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Abstract
We study the dynamics of price regulation for an industry adjusting to

exogenous technological progress that lowers capital equipment and oper-
ating costs. First, we characterize the optimal capacity path and capacity
replacement cycles in a neoclassical investment model with a ¯xed rate
of technological progress. The corresponding optimal price path recovers
operating costs, the user cost of capital, and a contribution to ¯xed costs
based on Ramsey pricing principles. The user cost of capital includes eco-
nomic depreciation re°ecting the declining replacement value of capacity
and foregone operating cost improvements over the economic life of the
investment. Second, we show that naive rate of return regulation, which
ignores these components of economic depreciation, eventually results in
a de¯cient level of capacity due to excessively high retail prices burdened
by the need to recover the underdepreciated costs of historical invest-
ments. Naive rate of return regulation also lacks incentives for replacing
economically obsolete capacity if accounting rates of depreciation are set
too low. Third, we explain, on the one hand, how price cap regulation
can incent more e±cient capital replacement decisions, and discuss the
application of Ramsey principles for the recovery of stranded costs in a
transition from rate of return regulation. On the other hand, ine±cient
replacement of capital may arise depending on the length of the price-cap
period. Finally, we use our results to interpret recent regulatory reforms
in telecommunications markets.

1 Introduction

The price regulation of natural monopolies in the United States and elsewhere
has gone through various phases of rate-of-return regulation, price-cap regula-

¤Early versions of this paper were presented at the ESSET Conference in Gerzensee,
Switzerland in July 1998, at the TPRC conference in Washington D.C. in September 1998,
at the Midwest Economic Theory Meetings in Ann Arbor in October 1998, at the Tel Aviv
University Mini-Conference on Antitrust and Regulation in May 1999, and at seminars at BU,
Columbia, LBS, LSE, MIT, NYU, Oxford, Toulouse, UCLA, and Yale. The authors thank
numerous particpants for many helpful comments.
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tion, and now, especially in telecommunications, new forms of wholesale price
regulation.1 These regulatory changes have occurred against a backdrop of
rapid technological change. In telecommunications, capital equipment costs
and operating costs have declined steadily with the development of microwave,
¯ber optic, and digital switching technologies, and are poised to drop further
with packet-switching and internet-protocol technologies. Similar regulatory
changes have occurred in electricity where costs have dropped with the devel-
opment of new technologies for generation, including gas turbine technology.

We study price regulation in a model of industry structure emphasizing the
dynamic paths of prices and investments induced by technological progress. The
most important element of our model is that exogenous technological progress
lowers both capital equipment and operating costs. Consequently, the optimal
path of regulated prices re°ects the value of waiting for further technological
improvements. In particular, the optimal price at each date recovers operating
costs, the user cost of capital, and a contribution to ¯xed costs. The user cost
of capital includes economic depreciation resulting from the declining price of
new capacity plus the value of operating cost improvements that are foregone
by investing sooner rather than later. Non-recurring ¯xed costs are recovered
over time in a manner that re°ects Ramsey pricing principles for output sold at
di®erent dates. Investments in new capacity adjust to meet demand at these
prices, and capacity becomes economically obsolete when the long-run marginal
cost of replacement capacity drops below the short-run operating cost of the old
capacity.

Rate-of-return regulation has been used to regulate public utilities for much
of the century. Rate-of-return regulation is designed to recover historical in-
vestment costs. It is not designed to adjust prices to the changing long run
marginal cost of a dynamic market structure. In particular, the regulated price
recovers an allowed rate of return and an allowed depreciation of a rate base
equaling cumulative undepreciated investments. Naive rate-of-return regula-
tion, which under-depreciates assets by ignoring technological progress, distorts
the path of prices relative to the optimal path. Initially the regulated prices
are too low because these prices fail to recover economic depreciation. How-
ever, regulated prices eventually become too high due to the ¯rm's entitlement
to the allowed rate of return on a bloated rate base. Correspondingly, naive
rate-of-return regulation eventually results in an economically de¯cient level of
capacity. Moreover, naive rate-of-return regulation lacks incentives to retire
old capacity and replace it with new capacity with lower operating costs.

Price-cap regulation provides better incentives for capital replacement, but
still may still leave prices too high if the initial price cap is set to recover the

1The Federal Communications Commission adopted price cap regulation for AT&T in 1989,
although retail long distance prices have since been deregulated. Approximately 30 states had
adopted some form of price cap regulation as of 1996 (see Sappington and Weisman (1996)
and Tardi® and Taylor (1996)). The FCC currently regulates interstate access fees for long
distance service with price-caps. The regulation of long distance access fees is a form of
wholesale price regulation. Wholesale price regulation is also being applied to unbundled
elements of local telephone networks under the Telecommunications Act of 1996.
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historical costs inherited from rate-of-return regulation. Moreover, there is
a sense in which the regulator only gets one bite from the apple. Even in
the case of deterministic technological progress, if the parameters of regulation
are not set optimally initially, then a problem of stranded costs may prevent
the subsequent achievement of full e±ciency by more enlightened regulation.
Stranded costs arise when a change in regulatory structure prevents recovery
of a fair rate of return on previous investments. A stranded-costs problem can
be expected in a transition from a regime of naive rate-of-return regulation
when the allowed depreciation rate has been set below economic depreciation.2

We argue that with linear pricing it is optimal to recover stranded costs by
setting a markup above the optimal price level according to Ramsey pricing
principles. If the demand elasticity is constant over time, then the optimal
markup is proportional to the declining retail price and a constant sales tax can
implement the second-best solution.

In practice, price-cap regulation has been implemented only over ¯xed time
horizons. Thus, regulators' commitments to replace rate-of-return regulation
with price-cap regulation have been only temporary. We explain how a tem-
porary price-cap regime provides the regulated ¯rm de¯cient incentives for ca-
pacity replacement. If the price-cap horizon is excessively short, then price-cap
regulation provides no better incentives for capacity replacement than does rate-
of-return regulation. For longer price-cap horizons, capacity replacements are
concentrated at the start of the price-cap period, and the ¯rm has no incen-
tive to replace capacity near the end of the price-cap period. Thus, repeated
intervals of price-cap regulation generate cycles in capacity replacement.

There has been a great deal of research dealing with the properties of rate-
of-return and price-cap regulation. For the most part, the research has dealt
with static models. One set of models deals with the \Averch-Johnson e®ect";
see e.g. Averch and Johnson (1962) and Joskow (1972) where rate-of-return
regulation distorts a ¯rms incentive to minimize costs because it receives a
supracompetitive return on capital. A second line of research deals with the
incentives for a ¯rm to produce in a market where it faces competition when it
is regulated in another market; see e.g. see Braeutigam and Panzar (1989), and
a third deals with the case where ¯rms have private information about costs or
demand; see e.g. Cabral and Riordan (1989) and Lewis and Sappington (1989).
There has been some work done on dynamic models. Bradley and Price (1988),
Vogelsang (1988), and Brennan (1991) examine complete information models,
while Sibley (1989) investigates a model where the ¯rm has private information
about costs and demand. These papers ignore technological progress.

