corntracts with
se\eral repair vendors,it must decidewhich vendor will be usedto repair ead failed item.

In particular, we are interestedin the problem of minimizing the costs of outsourcing
warranty servicesto alternative repair vendorsusing static allocation. Under static alloca-
tion, ead item is assignedo one of the repair vendors;every time a particular item fails, it
is sent to its preassignedrendor for repair. In our model, the cost structure is sud that the
manufacturer incurs a repair cost ead time an item needsrepair and alsoincurs a goodwill
cost for the delay experiencedby a customerwhile items are awaiting or undergoingrepair.
Using this cost structure, our model is one of partitioning the customer baseinto se\eral
groups,whereead group hasits own multi-server queuefor service. Therefore,although we
have chosento focuson static allocation of warranty repair services,the model could easily
be adaptedto many situations in which a nite population of customersis servicedby one of
se\eral possiblequeues.The purposeof this study is to gain insights into the performanceof
the actual system;the algorithms deweloped were not designedwith the soleintent of being
a decision-supprt model.

One may expect that a dynamic modeljthat is, an item under warranty is not assigned
to a particular vendor until the time of failure, and the current workload of eat vendor
is taken into accoun when deciding the assignmetjw ould perform better than a static
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model. Howewer, for problemsof practical size,computing the optimal dynamic assigmets
isintractable. In addition, the static model hassigni cant practical advantagesin terms of its
simplicity and easeof implemertation. For example,the manufacturer doesnot needto keep
track of the current state at ead vendor, and doesnot even needto maintain a certralized
call certer for handling warranty complairts. Rather, it can delegatethis function to the
individual repair vendors. We will show through a numerical study that the optimal static
allocation of items to outsourcedvendorsis indeed a justi able policy when comparedto
other static allocation heuristics, and also when comparedto rather simple (non-optimal)
dynamic allocation heuristics, sud asjoin-the-shortest-queueor myopic dynamic allocation.

Furthermore, there may be situations which necessitatethe use of static allocation over
dynamic allocation, sudr as when the manufacturer does not have complete information
about the current state of ead vendor. For example, the manufacturer would certainly
know how many items it hasrouted to ead vendor, but if a vendor doesnot immediately
report the repair completionsto the manufacturer, the state information that the vendor
possessewould be incorrect.

Although the application of static allocation models to warranty outsourcing is new,
static allocation models are relatively commonin areassud asload balancing (Comb$ and
Boxma [5], Hordijk, Loewe, and Tiggelman [12], Cheng and Muntz [4]), sener allocation
(Rolfe [16], Dyer and Proll [7], Sharthikumar and Yao [19], [20]), and portfolio selection
(Zipkin [22)). Using performancemeasuressud asthe meanwaiting time of a customeror
the total number of customersin the system, Comb® and Boxma [5] considertwo di®erert
typesof static allocation | probabilistic allocation and pattern allocation | for an open
network with single-serer queues. Under probabilistic allocation, a customeris routed to
queuei with probability p;, independent of the number of customersin ead of the queues.
Pattern allocation usesan in nite string of integers(with possibly repeating subsequences)

the arrival processis routed.

Se\eral authors have consideredthe problem of allocating seners, rather than customers,
in aqueueingnetwork. Rolfe [16] considerghe caseof Poissonarrivals (hence,an openqueue-
ing network), where the objective is to minimize the expected queueingtime of customers
in the system. He shows that marginal allocation is optimal in the caseof constart service
times, and suggestdhat it is optimal for exponertial servicetimes; Dyer and Proll [7] then
prove this conjecture. Sharthikumar and Yao[19], [20] consideroptimal allocation of seners
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in a closednetwork in order to maximize the throughput of the system.

Heinhold [10] dewelopsa model to explain the allocation of customersto automobile
inspection stations, wherethe customersare freeto chooseany inspection station. Heinhold
suggestghat this approad can be usedfor similar problems: for example,the allocation of
customersto supermarkets. The key di®erencen this model is that the customerchooses
to which station he is routed.

Our model is most similar to Hordijk, Loewe, and Tiggelman [13], who analyzea closed
gueueingnetwork in which customersmust be assignedto one of two parallel single-serer
gueuesand the routing decisionmay not depend on the numbersof customersin the queues.
Howewer, our model allows an arbitrary number of queuesead of which may have multiple
seners. In addition, the particular cost structure of the warranty outsourcing problem
includes a xed cost of routing a customerto a given queue, as well as a holding cost
while the customeris awaiting or undergoingrepair. We have encourtered no other static
allocation modelsincorporating this cost structure.

To compute the optimal routing policy, Hordijk, Loewe, and Tiggelman [13] use an al-
gorithm basedon successig appraoximation, which, becauseof the complex state space,can
only be usedfor a systemwith a small number of customers(seealso Hordijk and Loewe
[11]). In Hordijk and Loewe [12], closedqueueingnetworks of quasi-re\ersible queuesare
considered,and techniquesof linear programming are usedto nd an optimal deterministic
routing of the customers,basedon any costfunction that dependson the state of the queue-
ing network. In this paper, we shav that marginal allocation (similar to Rolfe [16 and Dyer
and Proll [7] for serer allocation) can be usedto compute the optimal static allocation of
customersto the queues.

The rest of the paper is organizedas follows. In Section 2 we presert our model and
formulate it asa resourceallocation problem. In Section3 we descrike our solution method
when (i) the objective function is cornvex; (ii) the objective function is concave; and (iii)
the objective function may be neither corvex nor concave. In Section4 we presen results
from a detailed computational study that comparesthe optimal algorithm with v e static
allocation heuristics as well astwo simple dynamic allocation heuristics. Section5 corntains

concludingremarks and generalmanagerialimplications.



