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Abstract

This paper revisits the asymptotic theory of GMM when the moment conditions identify a
unique parameter true value #° but the rank condition of the Jacobian matrix at #° fails. The
possibility in case of nonlinear moment restrictions of such simultaneous global identification but
first order under-identification has already been pointed out by Sargan (1983). The contribution
of this paper is to provide a general asymptotic theory when one can maintain an assumption of
second order identification. While this issue has been addressed in a maximum likelihood context
by Lee and Chesher (1986) and Rotnitzky, Cox, Bottai and Robbins (2000), we set the focus on
the asymptotic behaviour of the GMM overidentification test statistic Jr. We show that with H
moment conditions, when the Jacobian matrix of the moment conditions evaluated at 6° is of rank
p—1, where p is the number of parameters, the asymptotic distribution of Jr is a half-half mixture
of x3;_, and X?—I—(p—l instead of the standard x7; _,. In other words, the distribution of Jr for
large sample sizes T has fatter tails, leading to over-rejection of the null of valid moments when
using standard critical values. The practical significance of this oversize problem is illustrated by
Monte Carlo experiments in the context of a test for common GARCH features proposed by Engle
and Kozicki (1993).
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1 Introduction

Generalized Method of Moments (GMM) provides a computationally convenient method for inference
on the structural parameters of economic models. The method has been applied in many areas of
economics but it was in empirical finance that the power of the method was first illustrated. Hansen
(1982) introduced GMM and presented its fundamental statistical theory, Hansen and Hodrick (1980)
and Hansen and Singleton (1982) showed the potential of the GMM approach to testing economic
theories through their empirical analyzes of, respectively, foreign exchange markets and asset pricing.
In such contexts, the cornerstone of the GMM inference is a set of conditional moment restrictions.
More generally, GMM is well suited for the test of an economic theory every time the theory can be
encapsulated in the postulated unpredictability of some error term u(Y%, 0) given as a known function
of p unknown parameters § € © C RP and a vector of observed random variables Y;. Then, the
testability of the theory of interest is akin to the testability of a set of conditional moment restrictions

that takes the form
By (u(Yii1,60) = 0 (1)

where the operator Ej(.) stands for the conditional expectation given the available information at time
t. Moreover, under the null hypothesis that the theory summarized by the restrictions (1) is true,
these restrictions are supposed to uniquely identify the true unknown value 6° of the parameters. The
GMM way to proceed is to consider a set of H instruments z; assumed to belong to the available
information at time ¢ and to summarize the testable implications of (1) by the implied unconditional

moment restrictions

E (Zt X U(Y;H—lv 00)) =0 (2)

The recent weak-instruments literature (see e.g. Stock and Wright (2000)) has stressed that the
standard asymptotic theory of GMM inference may be misleading due to the insufficient correlation
between the instruments z; and the local explanatory variables Ou(Y;i1,6°)/00'. Many asset pricing
applications of GMM are focused on the study of a pricing kernel as provided by some financial theory.
This pricing kernel will be typically either a linear function of the parameters of interest, as in linear-
beta pricing models, or a log-linear one as in most of the equilibrium based pricing models where
parameters of interest are preference parameters. In all these examples, the weak instrument problem
simply relates to some lack of predictability of pricing factors from some lagged variables.

We rather focus in this paper on the predictability of some polynomial functions like conditional
variance, skewness, kurtosis or any conditional higher order moments. The resulting non-linearity
with respect to the parameters of interest is then likely to cause a different kind of weak identification
issue. To see this, let us informally assume that, for some given exponent n > 1, the error term in (1)
is

u(Yiq1,0) = 0" (Yir1,0) = 8 (3)

While the vector of unknown parameters is § = (o/, 3’), the main focus of our interest is the existence



of some true unknown value a® making v™(Y;1 1, a”) unpredictable. This predictability issue is at stake
to understand the time variability of risk premiums (n = 2), of skewnesss compensation (n = 3), etc.
When addressing the issue of multivariate dynamic modeling of higher order moments, the researcher
will typically try to capture the commonality of these conditional moment dynamics through some
common factors. The validity of the conditional moment restrictions (1) in the context (3) is precisely
tantamount to the possibility of reduced rank dynamic modeling through some common factors (see
e.g. Doz and Renault (2006) and references therein). The problem with the standard GMM inference in

this context is that the focus on the correlation between the instruments z; and the variables %