There are many dynamic regulatory models that examine investment issues
by a regulated ¯rm in a political economy framework. In a symmetric infor-
mation model, where regulators are short lived and only care about consumers
during their term while the ¯rm is long lived, Lewis and Sappington (1991)
show that on average investment is lower than the ¯rst best level. Besanko

2Sidak and Spulber (1996) argue forcefully that the ¯rm is legally entitled to recover
stranded costs that result from a change of regulatory regime.
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and Spulber (1992) and La®ont and Tirole (1992) examine how a regulator's
commitment ability a®ects a ¯rm's investment decisions when the ¯rm has pri-
vate information about its productivity. Gilbert and Newbery (1994) show in
an in¯nite time horizon model under uncertainty, that rate of return regula-
tion using the \used and useful criteria" is able to support e±cient investment
under a wider range of parameters than under standard rate of return regu-
lation. Other papers with regulatory review include Lyon (1991) and Salant
and Woroch (1992). Again, there is no technological progress in any of these
models.

In section 2, we study optimal prices, investment, and capital replacement
for the case of deterministic, exogenous technological progress and constant de-
mand. We brie°y discuss the implications of uncertain technological progress
and growing and uncertain demand, and provide more detailed results in ap-
pendices. In sections 3 and 4, we examine the relationship between the optimal
solution and rate-of-return and price-cap regulation, respectively. We discuss
our results in relation to the telecommunications industry in section 5.

2 Optimal prices

Our model assumes the following market structure for a particular service. De-
mand is stable and described by a downward-sloping inverse demand curve
p = Á(X). The corresponding revenue function is R(X) = Á(X)X. For
simplicity, we assume that the demand curve has a constant elasticity. Thus,
marginal revenue is R0(X) = [1 ¡ 1

² ]Á(X), where ² > 0 is the price elasticity of
demand. Consumers' willingness to pay for X units of output is equal to the
area under the demand curve,

©(X) =

Z X

0

Á(x)dx:

Our model allows several components of costs: capacity costs, operating
costs, and ¯xed costs. The ¯rst two components decline with technological
progress which is embodied in new capital equipment. In the short run, output
is constrained by capacity. Thus, X units of output require at least X units of
capacity. Capacity is a capital asset that depreciates at a physical rate ± ¸ 0. 3

The investment cost of a unit capacity is q, and declines at a deterministic rate
¹ ¸ 0. The operating costs for a unit of capacity of a given vintage is constant
over the life of the asset. However, the operating cost of new (state of the art)
capacity declines at rate ¹ along with its acquisition price. Thus, operating
costs are proportional to the acquisition cost for each vintage of capacity, i.e.
c = °q; with ° ¸ 0. There is a non-recurring ¯xed cost of operation, F ¸ 0,
which is paid up-front.

3This is akin to what Jorgenson (1963) calls the replacement ratio. It is the rate at which
capacity of each vintage physically wears out. However, as we shall see, in our framework,
capacity is also replaced due to economic obsolescence.
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The optimal investment path maximizes the present discounted value of
social welfare subject to a break-even constraint. The discount rate is equal
to r. Social welfare depends on the path of investment in new capacity and
the utilization of capacity over time. Investment in new capacity at date t is
equal to x(t), and the utilization rate of vintage ¿ capacity at date t ¸ ¿ is
u(t; ¿). Obviously, u(t; ¿) must lie between zero and one. If e¡±(t¡¿)x(¿) is
the amount of vintage ¿ capacity available at date t, then the total amount of
capacity utilized at date t, and hence total output is

X(t) =

Z t

0

u(t; ¿)e¡±(t¡¿)x(¿)d¿ + u(t; 0)e¡±tX(0) (1)

and the market clearing price at date t is

p(t) = Á(X(t))

Similarly, the ¯rm's total operating cost at date t is

C(t) =

Z t

0

u(t; ¿)e¡±(t¡¿)x(¿)c(¿)d¿ + u(t; 0)e¡±tX(0)c(0) (2)

Thus, social welfare is

Z 1

0

e¡rt[©(X(t)) ¡ C(t) ¡ x(t)q(t)]dt ¡ X(0)q(0) (3)

This social objective function is assumed to be well-de¯ned and bounded in the
relevant ranges, which will be the case if r is su±ciently large. The break-even
constraint requires that the present discounted value of the stream of revenues
resulting from investment and utilization paths covers the present discounted
value of all costs. This constraint is

Z 1

0

e¡rtfR(X(t)) ¡ C(t) ¡ x(t)q(t)gdt ¡ q(0)X(0) ¸ F (4)

Optimal investment and utilization paths maximize (3) subject to (4).4

The solution to the social planning problem can be derived by invoking
the Kuhn-Tucker theorem to de¯ne a Lagrangian, by substituting the de¯-
nition of output (1) and cost (2) and point-wise maximizing it with respect
to fX(0); x(t); u(t; ¿)g. Let ¸ ¸ 0 denote the Lagrangian multiplier for the
break-even constraint (4). The following theorem characterizes the price path
corresponding to the optimal investment and capital retirement plan, and char-
acterizes the optimal economic life of capacity (¢). It is proved in Appendix
A.

4If demand is inelastic, i.e. ² < 0, then a policy satisfying the break-even constraint
necessarily exists, as revenue can be made arbitrarily large by shrinking output. If demand
is elastic, then it is assumed that F is not so large as to preclude a solution.
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Theorem 1 The optimal price path satis¯es

[1 ¡ ¸

(1 + ¸)²
]p(t) = [° + r + ± + ¹ + ¹°

Z ¢

0

e¡(r+±)¿d¿ ]q(t) (5)

where ¸ ¸ 0 is a ¯xed constant and ¢ uniquely solves

e¹¢° = ° + r + ± + ¹ + °¹

Z ¢

0

e¡(r+±)¿d¿ (6)

We interpret the theorem in steps. First, consider the base case in which
there are no operating costs and no ¯xed costs, i.e. ° = 0 and F = 0. In this
case, (6) does not apply. The break-even constraint is slack, i.e. ¸ = 0, it is
never e±cient to retire capacity, i.e. ¢(t) = 1, and the optimal pricing formula
(20) becomes simply5

p(t) = (r + ± + ¹)q(t) (7)

Along the e±cient investment path, the retail price equals the user cost of capi-
tal, which equals a competitive return on investment plus economic depreciation.
The rate of economic depreciation equals the rate of physical depreciation, ±,
plus the rate of productivity improvement of new capacity, ¹. It is easily seen
that the e±cient investment path can be implemented in a competitive equilib-
rium in which investments at each date are exactly recovered by the cash °ow
generated by the investments; (see, for example, Jorgenson (1967));6

Z 1

t

e¡(r+±)(s¡t)p(s)ds = q(t):

Thus, p(t) satis¯es the de¯nition of forward-looking cost proposed by Salinger
[24].

The next step is to consider the case in which both capital equipment and
operating costs are falling at the same constant rate (¹), but there are no ¯xed
costs (F = 0).7 In this case, the output price falls at the rate of technological
progress, and all units of capacity have the same economic life (¢) de¯ned by
(6). This equation says that vintage ¿ capacity is optimally retired when price
falls below its operating cost, i.e. p(t) � c(¿). Setting ¸ = 0; the optimal
pricing formula of equation (20) becomes

p(t) = (° + r + ± + ¹)q(t) + ¹c(t)

Z ¢

0

e¡(r+±)¿d¿ (8)

5See, for example, Nickell (1978, p. 10) for a derivation of a variation of this formula in a
two-factor neoclassical investment model.

