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Abstract

In this paper we study a rm that facesdemand from two sources: demand
for new products and demand to replace failed items under warranty. We model
this setting as a multi-p eriod single product inventory problem where the new
demandin dierent periods are independert and the demand for replacing failed
items is dependert on the number and age of items under warranty. We consider
badklogging and emergencysupply cases,and study both discourted cost and av-
eragecost cases.We prove the optimality of the w-dependen basestock ordering
policy where the basestock level is a function of w, the vector represerning the
number of items at di erent agescurrently under warranty. For the special case,
where the demand for new products is stationary, we prove the optimality of a
stationary w-dependert basestock policy for the nite horizon discourted and the
in nite horizon discourted and average cost cases. In our computational study,
we nd that an optimal integrated policy canleadto 37% averageimprovemert in

expected costswhen comparedto a policy that neglectswarranty repairs.
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1 Intro duction

As rms attempt to optimize their end to end supply chains, their focusis turning to-
wardsthe close-l@p nature of supply chain operations (seeGuide and Wassenhwe ([11]),
Dekker, Fleisdhmann, Inderfurth, and Wassenhwe ([6])). Firms are actively integrating
their after-saleparts and serviceswith their forward supply chain processes.One sut
initiativ e has beento incorporate eld installation and failure information into supply
chain planning and operations. Sciorrotta ([19]) emphasizeghe importance of SIRAS
(www.siras.com),a patented electronicregistration program which capturesa product's
serial number at point of sale. This systemusedby Wal-Mart and Target enablesman-
ufacturersto keeptrack of warranty ageinformation for the items thereby helping them
prepareinvertory and production capacity for repairs. In addition, asthe RFID technol-
ogy dewelops, it is projected that RFID chips could be utilized extensiwely for tracking
madine status in the eld and performing proactive maintenance thereby leading to

signi cant improvemerts in supply chain performance(seeEPCglobal ([8])).

This researb was motivated by inverntory planning issuesfaced by a digital projector
compary. The rm had a policy to replaceany product that failed under warranty with
anewone. The existing invertory policy of the rm wasto plan for newdemandand take
careof warranty claimson an as-neededasis. Warranty data from the rm showed that
in someperiods warranty claims were a signi cant fraction (often greater than 15%) of
the total demand(seeFigures1 and 2) 2. This happensdueto two e ects - (1) the short
life cycleof the product implies a fast risein demandfollowed by a declineand (2) higher
failure rates of older products in the eld (but still under warranty). Sincethe rm was
not explicitly planning invertory for thesefailures, they often would rush ordersat the
last momert resulting in high production (overtime) and transportation costsin addition
to increasingthe customer waiting time for repairs (replacemets). The rm wanted
to investigatethe bene ts of taking eld failure ratesinto considerationwhile planning
invertory and explore the possibility of investing in technologiesthat would track the
ageof items under warranty thereby providing exact information about products in the
eld. The rm wasinterestedin exploring the bene ts of utilizing an aggregateestimate

of failuresin the eld aswell asthe bene ts of goingin for a full scalesystemthat would

2The numbers shovn have beenscaledto maintain con dentialit y.



Figure 1. New Demand Figure 2: Demand of Warranty Repair

enableto track the age of eat and ewery salemade by the rm. Huang et. al. ([13])
study the rst casewhenthe rm only hasaggregatesalesinformation but noinformation
about ageof itemsin the eld. In this paper, we study the coordinated invertory problem

wherethe rm hassalesinformation aswell asageinformation about items in the eld.

We considera discretetime multi-p eriod invertory model for a single product rm that
jointly managesthe invertory requiremerns for new products and warranty claims. De-
mand in ead period for the new product is stochastic and independen (not necessarily
identical) whereaswarranty claims depend on the number and agesof products under
warranty. The ordering, holding and penalty costsare assumedto be linear and there
is no delivery lag. We study the badklogging caseand the emergencysupply case(with
no backlogging) wherethe demandthat can not be satis ed by items in stock hasto be
satis ed by ordering from an emergencysupplier. We theoretically prove that there exist
functions S, (w) sothat it is optimal to order up to S,(w) in period n wherew is a vector
of the number of items with di erent agesunder warranty. We call this a w-dependert
basestock policy. The critical value S,(w) can be explicitly obtained by solving for the
root of a singletranscendemal equation. For the special case wherethe demandfor new
products is stationary, we prove the optimality of a stationary w-dependert basestock
policy for the nite horizon discourted and the in nite horizon discouried and average

cost cases. In our computational study, we compare the performanceof the optimal
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integrated policy to a policy that only took new demandinto considerationwhile plan-
ning invertory (re ecting the current operationsat the rm). Our study indicates that
on average37% cost improvemerts can be obtained from using the optimal integrated
policy with a maximum bene t of about 58%. We alsocomparethe approximated policy
studied by Huang et. al. ([13]) with optimal policy with the ageinformation and nd
that the bene ts of ageinformation is on average3% and in the best caseis 12%.

The rest of the paper is organizedas follows. We include a brief literature review of
related papersin section2. We formulate the badklogging casein section 3. We study
the structure of the optimal invertory policy for the nite horizon problem in section
4, in nite horizon discourted problem in section 5, and long run averagecost problem
in section 6. In section 7, we formulate the problem in emergencysupply caseand
study the optimal invertory policy for nite horizon problem. In section8, we provide

computational insights. We concludein section9.

2 Literature Review

There are three streamsof researt that are related to our invertory-warranty model.
The rst streamof researt focusesonthe e ects of warranty under deterministic demand
conditions. Djamaludin et al. ([7]) and Wang and Sheu([22]) nd the optimal lot size
taking into accoun long run production invertory and warranty costswherethe process
goesout-of-cortrol with a given probability ead time it producesan item. As opposed

to this stream, our focusis on warranty systemswith a periodic stochastic demand.

The secondstreamof literature hasstudied production systemswith invertory dependen
deterministic demandwithout warranty considerations.The relationshipwith this stream
of researb stemsfrom the fact that in our model future demand (for warranty) depends
on pastand current saleswhich in turn are dependert on the invertory stocking decision.
Khmelnitsky and Gerdhak ([16]) study a cortin uousreview deterministic invertory model
wheredemandrates may vary over time, shortagesare possibleand the systemhas nite

production capacity and nd the optimal production cortrol for sud a system. Baker
and Urban ([1]) analyzethe cortinuous, deterministic caseof an invertory systemin
which the demandrate of an item is of a polynomial functional form, dependert on the
invertory level. They dewlop the optimal policy to maximize averageprot per unit
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time.

