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Abstract

This paper is motivated by the inventory planning issuesfaced by a manu-
facturer of a digital projector. The seller facesdemand from two sources: new
demand, and demand to replace failed items under warranty. We model this set-
ting asa multi-p eriod single product inventory problem where the new demandin
di erent periods are independert and the demand for replacing failed items under
warranty is proportional to the number of items under warranty. We assumelinear
procuremert, penalty and holding costs. We consider badklogging and emergency
supply casesand study both discourted cost and averagecost cases.We prove the
optimalit y of the w-dependert basestock ordering policy wherethe basestock level
is a function of w, the number of items currently under warranty. For the special
case,where the demand for new products is stationary, we prove the optimality of
a stationary w-dependen basestock policy for the nite horizon discourted and
the in nite horizon discourted and averagecost cases.In our computational study,
we nd that suc an integrated policy can lead to 31% average improvemert in

expected costswhen comparedto a policy that neglectswarranty repairs.

1This work is partially supported by NSF Grant DMI 1-0223117.



1 Intro duction

After-sale parts and servicesare becomingan important aspect of closedloop supply
chains (seeGuide and Wassenhwe ([8])). In caseswherethe original equipmen manu-
facturer (OEM) manageghe invertory for the product underwarranty, the manufacturer
needsto synergizeinventory planning activities acrossnew demandand demandarising
from products underwarranty. This work wasmotivated by the invertory planning issues
facedby a digital projector compary. The rm had a policy to replacenew any product
that failed under warranty. The existing invertory policy of the rm wasto plan for
new demandand take care of warranty claims on a as-neededasis. Figure 1 shows the
demandfrom new customersover a oneyear period and Figure 2 showns the demandfor
warranty claims. Note that data in both gures hasbeenscaledto protect con dential-
ity. On comparisonof these gures it is clearthat in someperiods warranty claimsare a
signi cant fraction (often greaterthan 15%) of the total demand. This led to rush orders
at the last momen resulting in high production (overtime) and transportation costsin
addition to increasingthe customerwaiting time for repairs (replacemets). The rm
wasinterestedin ewaluating the bene ts of coordinated invertory planning basedon new
demandsand failures under warranty.

In this paper we considera discretetime multi-p eriod invertory model that jointly man-
agesthe inventory requiremerts for new products and warranty claims. Throughout this
paper we will restrict our attention to a single product. We assumethat the demandin
ead period for the new product is stochastic and independert (not necessarilyidertical)
whereaswarranty claims are proportional to the number of products currently under
warranty. Further, a random fraction of products under warranty in the eld go out
of warranty ewery period. The ordering, holding and penalty costs are assumedto be
linear and there is no delivery lag. We study the standard badlogging caseand alsothe
emergencysupply case(with no badklogging) wherethe demandthat cannot be satis ed
by items in stock hasto be satis ed by ordering from an emergencysupplier. We theo-
retically prove that there exist functions S, (w) sothat it is optimal to order up to S, (w)
in period n if there arew items under warranty at that time. We call this a w-dependert
basestock policy. The critical value S,(w) can be explicitly obtained by solving for the
root of a single transcendemal equation. For the special case,where the demand for
new products is stationary, we prove the optimality of a stationary w-dependen base
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Figure 1: New Demand

Figure 2: Demand of Warranty Repair



stock policy for the nite horizon discourted and the in nite horizon discourted and
averagecost cases.In our computational study, we comparethe performanceof sud an
integrated policy to a policy that only took new demandinto considerationwhile plan-
ning inventory (re ecting the current operationsat the rm). Our study indicates that

on average31% cost improvemerts can be obtained from using the optimal integrated
policy. Among other results, we also nd cortrary to our intuition that the performance
di erence betweenthe two policies rst increasesand then decreasesvith the failure rate.

The rest of the paper is organizedas follows. We include a brief literature review of
related papersin section2. We formulate the problem in badlogging casein section 3.
We study the structure of the optimal invertory policy for the nite horizon problem
in section4, in nite horizon discourted problem in section5, and long run averagecost
problem in section6. In section7, we formulate the problem in emergencysupply case
and study the optimal invertory policy for nite horizon problem. In section 8, we
provide computational insights. We provide extensionsand conclusionsin section9.

2 Literature Review

There are three streamsof researt that are related to our invertory-warranty model.
The rst streamofresearb focusesonthe e ects of warranty under deterministic demand
conditions. Porteus ([12]) considersa lot-sizing problem where the processgoes out-of-
cortrol with a given probability ead time it producesanitem. He shovsthat the optimal
lot sizeis smallerthan the classicaleconomicmanufacturing quartity. Djamaludin et al.
([14]) and Wang and Sheu ([13]) study other extensionsof this scenarioto nd the
optimal lot sizetaking into accourt long run production invertory and warranty costs.
As opposedto this stream, our focusis on warranty systemswith a periodic stochastic
demand.

The secondstreamof literature hasstudied production systemswith invertory dependen
deterministic demandwithout warranty considerations. Khmelnitsky and Gerchak ([6])
study a cortinuous review deterministic invertory model wheredemandrates may vary
over time, shortagesare possibleand the systemhas nite production and nd the optimal
production cortrol for sud a system. Baker and Urban ([1]) analyzethe cortinuous,
deterministic caseof an invertory systemin which the demandrate of an item is of a



polynomial functional form, dependert on the invertory level. They dewelop the optimal
policy to maximize averageprot per unit time. In our work, the future requiremen of
a product is not only dependert on current invertory, but alsoon previoussales.

The third stream of researt considersinventory planning in a periodic setting under
stochastic demand(seeSwaminathan and Tayur ([17]) for a recen review). Within that

stream of papersthosethat considerreturn or remarufacturing are related to our work.