6From this it follows that the break-even constraint is slack in this case. In particular,Z 1

0
e¡(r+±)tfp(t)dt ¡ q(0)gX(0) +

Z 1

0
e¡rtf

Z 1

t
e¡(r+±)(s¡t)p(s)ds ¡ q(t)x(t)gdt =

Z 1

0
e¡rtfp(t)X(t) ¡ x(t)q(t)gdt ¡ q(0)X(0) = 0

7This is essentially the same problem solved by Malcomson (1975) who used optimal control
techniques.
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Equation (8) di®ers from equation (7), when operating costs were constant,

by the term ¹c(t)
R ¢

0
e¡(r+±)¿d¿ . This term equals the presented discounted

value of operating improvements that would be obtained by delaying investment
slightly. This is properly considered an opportunity cost of current investment,
and therefore a component of the user-cost of capital. As in the previous case,
the optimal price path can be implemented in a competitive market, i.e.

Z t+¢

t

e¡(r+±)(s¡t)[p(s) ¡ c(t)]ds = q(t)

and again satis¯es Salinger's (1998) de¯nition of forward-looking cost.
This solution has a very natural interpretation in terms of Bellman's Prin-

ciple of Optimality. Given the economic life of assets ¢, de¯ne the \state
space" to be the stock of each vintage of unretired capacity, i.e. the state is
fy(t; ¿) : t ¡ ¢ � ¿ � tg with

y(t; ¿) = e¡±(t¡¿)x(¿)

and

X(t) =

Z t

t¡¢

y(t; s)ds

The value function

V =

Z 1

t

e¡r(¿¡t)[©(X(¿)) ¡ p(¿)X(¿)]d¿ +

Z t

t¡¢

Z ¢+s

t

e¡(r+±)(¿¡t)[p(¿) ¡ c(s)]y(s; t)d¿

satis¯es the Bellman equation8,

rV = max
x

f©(X) ¡ cX ¡ qx +

Z t

t¡¢

@V

@y

@y

@t
ds +

@V

@t
g (9)

if p(¿) satis¯es price path (5) de¯ned by the theorem. The Bellman equation
(9) says that the rate of return on the value function (rV ) is equal to the °ow
of social surplus plus the rate of change of value resulting from depreciation
of the assets (

R t

t¡¢
@V
@y

@y
@t ds) and exogenous technological progress ( @V

@t ). This
value function itself has two components. The ¯rst component is the present
discounted value of consumer surplus. The second component is the value of
the stock of assets de¯ning the state, i.e. the value of each unit of capacity
is the present discounted value of the cash °ow it generates over its remaining
economic life.

8It is also straightforward to use Bellman's Principle to similarly characterize utilization
rates, and hence the economic life of assets.
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Finally, consider the general case with positive ¯xed costs. The optimal
price path (5) can be rewritten as

p(t) ¡ [± + r + ± + ¹ + ¹°
R ¢

0
e¡(r+±)¿d¿ ]q(t)

p(t)
=

¸

(1 + ¸)²

From standard Ramsey principles, the optimal price-cost margin when the ¯rm
must recover ¯xed costs is inversely related to the elasticity of demand.910 In
calculating the Ramsey formula, the appropriate measure of long run marginal
cost is operating cost plus the user-cost of capital, where the latter includes a
term for foregone operating improvements as a component of economic deprecia-
tion. The optimal markup can be interpreted as a sales tax equal to Ã = ¸

(1+¸)² .

The value of Ã is determined implicitly by substituting (5) into the binding con-
straint (4).11 This outcome cannot be implemented competitively because of
the scale economies arising from ¯xed costs.

This model of deterministic technological progress is highly tractable, but of
course not realistic. Technological progress is uncertain and often quite discrete.
Appendix B extends the basic model so that uncertain technological progress
follows a discrete Poisson arrival process. In this case, the path of optimal prices
re°ects essentially the same opportunity costs as in the deterministic model,
except that appropriate allowance must be made for the uncertain economic life
of assets. In particular, the user cost of capital re°ects the expected decline of
capital equipment costs and the expected present discounted value of forgone
operating improvements. To our knowledge, this extension to technological
uncertainty is new to the neoclassical investment literature.

9The ¯rm can be interpreted to be a multiproduct ¯rm, producing di®erent outputs at
di®erent dates. We have assumed for simplicity that the price elasticity of demand is the
same at each date. If this were not the case, then the Ramsey markup would vary over time
with the price elasticity of demand.
10A two-part tari® generally is more e±cient than the Ramsey pricing rule. In particular, if

the demand for the ¯rst unit of consumption by all consumers is quite inelastic, then recovery
of ¯xed cost is best done by the ¯xed portion of the tari®. For various economic, distributional,
and political reasons, this may not be possible to do. In that case, Ramsey pricing is the
best way to recover the ¯xed costs.
11The exact condition determining Ã is that present value of receipts from the sales tax

covers the ¯xed cost:

F = Ã

Z 1

0
e¡rtR(Á(p(t)))dt

Since revenue declines at rate (1¡ ²)¹ along the optimal path, this condition can be rewritten
as

F =
Ã

r + (1¡ ²)¹R(Á(p(0)))

where

p(0) =
[° + r + ± + ¹+ ¹°

R ¢
0 e¡(r+±)¿ d¿ ]q(0)

1¡ Ã
from the proposition. The condition determining Ã has a unique solution, if R(p) is increasing
in p, which is true if ² � 1. If ² > 1, then a solution exists only if F is not too large.
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The assumption of stable demand is easily generalized to allow for growing
demand. The statement of Theorem 1 does not rely on the structure of demand,
but only on the structure of costs. A growing demand, like increasing produc-
tivity, assures that nonnegativity constraints on new investments remain slack,
which is what leads to the cost-based pricing rule of the theorem.12 Uncertain
demand is more problematic. If demand can shrink with some probability,
which of course is not unrealistic given business cycles, then the characteriza-
tion of optimal investment must take account of the option value of waiting to
invest in the light of new demand information. Presumably, this requires an
upward correct to the optimal price path. Appendix C draws on results from
Dixit and Pyndyck (1994) to show how demand uncertainty is re°ected in the
optimal price path. This issue is potentially quite important, as is evident from
large stranded costs in electricity markets that resulted from overly optimistic
demand forecasts.

3 Rate-of-return regulation

Traditional rate-of-return regulation calculates a rate base in each period, and
regulates the retail price to yield a fair return on the rate base. Operating costs
and depreciation of the rate base are expensed. In this section, we consider a
stylized form of continuous rate-of-return regulation that establishes an allowed
rate of return on investment, ¹r, and an allowed rate of depreciation, ¹±, at each
date, and a required time at which the asset must be removed from the rate base,
¢. For simplicity, we ignore the ¯xed cost F in this section; more generally
any ¯xed non-recurring capital costs would be included in the rate base.