The third stream of researt considersinventory planning under stochastic demand(see
Zipkin [24], Swaminathan and Tayur [21]). Within that streamof papersthosethat con-
siderreturn or remarufacturing arerelated to our work. Cohen,Nahmias,and Pierslalla
([3]) assumethat a xed fraction of the products issuedin a given period is returned
after a xed sgourn time in the market and may subsequetly be reused.Optimality of
a periodic review order upto policy is claimedwhendisregarding xed costsand procure-
mert leadtimes. Kelle and Silver ([15]) extend this approad by allowing for xed order
costsand stochastic sgourn time in the market. They proposean appraximation stheme
transforming this model into a classicaldynamic lotsizing problem. Yuan and Cheung
([23]) proposefor this model an (s; S)-reorder policy basedon the sum of the on-hand
stock and the number of items in the market. The area of remarufacturing and closed
loop supply chains has gained a lot of interest from researbers in the past few years
(seeDekker et. al. ([6])). The single-stageremarufacturing systemwas rst studied
by Simpson([20]) and Inderfurth ([14]). Simpson([20]) establishesthe optimality of a
three-parameterpolicy consistingof remarufacture-up-to, order-up-to and dispose-devn-
to levels. Inderfurth ([14]) extendsthoseresultsto the caseof positive but idertical lead
times for ordering and remarufacturing, and arguesthat if lead times are not identical
then the optimal policy will be morecomplicated. More recerly, Feinbergand Lewis([9])
considera singlecommadlity invertory systemin which the demandis modeledby a se-
guenceof i.i.d random variablesthat cantake negative values(thereby modeling someof
the remarufacturing or product return settings). Multi-echelon remarufacturing system
hasbeenstudied by Decroix ([4]) and Decriax, Songand Zipkin ([5]). As opposedto this
stream of researbh where remarufacturing or returns increasesupply, in our model the
demandincreaseswhen there are warranty claims. This createsadditional dependence

betweensalesin the past and demandin the future making the analysiscomplicated.

The most related paper to this work is by Huang et. al. ([13]) wherethe authors study
a similar setting but make appraximations about the warranty related dynamics since
the exact ageinformation is not available to the rm in that case. In particular, they
assumethat the rm hasinformation about the total items under warranty w, at any
period n. A random fraction of items go out of warranty in any given period. As a

result, the number of items under warranty in the next period wy+1 = (1  )w, + sales,
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where sales, is total salesof new and warrantied items in period n. Once we assume
that agesof di erent items under warranty are known (asin our model), the actual items
going out of warranty is known exactly every period aswell asthe failure rate of items
can be approximated more accurately by incorporating agedependent failure rates. This
increaseghe state spacevector and complicatesthe analysis. Nevertheless,we are able

to characterizethe optimal invertory policy.

3 Mo del with Backlogging

In our model invertory for a single product is managedfor multiple periods. The rm

o ers replacemen of items that fail underwarranty. The demandarisesfrom two sources:
new demand,and demandto replacefailed items under warranty. In this paper, we focus
on a xed-period warranty policy, i.e., any item above ageK is out of warranty. Let
W,; be the number of items at agej under warranty at period n for j = 1, ;K.
W, as a vector [Wy1; iWnk ]. Let , be the new demandin period n and F,(:) be
its cumulative distribution function (cdf), and f,(:) be its probability density function
(pdf). Let x, be the inverntory on hand at the beginning of period n, and y, be the
inventory immediately after an order is delivered at period n. We treat y, X, asthe
decisionvariable in period n. The delivery is assumedto be instantaneous, so that y,
is the amourt available to satisfy the demandfor new and warranty claimsin period n.
Any demandthat cannot be immediately satis ed is backlogged.

We assumethat warranty is renewable, i.e., the warranty period of the replaceditem
starts afresh. Sud warranty models have been studied in the past (see Blischke and
Murthy ([2])). We also assumethat the demandto replacefailed items is basedon a
proportional model i.e. a xed fraction ; of the items at agej under warranty fail
forj = 1, K,andlet =1 1; 2 ; k] be the vector of thesefailure fractions.
This is a common assumptionin warranty models and follows from bernoulli failures.
Dierent ; allow usto capture age dependen failure rates for di erent items in the
eld. Although getting accurate estimatesfor the ; is not easy with investmen in
RFID chips it is possibleto track the failures assaiated with a product. As a result
theseestimateswould be more readily available in future. Further, all the items that are

K periods old go out of warranty in the next period.



We assumethat there is a per unit procuremen cost c, holding cost h for ead item
remainingat the end of a period, and shortagecostp for ead unit of bakloggeddemand
in any period. We assumethat at the end of planning horizon, the unit sahagecostis c

aswell. Let
8 R,
3P =y Lyt wify()d
Ln(w;y) = 5 +g (" w)fa()d ify w (1)
T p (vt wil()d;  ow.

represen the expected penalty and holding costincurred in period n if w, = w;y, = y
P

(Here  w =, jw; denotesthe scalarproduct of and w.) The total one period

expected costincurred for ordering up to y is given by
Co(wixiy) = cly  x)+ La(w;y);
wherey  X.

The dynamicsof the situation implies that

Wnet:a = Min(yn; W, + p)
Whi1j = Wy 1(1 j 1) for j =2 K (2)
Xn+t = Yn n Wh!

Thusf((Wn;Xn);¥n);n  Ogis a Markov decisionprocess.

Let ,0 1 be the discount factor and be any policy for choosing decisiony,
at time n, basedon the history up to time n. We considerthree objective functions for
choosingan optimal policy asdescrited below.

1. Finite Horizon. The rst objective of the rm is to minimize the expected total
discourted cost (ETDC) over periods 0;1;2; ;N. Let V(w;x) bethe ETDC of fol-
lowing the policy over periods0;1; ;N. Sincewe have a nite horizon we needto

specify the terminal cost. Let T (wy; Xn) be the terminal costat time N. Thus
D( 1
VWW;x) = E ( "Ca(Wn;Xn;¥n) + VT (Wi Xn)jWo = Wi Xo = X)
n=0

HereE denotesthe expectation under the assumptionthat the policy is followed. Let
W\ (w; X) be the optimal ETDC of operating the systemover period O; ;N. That is

Wn (W; X) = inf Vg (w; X): 3)
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A policy s called optimal for nite horizon ETDC if
Wy (w; X) = Vy (w;x) for all wand x.