2 Mo del Form ulation

We model a manufacturer that needsto allocate K idertical items (computersin our case)
under warranty amongV vendors; one of the vendorscould be the in-houserepair facil-
ity of the manufacturer. This closedpopulation assumptionis realistic in caseswhere the
manufacturer makesbatch sales;for example,the saleof 10,000computersto a large univer-
sity. More importantly, howeer, the closedpopulation model can be usedto approximate a
systemthat has,in steadystate, a xed number of identical items covered under warranty.

The manufacturer knows the number of seners(s;) and their averagerate of repair (* )
at eat of the vendors. We assumethat all senersat a singlevendor are identical and that
the servicetimes are exponertial. We alsoassumethat the time betweenfailuresfor a single
item is exponertially distributed with rate , . The exponertial assumptionfor time between
failure and for repair is commonin the reliability literature (Blischke and Murthy [2]).

Note, howeer, that the exponertial assumption for failure times is not required. For
the madine interferencemodel, Bunday and Scraton[3] show that the expected number of
madinesnot running in steady state dependson the failure time distribution only through
its mean. Another way to seethis resultis to think of this particular instanceof the madine
interferencemodel asa closednetwork of two stations, onewith anin nite number of seners
and generalservicetimes, and the other with s seners and exponertial servicetimes. The
servicetime in the in nite-server station models the time until failure for eaty customer
(machine). It is a well-known result in the theory of queueingnetworks that the limiting
distribution of the state of the network depends on the servicetime distribution in the
in nite-server queueonly through its mean (Baskett et al. [1]). Therefore, sinceall we will
needin the cost calculation for our model is the expected number of madinesnot running
(that is, the expected number of machinesat the s-sener station), the results depend only
on the meantime to failure and not on the distribution of the time to failure.

The cortract with vendori (i = 1;:::;V) speci es that the manufacturer will pay the
vendora xed amourt ¢ for ead repair performedby the vendor. Suc \ xed feeper repair"”
cortracts, independen of the type of repair and the costto the vendor,are commonwhenall
the materials and parts are chargedto the manufacturer and the repair vendor only charges
for the labor costs,or for items wherethe materials and parts costsare minimal compared
to the labor costsof repair. In addition, we assumethat the manufacturer incurs a goodwill
costat arate of h; per unit time that an item spendsin serviceat vendori. This is usually



the manufacturer directly from the customer,independen of the repair vendor used. This
goodwill cost preverts the manufacturer from overloading an inexpensive vendor with poor
service, which would result in unacceptably large turnaround times for warranty service.
Note that by assigningthe samegoodwill delay costto all customers,we are assumingthat
all customersare idertical.

Under the above assumptions,the manufacturer must decide x;, the number of items
to allocate to vendori, to minimize the expectedtotal warranty cost. There are two types
of allocations that are commonly adopted by manufacturers. In a static allocation, the
manufacturer projectstotal volume of salesof a particular product and then allocatesall the
items under warranty to the di®eren vendorsat the beginning;this allocation then remains
in e®ecftfor the ertire cortract period. All repairsfor a customerare handledby the assigned
repair vendor. In a dynamic allocation, as ead item experiencesa failure, it is dynamically
assignedo a vendor basedon the current congestions.We focus our attention on the static
allocation in this paper, for reasonsdescrikedin Sectionl. Howewer, in Section4, we include
a computational comparisonof the optimal static allocation with simple dynamic allocation
heuristics.

Before we continue with the formulation of the model, we shall comment brie°y on our
model assumptionsand the applicability of static allocation for outsourcingwarranty repair
cortracts. We have stated that the manufacturer knows the servicerate (*;) and number
of seners(s;) at ead repair vendor. In reality, capacity for a repair vendor is often shared
amongse\eral manufacturers. Therefore,we would also have to model a delay at the repair
vendor to accourt for external customers. Howewver, modeling sud a delay could become
very complicatedand would require even more unrealistic assumptions|if it is unlikely that
a manufacturer knows the serviceparametersof a repair vendor, then it is evenmoreunlikely
that the manufacturer knowsthe external rate of arrivals (failures) from other manufacturers
that utilize that repair vendor.

On the other hand, for very large manufacturers, it is not uncommonfor repair vendors
to dedicatea portion of their repair facility exclusiwely to the large manufacturer. We will
assumethis is the case;in other words, the manufacturer e®ectiely enforcespreemptive
priority in its cortracts with outsourcedrepair vendors. Furthermore, we also assumethat
the manufacturer does know the service parameters!; and s; for ead vendor. One can
imagine that if a vendor does not perform accordingto its disclosedservicecapacity, the
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Figure 1: Finite-population queueingsystem

manufacturer will not cortinue to do businesswith that vendor. Therefore,in steady state,
the relationship betweenthe manufacturer and vendorsis onethat encouragedull disclosure
of information.

Under theseassumptions,and given that x; items have beenallocated to vendori, the
repair processcan be modelledby an M=M =5=1 =x; queuewith arrival rate , , servicerate
1;, and nite population x;. Figure 1 shavsthe population dynamicsin this system. Station
1 includesall items that are properly functioning (that is, not undergoingrepair); in this
“gure, therearen sud items. Theseitems ead fail with rate , , soitems move from station 1
to station 2 with rate n, . Station 2 is the repair queue,and consistsof s; senersead having
repair rate 1 ;. Therefore,items move from station 2 to station 1 with rate *; min(xj i n;s;),
whereX; i n is the number of items at station 2 (becausehere are n items at station 1 and
a nite population of x; items).