The rate base, K(t), equals the undepreciated value of all previous invest-
ments. The initial rate base is K(0) = q(0)X(0). The rate base subsequently
decreases with depreciation and increases with new investment. Thus, the
adjustment of the rate base is given by

_K(t) = ¡¹±K(t) ¡ e¡±¢q(t ¡ ¢)x(t ¡ ¢) + q(t)x(t). (10)

The ¯rst term in (10) represents the reduction in the rate base due to allowed
depreciation. The second term are the assets that are taken out of the rate base
that are ¢ periods old. The last term is the value of new investment. Thus,
the value of the rate base at date t is

K(t) =

Z t

t¡ ¹¢

e¡¹±(t¡s)q(s)x(s)ds (11)

The revenue requirement of a regulated monopolist at date t is

R(X(t)) = C(t) + (¹r + ¹±)K(t), (12)

12See Nickell (1978,pp.55-59) for a clear discussion of how a demand cycles in°uence the
optimal (i.e. competitive) investment and price paths.
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where R(X(t)) = XÁ(X(t)) is the revenue function. The revenue require-
ment covers operating costs, an allowed return on the rate base, and allowed
depreciation of the rate base.13

Rate-of-return regulation can be interpreted as a series of loans made to
consumers. The rate base is the outstanding loan balance. Each period
consumers pay interest on the loan (¹rK(t)) and repay part of the principal
¹±K(t). These payments are in the form of allowed revenues above operating
costs. New investments in capacity are ¯nanced by additional loans.

In theory, rate-of-return regulation could track optimal prices if the allowed
rate of return is equal to the competitive rate ( ¹r = r), and the allowed depre-
ciation rate is equal to economic depreciation as characterized by Theorem 1

(¹± = ±+¹+¹°
R ¢

0
e¡(r+±)¿d¿), and if capacity were replaced whenever it became

economically obsolete as characterized by the theorem ( ¹¢ = ¢).14 However,
in practice, rate-of-return regulation generally has not taken proper account of
technological progress in setting depreciation schedules (see Kahn (1988)).

To study the consequences of ignoring technological progress, we examine a
model of naive rate-of-return regulation with ¹r = r, ¹± = ±, and ¢ = 1.1516

Clearly, this form of rate-of-return regulation provides no incentive for the re-
tirement of capacity. In this case, C(t) = °K(t) and

R(X(t)) = (° + r + ±)K(t), (13)

The rate of change of the revenue requirement is

R0(X(t)) _X(t) = (° + r + ±) _K(t). (14)

where R0(X(t)) ´ Á(X(t))[1 ¡ 1
²
]. Combining equations (10), (13) and (14),

and rearranging gives

[R0(X(t)) ¡ (° + r + ±)q(t)]
_X(t)

X(t)
= ¡±[Á(X(t)) ¡ (° + r + ±)q(t)] (15)

13Strait line depreciation would have ¹± = 1
¹¢
. This is the method used by the FCC and other

regulatory bodies. The popular wisdom that depreciation schedules are too long amounts to
saying that ¹¢ far exceeds the useful economic life of assets. We thank Ken Moran of the
FCC for a useful discussion on depreciation.
14However, rate-of-return regulation does not appear to be °exible enough to mimick the

e±cient price path when there is technological uncertainty; (see Appendix B). One could
obtain e±ciency if the rate base were reduced at the actual rate of economic depreciation,
while expected current economic depreciaition were treated as an expense. In this way, rate-
of-return regulation with two di®erent depreciation rates could mimick the e±cient price path,
but this is not how rate-of-return regulation is practiced in the United States.
15Schmalensee (1989) shows that a regulated ¯rm prefers slow depreciation schedules if the

allowed rate of return is above the competitive level. This preference is perhaps one reason
why rate-of-return regulation may result in under-depreciation of capital assets. Another
possible reason is that myopic regulators may be attracted to the temporarily lower prices
that resulted from a low allowed depreciation rate.
16Admittedly, this is something of a caricature of modern rate-of-return regulation. There

has been some recognition of economic obsolescence in setting the accounting lives of assets
(Phillips,1993, p.275), although not much attention to other consequences of technological
progress for economic depreciation. In any case, accounting lives have remained quite long.
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Equation (15) is a ¯rst order di®erential equation in the quantity of output
X(t). The initial condition is Á(X(0)) = (°+r+±)q(0). Therefore, R0(X(0))¡
(° + r + ±)q(0) < 0 and _X(0) = 0. However, it is straightforward to show that
ÄX(t) > 0 because _q(t) < 0. It follows from equation (15) that, after the initial
date, X(t) evolves such that Á(X(t)) ¡ (° + r + ±)q(t) > 0 and R0(X(t)) ¡ (° +
r + ±)q(t) < 0. Thus, _X(t) > 0 after the initial date, i.e. price declines under
naive rate-of-return regulation based on physical depreciation. This result is
not surprising. The initial investment in capacity is ¯nanced by a markup of
price above average operating cost. Some of the capacity depreciates and is
replaced, but the replacement cost is lower because of technological progress.
Therefore, the requisite markup is less.

In order to characterize the price distortions that arise under naive rate-
of-return regulation, it is useful to rewrite the di®erential equation in terms of

Y (t) = p(t)
q(t)

. Since

_Y (t)

Y (t)
= ¡1

²

_X(t)

X(t)
+ ¹ (16)

by de¯nition, substitution of equation (15) into equation (16) and simpli¯cation
gives

_Y (t)

Y (t)
=

±(Y (t) ¡ ° ¡ r ¡ ±)

(² ¡ 1)Y (t) ¡ ²(° + r + ±)
+ ¹

Since Y (0) = ° + r + ± at the initial condition, it follows that
_Y (t)
Y (t) > 0 and Y (t)

converges to

¹Y =
± + ¹²

± + ¹² ¡ ¹
(° + r + ±)

Y is positive and greater than [r + ± + ° + ¹] if ¹¡±
¹

< ² < °+¹+r
¹

. Thus,
we conclude that naive rate-of-return regulation eventually results in excessive
prices and correspondingly de¯cient capacity under these conditions.

We summarize our results in the following theorem:

Theorem 2 Assume ¹¡±
¹ < ² < ¹+°+r

¹ . Under naive rate of return there exists

a t¤ such that p(t) < (° + r + ± + ¹)q(t) for t < t¤ , p(t) > (° + r + ± + ¹)q(t)
for t > t¤, and p(t) ! ±+¹²

±+¹²¡¹(° + r + ±)q(t) as t ! 1. Thus, investment in
capacity is at ¯rst excessive, but eventually it becomes and stays de¯cient.