Cohenet al. ([3]) assumethat a xed fraction of the products issuedin a given period

is returned after a xed sgourn time in the market and may subsequetly be reused.
Optimalit y of a periodic review order upto policy is claimedwhendisregarding xed costs
and procuremen leadtimes. Kelle and Silver ([10]) extend this approad by allowing for
xed order costsand stochastic sgourn time in the market. They proposean approxi-

mation sdhemetransforming this model into a classicaldynamic lotsizing problem. Yuan
and Cheung([18]) proposefor this model an (s; S)-reorder policy basedon the sum of
the on-hand stock and the number of items in the market. The single-stageremarufac-
turing systemwas rst studied by Simpson([16]) and Inderfurth ([15]). Simpson([16])
establisheghe optimality of a three-parameterpolicy consistingof remarufacture-up-to,
order-up-to and dispose-davn-to levels. Inderfurth ([15]) extends those results to the
caseof positive but identical lead times for ordering and remarufacturing, and argues
that if lead times are not identical then the optimal policy will be more complicated.
More recertly, Feinberg and Lewis ([5]) considera single commality invertory system
in which the demandis modeled by a sequenceof i.i.d random variablesthat can take
negative values (thereby modeling someof the remarufacturing or product return set-
tings). Multi-echelon remarufacturing system has been studied by Decroix ([4]). As
opposedto this stream of researth where remarufacturing or returns increasesupply, in

our model the demandincreasesvhenthere are warranty claims. This createsadditional
dependencebetween salesin the past and demandin the future making the analysis

complicated.

3 Mo del with Backlogging

In our model, invertory for a single product is managedfor multiple periods. The rm
o ers replacemen of itemsthat fail underwarranty. The demandarisesfrom two sources:
new demand, and demandto replacefailed items under warranty. Let , be the new
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demandin period n. Let F,(:) beits cumulative distribution function (cdf), andf,(:) be
its probability density function (pdf). Let X, be the inverntory on hand, and W, be the
number of items under warranty at period n. In period n, we decideto order an amourt
A,, anddene Y, = X, + A,. We treat Y, X, asthe decisionvariable in period
n. The delivery is assumedto be instantaneous,so that Y, is the amourt available to
satisfy the demandfor new and warranty claimsin period n. Any demandthat cannot
be immediately satis ed is badklogged.

Here,we assumethat the warranty is renewable, i.e., the warranty period of the replaced
item starts afresh. Sud warranty models have been studied in the past (seeBlischke
and Murthy ([2])). Also we assumethat the demandto replacefailed items is basedon
a proportional model i.e. a xed fraction of the items under warranty fail. This is
consisten with other failure modelsthat assumethat items failure are independen and
bernoulli (seeGertsbakh([7])). Furthermore, in period n a fraction |, of the items under
warranty remain in warranty, wheref ,;n 0Ogis a sequenceof i.i.d. random variables
2 [0; 1] with commonprobability density g( ). This is only an appraximation to the true
systemwherethe number of items remaining under warranty dependsexclusiely on the
warranty-time and agedistribution of items in the eld. Under theseassumptions,we

get

Wha = n[(:L )Wn+ min(Yn; W, + n)] (1)
Xnsr = Yh n Wh:

Thus f((Wh; X,);Yn);n  0Og is a Markov decisionprocess. Next we descrite the cost
structure. We assumethat there is a per unit procuremert costc, holding costh for eat
item remaining at the end of a period, and shortagecost p for eat unit of badklogged
demandin any period. Let

Zl Zy w
La(w;y) = p Loy win(yd +h (Y w)fn( )d 2

represen the expectedpenalty and holding costincurred in period n if W, = w;Y, = y.
The total oneperiod expected costincurred for ordering up to y is given by

Ca(w; X y) = cly X)+ La(w;y): 3

Let ,0 1 be the discourt factor. Let be any policy for choosing decisionY,,



at time n, basedon the history up to time n. We considerthree objective functions for
choosing an optimal policy asdescrited below.

1. Finite Horizon. The rst objective of the rm isto minimize the expectedtotal dis-
courted cost(ETDC) over periods0; 1;2; ;N. Let V, (w;x) bethe ETDC of following
the policy over periods 0;1; ;N. Sincewe have a nite horizon we needto specify
the terminal cost. Let T(w; x) be the terminal costat time N if Wy = w; Xy = X. Thus

K 1 .
Vh (w;x) = E ( "Co(Wh; Xn; Ya) + NT(Wn; Xn)jWo = Wi Xo = X)  (4)
n=0
HereE denotesthe expectation under the assumptionthat the policy is followed. Let
W\ (w; X) be the optimal ETDC of operating the systemover period O; ;N. That is

Wy (w; X) = inf Vg (w; X): (5)
A policy s called optimal for nite horizon ETDC if
Wy (w; X) = Vy (w;x) for all wand x. (6)

2. Innite Horizon ETDC. The secondobjective function is to minimize the ETDC
over the in nite horizon. In this casethere is no terminal costfunction. Let V (w;Xx) be
the in nite horizon ETDC of following policy , that is

V (w;x) = E ()é "Cn(Wh; Xn; Yn)jWo = w; X = X) (7)

n=0
Similarly, let V (w; x) be the optimal in nite horizon ETDC, that is
V(w;x) = infV (w;X): (8)
A policy is called optimal for in nite horizon ETDC if
V(w;x) =V (w;x) forall wandx. (9)

3. Innite  Horizon Average Cost. Let g (w;x) be the expected cost per period of
following policy over in nite horizon starting from state (w;x). Again, there is no
terminal costin this formulation. Thus assumingthe limit exists,

H 1 )(\I . . H — . — .
g (w;x) = N“!En N—”E (n=0 Cn(Wh; X0 Yn)iWo = w; Xo = X): (20)



Typically, this limit isindependen of the starting state (w; x). Let g(w; X) be the optimal
expected cost per period over in nite horizon starting in state (w; x). That is,

g(w; x) = infg (w;Xx): (11

Again, typically this in m um doesnot depend on the initial state (w;x). A policy is
called optimal for in nite horizon averagecost if

V(w;x) =V (w;x) forall wandx. (12)

We obtain optimal policiesunder all three objective functions, beginningwith the nite
horizon ETDC in the next section.