2. Innite Horizon ETDC. The secondobjective function is to minimize the ETDC
over the in nite horizon. In this casethere is no terminal costfunction. Let V (w;x) be

the in nite horizon ETDC of following policy , that is
X .
V (w;x) = E ( "Ch(Wn; Xn; Yn)jWo = W; Xg = X)
n=0

Similarly, let V (w; x) be the optimal in nite horizon ETDC, that is
V(w;x) = infV (w;Xx):
A policy is called optimal for in nite horizon ETDC if
V(w;x) =V (w;x) forall wandx.

3. Innite  Horizon Average Cost. Let g (w;x) be the expected cost per period of
following policy over in nite horizon starting from state (w;x). Again, there is no

terminal costin this formulation. Thus assumingthe limit exists,

. 1 .
g (w;x) = NIl!gn mE ( ) Chn(Wn; Xn:Yn)jWo = W; Xg = X):

n=0

Let g(w; x) be the optimal expectedcostper period over in nite horizon starting in state
(w; x). That is,
g(w;x) = inf g (w;X):

A policy s called optimal for in nite horizon averagecost if

V(w;x) =V (w;x) forall wandx.

4 Finite Horizon Discoun ted Cost

In this section,we study the nite horizonproblemwith N periods, terminal costT (w; x),

and shav how to compute Vy (w; x) of Equation (3). First de ne V.. (w;Xx) to be the
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optimal ETDC over periodsn;n+ 1; ;N starting with w = [wy;  ;wg] units under
warranty and x units invertory at the beginning of period n. Let G, (w;y) be the
ETDC over periodsover n;n+ 1; ;N givenw units under warranty, and order upto
level y units at the beginning to period n. Then the standard dynamic programming

recursionyields

Wneon (W; X) = T(w; X)

Gnn (Wsy)
= cy+ Lp(w;
yZy an( y)
+ Viarn (o w+ 5w 1), swk 11 k )y w )f,()d
ZO1
+ Vv (Y wi(1 1), swi 1(1 K 1))y w )n( )d
y W
Vin (Wi X) = minfGon (W3y)g  ox;n= 01, [N L (4)
y X

whereL,(w;y) is asin Equation (1). Then we have
Vi (W; X) = Vo (W; X)

In any nite horizoninvertory problem, we needto specify a terminal cost. In our case,
the terminal costdependsonw; (j = 1 K) aswell asthe remaining invertory x at
the end of the horizon. Although the product has a short life cycle in terms of sales,
the warranty claims may extend over a much longer period. For example,in the case
of personalcomputersthe product life cycle for salesis closeto a year but due to high
quality and reliability of madinesa typical personalcomputer may last for seweral years.
When the warranty is renewable asin our case,this may extend for an in nite period.
Consideran item of agej at time N. Let m; be the total expected discourted cost of
warranty claimsfor this item incurred from N onwards. The following proposition Gives
the expressiondor m;; 1 i K: The proof is given in the appendix.

Prop osition 1 Let

oo
| = ey 4.i@ g fori=1;, ;K:
j=i

Thenm;; 1 i K aregivenhby
Ci1
m =
1 1 1
m = ¢+ my for i=2 K



We proposethe following terminal costfunction T (w;x) whenthere are w; items of age

i, and x items in the invertory left on hand at the end of horizon:

X
T(w;Xx) = m;w; CX: (5)
j=i
The rst term represets the expecteddiscourted costof warranty claims of the w; items
under warranty in period N at agei = 1; ; K, incurred over the in nite time from
then on. The term cx re ects the assumptionthat any leftover invertory at period can
bereturned at original price ¢ and any shortagesat the end of the horizon canbe ful lled
by purchasing products at ¢ per unit. The detailed proof is in the Appendix. Hereis

someadditional notation for our analysis.

W, = mln(y, W + ),
W o= w (1 j 1) forj =2 K
W o= My Wk
R =y W
p = p my
sw = w+F 4 ©)
p+h
Zy w Zl
La(w;y) = h ) (y w )fn()d +p ( y+ wf,()d;
y w
n(Wyy) =y W Sp(W);
n = (my+c¢) o+ (1 )Fa 1(%)
+ La(w; Sh(w)): @)

Let , bethe meandemandfrom new customersat period n. Now let,

Hy(wix) = @
< .
Ho(w:x) = 0 if X  Sp(w)
Gn;N (w; X) Gn;N (w; Sp(w)); o.w.
forO n N 1 (8)

The next theorem establisheghe optimality of the w-dependen base-st@k policy in the

nite horizon case.
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Theorem 1 Supmsethe demandsin each period are stochastially increasing, i.e.,

Fn(X)  Fpe(X); for n=0; N 2 (9)
Then
(i) Gan(w;y) = c@  Jy+ Lawiy)+( nat+ + "1 y)
+ (Zm w)+ (mp+0) q
n+1 (W3y)
+ Hne (W; R)Fn()d (10)

0
forn=0 ;N 1 y= S;(w) minimizes G, (w;y) forn =0, ;N 1, and
Gnn (W;y) increaseswith resgect to y wheny  Sp(w).
(i) O”(W;y) Hn(W;R)f, 1( )d is an increasing function of y wheny S, 1(w) for a
givenwforn=0;, ;N 1

(“l) Vn;N(W;X): m w CX+( n+ n+1+ + ! N)+Hn(W;X) (11)
for n= 0; N L

Establishing the above theorem in the casewith warranties is more involved than the
standard invertory problem becauseG,.n (W;y) may not be corvex in y. The particular
terminal cost function of Equation (5) enablesus to establishthe result by writing the
function as a sum of two other functions: the rst oneis corvex in y and is minimized
at S,(w) (de ned by Equation (6)) and the secondoneis constart fory S,(w) and
increaseswith y fory  S,(w) and thus adiievesits minimum at S,(w) aswell. Thus,
for a givenw, G,.\ (w;y) attains its global minimum at S,(w). The details of the proof
are givenin the Appendix.

From Theorem1 it follows that the optimal policy in period n in state (w; x) is to order
up to S,(w). This is called a w-dependen base-stak invertory replenishmem policy.
Next we considerthe special caseof stationary demands.

Corollary 1 Let F,(x) = F(x) forn = 0;1;, ;N 1. Then the optimal base-stak
levelin period n is given by

sw= w+r P4 ) ;&1h )

);
for all n= 0O; ‘N 1.
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For the special case wherethe demandsare independert and idertical (i.i.d) the optimal
policy is a stationary w-dependen base-stak policy. It is not commonto get a stationary
optimal policy for a nite horizon problem. Howewer the special structure of our terminal
costfacilitates this result. It is usefulto note that the modi ed basestock adjusts for the
warranty returns by  w to re ect averagedemandfrom warranties and further adjusts
the stock out costto p mj. This is intuitiv e becausef a demandis badklogged, the
stock out costp is incurred; howewer, one doesnot have to bearthe future expectedcost
of warranty repairs for a new sale,which is given by mj.