8’0(}/"«4*1 7040)

is indeed misleading. In particular, the genuine local explanatory variables are now ——3zt— rather
0 0
than % = nv”fl(YtH,ao)%. The difference is important because intuitively (see

Section 5 for a formal proof), in the context of a data generating process with common factors, the
unpredictability of v™(Y;; 1, a?) is likely to cause a lack of predictability of v"~!(Y;,1,a?) and in turn

8U(YVt+1 790)
a6’

a weak correlation between the instruments z; and . In other words, we face a kind of weak

identification problem not because the phenomenon of interest is weakly identified (the instruments

z¢ and some polynomial function of the genuine local explanatory variables W

are strongly
correlated) but because the standard GMM asymptotic theory does not set the focus on the right
object.

The main contribution of this paper is to derive the asymptotic distribution of the Hansen’s (1982)
Jr test statistic for overidentification in Equation (2) while the standard theory does not apply due to a

. . . . . Ou(Yiq1,0°
rank deficiency in the covariance matrix between instruments z; and %

. Following the intuition
above, the correct derivation of the asymptotic distribution of the test statistic under the null (2) rests
upon a non-singularity assumption about a polynomial function of parameters built from the covariance
matrix between the instruments and some polynomial functions of the genuine local explanatory
variables. This polynomial function is the relevant local approximation of the moment conditions
as produced by their higher order Taylor expansions. In this paper, we put a special emphasis on
predictability of conditional variances (n = 2) and then, the asymptotic theory rests upon a second
order identification condition (identification through the second derivative of moment conditions) when
first order identification fails. The generalization of this approach to higher orders (n = 3,4, ...) would
be conceptually straightforward, possibly at the price of tedious matricial derivation formulas. The
key conclusion is that the common use as a critical value of a quantile of chi-square with a number
of degrees of freedom equal to the dimension of z; ® u(Yiy1,6), say H (assuming to simplify a real
valued error term u(Y;y1,6),) minus the dimension p of the vector 6 of unknown parameters may
lead to severe over-rejection. The intuition is the following. Since the full informational content
of the moment restrictions (2) is displayed only when considering higher order derivatives (order 2
or more), higher order Taylor expansions may give a negligible weight to parameter uncertainty by
considering higher order powers of (éT —0") (where O7 is a GMM estimator). Therefore, we must see

the asymptotic distribution of the Jr statistic under the null as a mixture of chi-square distributions



with degrees of freedom (H —p;),i = 1,2, ..., with p;y < pr—1 < ... < p1 < p instead of (H —p). Hence
the over-rejection implied by the use of chi-square (H — p) to compute critical values.

The valid asymptotic theory is actually more involved since the lack of first order identification has
also an impact on the rate of convergence of GMM estimators. In this respect, our asymptotic theory
generalizes the work of Sargan (1983) who had been the first, in the context of instrumental variables
regression, to note that in case of non-linearity with respect to the parameters, global identification
might come with first order lack of identification. Like Sargan (1983), we derive our asymptotic results
by assuming that there is a set of parameters with respect to which the first derivative of the moment
conditions is always of full rank and a set of remaining parameters with respect to which the first
derivative is null at the true value of the parameters. We refer to the first set of parameters as those
identified at first order while the other ones will only be second order identified. Our framework
generalizes Sargan (1983) in particular because we allow for any number of first order non-identified
parameters. We find that not all the components of the GMM estimator have the same rate of
convergence. The components that are only second order identified may converge only at rate T0/4
while the square-root convergence is warranted for first order identified parameters, although the limit
distribution is not normal. Our main contribution is to show that the asymptotic distribution of the Jr
statistic is still based on chi-square distributions but through mixtures of them, with possibly different
number of degrees of freedom larger than the standard (H — p). The reason is that, even parameters
which are only second order identified may be consistently estimated at rate T%/2 in some parts of the
sample space. In this case, parameter uncertainty becomes negligible when squared in second order
Taylor expansions and the corresponding dimensions should no longer be subtracted from H in the
computation of degrees of freedom.