Let Li(x;) be the expected number of items at vendori when x; items are allocated
to vendori (that is, Li(X;) is the expected number of items at station 2 in Figure 1).
Directly computingL;(x;) from the probability distribution is time-consumingand inexcient.
Howewer, the valuesof Li(x;) can be computed recursiwely using mean value analysis, as
descriked in Section2.1. Among the X; items that are allocated to vendori, the expected
number of properly functioning items is x; i Li(X;j), and ead such item has failure rate
.. Therefore,the expected number of arrivals to the ith vendor per unit time is @;(x;) =
(X Li(xi).

The manufacturer's expected cost per unit time for repairs at the ith vendorincludesa
per unit costc ewery time there is an arrival to the ith vendor, plus a goodwill cost h; for
ead item that is waiting at vendori, and is given as follows:

fixi) = ami(xi) + hiLi(x) = ,cixi + (hi i ,ci)Li(xi) (1)



2.1 Recursiv e Calculation of L(x)

In this section, we describe how to exciently compute L(x;), which is neededin the cost
function fi(x;) givenin (1). Mean value analysisis commonly usedto compute statistics
sud asmeanqueuesizes,meanwaiting times, and throughput in a closedqueueingnetwork;
see for example,Reiserand Laverberg[15. The principal advantage of meanvalue analysis
is that the product terms and normalization constarts do not needto be computed, thereby
avoiding problemswith numerical stability. For the sake of completenessin this sectionwe
descrike the approad of meanvalue analysisas applied to the static allocation problem.

To simplify notation, we drop the subscripti. First considerthe M =M =s=sloss model
with arrival rate ; and servicerate . The blocking probability, B(r;s), is given by

rs=d
B(r;s) = Ps———;

o =il s> 0 )

wherer = =t . The blocking probability can be computed using the following recursion,
starting with B(r;0) = 1:

B(r;si 1)r=s
1+ B(r;sj 1)r=s

B(r;s) = s> 0 3)

Now considerthe M =M =s model with arrival rate , and servicerate *. The probability
of waiting, Pw (r;s), is given by

rs=d
Pw(r;s) = p__ = : s> O 4
w(ris) @i r=9 f;olr':i!+r5:s! (4)
It follows from (2) and (4) that
Pu(rs) = — Bisi Drss >0 -

1j r=s+ B(r;sj 1)r:s;

Next considera closedtwo-station network similar to that shown in Figure 1; station 1
is an ample-serer station with servicerate , and station 2 is a multi-server station with s
seners and servicerate 1. Customersmove from station 1 to station 2 and from station 2
to station 1 inde nitely. The number of circulating customersis x. The probability that all

S senersin station 2 are busy is given by

8
20; X< S;

P . .
Pe (2X) = _ o Vo=l _ (6)
k=il + A(Yax) Wi s=(x | )
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where.= s'= and

X Lhs(si 1)¢t(si i+ 1)
1 e . .
A(2x) _, (Xi s+ 1)eee(xi s+ i)s'’ X. s

Note that the number of terms in A(¥2x) is s, independent of x. From (6) we obtain, for

X, S,
1

1+ A(%LX)B(s'=,; X S);
whereB(s!=,; xj s) denotesthe blocking probability in the lossmodel with x j s seners.

Pg (¥4X) =

To computethe meannumber of customersin station 2, we usethe meanvalue approad.
Let L4(*2x) be the meannumber of customerswaiting in the queueat station 2 whenthere
are x circulating customersin the network, let Wy(%2x) be the mean waiting time in the
gueue at station 2, and let a(%x) be the throughput of station 2. Then the following

relations hold (which are basedon the arrival theoremand Little's law):

Pe(*2xi 1)+ Lg(*2xi 1)

Wq(¥2X)

Sl
X
a( L. =
(¥2x) 1=, + Wy(¥ex) + 1=
Lo(¥ex) = o(¥ax)Wo(¥X)

Theserelations are recursive in the population sizex, starting from L 4(*20) = Pg (¥20) = O.
Then L(%2x) canbe computedas L (Y2x) = Lq(*2X) + a(%x)=1.
Whens= 1, L(*=,; x) canbe simpli ed asfollows:

L(*=,; X) = X 1—(11 B(1=,; X)),
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whereB (1=,; x) can be computedrecursively using (3).

2.2 Optimization Problem

To nd the optimal allocation of the K items amongthe V vendors,the manufacturer solves
aresourceallocation problemwith integervariables(seeGross[9], Fox [8], Ibaraki and Katoh

[14)).



To useexisting methods for solving this problem, we require corvexity properties of the
cost functions fi(x;) = ,cixj + (hj i ,ci)Li(x;). The corvexity is establishedusing the
following Corollary; we drop the subscripti for easeof notation.

Corollary 1. L(x) is convexwith respct to x.

We rst give the intuition behind the proof before stating the formal proof belov. We
canthink of the systemat a singlevendor asa closedtwo-station network with x customers,
similar to that shavn in Figure 1. Station 1 is an ample-serer station with servicerate , .
Station 2 consistsof s seners, eat with servicerate * . There are x jobs circulating between
the two stations.

Let La(Xx) denotethe meannumber of jobs in station 1. To show that L(x) = xj La(X)
is corvex in X, we can shaw that LA (x) is concarein X, i.e.,

La(x)i La(xi 1), Lax+ 1)i La(x): (7)

Supposethat x j 1 jobs arered and oneis blue. In station 2, the red jobs are servicedwith
preemptive priority over the blue job. Let ¥£x) denotethe fraction of time that the blue job
spendsin station 1. Becausethe blue job doesnot exist for the red jobs, it follows that the
mean number of red jobs in station 1is LA(x i 1), and hence

Y%x) = La(X)i La(xi 1)

Thusto establish(7) it suxcesto show that the utilization rate %£x) is nonincreasingin X.
To do so, we comparethe systemswith x and x + 1 circulating jobs, eat system having
exactly one low priority blue job. When an additional red job is addedto the system, it
increasedhe blue job's meanwaiting time in station 2, due to the preemptive priority of the
red jobs. The blue job spendsa larger fraction of time in station 2 and a smaller fraction of
time in station 1; therefore,%x) is decreasingn x.