Theorem 2 rests on the parameter restriction ¹¡±
¹

< ² < °+¹+r
¹

. If demand

elasticity is too low, then Y (t) increases without bound, and the market col-
lapses. If demand elasticity is too high then p(t) < (° + r + ± + ¹)q(t) for all
t. Since the ¯rm breaks even in the long run under rate-of-return regulation,
this means that consumers are better o® than under the optimal investment
path characterized by Theorem 1. This puzzle is aggravated by equation (13)
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time

Y
 =

 p
 / 

q

Figure 1: The path of Y (t) = p(t)
q(t)

under naive rate of return regulation

which is a break-even condition. If the price path is lower under rate-of-return
regulation, then how does the ¯rm break even? These anomalous properties
stem from the fact that when ² > 1 social surplus and revenue grow without
bound as price goes to zero, since marginal operating costs go to zero. Dis-
counting bounds the problem when demand is not too elastic, but otherwise,
the problem of maximizing the present value of social surplus is not well de¯ned
for the elastic demand case unless the discount rate is su±ciently large.

The path of Y (t) for illustrative parameters (r = ± = ¹ = 0:05, ° = 0:1,
² = 0:2) is shown in Figure 1. In this diagram the lower dashed line corresponds
to the constant optimal path Y ¤ = (° + r + ± + ¹), while the upper dashed line
is the limit of the price path under naive rate-of-return regulation, ¹Y .

4 Price-cap regulation

Rate-of-return regulation gradually has given way to price-cap regulation as the
preferred method of regulating public utility prices. Under naive rate-of-return
regulation, the incentive is for a ¯rm is to keep old capital in its rate base until
it is fully depreciated. Given excessively long depreciation schedules, this is
potentially a huge ine±ciency that price-cap regulation was designed to correct.

A price cap is a ceiling below which the regulated ¯rm has price °exibility.
Thus, price-cap regulation can be de¯ned by a price path ¹p(t) and a constraint
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p(t) � ¹p(t). Since the price is generally below the monopoly price, the price-cap
typically will be binding for a regulated monopolist. In our deterministic model,
there is no loss of generality in assuming the price-cap is binding. Ignoring ¯xed
costs, it is immediate from Theorem 1 that the optimal binding price-cap is equal
to long run marginal cost, i.e.

¹p(t) = c(t) + (r + ± + ¹)q(t) + ¹c(t)

Z ¢

0

e¡(r+±)¿d¿

Given a regulatory commitment to this price path, the regulated ¯rm maximizes
pro¯ts by making cost-minimizing capacity replacement decisions, i.e. the ¯rm
will replace capacity after ¢ periods, as speci¯ed in Theorem 1. Moreover,
by construction, the price path is e±cient and therefore induces optimal invest-
ments in new capacity.

Problems potentially arise in a transition from rate-of-return regulation to
price-cap regulation. Suppose that the transition occurs at a date t± when price
is above the optimal level and the rate base exceeds the value of capacity due
to under-depreciation; i.e. p(t±) ´ Á(X(t±)) > (° + r + ± +¹)q(t±) and K(t±) >
q(t±)X(t±). In this circumstance, a move to optimal price-cap regulation would
lead to stranded assets equal to K(t±)¡q(t±)X(t±). That is, under the optimal
price path the ¯rm would earn a competitive return only on a rate base value
of q(t¤)X(t¤); the balance of the rate base would remain uncompensated.

A naive approach to price-cap regulation is to maintain the initial price

level at the prevailing level, ¹p(t±) = c(t±) + (r + ±)K(t±)
X(t±) , and to require the

price-cap to decline at the rate of technological progress ¹. However, this
naive approach to price-cap regulation also potentially creates a stranded-costs
problem. The problem is illustrated by a transition from naive rate-of-return
regulation discussed above. In this case, the ratio of the retail price to the
price of new capacity rises over time approaching an upper bound. A move
to naive price-cap regulation essentially freezes the ratio of the retail price to
the price of new capacity, thereby forcing retail price below the level it would
have achieved under continued rate-of-return regulation. Consequently, in the
absence of other bene¯ts, the ¯rm is deprived of the return on capital that it
anticipated from its previous investment.

An important bene¯t to the ¯rm under price-cap regulation is the returns to
cost reduction from the replacement of obsolete capacity. As we show below,
the value of this investment depends on the duration of the price-cap period and
the age distribution of the ¯rm's capital stock. To the extent that this bene¯t
is insu±cient to compensate the ¯rm for past investments, the need to recover
remaining stranded costs creates a second-best pricing problem. The optimal
approach is to treat the stranded cost as a ¯xed cost and to apply Theorem 1.
Thus, stranded costs should be recovered by a Ramsey markup on retail prices,
or, equivalently, by an appropriate revenue tax. Obviously, any unrecovered
¯xed costs should be treated similarly.17

17Even with this correction for stranded-costs recovery, price-cap regulation is °awed in
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Our discussion of price caps so far has presumed a permanent commitment
to price caps. This is necessary if price-cap regulation is to provide optimal in-
centives for cost-minimizing capacity replacement decisions. Typically though,
price-cap regulation has been implemented in a more limited way over a ¯xed
planning horizon. At the end of the planning horizon, a new price-cap regime
is established, or there could be a reversion to rate-of-return regulation. In the
remainder of this section we discuss the consequences of a limited horizon for
the regulated ¯rm's capacity replacement decisions.

For purposes of this analysis, we assume that the current period is t, and
the price-cap regime ends in future period T . Thus the length of the remaining
price-cap horizon is (T ¡ t). At the end of the price-cap period we assume for
simplicity a reversion to rate-of-return regulation, meaning that the rate-base
is kept track of during the price-cap period, and that the ¯rm is entitled to a
competitive rate of return on the rate base at date T . Equivalently, we could
assume that there is a new price-cap regime at the end of period, such that
the ¯rm is held indi®erent between the new regime and renewed rate-of-return
regulation.18

Consider in this scenario the ¯rm's decision whether or not to scrap a unit
of older capacity of vintage s. It is pro¯table to scrap this asset and replace it
with state-of-the-art capacity if

1 ¡ e¡(r+±)(T¡t)

r + ±
[c(s) ¡ c(t)] ¡ e¡(r+±)(T¡t)[q(s) ¡ q(t)]

¸ q(t)

The ¯rst term on the left-hand-side is the operating cost savings over the price-
cap period from replacing the unit of capacity. The second term is the reduction
in the value of the rate base at the end of the price-cap horizon. The net
bene¯t must exceed the direct cost of the replacement. Taking account of the
deterministic decline in operating and capital costs, this condition is equivalent
to

°

r + ±
[1 ¡ e¡(r+±)(T¡t)] ¡ e¡(r+±)(T¡t) ¡ 1

e¹(t¡s) ¡ 1
¸ 0 (17)

Inequality (17) cannot be satis¯ed if (T ¡ t) is small, but for su±ciently large
(T ¡ t), the equality de¯nes a critical (t ¡ s) which is the age of capacity such
that replacement is pro¯table for all older vintages. It is noteworthy that the

an environment with technological uncertaintly, as in Appendix B. As currently practiced,
the price-cap is reduced at a ¯xed rate of productivity growth. However, to track e±cient
prices, a properly initialized price cap must fall at the rate of actual productivity growth.
This could be accomplished by indexing the price cap for an individual ¯rm to the rate of
productivity growth of the whole industry. As long as the individual ¯rm were small relative
to the industry, this preserves the incentive properties of price cap regulation to e±ciently
scrap high cost capacity. The problem of adjusting price caps to uncertain costs has been
studied by Armstrong and Vickers (1995) in a di®erent context.
18The fact that the rate base is typically kept track of during the price cap period suggests

that this may be a realistic assumption.
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incentive to scrap capacity does not depend on the price path itself, but only
on the price-cap horizon.