A similar partition of the sample space according to different rates of convergence has been put
forward by Rotnitzky, Cox, Bottai and Robins (2000) in the context of likelihood-based inference with
singular information matrix. In this latter context too, Lee and Chesher (1986) had already noted
that valid inference may resort to higher order Taylor expansions. Since likelihood-based inference
can always be nested in a GMM framework by focusing on first order conditions, our setting encom-
passes the former ones. However, our main issue of interest on testing for overidentification is not
addressed by likelihood-based inference. Moreover, the standard weak identification literature does
not provide a solution. As stressed by Antoine and Renault (2009), when all parameters are identified
but some rates of convergence may be as slow as T/, neither the standard GMM asymptotics nor
the weak instruments asymptotics (Kleibergen (2005)) allow to characterize the relevant asymptotic
distributions.

We provide a numerical illustration in the context of factor models of multivariate conditional
heteroskedasticy as previously studied by Diebold and Nerlove (1989), Engle and Susmel (1993),
King, Sentana and Wadwhani (1994), Fiorentini, Sentana and Shephard (2004) and Doz and Renault
(2006) among others. In this context, as first enhanced by Engle and Kozicki (1993), testing for a



factor structure may go through testing for common features, that is for the existence of portfolio
returns whose conditional variance is time-invariant. Therefore, this issue fits well within our general
framework of conditional variance predictability. This leads us to point out that the factor structure
may invalidate the common chi-square critical value for the corresponding overidentification test. The
correct mixture of chi-square distributions may have significantly larger tails, leading the standard
test to severe over-rejection, especially in large samples.

The paper is organized as follows. In Section 2, we introduce the first order and the second order
identification concepts and show how they have already been at stake in the selectivity bias literature.
In Section 3, we discuss the impact of lack of first order identification on rates of convergence of
extremum estimators by generalizing the approach of Sargan (1983) and Rotnitzky, Cox, Bottai and
Robins (2000) as well. The implied non-standard asymptotic behaviour under the null of the Jr test
statistic for overidentification is studied in Section 4. In Section 5, we apply this theory to the device
of a test for common GARCH features. A Monte Carlo study in Section 6 compares the properties of
our new testing approach with the test proposed by Engle and Kozicki (1993). The main proofs are
gathered in an Appendix.

Throughout the paper ||.|| denotes not only the usual Euclidean norm but also a matrix norm
|A|l = (Trace(AA’))/2. By the Cauchy-Schwarz inequality, it has the useful property that, for any

vector x and any conformable matrix A, ||Az|| < || Al|||z||.

2 First order underidentification and second order identification
2.1 General framework

We consider a general minimum distance estimation problem of an unknown vector 6 of p parameters

given as solution of H estimating equations

p(6) = 0. (4)

These estimating equations are assumed to identify the true unknown value #° of 8 by to the following

assumptions

Assumption 1 (Global Identification). p(8) = {pn(0)}}1<n<m is a continuous function defined on a
compact parameter space © C RP such that for all 0 in ©, p(f) =0 < 6 = 0V.

Assumption 1 is maintained for the sake of expositional simplicity even though it could be easily
relaxed by only assuming that 6, is a well-separated minimum of norm of p(6) (see Van der Vaart
(1998, p. 46)).

For the purpose of minimum distance estimation, a data set of size T' will give us some sample
counterparts of the estimating equations. More precisely, with time series notations, we consider that
with a sample size T, corresponding to observations at dates t = 1,2,...,7T and for any possible

value 6 of the parameters, we have at our disposal a H-dimensional sample-based vector ¢, (6) =



{¢n7(0)}1<n<m. In most cases, minimum distance estimation is akin to GMM estimation because

¢r(0) is obtained as a sample mean

Gr(6) = 7> 0u(0) o)

In any case, we define a minimum distance estimator for a given sequence of weighting matrices.