4 Finite Horizon ETDC

In this section,we study the nite horizonproblemwith N periods, terminal costT (w; x),
and shav how to compute Vy (w; x) of Equation (5). First de ne V.. (w;Xx) to be the
optimal ETDC overperiodsn;n+1; ;N starting with W, = w; X, = X. Let Gy (W;Y)
bethe ETDC over periodsovern;n+ 1, ;N givenW, = w;Y, = y. Then the standard
dynamic programming recursionyields

Vv (w;x) = T(w;x) s 7
1y w
Gun(Wiy) = cy+ La(wiy)+ = ° 0 Vaan( W+ )y - w o )fa()d g()d
lel
o, SV (@ Jwryyy o w )fa()d g()d
n=01 ;N 1 (13)
Von (W X) = ryniQfGn;N(w;y)g cx;n=01 ;N 1

whereL,(w;y) is asin Equation (2). Then we have
Wy (W; X) = Vo (W; X) (14)

In the ensuinganalysis,we choosethe following terminal cost function

cCw
1 E[]

The rst term represets the expecteddiscourted cost of warranty claims of the w items

T(w;X) = CX; (15)

under warranty in period N, incurred over the in nite time from then on. The term c¢x
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re ects the assumptionthat any leftover invertory at period can be returned at original
purchaseprice and only badklog hasto be satis ed at per unit costc.
We needthe following notations:

_ cE[ ]
P = 1 E[]
S(w) =  w+F, 1(%) (16)
Zl Zy w p Zl
La(w;y) = 0[h . (y w )fp()d +p , W( y+ w)fq()d]g( )d
1 cl )
n(W,y) — y w ::-N+ Fn ( p+h )
s PR REL I R )
+  Ln(w; Sp(w)) (17)

n is the meanof the random demandfrom new customersat period n, and

Ha(wix) = @
Ho(wix) = 20 if X Sn(W)
7 Gan (W X)  Gun (Wi Sp(w));  ow.
forO n N 1 (18)

Theorem 1 Supmsethe demandsin each period are stochastially increasing, i.e.,

Fo(X) Fpa(X); for n=0;1, ;N 2 (29
Then (i)
Gan(W;y) = ol  )y+ La(wy)+ ( i+ "1 o)+ (1C7E[]E[]+C)W
c
(I——ETjE[T*@ n
2172 (wy) .
+ 0 Haa((weminy wi)yy  wo )fa()dg()d  (20)

forn=0;, ;N 1 y= S;(w) minimizesG,(w;y)forn=0; ;N 1, andGny (W;y)
increaseswith resgct to y wheny S, (w).
(ii)

R
oYY HL((w+ min(y  w; ));y w o )f, 1( )d is an increasing function of y



wheny S, i(w) foragivenwforn=1, ;N 1
(iii)

Vv (W; X) = 1C7E[]W cx+ (ot et T N) + Ha(wix): (21)
forn=0, ;N 1

The proof follows from a seriesof claims using badkward induction.
Claim 1: (i), (i), and (iii) hold for N 1.
Pro of of Claim 1:

Gn v (WrY) 7 7
1y w Cc
= cy+ Ly a(wyy)+ 0 o [liE[] w+ ) oy w )fy 2()dg()d
i
o e ey Wy w ) a()d gO)d
= 1 yr (TgpgEl It e W (Bl 0wt Ly awiy)
where
zZ, c Z,
Ln 1(wyy) = 0[(p E[]liE[]) , W( y+ wfy 1()d
Z W
£y w o ) a()d Jg0)d
Zl Zl Zy w
= 0[IOYW( y+ Wiy 1()d +h = (v w )y 2()d]Jg()d
It is easyto seethat y = Sy 1(w) = w+ Fy";(B8)) minimizes Gy 1 (W;Y).

Hence,Gy 1w (W;Y) increaseswith respectto y, wheny Sy 1(w). Therefore,we get

8
2 Gy in(W; Sy 1(w))  ex if xSy o1(w)

W 1N (w;x) = S

(22)
Gn n(W;x)  cex 0.W.

Now

Gn 1N (W; Sy 1(w))
_ C
= G
+ Ln 1(w; Sy 1(w))

E[]+c)w+ (3 E[]+0 n 1t el )Sy 1(w)

_c
El]
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= [1C7E[]E[]+C w+ c(1 ) W+ (107E[]E[]+C) N 1
+ c1 )FNll(%)‘* Ln 2(w; Sy 1(w))
1
= et GEE 9w ORAC D

+ Ly oa(w; Sy 1(w))

Using the notation |y ; from Equation (17), we can rewrite Equation (22) as

c

. . 20 if X Sy 1(W)
SRS Gn n(W;X) Gy an(W; Sy 1(w))  o.w.
c
= 17E[]W cX+ N 1+ Hy 1(w;x)

R .
The rst orderderivativeof " "™ Hy ( (w+min(y w; )y w )fn 2 )d
with respect to y is given by

@o" UV Hy (W )y w )y o )d
o @
@y 1(w;y)[GN in(w+ )5y o w ) Gy oan( W+ );Sy a( (w+ ) 2( )d

@
Z No1(wiy) 2
= o Gy in( (w+ )y w o )fn 2()d:

SinceSy 1(w) minimizesGy 1.n (W;y) and the de nition of Hy 1(w;y), we get
fy: Gy wn( W+ )y w )>0g=fy:Hy 1((W+ );y w )>0g (23)

From the assumptionin Equation (19), we get Sy 2(w) Sy 1(w)+  w. This proves
the quartity in Equation (23) is nonnegative wheny Sy 2(w).