If the price-cap horizon is not long enough, then it will not be pro¯table to
replace any capacity at all. Even the most ancient vintage of capacity will go
not be replaced if

°

r + ±
[1 ¡ e¡(r+±)(T ¡t)] ¡ e¡(r+±)(T ¡t) � 0

or, equivalently,

T ¡ t � ¡ 1

r + ±
ln

°

° + r + ±
(18)

Thus, a price-cap horizon that is too short will not have the intended e®ect of
stimulating cost reduction through replacement of obsolete capacity.

Assuming the price-cap horizon (T ¡ t) is su±ciently large, making (17) an
equality, de¯nes a critical vintage that is pro¯table to scrap. Totally di®eren-
tiating this equality gives

de¹(t¡s)

de¡(r+±)(T¡t)
=

° + r + ±

r + ±
[e¹(t¡s) ¡ 1]2

or, equivalently,

d(t ¡ s)

d(T ¡ t)
= ¡° + r + ±

¹
[e¹(t¡s) ¡ 1]2

e¡(r+±)(T¡t)

e¹(t¡s)
< 0 (19)

The expression (19) says that, as the price-cap horizon (T ¡ t) lengthens, it
is pro¯table to replace increasingly younger vintages. The derivative itself is
monotonically increasing, ranging from ¡1 as T ¡ t approaches the threshold
(¡ 1

r+± ln °
°+r+± ) when no replacement is pro¯table, and approaching 0 as T ¡ t

goes to in¯nity. An implication is that, for moderately sized price-cap horizons,
all capacity replacement is concentrated at the start of the price-cap period.
For longer price-cap periods, capacity replacement may continue for a time
within the price-cap period, but will cease once the remaining horizon becomes
su±ciently short. The above analysis leads to the following theorem:

Theorem 3 Assume that the length of a price-cap period is T , and that the ¯rm
is guaranteed a competitive return on its rate base at the end of the price-cap
period. Then the following holds: (i) The ¯rm's incentive to buy new capacity
and retire existing capacity does not depend on the path of prices, (ii) If T
is su±ciently small, the ¯rm has no incentive to retire capacity, (iii) If T is
su±ciently large, then the ¯rms' incentives to buy new capacity and retire old
capacity are approximately e±cient, (iv) For moderate lengths of T , capacity is
retired only at the early stages of the price-cap period.
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5 Discussion

In the United States, rate-of-return regulation has prevailed as a method of
regulating telecommunications for much of the century. Beginning in the 1980's
price-cap regulation gradually became ascendant. Now, particularly since the
passage of the 1996 Telecommunications Act, there are emerging new forms
of wholesale price regulation based on forward-looking cost concepts. It is
reasonable to interpret forward-looking economic cost as long run marginal cost,
including the user cost of capital, as interpreted in our models and consistent
with Salinger's (1998) de¯nition. It may also be reasonable, given the explosion
of the internet, to assume (at least for now) growing demand and continuing
technological progress, as we do in our basic models.

There seems to be a consensus that assets were underdepreciated under rate-
of-return regulation. The conventional wisdom is that regulators felt short-
term political pressures to keep rates low. Our models suggest that, as a
consequence, with ongoing technological progress, historical costs, as re°ected
in the rate base, eventually became high relative to forward looking economic
cost. This appears to be the case based on rate proceedings in various states.
Thus, perhaps paradoxically, a political motivation to keep prices low may have
resulted ultimately in excessively high prices.

As we argued section 3, rate-of-return regulation provides little incentive for
plant and equipment replacement. Price-cap regulation was motivated largely
by its incentive properties for cost reduction. When price is exogenous, the
¯rm has better incentives to minimize cost by making timely capital replace-
ment decisions. In the wake of price-cap regulation, there does appear to have
been substantial new investment in capital equipment, as telecommunications
¯rms adopted ¯ber optic and digital technologies (see Greenstein, McMaster
and Spiller (1995)).

Price-cap regulation might have been an opportunity to establish e±cient
prices based on long-run marginal cost. However, price-cap and related incen-
tive regimes generally were adopted voluntarily, and, therefore, were structured
to recover historical costs. In many cases, price caps were set to decline faster
than the estimated rate of productivity improvement or were initialized at some-
what below current prices. In these cases, it is likely that prices turned out
to be lower than they would have been under rate-of-return regulation, but the
regulated ¯rms nevertheless were adequately compensated by the returns from
the cost e±ciencies that resulted from price-cap incentives.

The Telecommunications Act placed important new obligations on incum-
bent local exchange carriers (ILECs). In particular, ILECs are required to
provide unbundled network elements at cost-based rates. In a controversial
regulation, the FCC required the ILECs to provide the entire platform of net-
work elements - essentially enabling the resale of existing services - at wholesale
prices based on forward looking costs. Subsequently, the U.S. 8th Circuit
Court determined that the Act did not require the wholesale provision of the
entire platform of network elements, and that the FCC lacked jurisdiction over
the pricing of unbundled elements. Recently, the Supreme Court has vacated
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the 8th Circuit decision, and restored the FCC's authority to establish a pricing
methodology for network elements, but quali¯ed that ILECs were only obligated
to provide network elements that were essential for competition.

One possible interpretation of the FCC pricing rule is that it was an attempt
to restore e±cient pricing of retail services. In our model, this would appear
to create a stranded-costs problem. In reality, this is not so clear. In addition
to placing unbundling requirements on the ILECs, the Act also removed certain
line-of-business restrictions on the Bell Operating Companies (BOCs). In par-
ticular, the BOCs will be able to enter long distance markets once they have
opened their local markets to competition to the satisfaction of the FCC. It is
possible that the expected pro¯ts from these new lines of business adequately
compensate the ILECs for any stranded costs that might result in a transition
from price-cap regulation to wholesale-price regulation based on a forward look-
ing cost pricing methodology. To the extent that there are remaining stranded
costs in need of recovery in the transition to a new regulatory regime, our anal-
ysis indicates that these should be recovered by sales taxes based on standard
Ramsey principles.
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6 Appendix A: Proof of Theorem 1

The ¯rst order conditions of the optimal investment problem with respect to
X(0) and x(¿) have an identical structure:
Z 1

¿

e¡r¿¡±(t¡¿)u(t; ¿)f[1 + ¸ ¡ ¸

²
]p(t) ¡ (1 + ¸)c(¿)gdt ¡ e¡r¿ (1 + ¸)q(¿) = 0

for all ¿ ¸ 0. Moreover, from the ¯rst order conditions for u(¿ ; t), it easy to
show that an optimal utilization function takes on two values: either 0 or 1. In
particular,

u(t; ¿) = 1 if [1 + ¸ ¡ ¸

²
]p(t) ¡ (1 + ¸)c(¿) ¸ 0

u(t; ¿) = 0 otherwise

Assuming that p(t) is decreasing, there exists a scrapping date for capital of
vintage ¿ such that u(t; ¿) = 1 for ¿ � t � ¿ + ¢(¿) and u(¿ ; t) = 0 for
t > ¿ + ¢(¿). Clearly, ¢(¿) satis¯es