5 Innite Horizon Discoun ted Cost

In the previous section we proved that when the demandsare i.i.d. a stationary w-
dependert base-st@k policy minimizesthe total expecteddiscourted (or undiscouried)
costover any nite horizon N. We denotethis stationary policy by . Therefore,

W (W; X)

Vy (w;x)
y( 1

E ( "Co(Wn; Xn;Yn) + N T(Wy;Xn)jWo = W Xo = X)
n=1

Our main result is given in the next theorem.

Theorem 2 Supmse F,(x) = F(x) for all n 0. Then the stationary w-dependent
base-stak policy that orders upto S(w) =  w+ F 1(";&%)) in any period in state

(w; X) minimizes the in nite horizon dismunted cost.
The proof consistsof showving that
NIilgn E ( NT(wn;Xn)jWo = W;Xo = X) = O

This shows that also minimizes the expected total discourted cost over the in nite

horizon. The details are given in the Appendix. The policy s intuitiv ely appealing,
sinceit is a natural extensionof the standard base-stak policy modi ed to take into
accourt the extra demandcreatedby warranty claims.
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6 Innite Horizon Average Cost

In this section, we rst considera nite horizon model with no discouriing ( = 1)
with a special terminal cost given by Equation (5) at time N and assumeindependen
and identical demandswith distributions F,(x) = F(x). Let m; be the m; given in
Proposition 1 obtained by using = 1. As a consequencef Theorem 1 we get the

following corollary.

Corollary 2 LetFy(x) = F(x) for all n 0, and

sw) = wF )

whee p= p m;. The stationary base-stek policy that ordersup to S(w) in state (w; x)

minimizes the N period total cost.

In this sectionwe denotethis stationary base-st@k policy as
Let the expectedcostper period of following policy for a nite horizonN starting from

state (w; x) be de ned as

1 X 1 .
Oy (W;X) = mE ( Cnh(Wn;Xn;¥Yn) + T(WN;XN)jWo = W; Xg = X);
n=0

and let gy (w; x) be the optimal expected cost per period for a nite horizon N starting

in state w; x, that is,
Wn (W; X) |

on (w; x) = inf gy (w; x) = N+l

We know from the above corollary that

Wy (W; X) = Vg (w; X):
Hence,it follows that

On (W5 X) = gy (W;X):

We rst state the following result.

Prop osition 2 Under the policy , f(w,;Xn);n  0g in an irr educible, aperiodic, and
positive recurrent DTMC.

It is easyto establishirreducibility and aperiodicity. We establishpositive recurrenceby
using Foster'scriterion (Meyn and Tweedie([17]). The details are givenin the Appendix.

The next proposition statesthat the long run averagecost exists.
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P
Prop osition 3 limyu  E(& 12" Ca(Wn;Xn;¥n)iWo = W; Xo = X) existsfor all (w;x).

The proof consistsof shaving that the expected cost in period n starting with wy =
W; Xo = X is uniformly boundedover all w and x. The result then follows from the fact
that f(w,;Xx,);n  0Ogin anirreducible, aperiodic, and positive recurrert DTMC.

Finally, we state the main result in the following Theorem:

Theorem 3 The stationary w-dependent base stock level policy minimizes the ex-

pected cost per period over in nite horizon.

The proof consistsof showving that

1 1 . H — . — — -
N“!'in m(E (T(Wn s XN)jWo = W;Xo = X)) = O

The result then follows from the existenceof the limit in Proposition 3. This establishes
that  minimizesthe expectedcostper period overin nite horizon. Thus, for the in nite
horizon averagecost case the stationary w-dependern basestock policy remainsoptimal

whenwarranty replacemets are included in the model.

7 A Variant. Mo del with Emergency Supply

In this section,we study the N -period emergencysupply model whererather than bad-
loggingthe manufacturer hasto satisfy the unmet demandsby purchasingthe items from
an emergencysupplier. We usep asthe per unit emergencypurchasecostwherep > c.

Note there are no shortagesin this model. The dynamic of the systemis given by

Xn+1 = max(yn Wn 1 0)
Whe1;1 = Wh + g
Whetj = Wy 1(1 j 1):] = 2 K
Let Vy (w;x) and Vy(w;Xx) be dened asin Section3. Let W; = w+ W =
w, 1(1 i 1)) =2 ;K,andw = fw;; ;Wxg. Following the methodology of
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Section4, we can write the optimality recursionsas follows

0

Wi:n (W5 X)

Gnn (W) Cyz+ L(w;y)

y w
+ Vn+1;N (W;y w )f( )d

ZO

1
+ Vh+1:n (W; 0)F ()d (12)
y w

min Gy (W;y)  ©X
y X

Vin (W; X)

where 8 R
y W
3 h " (y w o )f()d
L(w;y) = 5 +Ig yl Loy wi()d ify W
T p,( y+r wi()d;  ow.
Theorem 4 There existsa function S,(w) suchthat the optimal policy at period n is to

order up to S, (w).

The proof of the theorem (see Appendix) follows a similar induction approad usedin
Theorem 1. Howeer, the G(w;y) function in this caseis cornvex in y so the proof

argumerns are simpler.

8 Computational Results

In this section, we numerically investigate the bene ts of using an integrated inventory
policy over the current ad hoc policy usedby the rm basedonly on new demand. We
also comparethe optimal policy with complete age information to the approximated

policy studied in Huang et. al. ([13]). We comparethe performanceover 343 problem

instanceswith the following parameter values-c = 2; = 0:95. Then we vary h =
0:05;0:1; 0:15; 0:2; 0:25; 0:30, p = 14;16; 18, 20; 22, 24, 26, 1 = 0:01 0:05;0:1; 0:15, 0:2;
0:250:3,and ; = ; 1+ 0:002forj = 2 ;20. The increasing ;'s imply increasing

failure rates, which is commonin many goods. In theseinstanceswe compute the total
discourted cost of the two policiesover N = 100 periods, and averageit across1000
independert replications. In all our experimerts we assumethat demandsare i.i.d.
uniformly distributed over [0; 100]in ewery period. In the following passagesve highlight
our key insights.
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8.1 Cost Impro vement over the Curren t Policy

Acrossall theseexperimerts, the averagecostimprovemert due to the integrated policy
over the current policy of only planning for new demandis 37.1% with a maximum
improvemen of 58.7 % (seeTables1,2,3). Sud large improvemers exist becausethe
current policy does not take warranty into accourt and, as indicated earlier, in some
periods the demandfrom warranty claimsis as high as 15% of the total demand. From
Figures 3 and 4, we obsene that the costimprovemern monotonically increaseswith the
stock-out penalty cost p, and monotonically decreasesvith the holding costh. This is
intuitiv e sincethe integrated policy stocks more than the currernt policy in most of the

cases.