Claim 2: If (i),(ii), and (iii) of Theorem1holdforn N 1,thenthey holdforn 1.
Pro of of Claim 2:

The induction hypothesisimplies that we have

Gon(W;y) = @ )y+ La(wy)+( na+m+ "1 y)
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(Ci _c
Z11 E[] 1 E[]

+ . Hoee ( (W+ minly  w; )y w )fa()d;

E[]+c)w+ ( E[]+0 n

y = Sp(w) minimizes G, (W;y), and Gnn (W;y) increaseswith respect to y, when
Ry . . . .
y Sp(w). ¢ Ho( (w+minly w; ));y  w )f, 1( )d isanincreasingfunction

ofy wheny S, 1(w), Then

Gnn (W; Sp(w))

= narmt U (Bl e W (o erEll O
+ ol )Sn(W) +  Ln(w; Sp(w))
— C n 1
= 17E[]W+( nt ne1l * o+ N)
and correspndingly
Von (W X) = _° _w X+ ( 0t it "1 )
1 EIll
. 20 if X Sp(w)
7 Gun (W;X)  Gun (W; Sh(w))  o.w.
Thereforefrom the DP recursionin Equation (13) we get
Gn 1;N(W;y) ley "
= cy+ Lp i(wyy)+ Van ( (w+ )iy w )y a()d g()d
lel 0 O
+ 0 WVn;N( w+y wyy w o )f, 1()d g()d
= o1y Lea(ey)+ (e T * (ggrgEl T e w
c
+ (17E[]E[ 1+ 0 n1
lel
+ C Ho( (W+ minly — w; )y w )fy 1()d g()d;

(24)

which implies that (i) holdsfor n 1. It is easyto seethat y = S, 1(w) minimizes
c(1 )y+ Lp 1(w;y). The assumption(19) implies that
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p c1 ) 1P )
p+ h ) Fn ( p+ h
which shovsthat ,(w;S, 1(w)) < 0. This provesthat

1
I:nl

) (25)

z n(W;Sn 1(w))

Ho( (Wt );Syaw)  w )fp 5()d =0 (26)

Theny = S, 1(w) minimizesG, 1.n(W;Y). Hence,G, 1.n (W;Y) increaseswith respect
R

toywheny S, 1(w). Furthermore,the rst orderderivativeof ; H, 1( (W+ min(y

w; ));y  w  )fy 2()d with respectto y is given by

@o" MV H, (W )y W )fn o()d

@
@y MG (W )iy W) Gy an (W )iSy (W )Ifa o )d
. @
_ n 1Wy) )
., Ghoan((w+ )iy w )fy 2()d

which is nonnegative wheny S, »(w), sinceG, 1.n (W;Y) increaseswith respectto y
wheny S, 1(w),
fy:Gh jn((W+ )5y w  )>0g=fy:H, ;( (Ww+ );y w )>0g (27)
and
n 1(W; Sn Z(W) 0: (28)

Then (i) holdsfor n 1. This impliesthat the basestock level policy, which ordersupto
Sh 1(w), is the optimal for the discourted cost function over n  1;n; ;N periods.
Clearly, we get

C
Gn 1N (WS (W) = 17E[]W+( n 1%t nt  * ononN) (29)
Therefore,
c
Vh l;N(W;X) = é].iE[]W CX+( n 1t nt it n N)
20 if x S, 1(w)

+
7 Gn an(W;X)  Gpoan(W; Sy (W) o.w.

which implies that (iii) holdsforn 1.
The theorem (1) follows from this.
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Remark 1 From Theorem1 it followsthat the optimal policy in statein period n in state
(w; x) is to order up to S,(w) asgivenin (16). This is called a w-deendentbase-stak

inventory replenishmentpolicy.

Special Case: i.i.d. Demands

Consider the special casewhere F,(x) = F(x) for n = 0;1;, ;N 1, that is, the
demandsare i.i.d.. In this case,the base-stak level in period n is given by

cl )

sw = w+F 1® ) (30)

foralln=0;, ;N 1. Thus,the optimal policy is the stationary w-dependen base-
stock policy. It is unusualto get a stationary optimal policy for a nite horizon problem.
We do so becauseof the special terminal cost.

5 Innite Horizon ETDC

In the previoussectionwe have proved that in the i.i.d. demandscasethe stationary w-
dependert base-st@k policy minimizesthe total expecteddiscourted (or undiscouried)
cost over any nite horizon N. We denotethis stationary policy by . Thus we have
shown that

W(w;x) = Vg (w;x)
1
"Cn(Wn; Xn) + N T(Wai X0)iWo = W; X,y = 0)

n=1

1
m

In this sectionwe shall shov that
Jim E ( NT(Wn; Xn)jWo = w; X, = 0) = 0

This will shav that  alsominimizesthe expectedtotal discourted costover the in nite

horizon. Our main result is given in the next theorem.

Theorem 2 Supmse F,(x) = F(x) for all n 0. Then the stationary w-dependent
base-stak policy that orders upto S(w) = w+ F l(%) in any period in state

+

(w; X) minimizes the in nite horizon dismunted cost.