[1 ¡ ¸

(1 + ¸)²
]p(¿ + ¢(¿)) = c(¿)

and we can rewrite the ¯rst order conditions for investments as
Z ¿+¢(¿)

¿

e¡rt¡±(t¡¿)f[1 + ¸ ¡ ¸

²
]p(t) ¡ (1 + ¸)c(¿)gdt ¡ e¡r¿ (1 + ¸)q(¿) = 0

Interchanging t and ¿ , dividing by e¡rt, and di®erentiating this with respect to
t gives

¡f[1 + ¸ ¡ ¸

²
]p(t) ¡ (1 + ¸)c(t)g + (1 + ¸)(r + ±)q(t)

¡(1 + ¸) _c(t)

Z t+¢(t)

t

e¡r¿¡±(¿¡t)d¿ ¡ (1 + ¸) _q(t) = 0

and rearranging and substituting ¹ gives

[1 ¡ ¸

(1 + ¸)²
]p(t) = c(t) + (r + ± + ¹)q(t) ¡ ¹c(t)

Z t+¢(t)

0

e¡(r+±)¿d¿ (20)

with ¢(t) satisfying

[1 ¡ ¸

(1 + ¸)²
]p(t + ¢(t)) = c(t): (21)
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Equations (20) and (21) are solved simultaneously to determine p(t) and ¢(t),
and it must be checked that p(t) is decreasing at this solution.

Substitution of, c(t) = °q(t) into equations (20) and (21) gives (5) for a
constant ¢ satisfying

[1 ¡ ¸

(1 + ¸)²
]p(¢) = °q(0): (22)

Clearly, p is declining at the same rate as q. Since q is declining at rate ¹, we
have from (20):

[1 ¡ ¸

(1 + ¸)²
]p(¢) = [° + r + ± + ¹ + °¹

Z ¢

0

e¡(r+±)¿d¿ ]e¡¹¢q(0)

= [° + r + ± + ¹ + °¹
1 ¡ e¡(r+±)¢

r + ±
]e¡¹¢q(0)

Substituting from (22) for p(¢) gives condition (6),which has a unique solution
in ¢:

7 Appendix B: Technological uncertainty

We examine the model when technological progress is uncertain and technolog-
ical improvements arrive according to a Poisson distribution. For simplicity we
maintain the assumption that ¯xed costs are zero. Ramsey principles would
apply for the recovery of ¯xed costs analogously to the deterministic model.
That is, the percentage price markup above the long run marginal is inversely
proportional to the elasticity of demand. In the model below with no ¯xed cost,
price is simply equal to long run marginal, for which we derive the formula.

Consider an in¯nite sequence of dates ftig determined by a Poisson arrival
process with a constant hazard rate ¸ > 0. The initial date is t0 = 0. Corre-
sponding to these dates is a decreasing sequence of operating costs and capital
equipment costs, fci; qig, satisfying

(ci; qi) = ((1 + ®)ci+1; (1 + ®)qi+1) (23)

for some constant ® > 0. Since both cost elements are declining at the same
rate, we have ci = °qi for a constant ° ¸ 0. We assume that the cost structure
for new capacity acquired at a date t 2 [ti; ti+1) is (c(t); q(t)) = (ci; qi). Thus,
the expected rate of productivity growth in this model is

¹ = ¸
®

1 + ®
: (24)

We refer to each ti as an innovation date, and to the time between innovation
dates as an innovation period.

The social welfare has the same structure as in the deterministic model.
It is given by (3), with X(t) and C(t) de¯ned by (1) and (2) respectively.
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The di®erence here is that c(t) and q(t) decline stochastically. Therefore, the
relevant objective function for the social planner is expected social welfare,
with expectations taken over the sequence of innovation dates. Moreover,
optimal investment and utilization paths are conditioned on the evolving history
of innovations.

Theorem 4 When technological progress is uncertain, (having a Poisson dis-
tribution,) the optimal investment path implies that p(t) = pi for t 2 [ti; ti+1)
with

pi ¡ ci = (r + ± + ¹)qi (25)

+¹ci(
1

r + ± + ¸
)

n¡2X

m=0

(
¸

r + ± + ¸
)m

+(
¸

r + ± + ¸
)n[pn+i ¡ ci+1]

and

pn¡1+i ¸ ci ¸ pn+i: (26)

for some integer n. The optimal utilization path satis¯es u(t; ¿) = 1 if p(t) ¡
c(¿) ¸ 0 and u(t; ¿) = 0 otherwise.

Proof. Choosing an investment and capacity retirement path that maxi-
mizes expected social welfare implies a sequence of prices fpig such that p(t) = pi

for t 2 [ti; ti+1), and

n¡1X

m=0

Efe¡(r+±)tmgEf1 ¡ e¡(r+±)(tm+1¡tm)g
r + ±

[pm+i ¡ ci] = qi (27)

where expectations are over the sequence of innovation dates. The ¯rst order
conditions show that price is constant within an innovation period, due to the
stationarity of the Poisson process. The ¯rst order condition for optimal uti-
lization at each date implies that the capacity replacement cycle is determined
by (26). Capacity is retired after n innovation periods. Equation (27) is a
competitive break-even condition stating that expected discounted cash °ow
over the life of an asset exactly covers its acquisition cost.

Substituting

Efe¡(r+±)tmg = (
¸

r + ± + ¸
)m

and

Ef1 ¡ e¡(r+±)(tm¡tm¡1)g
r + ±

=
1

r + ± + ¸
(28)
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into (27) gives

1

r + ± + ¸

n¡1X

m=0

(
¸

r + ± + ¸
)m[pm+i ¡ ci] = qi: (29)

Subtracting

nX

m=1

(
¸

r + ± + ¸
)m[pm+i+1 ¡ ci+1] = ¸qi+1

from each side of (29), and rearranging gives

pi ¡ ci = (r + ±)qi + ¸(qi ¡ qi+1) (30)

+(ci ¡ ci+1)
n¡1X

m=1

(
¸

r + ± + ¸
)m

+(
¸

r + ± + ¸
)n[pn+i ¡ ci+1]:

Using (23) and (24) gives (25).19

The theorem has a straightforward interpretation which parallels closely that
for the deterministic model (Theorem 1). As in the deterministic model, ca-
pacity is scrapped when price drops below its operating cost. In the Poisson
model, each vintage of capacity is scrapped after n innovation periods. Price
is constant between innovations and drops discretely with the arrival of each
innovation. The term (r + ± + ¹)qi in the pricing formula of the proposition
is the counterpart of the user cost of capital for the basic deterministic model
with neither operating costs nor ¯xed costs (° = 0 and F = 0), except that here
¹ must be interpreted as the expected rate of productivity growth.