The formal proof of Corollary 1 follows directly from the proof of throughput concavity
by Dowdy et al. [6]; seealso Sharthikumar and Yao [21].
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Proof. Considerthe closedtwo-station network with x customersdescribed above. Let T, be
the long-run averagethroughput at station 2. The long-run averagethroughput at station 1 is
givenby T, = | (Xj L(x)). In aclosednetwork, we must have T, = T,;i.e.,, T, = , (Xj L(x)),
or L(x) = xj T,=,. Dowdy et al. [6] prove that T, is a concave function of x; hence,it

follows that L(x) is a convex function of x. O

Therefore,from Corollary 1, fi(x;) is corvexif h; , ,c;, and concaeif h; - ,c;.

3 Solution Metho d

In practice, it is reasonablgo assumethat h; , ,c;, becauseaf h; < ,cj, thereis noincertive
to repair the item; the cost of holding it at the vendor is smaller than the expected cost
to repair it asit fails over time. Therefore,when h; < _c;, the manufacturer's motivation
is not to repair items quickly, but rather to repair items slownly (or not at all) sothat they
remain in a failed state aslong as possible. In doing so, the manufacturer would delay the
time until the item fails again, thereby reducingthe frequencywith which the xed cost for
failure must be paid.

Howewer, even though the caseh; < ,c; is extremely rare in practice and can only arise
under unusual circumstanceswe are interestedin a completesolution to the problem under
any possiblerelationship betweenh; and ,c;. Therefore, in this section, we presen the
optimal algorithm for the casewhen (i) all fi(x;) are convex; (ii) all f;(x;) are concare; and
(i) somef;(x;) are corvex and other f;(x;) are concave.

3.1 Convex Case

Whenh; , cijforalli= 1:::;V, then all fij(x;) are corvex. This problem s the separable
convex resourceallocation problem. The optimal allocation in this casecan be found using

marginal allocation, rst proposedby Gross[9]:
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An important implication of the optimality of marginal allocation is that a new customer
who erters the systemcan be allocated without recalculating the optimal allocation for the
K original customers. That is, when a new customeris addedto the system, we cortinue
to assumea closedqueueingnetwork, but with K + 1 customersinstead of K customers.If
we have already found the optimal allocation of K customers,we needto perform only one
more iteration of the marginal allocation algorithm to determine the allocation of the new
customer. Note, howevwer, that this doesnot imply that marginal allocation works for all
dynamically changing population sizes. For example,if a customerleavesthe system, the
optimal allocation might be to reassigncustomersto di®erert vendors,but reassignmenis

not allowed in our static allocation model.

3.2 Concave Case

When h; - ¢, foralli = 1;:::;V, then all f;(x;) are concave. The objective function is
concave, and the optimum occurs at an extreme point. Therefore, the solution method is
trivial: choosea vendor j for which f;(K) is minimum, and allocate all K items to that

vendor.

3.3 Mixed Case

When at leastonevendori hash; , ¢, , andat leastonevendorj hash; < ¢, , the objective
function is neither corvex nor concave. Let A* = fi:h;, ¢,gandlet Al =fij:h<g,g;
that is, A" is the set of vendorsfor which the correspnding objective term is corvex, and
Al is the set of vendorsfor which the correspnding objective term is concare. For a xed

P P
z(k) = min fi(xi) + fi(xi)

i2A* i2Ai
P
sit: X;i = k
i2F,)A+
xi=Kij Kk (8)
i2Ai
X;i, Oandinteger, i=1;:::;V

Problem (8) gives us the optimal solution for a xed k; we must then optimize over

k = 0;:::;K to obtain the optimal solution to the original problem,

z'= ron__i_r_l_K z(k): (9)



Note, howewer, that solving (8) is equivalert to separatelysolving problems(10) and (11),
below:
_ P
z" (k) = min fi(x)
i2|:)A+

sit: Xi = Kk
i2A* (20)

Xi , Oandinteger, 2 A"

. . P
zi (k) = min fi(Xi)

i2Ai
P

sit: Xi= Kijk
2A ! (11)

X; , Oandinteger, i2 Al

Therefore, for a xed value k, problem (10) can be solved using marginal allocation as
in Section3.1. Furthermore, the computation of the optimal allocation for k = K requires

the computation of the optimal allocation for all k < K, so nding the optimal solutionsfor

doesrequire more storage).
Similarly, for a xed value K j k, problem (11) can be easily solved: choosea vendor
j 2 Al for which f; (K i k) is minimum, and allocate all K j k items to that vendor.

4 Computational Study

In this section, we presert results from our computational study. Our main aim in this
numerical study was (i) to test the ability of the optimal algorithm to handle industry size
problems; (ii) to comparethe performanceof the optimal algorithm with commonly used
heuristics; (iii) to dewelop insights on the e®ectof servicerates of vendorson the optimal
allocation; and (iv) to test the e®ectof utilizing a single-serer approximation of vendorson
the optimal allocation.

Based on our interaction with our industrial cortact we constructed a data set that
adequatelyrepreseted the complexity in the real environment. In particular, our parameter
choicesare asfollows. We considerexampleswith four vendors(V = 4), a xed failure rate

of , = 1:2 failures per year, and a xed holding cost of h = $1000per year. For eat value
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of *i, denoted® , and a high value of *;, denoted*;. Similarly, we chooselow and high
valuesof ¢ and s;, denotedg, G, s;, and S;, respectively. We then create a singletrial for
eadh conbination of 1, s;, and ¢ sud that 1; 2 fl_i;fig, ¢ 2 fg;cog, and s 2 fs;;50
(i = 1;:::;4). This givesus 22 = 4096trials for eat value of K, for a total of 16,384
trials. We then repeatedthis process v e times with di®eren low and high valuesfor eadh
parameter, for a total of 81,920trials. The data is givenin Table 8 through Table 11in the
Appendix.