Definition 2.1. A minimum distance estimator 67 of 0 is defined as solution of
-, _
i 0)Q 0
lgélél¢T( )Qrdr(0),

where Qp is a sequence of symmetric positive definite matrices which converges when T goes to infinity

to 2, a positive definite matriz.

The asymptotic properties of a minimum distance estimator are classically deduced from the

asymptotic behaviour of the sample counterpart ¢, (6) of the estimating equations.

Assumption 2 (Well-behaved moments). (a) ¢5(0) converges in probability to p(6), uniformly in
0 € ©; (b) VT ¢1(60°) converges in distribution to a normal distribution with mean 0 and non-singular

variance matriz X(6°).

It is well-known (see e.g. Amemiya (1989)) that Assumption 2.a implies that any minimum distance
estimator O is weakly consistent for §°. The asymptotic distribution of Or is then usually deduced
from a Taylor expansion of the first order conditions

91 5 =
W(QT)QT\/sz)T(QT) =0. (6)

Of course, this kind of approach is based on the maintained assumption below.

Assumption 3 (Differentiability of estimating equations). ¢, (0) and p(6) are continuously differen-
tiable on the interior © of ©, 0° € © and 8y (0)/00" converges to dp(6)/00', uniformly on 6 € ©.

2.2 Local identification

The classical local condition for identification is that the matrix
2 (0°)

oo’
is of rank p. This allows to interpret the first order condition (6) as asymptotically picking p in-
dependent linear combinations of the overidentifying estimating equations. This plays a crucial role
in the standard asymptotic distribution theory of GMM because it allows to see VT (A — 6°) as
asymptotically equivalent to a linear function of the Gaussian vector vTor(8°).

The purpose of this paper is to relax the standard first order condition for local identification. For
that purpose, we need to ensure the validity of second order Taylor expansions by maintaining the

following assumption.



Assumption 4 (Higher order regularity of the estimating equations). (a) For all v in the null space of
dp(6°)/06', VT (8¢7(6°)/00') v = Op(1); (b) ¢r(0) and p(0) are twice continuously differentiable on
the interior © of © and for allh =1,2,...,H, 8¢y 1(0)/0000" converges to 8*pp,(0)/0000', uniformly
on 6 € O.

Like Kleibergen (2005) we need in particular to complete the central limit theorem for the moment
conditions by a similar assumption about the limit behaviour of the Jacobian matrix of these moment
conditions.

Our new local identification assumption is then

Assumption 5 (Second order identification). For all u in the range of %—’2(00) and all v in the null

space of %(90), we have

2
(5 )ut (v e (00)U>1gth =0 )= (u=0v=0).

The standard first order identification condition amounts to assume that the null space of %(90)

is reduced to the null vector. In this case, the range of %/;’(90) is R? and for all u € RP,

9p o
In other words, our local identification Assumption 5 contains the standard assumption as a particular
case.

The following toy example gives the intuition of the relevance of this more general local identifica-

tion assumption.
Example 2.1. (A toy example)

Assume we observe two stationary and ergodic time series, x; and v, t = 1,2,...,T of real random
variables with well-defined moments F (:U?yf), a=1,...,6, b =1,2. We want to characterize two

parameters 61 and 6 solution of the three following overidentified moment conditions

p1(0) = E((yr — bha)ze) =0 (7)
p2(0) = E (g — br2)zf) =0 (8)
p3(0) = E ((ye — baw)*x;) = 0. 9)

These conditions have been discussed by several authors within the framework of the market model
for asset pricing (Sharpe and Lintner’s CAPM). In this context, y; and x; stand for net asset returns,
in excess of the risk free rate: x; is the net market return while 3 is a net return on another risky
asset whose market beta coincides, under the maintained assumption of the validity of CAPM, with
the parameter ¢, defined by (7). Then, the overidentifying moment restriction (8) will be fulfilled in

particular if the affine regression of the individual asset return on the market return coincides with