The term

¹ci(
1

r + ± + ¸
)

n¡1X

m=0

(
¸

r + ± + ¸
)m = ¹ciEtn¡1

f
Z tn¡1

0

e¡(r+±)¿d¿g

is the counterpart of the operating improvement term of the deterministic model
with declining operating costs. It equals the expected present value of operating
improvements resulting from delaying the marginal investment, and re°ects the

19Equation (30) is an (n¡1) order linear di®erence equation in pi. The solution is obtained
by assuming that pm+i =

1
(1+®)m

pi, and substituting and solving to obtain

pi =
1

[1 ¡ ¸n

(r+±+¸)n(1+®)n
]

£f[1 + ¹

r + ±
][1¡ ¸n

(r + ± + ¸)n
] + r + ± + ¹gqi (31)

which veri¯es that pi indeed declines at rate
®

1+®
. This closed form solution is hard to

interpret directly, but does enable numerical comparative statics.
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fact that an operating improvement is an uncertain prospect that occurs only if
delay results in a discrete improvement. The likelihood of such an improvement
is ¸, and the consequence is to reduce operating costs of new capacity by an
amount ®

1+®ci; therefore, the expected reduction of operating costs over an

interval of size d¿ is ¹ci. The term Etn¡1f
R tn¡1

0
e¡(r+±)¿d¿g recognizes that

the value of the operating cost improvement accrues over a random period of
length tn¡1, which is the time it takes for the remaining (n ¡ 1) innovation
periods of the asset's life.

The last term,

(
¸

r + ± + ¸
)n[pn+i ¡ ci+1]; (32)

re°ects the fact that, in the event of a technological advance, a new vintage
of capacity will earn a return over an additional innovation period compared
to the economic life of the previous vintage. This is something of a nuisance
term. In view of (26) this term is bounded above by ®

1+® ( ¸
r+±+¸ )nci. Clearly,

this bound goes to zero as ® goes to zero. Holding ¹ constant, a small value
of ® corresponds to frequent small innovations. Indeed, for a given ¹, the
model converges to the deterministic case in the limit as ® goes to zero.20

However, even if ® is not small, a numerical analysis shows that ®
1+®( ¸

r+±+¸)n is
approximately zero for reasonable parameter values. This is because, for a given
rate of expected technological progress ¹, the arrival rate of new technology ¸
becomes small as the size of the innovation ® becomes large. Thus, we conclude
that, typically,

pi ¡ ci

qi
¼ r + ± + ¹ + ¹°(

1

r + ± + ¸
)

n¡1X

m=0

(
¸

r + ± + ¸
)m (33)

Moreover, for given values of the other parameters, it can be shown analytically
that there is an interval of values for ° that support a given replacement cycle
of size n, and approximation (33) becomes exact as ° goes to the upper bound
of this interval. Thus, for any positive integer n, there exist parameter values
such that the optimal pricing formula under uncertainty is the exact analog of
the pricing formula for the deterministic case.21

20We thank Roy Radner for pointing this out to us.
21This approximation indicates that technological uncertainty tends to lower the path of

prices compared to deterministic progress at the same expected rate. This is due to a version
of Jensen's inequality which states that the expected present value of foregone operating
cost improvements in the Poisson model exceeds the present value of foregone operating cost
evaluated at the expected life of assets, i.e. if ¢ is the random life of assets then

Ef
Z ¢

0
e¡(r+±)¿d¿g <

Z Ef¢g

0
e¡(r+±)¿ d¿

This conclusion can be veri¯ed with numerical analyses.
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8 Appendix C: Demand uncertainty

The following analysis is adapted from Dixit and Pyndyck (1994). To introduce
demand uncertainty, we specify the inverse demand curve

p = Y X¡µ

where µ = 1
² is the inverse demand elasticity, and Y is a geometric Brownian

motion with drift parameter ® and variance parameter ¾. We assume that the
only costs are the costs of acquiring new capacity, and that the price of new
capacity, q, declines deterministically at rate ¹. In particular, there are no
additional operating costs (° = 0) or ¯xed costs (F = 0), and no technological
uncertainty. However, we do allow for positive depreciation (± > 0). It is as-
sumed that the interest rate (r) is su±ciently large that the optimal investment
problem is well-de¯ned.

The solution to the optimal investment problem establishes a ceiling on the
price ratio y = p

q
. Positive investment keeps price from rising above the ceiling.

When price drops below the ceiling, due to negative demand shocks, investment
in new capacity is zero. More precisely, the optimal investment and price path
is characterized by the following complementary slackness conditions

p � (r + ± + ¹ +
¾2¯

2
)q

_X + ±X ¸ 0

[(r + ± + ¹ +
¾2¯

2
)q ¡ p][ _X + ±X] = 0

where ¯ is the positive root of the quadratic equation

¾2

2
¯(¯ ¡ 1) + (® ¡ ¹ + ±µ)¯ ¡ (r + ± + ¹) = 0

In other words, optimal investment equates prices to the user cost of capacity

(r + ± + ¹ + ¾2¯
2 )q. If price falls below the user cost of capacity, then it is

optimal not to invest. The user cost of capacity has an upward adjustment

to account for demand uncertainty. This additive adjustment is equal to ¾2¯
2 .

The parameter ¯ is itself a function of ¾ and other parameters. However, it
is straightforward to show that ¾2¯ is monotonically increasing in ¾, is zero
when ¾ = 0, and goes to in¯nity as ¾ goes to in¯nity. Thus, increased demand
uncertainty raises the path of prices under an optimal investment plan, possibly
substantially.

We sketch the argument for characterizing the threshold value of y = p
q

that
triggers positive investment The state of the market at any date is a triple
(Y;X; q). There will be a region of the state space where it is optimal for
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no investment to take place. The value function over this region of inaction is
denoted V (Y;X; q). It makes sense that the value function is homogeneous of
degree one in Y and q, in which case

V (Y;X; q) = qv(z;X)

where Z = Y
q
. Bellman's Principle and Ito's Lemma imply

(r + ¹)v =
ZX1¡µ

1 ¡ µ
+

Z2¾2

2
vZZ + (® ¡ ¹)ZvZ ¡ ±XvX

over the interior of the zero-investment region. Now de¯ne f = vX .and observe
that

(r + ± + ¹)f = ZX¡µ +
Z2¾2

2
fZZ + (® ¡ ¹)ZfZ ¡ ±XfX

Suppose that

f(Z;X) = g(y)

where

y = ZX¡µ

Then

(r + ± + ¹)g = y +
y2¾2

2
g00 + (® ¡ ¹ + ±µ)yg0

The solution to this di®erential equation has the form

g(y) = By¯ +
y

r ¡ ® + 2¹ + (1 ¡ µ)±

where it is assumed that r > ® ¡ 2¹ ¡ (1 ¡ µ)±. The value-matching and
smooth-pasting conditions imply that the ceiling value of y at the boundary of
the inactive region is

y¤ =
¯

¯ ¡ 1
[r ¡ ® + 2¹ + (1 ¡ µ)±]

The quadratic equation for ¯ can be rewritten as

¾2

2

¯

r + ± + ¹
+ 1 =

r ¡ ® + 2¹ + (1 ¡ µ)±

r + ± + ¹

¯

¯ ¡ 1

whence

y¤ = r + ± + ¹ +
¾2¯

2
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Thus, the optimal investment and price path is characterized by the comple-
mentary slackness conditions

p � y¤q

_X + ±X ¸ 0

[y¤q ¡ p][ _X + ±X] = 0
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