Although onewould expect that perceniage performanceimprovemert of the integrated
policy is greaterwhen failure rate ( ;) is higher, interestingly, we nd that asthe failure
rate increases,the cost improvemens rst increaseand then decrease(see Figure 5).
One can explain this in the following manner. The optimal integrated policy stocks
higher amourt than the currert policy. As the failure rate increasesthe penalty cost
in the current policy are higher but the procuremert costin the integrated policy also
increases.The relative sizesof thesetwo e ects makesthe percertage costimprovemens

rst increaseand then decreasewith increasingfailure rates (seeFigure 6).

8.2 Value of Age Information

In this section, we comparethe performanceof the optimal policy with complete age
information with the appraximated policy studied in Huang et. ag). K([13]). For the ap-
proximation studiedin Huanget. al. ([13]), we assumehat ., = —— therehy taking
the averagefailure of all agedependert failures. Further, we approximate that a fraction
Ki go out of warranty every period. With thesetwo approximations, we computethe op-
timal base-st@k levels and then run the simulations with thoseinvenory levels. Across
all theseexperimerts, we nd that the value of having the warranty ageinformation is

on average3% with a maximum improvemern of 12.3% (seeTables4,5,6).

With our limited computational study, we nd that most of the bene ts of incorporat-

ing warranty information can be realized by using a smart approximate policy. Using
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Integrated Policy VS. Current Policy

p=14| 16 18 20 22 24 26
AVG % | 0.245 | 0.297| 0.342| 0.381| 0.415| 0.445| 0.472
MAX % | 0.39 | 0.437| 0.476| 0.51 | 0.538| 0.564| 0.587
MIN % 0.06 | 0.142| 0.178| 0.196]| 0.212| 0.227| 0.238
Table 1: AverageCost Improvemert Over p
Integrated Policy VS. Current Policy
h=0.01| 0.05| 0.1 | 0.15| 0.2 | 0.25| 0.3
AV G 0.374 | 0.372| 0.37 | 0.367| 0.365| 0.363| 0.36
MAX 0.587 | 0.586| 0.584| 0.581| 0.58 | 0.577| 0.574
MIN 0.08 | 0.074| 0.072| 0.07 | 0.068| 0.066| 0.064
Table 2: AverageCost Improvemert Over h
Integrated Policy VS. Current Policy
=001 005| 0.1 | 0.15| 0.2 | 0.25| 0.3
AV G 0.2 045 | 049 | 045 | 0.39 | 0.33|0.26
MAX 0.258 | 0.536| 0.587| 0.562| 0.515| 0.462| 0.41
MIN 0.14 | 0.345| 0.374| 0.318| 0.239]| 0.153| 0.06

Table 3: AverageCost Improvemert Over
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Figure 3: The Cost Improvemern with In-  Figure 4: The Cost Improvemert with In-
creasingStock-out Penalty Cost Rate p creasingHolding Cost Rate h

Figure 5: The Cost Improvemert with In- Figure 6: Three Cost Componerts
creasingFailure Rate
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RFID technologyto get more information about the agedistribution of the itemsin the
eld de nitely improves performance. In fact, as comparedto the current policy the
improvemens are substartial. In our study, we have not accoured for the xed costs
of adopting thesetechnologies. Also, adopting sud technology can yield somebene ts
that are unrelated to the invertory setting. For example,sud a technology can be used
to get better information of about product useand estimatesof the failure rates ;. As
rms adopt thesetechnologiesfor warranty, they needto considerboth the costsand

bene ts assaiated in their particular situation.

9 Summary and Future Plans

In this paper we study the managemen of inventory for a rm that facesdemand for

new items as well as items under warranty. We consider badklogging and emergency
supply casesand study both the discourted cost and the averagecost cases.We prove

the optimality of the w-dependen basestock ordering policy wherethe basestock level

is a function of w, the vector represeting the number of items with di erent agesunder

warranty. For the specialcase wherethe demandfor newproductsis stationary, we prove

the optimality of a stationary w-dependen basestock policy for nite andin nite horizon

cases.Through our computational study we provide interestinginsights on the bene ts of

usinganintegrated policy and show that on averagethis leadsto a 37%improvemen over

an inverntory policy that only considersnew demands. Further, we show that availability

of warranty age information can lead to improved performanceby an average of 3%.

Although we have focusedon the practice of asingle rm, webelievethat many companies
similarly separatereplenishmem decisionsfrom warranty exposures.Our results suggest
that sudh rms could bene t substartially from integrating theseareas.

Our analysisin this paper provides theoretical characterization of the structure of the
the optimal policy for this problem and advancesthe knowledgein the area of stylized
invertory models. Howeer, it has a few shortcomings. First, we assumedthat a xed
proportion of items under warranty fail in ead period. Howewer, in many real situations
the actual number of failures are a random function of the number of items under war-

ranty. In orderto analyzesud a situation, a generalwarranty failure model needsto be
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Integrated Policy VS. Approximation

p=14| 16 18 20 22 24 26
AVG % | 0.02 | 0.023| 0.027 | 0.03 | 0.033 | 0.037 | 0.04
MAX % | 0.068 | 0.078 | 0.088 | 0.1 0.11 | 0.114 | 0.123
MIN % | 0.0002| 0.0004| 0.0006| 0.0009| 0.0013| 0.0017| 0.0021
Table 4: Cost Improvemen As a Function of p
Integrated Policy VS. Approximation
h=0.01| 0.05 0.1 0.15 0.2 0.25 0.3
AV G 0.031 | 0.031| 0.03 | 0.03 | 0.03 | 0.029 | 0.029
MAX 0.123 | 0.12 | 0.12 | 0.117| 0.117 | 0.116 | 0.112
MIN 0.0002 | 0.0003| 0.0005| 0.0004| 0.0005| 0.0006| 0.0006
Table 5: Cost Improvemer As a Function of h
Integrated Policy VS. Approximation
=0.01|0.05| 0.1 | 0.15| 0.2 0.25 0.3
AVG 0.09 | 0.06|0.03| 0.015| 0.007| 0.003 | 0.001
MAX 0.123 | 0.08| 0.04| 0.02 | 0.01 | 0.005 | 0.003
MIN 0.06 | 0.04|0.02| 0.007| 0.003| 0.0007| 0.0002

Table 6: Cost Improvemernt As a Function of
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studied. Secondly in our model we neglectthe possibility of remarufacturing/repair for

the items that fail. A model that combinesboth repair and demand changesis likely to

be interesting in terms of analysisand insights. In the variant of emergencysupply, the

casewhen considering asa vector of i.i.d. random variable is a possibleextensionas
well. We plan to study thesemodelsin the future.
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participants at the IFORS conferenceand the INFORMS Applied Probability conference
for their helpful commerts and suggestions.