the conditional expectation (linear market model). Mackinlay and Richardson (1991) have stressed
the importance of the validity of the joint system of three conditions (7), (8), and (9) with 6; = 6
for the validity of the common test of CAPM (or equivalently mean-variance efficiency of the market
return) based on normality of returns. Otherwise, the contemporaneous cross sectional conditional
heteroskedasticity of idiosyncratic risk implied by the violation of (9) with 6; = 65 invalidates the stan-
dard test and requires an adjusted weighting matrix for a correct GMM-based test. Bakshi, Kapadia
and Madan (2003) and Engle and Mistry (2007) have also used this assumption of contemporaneous
homoskedasticity of idiosyncratic risk in order to put forward a decomposition of individual skewness
between systematic and idiosyncratic sources. Of course, these discussions are more practically rele-
vant when considering a bunch of individual risky assets with an individual market beta for each of
them. However, for the purpose of this toy example, one can focus without loss of generality on one
given risky asset besides the market return. A generalization to a multivariate y; would be easy.

The key remark is actually that, for some plausible data generating processes (DGPs), the joint
overidentified system of equations (7), (8), and (9) will identify a unique true unknown value 69 =

(69,69) such that 89 = 69 . To see this, let us rewrite (9) as:
O3 (27) — 202E (x7ye) + E (z1y7) = 0. (10)

By (8), E (x;?) =0=F (xfyt) = 0 and then 65 is not properly defined by (10)) or equivalently (9).
We must then maintain the assumption E (xf) # 0 and consider (9) as a second degree equation to
define the parameter 5. Note that in case of a nonnegative variable x;, the Cauchy-Schwarz inequality
would imply that equation (10) has either no solution or only one solution when this inequality is an
equality, that is

(B (a2y)}* = E (a}) E (x15?) . (11)
Of course, we do not want to maintain an assumption of nonnegativity for a net return like x; but, in
the spirit of the aforementioned financial literature, it makes sense to assume that the true unknown
values of the two parameters coincide and then, from (8),
E (fUt2 yt)

PERTEE

(12)

In other words, the aforementioned literature implicitly focuses on DGPs conformable to (11). Then:

—E (7) 0
0 t
8%,(90) — | —E () 0
0 —2E ((ys — 09x¢)a7)

with, by (12), E ((y¢ — #92¢)27) = 0. Thus the standard first order condition for identification is
violated and the null space of %(00) is spanned by the vector (0,1)".

However,
p1 0y _ Pp2 g 0 0
A A < 0 0 )




and

9%ps3 (6" = 0 0

9000’ 0 2B(zf) )

In other words, the second order identification assumption states that for all u = (uy,0), and v =
(O) v?)lv

—EB(z?) 0
uy | —E(x}) | + 203 0 =0]=(u=v=0).
0 E(x})

In other words, Assumption 5 is fulfilled if and only if E(x}) # 0.

Note that, since in this example the estimating equations are quadratic with respect to the unknown
parameters, second order identification is tantamount to global identification.

The key feature of the local identification Assumption 5 is, by contrast with the standard first order
identification, to introduce quadratic equations. Lemma 2.1 below sets the focus on this quadratic
identification condition. This lemma will be crucial in the next section to see why only a rate of
convergence T4 may be warranted instead of 7'/2 as it is in the case of first order identification.
Note that the focus of interest of this paper is only the impact of these non-standard rates of conver-
gence on the GMM overidentification test. We do not address the likely lack of power issue resulting
from the above singularity for an econometrician who would like to test the moment condition (9) for
the purpose of a skewness decomposition a la Bakshi, Kapadia and Madan (2003). Of course, as it is
often the case, the singularity problem in the toy example above could also be fixed by an alternative
parameterization which would recognize that, when condition (11) is fulfilled, 6; = 62 is the only
parameter of interest. However, for the purpose of financial interpretation, it may be convenient to
disentangle the possible violation of conditions (8) and (9). Moreover, in many circumstances, the

well-suited reparameterization is not as obvious as in this toy example.

Lemma 2.1. Let P denote the orthogonal projection matriz on the range of %(00). Let M =1—P

be the orthogonal projection matrixz on the null space of %—%(00). Then Assumption 5 is equivalent to

each of the following conditions.