4.1 Running Time of Optimal Algorithm

Table 1 givesthe averagerunning time, in seconds,for computing the optimal allocation
for ead value of K. Note that the running time is appraximately linear in K. Our results
indicate that the optimal algorithm is very fast and canhandleindustry sizeproblemswithin
a minute in most cases.

Table 1: Meantime to compute the optimal allocation

K Time (in seconds)
100 0.0233
1,000 0.2071
10,000 2.1349
100000 24.5890

4.2 Heuristics

In this sectionwe comparethe optimal static allocation to seweral commonallocation heuris-
tics. Section 4.2.1 rst focuseson optimal static allocation as comparedto other (non-
optimal) static allocation heuristics. The running times for these heuristics is negligible;
therefore, we investigatethe optimality gap when using thesevery fast heuristics.
Section4.2.2then comparesoptimal static allocation to two commondynamic allocation
heuristics. The cost of using either of the dynamic allocation heuristics is computed using
simulation. Therefore, rather than using the ertire set of data described in Section4, we
make comparisonsbasedon 50 exampleswith K = 100and 50 exampleswith K = 1;000.
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4.2.1 Static Heuristics

We chose v e common static allocation heuristics for comparisonwith the optimal static
allocation algorithm.

2 H1: Equal allocation to all vendors. Note that if K=V is fractional, the allocation
is bK=Vc to ead of the rst Vj K + VbK=Vc vendors,and bK=Vc+ 1 to eat of
the remaining K | VbK=Vc vendors. This allocation policy might be usedwhen the
manufacturer haslittle or no information about ead vendor.

2 H2: Allocation is proportional to 1=, which favors low-costvendors. This allocation
might be usedwhen the manufacturer has cost information about the vendors, but
doesnot have good estimatesof vendors' servicerates. Note that if the allocation is
fractional, the allocationsto vendors1, 2, and 3 are rounded to the nearestinteger,
and the allocation to vendor4 is adjusted accordingly sothe total allocation equalsk .

2 H3: Allocation is proportional to st =g, which favors vendorswith low costc, and
high maximum expected servicerate s;1;. This allocation policy might be preferred
whenthe vendor hasaccurateestimatesboth of vendors'costsand servicerates. Note

that fractional allocations are adjusted asin H2.

2 H4: All items are allocated to the vendor with the smallestcostc;,. This heuristic is
an \all-or-nothing" versionof H2.

2 H5: All items are allocated to the vendor with the largest value of sj*i=Gg. This
heuristic is an \all-or-nothing" versionof H3.

The time requiredto compute an allocation basedon any of theseheuristicsis negligible;
howe\er, there is a signi cant lossof optimality, as summarizedin Tables?2 through 4.

Table 2 givesthe number of times that ead heuristic (H1,: ::,H5) performedbest out of
the v e heuristics. The column sumsare greaterthan 20,480, the number of trials for eadh
value of K, sincesometrials had two or more heuristics giving the sameallocation. Table
2 shaws that heuristics H4 and H5 generally performed best amongthe v e heuristics. For
example,for the caseK = 100000, heuristic H4 (sendall items to the lowest-costvendor)
performedat least aswell asthe other heuristicsin approximately 72.5%o0f the trials.
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Table 2: Number of times ead heuristic performedbest (amongall 5 heuristics)

Heuristic K = 100 K = 1,000 K = 13,000 K = 100000

H1 235 966 419 519
H2 925 1213 1045 1275
H3 1590 558 1556 1338
H4 12471 14998 14876 14858
H5 12331 10348 9376 9891

Table 3 givesthe number of times (out of 20,480) that the cost producedby ead heuris-
tic's allocation wasexactly equalto the optimal cost. Again, heuristic H4 performsbest. For
K = 100, heuristic H4 givesthe optimal costin nearly 49%of the trials, and for K = 100000,
it givesthe optimal costin 72.5%o0f the trials. The valuesin Table 3 are zerofor heuristics
H1, H2, and H3, becausdheseheuristicsproduceproportional allocations;it is unlikely that
the optimal allocation will be exactly proportional to the problem data.

Table 3: Number of times ead heuristic's cost was equalto the optimal cost

Heuristic K = 100 K = 1,000 K = 10000 K = 100000

H1 0 0 0 0
H2 0 0 0 0
H3 0 0 0 0
H4 9976 14432 14528 14848
H5 9512 8174 6763 7401

From the results in Table 2 and Table 3, it may seemthat heuristic H4 is a suitable
heuristic for solving this allocation problem. Howewer, Table 4 shavs the mean relative
di®erencebetween the costs of the heuristic allocation and the optimal allocation. For
K = 100000, the cost of heuristic H4's allocation is, on average,166%away from optimal.
In other words, heuristic H4 performswell quite often, but canalsoperform extremelypoorly.
This is aresult of H4's myopic\all-or-nothing" structure. It choosesa singlevendorbasedon

cost parametersalone, and if the cheapest vendor also happensto be very slow, the results
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can be disastrous. Table 4 shaws that heuristic H5 appearsto be the best heuristic overall,
but even this allocation method is anywhere from 23%to 45% away from optimal.