References

[1] Baker, R. C. and Urban, T. L. (1988), A deterministic inverntory systemwith an
invertory-level-dependert demand rate. The Journal of the Operational Resarch
Sciety, 39,9,823-831.

[2] Blischke, W. R. and Murthy, D. N. P. (1994), Warranty Cost Analysis New York:
Marcel Dekker.

[3] Cohen,M. A., Nahmias, S., Pierskalla, W. P. (1980), A dynamic invertory system
with recycling. Naval Resarch Logistics Quarterly, 27,2,289-296.

[4] DeCroix, G. A. (2001), Optimal invertory policy for a multi-echeloninvertory sys-

temswith remarufacturing. Forthcoming Operations Resarch RevisedJanuary 2005.

[5] Decroix, G. A., Song,J. sh., Zipkin, P. (2005), A seriessystemwith returns: sta-
tionary analysis.Operations Research 53, 2, 350-362.

[6] Dekker, R., Fleischmann, M., Inderfurth, K., and Wassenhwe, L.N.V. (2004), Re-
verselogistics-Quantitative Modelsfor Closeal-Loop SupplyChains, Springer-\erlag
Berlin, 2004.

[7] Djamaludin, I., Murthy, D. N. P., Wilson, R. J. (1994), Quality cortrol through lot
sizing for items sold with warranty, International Journal of Production Economics
33,97-107.

21



[8] EPCglobal US (2005), Aerospace and Defense, Available from
http://lwww.epcglolalus.omg/Industry/aer ospace.html.

[9] Feinberg, E. A. and Lewis, M. E. (2005), Optimality of four-threshold policies in
inventory systemswith customerreturns and borrowing/storage options. Prokability

in Engineering and Information Scienes 19, 45-71.

[10] Gertsbakh, I. (2000), Reliability Theory with Applications to Preventive Mainte-
nance, Springer.

[11] Guide, D. and Wassenhwe, L. N. V. (2003), BusinessAspects of Closel Loop Supply
Chains, CarnegieMellon University Press.

[12] Heyman, D. P. (1977), Optimal disposal policiesfor a single-iteminvertory system
with returns. Naval Resarch Logistics Quarterly, 24, 385-404.

[13] Huang, W., Kulkarni, V. and Swaminathan, J. M. (2005), Coordinated invertory
planning for new and old products under warranty, Working Paper, Kenan-Flagler
BusinessSdool, University of North Carolina, Chapel Hill.

[14] Inderfurth, K. (1997), Simple optimal replenishmen and disposalpoliciesfor a prod-
uct recovery systemwith leadtimes.OR Spektrum, 19, 111-122.

[15] Kelle, P. and Silver, E.A. (1989), Forecastingthe returns of reusable cortainers.
Journal of Operations Management 8,1,17-35.

[16] Khmelnitsky, E. and Gerchak, Y. (2001), Optimal cortrol approad to production
systemswith invetory-level-dependernt demand. IEEE Transactionson Automatic
Control, 47,2,289-292.

[17] Meyn, S. P. and Tweedie,R. L. (1993), Markov Chains and Stachastic Stability,
Springer-\erlg, London Limited.

[18] Porteus, E. L. (1986), Optimal lot sizing, processquality improvemer and setup
cost reduction. Operations Resarch, 34, 137-144.

[19] Sciarrotta, T. (2003), How philips reducedreturns. Supply Chain ManagementRe-
view, 7(6), 32.

22



[20] Simpson,V. P. (1978), Optimum solution structure for a repairableinvertory prob-
lem. Operations Resarch, 26,2,270-281.

[21] Swaminathan, J. M. and Tayur, S. R. (2003), Tactical Planning Models for Sup-
ply Chain Management.OR/MS Handlook on Supply Chain Management: Design,
Coordination and Operation, ElvesierPublishers,423-456.

[22] Wang, Ch. H. and Sheu, Sh. h. (2003), Optimal lot sizing for products sold under
rree-repairwarranty, European Journal of Operational Resarch, 149,131-141.

[23] Yuan, X. M. and Cheung, K. L. (1998), Modeling returns of merdhandisein an
invertory system.Operations Resarch Spektrum, 20,3,147-154.

[24] Zipkin, P. (2000), Foundationsof Inventory Management McGraw Hill.

23



10 App endix: Pro ofs

Pro of of Prop osition 1:

From the de nition of m;;i = 1; K, we get
mg = c1+ M+ (1 o my
m;, = co+ M+ (1 2)M3
Mg = Cgk+ My

Recursiwe substitution yields

Mg = Ckt+ My

m = ¢+ myfori=K 1; 01

where
X
| = ey 4.i@ o) fori=1, ;K:
j=i
Solving the above equations,we get
C1

1 1
m = ¢+ ;my fori=2 'K

m; =

Pro of of Theorem 1:
We will prove the above theorem using badkward induction through two claims.
Claim 1: (i), (i), and (iii ) hold for N 1.
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Pro of: Using the terminal costfunction of Equation (5) we get

Gn n(WyY)

= ¢yt Ly 1(wyy)
Z v w
+ mi( + W)+ mMy+  +meW cy w o )fy 2()d
Zol
+ [ymy+ maWo +  + meWe  c(y w o )Ifn a()d
y w

= cyt Ln 1(%V;Y)+ mpW, +  + m Wy f(y w)
y w 1

+ CnN 1t (+ wmify 4()d + ymafy 2( )d
0 y w

= c1 )y+ Lnpaw;y)+ mo+  + myw

c(y wy+ (+ wmi+ Cy g
where
Z v w
Ln 1(w;y) = h (y w )y a()d
0 Z 1
+(p  my) ( w+ Y)fn 2()d
y w
It is easyto shavy = Sy 1(w) =  w+ Fyt (2 ;(fh )Y minimizesGy  1.n (W;Y). Hence,

Gn 1N (W;Yy) increaseswith 8[espect toy, wheny Sy 1(w). Therefore,we get

L S Gy oan(W;Sy (W) ex if xSy a(w)
W N (Wi X) =
Gn n(W;x)  cex 0.W.