14



Pro of: From Equation (1), we get

Wn+l n[(l )Wn + Wn + n]: (31)
Hence,taking expectedvalues,
E (Whi) EC)EWn)+ (32)
where = E( ,). Iterating the above we get

E (Wn) E()YE (Wo)+ (E()+ +E()")

E() @ E( )N)]

[EC) w+ 1 EQ)

E()"w+ 1 EQ)

The e ect of the initial inverntory Xo = X is to increasethe above right hand sideat most
by E( )Nx. Also E(Xy) . Combining the above argumerts we get that

. c .
E (T(Wn; XN)Wo=wW;Xg=X) = E (17E()WN CXNjWo = w; Xg = X)

C

N .
(T W OEO T+ ¢
Hence,
Jim NE (T(Wn; Xn)jWo = W; X = X) = O (33)
Hence,it follows that
NIilgn Vy (w;x) =V (w;x) = V(w;X): (34)
That is, is optimal for the in nite horizon discourted cost case. |
6 Innite Horizon Average Cost
We rst considera nite horizon model with no discourting ( = 1) with a special

terminal costgivenby Equation (15) at time N. Wefocuson the model with independen
and identical demandswith distributions F,(x) = F(x). From the special casestudied

in section4, we get the following theorem.
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Theorem 3 Let
L)

— 1
S(w)= w+F (p+ 5

(35)

c EQ)
1 E()”

(w; xX) minimizes the N period total cost.

whee p=p

The stationary base-stak policy that orders up to S(w) in state

Denotethis stationary base-st@k policy as

Let the expectedcostper period of following policy for a nite horizonN starting from
state (w; x) be de ned as
1

1 .
Oy (W X) = mE ( Cn(Wh; X)) + T(Wn; Xn)jWo = W; X = X); (36)
n=0

and let gy (w; x) be the optimal expected cost per period for a nite horizon N starting
in state w; x, that is,

oy oy _ Wn(w;x)
on (w; x) = inf gy (w; x) = N+ 1 (37)
Theorem 3 implies that
Wn (W; xX) = Vy (w; Xx): (38)
Hence,it follows that
On (W X) = gy (w; X): (39)
In this section, we shall shav that
) 1 )
NIl!gn |\174_1(E (T(Wn; XN)JWo = W; X = X)) = 0; (40)
and
1 X 1 .
NIl!gn N(E ( Ch(Wh; Xn)jWp = w; X = X) (41)

n=0
exists. This will establishthat minimizes the expected cost per period over in nite

horizon. To prove the limit in Equation 41 exists, we prove the following properties of
(Wh; Xhn).

Theorem 4 Under the policy , f(W,;Xyn);n  0g is an irreducible, aperiodic, and
positive recurrent DTMC.

Proof is in the appendix.
Next, we show the existenceof the limit of N period averagetotal costwhenN goesto
innit .
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. P . . .
Theorem 5 limyin  E(F  N=o" Cn(Wh; Xn)jWo = W; X, = x) existsandis nite for all

(w; x).

Pro of: We get the total costat period n as

E(Ch(Wh; X)W, = wW; X = X)
= E(cyn Xa)*th(yn  Wn n)"+pyn  Wn n) jWn=wX,=X)
E(cyn Xn)*+ hyn+p( 0+ Wn)jWy = w; X, = X)
= E((c+ hymax(X,;S(Wn)) + p( n + W,) cX,jW, = w; X,
= (ct+ h)E(max(Xn;S(Wh)))  cE(Xq) +p +p E(Wh):

I
X
N—r

When X, 0 then we could rewrite the above quartity as

E(Cn(Wn;Xn)jWn =w; Xy = X)
(c+ )E(S(Wy)) CE(Xn)+p +p E(W,)
(c+ h)( E(Wy)+ F 1(i» +p +p E(W,)

(c+ h)F 1( )+|D t(c+rh+p (3 + (w+ X)E()"):

EC)
When X, 0 we get

E(Ch(Wh; X0)jWh = w; X, = X)

(c+ h)E(Xn) CcE(Xn)+p +p E(Wy)
p +p E(Wp)

+ (w+ x)E()"):

p"‘p(m

Hence,we get

E(Ch(W,; X n)jWo = w; Xg = X)
@+MF% )+p+@+h+m(
< 1:

17E() + (w+ x)E()")
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The above bound along with the fact that f(W,;X,);n = 0; ;1g is a positive recur-
rent and irreducible implies that

K 1
Jm BT CalWai Xn)iWo = Wi Xo = X) (42)

n=0
existsand is nite.
|
Finally, we study the property of the special terminal costand derive the optimal inven-
tory policy to minimize the long-run averagecost.

Theorem 6 The stationary w-dependent base stock level policy minimizes the ex-
pected cost per period over in nite horizon.

Pro of: Usingthe terminal costin Equation (15) and using the argumen in Theorem 3,
we get

E (T(Wn;XN)jWo=Ww;Xo=Xx) = E (107E()WN CXnjWo = W; X = X)
c
(17E()+ (w+ x)E( )N)m+ c
Hence,
N"!En ﬁE(T(WN;XN)jWO =w;Xp=Xx)=0: (43)

Sincethe w-dependen basestock policy minimizesthe expected cost per period over N
periods for ead N, it is clearthat it minimizesthe long-run averagecost. [

7 Mo del with Emergency Supply

In this section,we study the N -period emergencysupply model whererather than badk-
loggingthe manufacturer hasto satisfy the unmet demandsby purchasingthe items from
an emergencysupplier. We usep asthe per unit emergencypurchasecostwherep > c.
Note there are no shortagesin this model. Let , be the failure fraction in period n and
n be the warranty expiration rate in period n. We assumethat f ,;n=0; ;N 1g,
andf ,;n=0; ;N 1garetwo independen sequencesfi.i.d. random variableswith
density distributions k() and g( ) respectively. The dynamic of the systemis given by