Table 4: Mean relative di®erencebetweencostsof heuristic and optimal allocations

Heuristic K = 100 K = 1,000 K = 10,000 K = 100000

H1 0.8354 0.8313 1.1189 1.0345
H2 0.6790 0.6409 0.8819 0.8056
H3 0.3337 0.4768 0.4775 0.5206
H4 1.1574 1.5569 1.4259 1.6621
H5 0.2296 0.3998 0.4214 0.4495

4.2.2 Dynamic Heuristics

We chosetwo simple dynamic allocation heuristics for comparisonwith the optimal static
allocation algorithm.

2 Join the Shortest Queue (JSQ) : At the time of failure, an incomingitem is sert to
a vendor with the shortestqueuelength. If more than one vendor has minimal queue
length, the item is sent to the vendor amongthem with a smallestvalue of the xed
cost, G.

2 Individually Optimal (IO) : At the time of failure, an incoming item is sern to a
vendor for which the total costassaiated with that particular item aloneis minimal;
in other words, this heuristic myopically routes the incoming items. Speci cally, the
item is sert to a vendorwith the smallestvalue of 1 O;(x;), where

%Cu + Xi < S§j;
1Oi(xi) =
E CERLY

S;.
Slll

The relative di®erencébetweenthe costsof optimal static allocation and the two dynamic
allocation heuristics are summarizedin Table 5. For example, for the 50 exampleswith
K = 100, the cost of the optimal static algorithm ranged from 27.55%lower to 17.11%
higher than the cost of using join-the-shortest-queue with an averageof 0.21%higher. For
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the trials with K = 100, the optimal static allocation performed, on average,about as well
asthe join-the-shortest-queueheuristic, and about 4% worsethan the individually optimal
dynamic heuristic. Howewer, for the 50 trials with K = 1;000, the optimal static allocation
performed about 1.7% worsethan the join-the-shortest-queueheuristic, but more than 5%
better than the individually optimal dynamic heuristic.

Theseresults show that oneshould not blindly usedynamic allocation, with the assump-
tion that any dynamic allocation policy will perform uniformly better than static allocation.
In fact, for many instances,onedoesnot losemuch by usingstatic allocation rather than sim-
ple dynamic allocation, provided oneusesthe optimal static allocation. Giventhe simplicity
and easeof implemenrtation of static allocation policiesas comparedto dynamic allocation,
it seemsthat optimal static allocation is, indeed, an attractiv e policy for minimizing the
costsof outsourcingwarranty repair services.

Table5: Relative di®erencéetweencostsof optimal static allocation and dynamic allocation
heuristics, using 50 exampleswith K = 100and 50 exampleswith K = 1;000

K = 100 K = 1,000
JSQ 10 JSQ 10
Min -0.2755 -0.0479  -0.2297 -0.2782
Max 0.1711 0.1822 0.1325 0.0433
Mean 0.0021 0.0396 0.0169 -0.0555
Std. Dev. 0.1026 0.0481 0.0552 0.0938

4.3 Single-Serv er Appro ximation

In nding the optimal static allocation, most of the computation time involvesthe calculation
of L(x) requiredin the cost function. For the multi-server case,the calculation for L(x) in
Section 2.1 is quite complicated; howewer, this is greatly simpli ed when there is only a
single sener. Therefore, in this sectionwe explore the tradeo® between loss of optimality
and increasedspeedof calculation when approximating a vendorwith s; senersand rate ! ;
by a vendorwith a singlesener and servicerate s;!;.

First, note that for all valuesof K in the computational study reported in Section4, the
valuesof s; for ead of the four vendorswere restricted to the interval from 1 to 20. This
is to model the realistic setting where a vendor may have se\eral repairpeoplelit is quite
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commonfor a vendorto have up to a few dozenrepair employees,but it is dizcult to imagine
any situation wherea repair vendor hasthousands,or even hundreds, of employeesassigned
to a singlemanufacturer. In this section,we will extendthis a bit further, to s = 50, in order
to shav what will happen with the single-serer approximation of the cost of an individual
vendor asthe number of senersincreaseswithin a realistic range.

For example, supposethe failure rate is 1.2 failures per item per year and the holding
costis $1,000per year, and considera repair vendorthat hasa xed costof $100per repair
and an individual servicerate of 12,500repairs per year. Supposethe number of seners
rangesfrom 1 to 50; whenthere is only a single sener, the maximum number of items that
the vendor can handlein order to satisfy (in nite-p opulation) stability conditionsis 10,416.
Figure 2 shows the relative di®erencebetweenthe true cost (using the exact calculation for
L (x)) and the approximate cost (using a single-serer appraximation in the calculation for
L (x)) asa function of s whenthere are 10,000items assignedo the vendor. The gap clearly
increaseswith s; howeer, in even the worst case(correspnding to s = 50), the di®erence
betweenthe true costand the approximation is lessthan 0.07%.

Figure 2. Relative di®erencebetweentrue costand single-serer approximate cost
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Furthermore, plots of relative di®erencebetween the two costs even for the x = 100
and x = 1,000 are nearly idertical to Figure 2; therefore, the plots are not included here.
Howewer, both of these casesalso have a maximum relative di®erenceof appraximately
0.07%. In other words, using a single-serer approximation to computeL (x) providesa very
closeapproximation of the costfunction, provided the number of senersis within a realistic
range.

As seenin Figure 2, the cost function for a single vendor does not change much when
using a single-serer approximation. Therefore,onewould expect that the allocation to the
vendorsalsowill show little changeif we usea single-serer appraximation for ead of the
repair vendors. For the 81,920trials descriked in Section4, we determine the appraximate
policy using a single sener for eat vendor and servicerate sjt, i = 1;:::;V, and we then
compute the cost to the manufacturer of following this appraximate policy. In 72.9% of
the experimerts, the allocation under the single-serer approximation was exactly the same
as the optimal allocation. Furthermore, this number increaseswith K: for K = 100, it is
57.1%,and for K = 100000, it is 79.7%. In only 13.2%o0f the experimerts wasthe di®erence
betweenthe optimal and approximate allocations for any vendor greater than 10, and this
number decreasesvith K: for K = 100, it is 28.2%,and for K = 100000, it is only 5.1%.