Now
Gn 1N (W; Sy 1(w))
p oot )

= o1 ) w RTINS a(w)

wi(c 1+ (1 me+  imp)+ +wk (Ck 1+ (I k )Mk +  k 1mMy)

=+

+

W (Ck+ «kmy)+ (C+my) N 1

c(1
= mw+ (mp+c¢) n 1t c(l )FNll(%)"‘ Ln 1(w; Sy 1(w)):
This yields
W N (wx) = gow CX+ N1

S0 ifx Sy 1(W)
Gn in(Wix) Gn v (W; Sy 1(w)) o.w.

m w cx+ n 1+ Hy 1(w;Xx):
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We also have
Z

Noo1(wy)
@@ Hy s R)fFy o )d
0
@ No1(wy)
= ? . [Gn an(W;R) Gy oan (W Sy a(W)fn 2( )d
Noo1(wyy)

= Gﬁ LN (W; )N 2( )d
0

wherethe superscript 2 indicates partial derivative with respect to the secondargumert.

SinceSy 1(w) minimizesGy 1.n (W;y) we can usethe de nition of Hy 1(w;y) to get
fy:GR n(WR) > 0g=fy:Hy 1(W;R) > 0g:

From the assumptionin Equation (9), we get Sy 2(w) Sy 1(w)+  W. This proves

the quartity in Equation (13) is nonnegative wheny Sy 2(w).

Claim 2: If (i), (i) and (iii ) of Theoreml1 holdforn N 1, thenthey holdforn 1.

Pro of: The induction hypothesisimplies that we have

Gun (Wiy) = o1 Jy+ LaWiy)+ (ot + "1 )

+ (m w+ (mg+c¢ ,+ Hpsr (W; ), ()d
0

Now, y = S,(w) minimizesGp.n (W;y), and G,.n (w;y) increaseswith respect to y, when
y  Sn(w). Also, 01 H,(W;R)f, 1( )d isanincreasingfunction ofy wheny S, 1(w).
Then

Gnn (W; Sp(w)) ( naat + ")+ M w+ (mp+ o) g,

ol )Sa(w)+ Ln(w;Sn(w))

+

R G )

and correspndingly

Vin (W; X) mw ex+( o+ o+ "1
<0 if X Sp(w)

Gnn (W;X)  Gpn (W; Sp(w))  o.w.
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Thereforefrom the DP recursionin Equation (4) we get

Gn in(Wyy) = cyZ+ Ln 1(w;y)

Yy w

+ Van (+ wivly, Wy w  )f, 1()d
Z°,

+ Vn;N (YJW2; ;WK;y W )fn 1( )d
Yy w

= o1 )y+ Li 1(y;1y)+( nt o+ T )+ mow

+ (m1+ C) n 1t H(W;k)fn 1( )d

0
which implies that (i) holdsfor n 1. It is easyto seethat y = S, 1(w) minimizes
c(1 )y+ Lp 1(w;y). The assumption(9) implies that
1Pl ) 1P el )
I:n 1(p+—h) I:n (W)
which shovsthat ,(w;S, 1(w)) < 0. This provesthat
Z n(W;Sn 1(w))

Hn(W;Sn 1(W) w )fn 1( )d =0
0

Thusy = S, 1(w) minimizes G, 1n(W;y). Hence,G, 1.n(W;Yy) increaseswith respect
toy wheny S, i1(w). Furthermore, we have

Zl
@? Ho 1(Wi )y o( )d
0
@Z no1(wiy)
= @ Ho 2( + w5k y w)fn 2()d
0
@Z no1(wiy)
= @ Gn an( +  wivy;, S Wksy  wo )fn 2()d
0
@Z no1(wiy)
@ Gn in( + W, Wk;Sh (0 wive; Wk ) 2( )d
0
Z no1(wiy) 5
= Gh v+ wiva Wiy w o )fa 2()d
0

which is nonnegative wheny S, 2(w), sinceG, 1.n(W;Y) increaseswith respectto y

wheny S, i1(w). Hence
fy:Gi jn(y  w  )>0g=fy:H, sy w )>0g
and

n l(W; Sn 2(W)) 0:
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Thus (ii) holds for n 1. This implies that the basestock level policy, which orders
up to S, 1(w), is optimal for the discourted costfunction overn 1;n; ;N periods.
Clearly, we get

Gn tn(W;Sp W) =m w+ (5 1+ + " o)

Therefore,

Vi 1w (W5 X) g1 W oeXx+( 1t + " N)
<

0 ifx S, 1(w)

Gn LN (W;X) Gn IN (W; Sn 1(W)) o.w.

which implies (iii ) holdsfor n 1. The theorem 1 follows from this.

Pro of of Theorem 2:

From Equation (2) we get

Wn+1;1 Wh, + n

Wh+1;j = Whj 1(1 j l) for J =2 K
This can be written in matrix form as

Wh+1 WnP + n

where 2 3
1 @) 0 0
b - 2 0 1 2 0
K 0 0 0
Letting e; = [1;0; ;0] and taking expectations on both sidesof the above inequality,
we get

E (Whs1) E (WP + eq:

Iterating the above, we get

E (W) woPN + e (I + P+ +PN

wPN + e (I P) %
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The e ect of the initial invertory xo = X is to increasethe above right hand sideat most
by x. Also E(Xn) . Combining the above argumerts we get that
E (T(WniXN)jWo=W;Xg=X) = E (M wy CXnJWo = W;Xg = X)

m [wWPN)+ e (I P) Y+ec:
SinceP is a sub-stachastic irreducible matrix,
lim PN = 0O
N!1
Hence,

Nlilg.n NE (T(Wn;XN)jWo = W;Xo = X) = O

Hence,it follows that
NIllgn Wy (W; X) = NII!T Vy (w; x) = V(w;x);

and

N".En Vy (W;x) =V (w;x) = V(w;X):
That is, is optimal for the in nite horizon discourted cost case.
Pro of of Prop osition 2:

From the de nition of the basestock policy and the equations(2),

Xne1 = max(Xn; S(wy)) W,

Wh+1 (min( Whn + max(xn; S(Wn))) , Wn;l(l l); ;Wn;K 1(1 K 1))

where S(w,) is shovn asin the Equation (12). This implies that f(wy;X,);n  0g is
a DTMC. It is easyto show that it is irreducible and aperiodic. We prove the positive
recurrenceby using the Foster's Criterion (Meyn and Tweedie ([17]). Using the test
function (w;x) = jxj + P 3w we get

E( (Wns1:Xns1)  (Wn Xn)jWn = W; X, = X)

= E(Wn+1 + JXns2]]Wh = WX = X)W JX]:
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Whenx 0, we have

E(Xn+1]  XnjJ(Wn = W;Xp = X))

= g(j max(Xn; S(Wp)) W, nl o Xnj(Wh = Wi X, = X))
< w + if x  S(w)
F 1(%) + X; 0.W.