18



X n+1 = maX(Yn an n; O)
Whep = n(Wh + 1)

Let V (w;x) and Vy (w;X) be de ned asin Section 3. Following the methodology of
Section4, we can write the optimality recursionsas follows

Wn:n (W x) = 0;
Gnn (W3 Y)
= cyz+1lznl(¥v;y y)W
+ Voaen ( (W )5y w )fp()d g()d k( )d
z l% 1% 10
t oy, W Ve (W )00 )d g()d k( )d (44)

n=0; N 1
Vn;N (W;X) = T'Qf Gn;N (W;Y)g cx; n=0; N 1;
where

lel Zy w Zl
Ln(w;y) = [h (y w)fn()d +p , L yE wia()d Jg()d k( )d -

0 O 0
The minimum N -period ETDC is given by Vy (w; X) = Von (W; X).

Theorem 7 There existsa function S,(w) suchthat the optimal policy in period n is to
order upto S, (w).

Pro of: We prove it using a seriesof claims by using induction.
Claim 1: Gy 1n(W;y) is corvex with respectto .

Pro of of Claim 1:

From Equation (44), we get

Gn in(Wyy) =cy+ Ly 1(wy);

and from the de nition of Ly 1(w;y), the secondorder derivative of Ly 1(w;y) with
respect to y can be shown to be
Z1Z1 @ W zZ,
En g k()d = vy wk()d O
(45)

Lﬁz 1(wyy) =

19



This provesour claim 1.

Claim 2: If G\ (w;y) is corvex with respectto y, then V,.y (W; X) is corvex with respect
to X.

Pro of of Claim 2:

Let y = S,(w) be the solution to

@Bn;N (W; y) -0
7@ 0:

The corvexity of Gy (W;y) implies that the optimal policy in period n is order up to
Sh(w). Then

(46)

8
2 G (W; Sh(w cx ifx  Sp(w

Vo (W) = an (W; Sy (W)) n(W) “n
T Gpn (W;x)  cx 0.W.

We getthe rst order derivative of V. (w; X) with respect to x as

8

) 2 if X Sn(w)
Vioy (W5 x) = (48)
7 Giy(w;x) ¢ ow.

SinceG3, (W; Sp(w)) = 0, V4, (w;X) is cortinuousat X = S,(w), i.e., V2, (W; Sp(w)*) =
V2, (W; Sp(w) ) = c. The secondorder derivative then can be shavn to be

8

2 .

V22 (w: x) = ) 0 if X  Sp(w)
' 7 G (w;x)  ow.

Thus V,.y (w; X) is corvex with respect to X.

Claim 3: If Vi.n (W;X) is corvex with respect to x, then G, 1.5 (W;y) IS convex with
respectto y.
Pro of of Claim 3:

From the de nition, we get

Gh in(Wyy) = cy %n i(w;y)
11y w
+ Van ( (W+ )y w)f, 1( )d g( )d k( )d
2,2,2,
+ o oy WVn;N( (w+ );0)f, ¢()d g()dk( )d:

20



The secondorder derivative of G, 1.y (W;Yy) with respect to y can be shovn to be

Gﬁz 1IN (W; y)

- @Gn N (W Y)
BLy swiy) . 21710 Vo (e )i W) )fn 2 )d
= e — T g )d K( )d
2,72,2 @
11y w
= Lawy)+ T V(e )y w ) a()d
+ Vin((w+ );0)fq a(y  w)lg( )d k( )d
From the Equation (48) and (45), the above quartity canbe simplied as
Z1ley w
GREawwiy) = T VER(we )y w )fn ()
+ (pth  ofs 1(y w)jg()dk( )d
0

The above quartit y is greaterthan zeroby the assumptionswhich meansthat G, 1.n (w;y)
is corvex with respectto y. |

Theorem 7 then follows by the above induction.
In the next theorem, we state a useful property of V,.n (W; x) function that can be used

to derive structural results for the basestock function S, (w).

Theorem 8 V§ (w;x) = % 0.

Claim 1: Gi? 1.y (w;y) O.
Pro of of Claim 1:

From the de nition of Gy 1. (W;Y), We get Gi? 1.\ (w;y) asfollows.

z z
G wwiy)= LR Awiyk()d = [ (h+pfy ay  wik()d 0 (49)

Claim 2: If G}3, (w;y) 0, then VX (w;y) O.
Pro of of Claim 2
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From Equation (48), we get

20 if X Sp(w)
7GR (w;x)  o.w.

which implies that V13 (w;x) 0.

Claim 3: If V% (w;x) 0O, then G} . (w;x) O.
Pro of of Claim 3:

From the de nition, we get

lelzy w
LaZ 1 (w;y) + oL VI (wix) + ( )VZ (w;x)fn 1( )d
+ \Z/nz;N( (w+ )0 naly wW]g()d k( )d
1 1

I P 9ty w)

TVE wix) + (V2 W), 1( )d Jo( )d k( )d

G2 1n (W3 y)

%7

=+

The above quantity is lessand equalto zerodue to our assumptions.

By proving the above three claims, the theorem follows via the induction.

Given that V,.n (w; x) is submadular, we get the following property of the base stock
function S, (w).

Theorem 9 The optimal base stack level S, (w) is an increasing function with respect
tow, and & “when and are xed at each period, and the identical demand
distribution at each period, i.e., F,(x) = F(X).

Pro of: First, from the de nition, we get
Gn n(Wiy) =cly X)+ L(wy)

andlety = Sy 1(w;y) denotethe solution to the rst order condition asfollows.