Table 6 showvs the meanrelative di®erenceébetweenthe cost of the optimal allocation and
the costof using the allocation prescribed by the single-serer approximation. For K = 100,
the costof the single-serer appraximate allocation is about 2% away from optimal. Howeer,
for the larger valuesof K, this di®erences negligible (e.g., 9.06E-9for K = 100000).

Table 6: Meanrelative di®erence:cost of optimal allocation vs. costof single-serer approx-
imate allocation

K Rel. Di®
100 0.02137
1,000 0.00036
1G,000 1.58E-6
100000 9.06E-9

Table 7 gives the averagerunning time for determining the single-serer approximate
allocation. Note that the running time is againnearly linear in K, and is approximately 62%
to 68%faster (dependingon K) than nding the optimal allocation. Howeer, this includes
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only the time requiredto determinethe allocation, and not the time requiredto computethe
true expectedcostof usingthis allocation. Computing the true expectedcostof the allocation
would bring the total running time near, or evenabove, that requiredto computethe optimal
allocation (which automatically computesthe expectedcost). Therefore,this approximation
may be advantageouswhen an approximation to the expectedcostof the policy is suzcient.
In addition, the results in this section shav that the single-serer approximation is also
adequatein caseswherethe manufacturer may not have detailed information about s; and
1; for eath vendor, but rather knows only the overall servicerate at eat vendor.

Table 7: Mean running time to determine single-serer appraoximate allocation

K Time
100 0.0090
1,000 0.0795
10,000 0.7943
100000 7.9280

4.4 E®ect of Service Rates

Finally, we comparethe optimal allocationswhenwe changeall vendorsfrom relatively slov
servicerates to faster servicerates. That is, we compare! = (1_1;1_2;1_3;1_4) with * =
(*1;%,;%5;1,), keepingall other data unchanged. This givesus 5(28) = 1280experimerts
for ead value of K, for a total of 5120trials. In approximately 43% of the 5120trials, the
allocation was exactly the sameusing* or *. In particular, the optimal solution using *
was 100%allocation to a single vendor. Therefore, one vendor was already fast enoughto
handle all items at relatively low cost, soincreasingthe servicerates of the vendorsdid not
changethe allocation.

In the remaining 57% of the trials, the allocation did changewhen using* as compared
to . The pattern we seefrom theseresultsis that increasingthe servicerate for all vendors
senesto shrink the vendor base. That is, if allocation is positive for exactly n of the V
vendorswhenthe serviceratesare given by * , then the allocation will be positive for m - n
vendorswhenthe serviceratesaregivenby . For example,for K = 100the allocation might
switch from x® = (11;35;31; 23) when the servicerates are given by * to x® = (0;0; 42 58)
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when the servicerates are given by T. This is intuitiv e, sinceincreasingthe servicerates
meansthe manufacturer can allocate more items to any given vendor without signi cantly
increasingthe waiting times at the vendor; hence,fewer vendorswill be requiredto handle
all K items. Therefore,the manufacturer has an added advantage when the vendorshave
fast servicerates: not only are the holding costslower, but the manufacturer will require
fewer vendors,which will likely reduceadministration costsof maintaining the cortracts.

5 Conclusions

In this paper, we considerthe static allocation of items under warranty to alternative repair
vendors. Modeling the coststo include both a xed cost for repair as well as a goodwill
holding cost to discourageextraordinarily long turnaround times, we dewelop an excient
optimal algorithm, where eat vendor is modeled as a multi-server nite population queue.
This algorithm is not speci ¢ to the application of outsourcingwarranty repairs, but canbe
usedfor any static allocation problem that follows this cost and decisionstructure.

Through a detailed computational study we demonstrate that the optimal algorithm
can handle real problem sizeand also performs much better than commonstatic allocation
heuristics. Furthermore, we shawv that the performanceof the optimal static allocation is
comparableto that of two simple dynamic allocation heuristics, join-the-shortest-queueand
myopic routing. When factoring in the simplicity of nding the optimal static allocation, as
well asthe relative easeof implemerting a static allocation policy, we seethat optimal static
allocationis indeeda viable choicefor the manufacturer seekingto minimize outsourcingcosts
assaiated with warranty repairs. Furthermore, there are often situations in which static
allocation is is the only option, when the manufacturer does not have reliable information
about the current state at ead repair vendor.

Among other computational insights we shaov that when the number of items to be
allocated is large, a single-serer approximation leadsto optimal allocationsin most of the
cases.This appraximation may be necessarywhen the manufacturer doesnot have detailed
information about a vendor (sucdh asthe number of senersand individual servicerate), but
rather knows only the overall servicerate, or e®ectie capacity, of the vendor. Note, howeer,
that this appraximation is valid if the number of senersis comparatively small; when the
number of senersis very large comparedto the number of items allocated to the vendor, an
in nite-server approximation may be more appropriate than a single-serer appraximation.

22



There are many possiblefuture directions to this researt, which we plan to explorein
separatepapers. First, one can explicitly formulate the dynamic allocation problem as a
continuous time Markov decision process. Due to the size and nature of the state space,
the problem of nding an optimal dynamic policy is intractable. Howewer, we plan to use
techniquesof policy improvemen and restlessbandit modelsto dewvelop more sophisticated
dynamic allocation policiesthan the simple heuristics usedin Section4.2.2. The results of
this investigation will be published elsewhere.