1, P )
F (m)+ X,

and

E(Wnt1  Waj(Wn = W;Xp = X))

K1 X
= E(min( wy+ imax(Xn;S(wn))) + w1 ) Wh;j j(Wn = W;Xn = X))
8 j=1 j=1
< H P K 1 P K : .
_ E(min( wa+ X))+ L Wy (1) i=1 Wnj J(Wn = Wi Xq = X)) if x  S(w)
E(min( wn + ;S(wp)) + J'K:11Wn;j @a 5 szl Wnj J(Wnh = W;Xp = X)); O.W.
X K1 X
jwi + o+ w1 ) W
j=1 j=1 j=1
= wk (1 «):
Therefore

E( (Wn+1;Xns1)  (Wn;Xn)jWn = W;Xn = X)
= E(Wns1 + jXn+1]  Wn o XpjWp = W X, = X)

1, B
F (p+h

)+2  w(@ k) X

The last expressionis < 0if wg (1 )+ x>F 1 %) + 2.

Whenx 0, we have

E@Xnea]  Xnli(Wh = W;Xp = X))

= E(jmax(Xn; S(w,)) Wy n] + Xnj(Wh = W; X, = X))
1, B
F ot *x
; 1, B\
0 if x F (p+ h)’
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and

E(Wns1  Waj(Wn = W;Xp = X))

o1 X
E(mMin( wy+ ;SMWn))+  wp (2 ) Wh;j J(Wn = W; Xy = X))

K1 X
E(C w+ + wi(l ) w;)

j=1 j=1
WK(]. K)-

Therefore,

E( (Wn+1:Xns1)  (Wn; Xn)jWn = W; Xy = X)
= EWns1 + JXns1] W+ XpJWn = W; Xy = X)

FACTR*2 +x W@ )

The last expressionis < 0if x+wg(1 «)>F () + 2.

Now, let A = f(w;x) :wx (1 «)+jXxj F <2)+2 gandnotethat A isa nite set.

P
p+h
Basedon the above properties, we have shavn that E(Wn+1 + jXn+1]  Wn  JXpjjWn =
W;X, = X) < 0if (w;x) 2 A. Foster's Criterion implies that f(w,;X,);n  0Ogis a

positive recurrert DTMC.

Pro of of Prop osition 3:

We get the total costat period n as

E (Cn(Wn; Xn; Yn)) E(cyn  Xn) *+ h(yn Wh )"+ P(Yn Wh n) )
E(c(yn Xn)+ hya+p(n+ Wp))

E((c+ h)ymax(xn; S(Wn)) + p(n+  Wn) CXn)

(c+ h)E(max(Xn; S(Wn))) CE(Xn)+p +p E(wn):
When x, 0 then we canrewrite the above quantity as

E(Cn(Wn; Xn; Yn)) (c+ hE(S(wn)) CE(Xn)+p +p E(wn)

(c+ M E@n)+F TN+ p +p E(w)
E+WF T +p F(crhep WP+ eyl P) )
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When x,, 0 we have

E (Cn(Wn; Xn; Yn)) (c+ hE(Xn) CcE(Xn)+p +p E(wy)

p +p E(wy)
p+p (WP "+ e (I P)Y:

Hence,we get

N“'En E(Cn(Wn;Xn;yn)jWO = W;Xg = X)

(C+WF P +p +(crh+p) WP+ exl P) Y
< 1:

Since(wy; X,) is an irreducible and positive recurrert DTMC, this shaws that

limyi E(Nl ?ZO Chn(Wn; Xn:Yn)jWo = W; Xg = X) exists.

Pro of of Theorem 3:
Using the terminal costin Equation (5) and usingthe argumert in Theorem 3, we get

E (T(Wn;XN)jWo=W;Xg=X) = E (M wy CXnJWo = W;Xg = X)

m (WPN+ eI P)H+ec:

Hence,

H 1 . H — . — — -
NIllgn mE(T(WN,XN)jWO = W;Xg= X) = 0:

Pro of of Theorem 4:

We prove the theoremusing a seriesof claims by using induction.
Claim 1: Gy 1.n(W;y) is corvex with respectto y.

Pro of:

From Equation (12), we get

Gn un(Wy) = cy+ L(wy)

and from the de nition of L(w;Yy), the secondorder derivative of L (w;y) with respect to

y canbe shavn to be

@L(w;y) _

L#(w;y) = @ (p+ h)f (y w)>0
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This provesour claim 1.

Claim 2: If G,.n (w;y) is corvexwith respectto y, then V. (W; X) is corvex with respect
to X.
Pro of:
Let y = S,(w) be the solution to

@nn (W) Y) -0

@

The cornvexity of G,.n (w;y) implies that the optimal policy at period n is order upto
Sh(w). Then

8

v (W.X)_< Gnn (W; Sn(W)) X if X Sp(w)
AT - Gpn (W;x)  cx 0.W.

We getthe rst order derivative of V,.y (w; X) with respectto x as

8
<

.f Sn
Vawix)= S

Gay(w;x) ¢ ow.

Since G2, (W; Sh(w)) = 0, V2, (w;x) is cortinuousat x = Sy(w), i.e., V2(w; Sy(w)*) =
V2(w;S,(w) ) = c. The secondorder derivative then can be shown to be

8

V(i) = < 0 if X Sp(w)
- G2(w;x) o.w.

Thus V, (w; x) is corvex with respect to w.

Claim 3: If V,(w;Xx) is corvex with respectto x, then G, 1(w;y) is corvex with respect

to y.

Pro of: From the de nition, we get

Gn 1(W;y) Z
= oyr LWyt Vay wyf ( )d
Z 1 0
. Va (;0)F ( )d
y w
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The secondorder derivative of G, 1(w;y) with respect to y can be showvn to be

G2 (w;y) = %Gn 2(W; y)
Z 1

= @L(W;Y)'F @ Vo (W; (y w)")f ()d

@ L@ o
= LPZ(wy)+ | ' V22 (M y w )f()d
0
+V2(W; 0)f (y w)]

From the Equation (13) and (13), the above quartity canbe simplied as

Z,
G i(wyy) = VA y w)f()d

+ (pfh of (y w)
0:

The above quartity is greaterthan zeroby the assumptions,which implies that
Gn 1(w;y) is convex with respectto y.

Theorem 4 then follows by induction.
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