Gl wn(wiy) = c+ L3 (w;y) = O:

22



Then the optimal basestock level Sy 1(w) can be derived as

p cC
Fiy —w) o+ h
Svaw) =y = F A

Therefore v 1" =

implies that we could derive the optimal basestock function S,,(w) by solving the rst

S

order condition asa function to G2, (w; Sp(w)) = 0. From the Equation (44), we get

Z,
c+ L3(w;y) + VZin((w+ )y
. ,

w )f()d =0

Taking derivative with respect to w on both sides,we get

W 4 2w s, w)

dSw (w)
w

+

L2 (w;y)———

+

Nf()d

VN W )Siw) w )

1
o

which reducesto
Zg
(L™2(w; Sp(w)) + Vian( (w+ )y

dSy(w) | 2 s
dw

= L2(w; S(w)) V2 (W

. Theorem7, i.e., the corvexity of G,.y (w;y) with respectto y

(50)

Using the Equation (45) for L2?%(w;y), Equation (50) for L*?(w;y), and Equation (48),

we can rewrite the above equation as

Z s, (w)

( (p+h)fly w+ . Vidn ( (W
ds, (w
= o+h 0w w
Z s w dS, (w)
+ 0 [Vn+1 N( (W+ )1y w )( dW
which is rearrangedas
ZSn(w) w
( Vi n((w+ );Spw)  w ) f()d)
0
ZSn(w) w
= ((pth c)f(Sa(w) w)+ Vi (W

0
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ZSn(w) w
. Vot N (W+ ) Sh(w) wo)
Vi (s 0 i w) )
w ) f()d)
ds,(w

s w o (e
By woo)f()d)

NF()d +c f(Sa(w) W)
s w )f(d (S0




From the previous Theorem 7 and Theorem 8, we get 2=2.(") 0. m

dw

Notethat w isthe expectednumber of newitemsthat areneededor warranty. Howe\er,
the optimal policy is to stock greater than that taking into accourt the penalty costs
asseiated with the repairs. We end this section with two conjecturesfor the in nite

horizoni.i.d. demandscase.

Conjecture 1:

There exist a function S(w) sud that the policy that ordersup to S(w) in any period
when there are w items under warranty minimizesthe in nite horizon ETDC.

Conjecture 2

There exist a function S(w) sud that the policy that ordersup to S(w) in any period
whenthere are w items under warranty minimizesthe in nite horizon expected cost per
period.

8 Computational Results

In this section, we numerically investigate the bene ts of using an integrated invertory
policy over the current ad hoc policy usedby the rm where they took only new de-
mand into consideration. We comparedthe performanceover 343 problem instances
with the following parameter values-c = 2; = 0:96, = 0:95. Then we varied h =
0:05;0:1; 0:15,0:2; 0:25,0:30,p = 8§;10;12 15, 20,25, 30and = 0:01 0:.05;0:1; 0:15; 0:2;
0:25,0:3. In theseinstanceswe computed the total N periods (N = 100) discourted
cost of the two policiesand averagedit across1000simulations. In all our experimerts
we considereda stationary and uniform demanddistribution ewvery period that could be
anywherefrom 0 to 100units. In the following passagesve highlight our key insights.

Acrossall theseexperimerts, the averagecostimprovemert due to the integrated policy
was 30.7%with a maximum improvemen of 61.8% (seeTables1,2,3). From Figure 3
and 4, we obsene the the costimprovemen monotonically increaseswith the stock-out
penalty cost p, and monotonically decreasewith the holding cost h. This is intuitiv e
sincethe integrated policy stocks more than the original policy in most of the cases.

Although one would expect that performanceimprovemer of the integrated policy is
greater when failure rate is higher, interestingly, we nd that as the failure rate in-
creasesthe costimprovemens rst increaseand then decreasgseeFigure 5). In order
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p=8| 10 12 15 20 25 | 30
AVG % | 0.127| 0.19 | 0.24 | 0.30| 0.38 | 0.44| 0.48
MAX % | 0.21 | 0.28 | 0.34 | 0.41| 0.496| 0.57| 0.62
MIN % | 0.01 | 0.012| 0.016| 0.02| 0.026| 0.03| 0.04
Table 1: AverageCost Improvemer Over p
h=0.01| 0.05| 0.1 | 0.15| 0.2 | 0.25| 0.3
AVG % | 0.315 | 0.313] 0.31 | 0.308| 0.305| 0.303| 0.3
MAX % | 0.618 | 0.616| 0.614| 0.611| 0.609| 0.607 | 0.605
MIN % 001 | 0.01|0.01|001|001|0.01]0.01
Table 2: AverageCost Improvemert Over h
=001 005| 0.1 | 0.15| 0.2 |0.25| 0.3
AVG % 0.02 | 0.25| 0.38 | 0.41 | 0.40|0.37| 0.34
MAX % | 0.04 | 0.395| 0.57 | 0.61 | 0.62 | 0.61| 0.59
MIN % 0.01 | 0.12 | 0.193| 0.192| 0.158| 0.11| 0.05

Table 3: AverageCost Improvemert Over
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to understandthis phenomenonbetter, we plotted the procuremen, holding and stock-

out costsseparatelyin Figure 6. We nd that he procuremen cost of the integrated
inventory cortrol policy increasessigni cantly with the failure rate. The procuremer

increasedn the standard policy are just a re ection of the fact that more items needto

be orderedto get to the basestock level sincemost of the demandis being badklogged
at higher failure rates. That is alsothe reasonwhy the stock-out costsof the standard
policy are increasingin the failure rate while the stock-out costsof the integrated policy

hold steady Thereis not a signi cant di erence in the holding costsacrossthe two cases.
Thus, as the failure rate increasesthe integrated policy bene ts from lower stock out

costsup to a certain point. Beyond that, the additional improvemeris in stock-out costs
are o set by higher procuremen coststhat the integrated policy hasto incur. Therefore,
the integrated policy's improvemen rst increasesand then decreasesith the failure

rate.