One other key assumption of this paper is that the manufacturer has a xed number
of items to allocate to the repair vendors, which results in a closedpopulation model. In
reality, the number of items covered under warranty might not be xed. For example,items
enter the population asthey are sold with a warranty, while other items exit the population
as the warranty coverageexpires. We plan to explore static allocation as it appliesto a
changingpopulation size. That is, ead item is assignedo a vendor at the point of sale,and
ewvery time an item experiencesa failure, it is sert to its assignedvendor for repair. When
allocating a new item, the manufacturer would know how many items are already allocated

to ead vendor; howewer, the number of items actually being repaired at eat vendor is not
obsened.

App endix
The data for the computational study in Section4 are shavn in the following four tables.

Table 8: Data for K = 100

Group 1 Group 2 Group 3 Group 4 Group 5
Low High Low High Low High Low High Low High

c1 61.96 157.95 53.74 142.18 55.21 156.39 68.74 136.34 67.92 148.64
c2 67.78 139.79 67.26 131.73 57.36 138.43 62.44 142.75 59.81 139.28
c3 55.60 162.36 60.16 159.83 56.67 153.66 59.99 156.30 58.92 147.37
Cyq 46.74 173.32 52.48 184.44 47.14 171.87 52.52 184.59 50.79 176.17
1 7.86 114.84 17.31 106.76 17.24 103.86 28.10 122.55 19.62 122.05
2 36.31 121.02 23.67 125.29 30.14 112.45 29.09 112.73 33.22 120.57
13 24.37 125.54 31.14 125.85 23.89 128.15 22.14 126.12 25.88 123.27
4 37.53 160.63 30.84 153.60 28.18 162.53 32.65 162.77 28.06 155.17
S1 3 11 1 11 3 10 1 11 1 11

2 15 1 17 1 12 1 14 1
S3 2 13 4 14 5 16 3 13 5 13

1 5 2 6 1 8 2 9 1
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Table 9: Data for K = 1;000

Group 1 Group 2 Group 3 Group 4 Group 5
Low High Low High Low High Low High Low High
Cc1 57.22 151.98 57.08 148.10 56.02 144.55 65.72 156.69 61.70 147.00
() 61.60 132.25 56.37 135.24 59.84 134.34 59.99 145.78 60.98 146.47
c3 57.22 150.48 51.51 158.45 56.18 162.12 51.55 156.70 56.96 160.59
Cq 51.80 174.18 49.09 172.90 49.43 164.35 47.84 170.03 47.94 180.51
1 192.56 1505.98 164.23 1494.62 172.24 1484.92 161.62 1474.44 183.77 1504.23
1y 354.42 1802.65 351.78 1831.40 363.88 1886.53 352.22 1839.73 327.16 1867.52
13 260.29 1872.17 266.40 1976.67 281.11 1920.60 256.34 1881.34 246.10 1933.35
g 293.02 2789.58 300.54 2818.41 316.07 2800.25 296.71 2828.71 292.63 2786.68
S1 1 8 3 11 3 12 2 10 3 9
EY) 1 11 2 16 2 12 2 15 2 14
S3 2 20 4 17 4 7 3 10 2 14
S4 1 8 1 9 1 7 1 8 2 9
Table 10: Data for K = 10,000
Group 1 Group 2 Group 3 Group 4 Group 5
Low High Low High Low High Low High Low High
[} 61.47 159.59 60.00 157.77 63.28 145.57 58.65 156.70 58.07 151.52
c2 62.91 142.89 62.03 142.18 63.68 135.74 66.60 129.53 61.72 138.93
c3 69.78 151.38 52.97 160.27 57.38 154.11 53.48 147.12 53.33 157.18
Cq 53.30 188.90 59.50 161.24 55.38 170.13 55.30 172.95 45.85 164.70
19 2122.30 17961.00 2064.06 18055.41 2107.26 18005.26 2083.28 18081.09 2067.61 18066.65
1o 1880.42 21047.19 1835.40 20907.20 1849.31 20976.57 1822.75 20989.56 1848.79 20940.04
13 2206.53 16014.71 2216.44 15964.07 2207.74 15924.84 2221.18 16046.04 2204.84 15987.73
14 2161.15 19811.02 213291 19899.36 2204.27 19866.39 2140.53 19937.76 2196.55 19923.36
S1 1 10 1 12 1 10 1 12 2 8
S2 1 15 2 16 1 14 2 17 1 12
S3 5 16 4 7 3 11 5 9 5 12
S4 2 8 1 5 1 7 2 5 2 6
Table 11: Data for K = 100000
Group 1 Group 2 Group 3 Group 4 Group 5
Low High Low High Low High Low High Low High
Cc1 68.48 144.85 57.12 135.99 61.31 160.78 60.54 145.40 53.64 136.95
c2 68.00 139.92 58.34 153.69 65.25 140.77 68.89 140.03 61.60 138.17
c3 46.53 167.47 64.81 154.85 54.10 162.40 57.21 166.45 57.39 149.61
[ 47.23 178.57 48.11 180.42 48.61 172,51 55.84 177.11 53.83 174.74
19 21036.39 222033.28 21322.31 218480.41 21274.77 222887.26 21455.08 228451.93 21105.24 232381.33
1o 23030.79 191618.05 25869.71 188166.68 24899.77 192447.63 22520.36 197853.31 23503.24 201670.44
13 20095.03 207623.40 19963.75 189419.52 15707.37 212650.20 18505.10 198175.58 19055.07 221346.82
14 20943.71 289047.94 21419.29 296212.16 19386.49 290130.16 21519.96 302640.41 21386.20 298925.98
S1 3 11 2 11 2 9 1 8 3 8
S2 2 15 2 13 1 12 2 12 1 14
S3 4 14 2 20 4 14 5 20 4 19
S4 1 6 2 9 1 7 1 5 1 6
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