9 Summary and Future Plans

Motivated by the inverntory planning issuesfaced by a seller of items under warranty
in this paper we analyzeda setting where seller facesdemand from two sources: new
demand,and demandto replacefailed items under warranty. We consideredbadcklogging
and emergencysupply casesand studied both the discourted cost and the averagecost
cases.We proved the optimality of the w-depender basestock ordering policy wherethe
basestock level is a function of w, the number of items currertly under warranty. For
the special case,wherean i.i.d. fraction of sold items go out of warranty ewery period
and the demandfor new products is stationary, we prove the optimality of a stationary
w-dependert basestock policy for nite and in nite horizon cases.Through our compu-
tational study we provide interestinginsights on the bene ts of usingan integrated policy
and show that on averagethis leadsto a 31%improvemert over an invertory policy that
only considersnew demands.

The simpli ed assumptionsin our model helped us to formulate and theoretically char-
acterize the optimal policy for this problem motivated by the projector rm, thereby
advancing our knowledgein the area of stylized invertory models. Howewer, our models
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Figure 3: The Cost Improvemern with IncreasingStock-out Penalty Cost Rate p

Figure 4: The Cost Improvemen with IncreasingHolding Cost Rate h
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Figure 5: The Cost Improvemert with IncreasingFailure Rate

Figure 6: Three Cost Componerts
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have a few shortcomings. Firstly, we assumedthat a proportion of items fail indepen-

dertly under warranty following the bernoulli trials. Howewer, in many real situations

failures may be due to a defectin asserbly or a supplied part that may lead a batch

of items to fail around the sametime. In order to analyze sud a situation, a general
warranty returns model needsto be studied. Secondly in our model we assumethat a

random proportion of items go out of warranty every period. Further, our model assumes
arenewablewarranty in that all replaceditems are sold asnew. Howeer, with the recen

advancesin information technology it is possiblefor rms to keeptrack of exact age of

items in the eld at any giventime. The state spaceasseiated with sud a model is

going to be larger and as a result more di cult to analyze. Finally, in our model we

neglectthe possibility of remarufacturing/repair for the items that fail. A model that

combinesboth repair and demandchangesis likely to be interesting in terms of analysis
and insights. We plan to study thesemodelsin the future.
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10 App endix: Pro of of Theorem 4

Pro of: From the de nition of the basestock policy and the equations(1),

Xn+1
Wn+]_

max(X ns S(Wn)) W, ns
n (W, + min(max(X ,; S(W,)) Wi n);

whereS(W,) is asin the Equation (35). This impliesthat f (W,;X,);n OgisaDTMC.

It is easyto shaw that it is irreducible and aperiodic. We prove the positive recurrence
by using the Foster's criterion (Meyn and Tweedie[11]). We choosethe following test
function (W;X) = jXj+ W. Then

E( (Whs1;Xn41) (Wh: X0)jWh = w; X, = X)
= EMWhst + [ Xps1JWh = W; X = X) W jX]

Whenx 0, we have

E(jXn+1] Xnj(Wh = w; Xy = X))
= g(] max(X,; S(Wy)) Wi nl o XaJ(Wh = Wy X,y = X))

2w+ if X S(w)
TF Y x ow

1, P )
PGt %

and

E(Wnia  Whj(Wh = X X = X))
= FEC)Wn + min(max(Xn; S(Wh))  Wai n))  Waj(Wh = w;Xs = X))
E(E( )(w+ min(x w; ) wj(W, = w; X, = X)) if x  S(w)
E(EC)(w+ min(S(w)  w; n))  Wj(Wh=w;X,=X)); ow.

N

N TV

E() (1 E()w ifx Sw)
ZE() @ E()w; ow.
Q1 E()w+E(): (51)
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Therefore

E( (Wh+1; Xn+1) (Wh; Xn)jWh = w; X,y = X)
= EWphsr + ] X0+1) Wn o XajW, = w; X, = X)
1, B i
F (m)+ @a+EeE() Q@ E()w x

The last expressions< 0if (1 E( )w+ x> F 1(%) +(A+E()) .
Whenx 0, we have

E(Xn+]  JXaj(Wh = w; Xy = X))
= E(max(Xn; S(Wh)) Wi nl + XaJ(Wh = w; X, = X))

Fl(ﬁ)+ + X

p+ h
. P .
0 if x F 1(p+ h)’
and
E(Whirt  Whj(Wh = w; X, = X))
= E(E( )(W, + min(max(X,;S(W,)) Whi n) WhHj(W, = w; X, = X))
= EO(w+ minF {70y ) w
EC) @ E()w
Therefore,

E( (Whs1; Xn+1) (Wh; Xn)jWh = X; X = X)
= E(Wn+l + JXn+1J Wn + anWn = W,Xr] = X)

Fl(prh)+ +x+E() @ E()w

The last expressions < 0if x+ (1 E()w>F l(%) + A+ E()) .
Nowdene A =f(w;x): (1 E())w+jxj F 1! ﬁ)+ (1+ E()) g. Notethat A is
a nite set. Basedon the above properties, we have shovn that

E(Whsr + ] Xne1] Who JXGajjWh = w; X, = x) < 0 if (W;X) Z A (52)
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Using the Foster's criterion, this implies that f(W,;X,);n  0g is an irreducible and
positive recurrert DTMC. |
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