(a) For all v in the null space of %(90),

& pn
M <v’ (90)0) =0=0v=0.
0000’ \<h<H

(b) There exists a positive number ~y such that, for any v in the null space of %(00),

& pn
M (v (90)1))
H ( 06000 \<h<H

Example 2.2. (Testing for selectivity bias)

> vl

Consider the two-equation selectivity bias model examined by Lee and Chesher (1986)

yi=zif+u, i=1,...,N, (13)



yi=z2lv—¢e, i=1,...,N, (14)

in which z; (k1 x1) and z; (ko x 1) are values of exogenous variables and the vectors (u;,g;),7i=1,..., N,
are mutually independently normally distributed A(0,0,02,1,€), where ¢ stands for the correlation
coefficient. The variate y; is not observed but defines the binary indicator I;, related to y;, by
I; = 1 ifandonlyif y; >0,
= 0 ifandonlyif gy’ <O0.
The variable y; is observed only when y; > 0, i-e when I; = 1. To test whether there is selectivity
bias, we examine the hypothesis Hy : € = 0. The vector of unknown parameters is 6§ = (3,7, 02, &)’

and it is globally identified by the estimating equations of maximum likelihood

o0) =5 (25 0).

InL = le\il {(1 —I;)In(1 — ®(zlv)) — %Ii In(2702) — (1/202)L;(y; — a:;ﬁ)z

where

AN ((z;-fy — (&/o)(yi — @5))/@)} ’

where @ is the standard normal distribution function and ¢ is the standard normal density function.

The lack of first order identification then corresponds to the singularity of the Fisher information
ap 0 L,
—(0°)=FE 6°) | .
06’ (&%) ( 000'0 (&%)

Lee and Chesher (1986) show that it is the case under the null Hy when ¢(2/9°)/®(2/7°) is a linear

matrix since

function of x;. This may occur not only if z; is a constant while x; contains the constant variable
but more generally when z; contains only dummy variables and x; includes the same set of dummy
variables and their interaction terms. The intuition of this lack of first order identification is related
to the failure of the Heckman two-stage estimation of Equation (13) as noted by Melino (1982). Since,
for two-stage estimation, this equation is re-written, when I, = 1,

¢(zi9)
®(29)

yi = x;8 — ot + i, (15)

it does not allow to identify o€ in the aforementioned case. However Melino (1982) shows that the
score test for £ = 0 is asymptotically equivalent to the t-statistic associated with the coefficient o€ in
(15). The score test is then invalid, as expected in case of lack of first order identification. In such
a case, Lee and Chesher (1986) show that a properly devised likelihood ratio test of Hy amounts to
test for skewness of the disturbance Iu;. If £ # 0, the disturbance I;u; is not symmetric. Lee and
Chesher (1986) note that E (Izu?) is actually proportional to the third order directional derivative of

the log-likelihood computed in the direction of the null space of the Fisher information matrix. When

0 d?InL
875’(90) =k ( 0000’ (00)> ’

10

v # 0 is in the null space of




we must have with the Lee and Chesher (1986) notations (see p. 136)

if i denotes the coefficient of v in the directional derivative.
This condition, which is key for the validity of their likelihood ratio test, is exactly our second order

identification condition in a case where there is only one dimension of lack of first order identification.

3 Rates of convergence

Following Stock and Wright (2000), it is convenient to derive rates of convergence of minimum distance
estimators in presence of weak identification from a functional central limit theorem about the empirical

process of moment conditions. More precisely, we reinforce Assumption 2 by the following.

Assumption 6. VT (gi_)T(G) — p(G)) converges weakly with respect to the sup norm towards a Gaussian

stochastic process with mean zero on ©.

The crucial role of Assumption 6 is to provide a simple and general characterization of the rate of

convergence of p(fr).

Proposition 3.1. If Or is a minimum distance estimator conformable to Definition 2.1, we have,

under Assumption 1 and 6
@] = 0r (T717).

The proof of Proposition 3.1 is given in Antoine and Renault (2009) as an extension of the Stock
and Wright (2000) result. As announced, the second order identification assumption will allow to

deduce from Proposition 3.1 the minimum rate of convergence of Or.

Proposition 3.2. Under Assumptions 1 to 6

or — 0| = op (T714)

and for any « given in the range of %—’g(ﬁo),

o/éT — 0/90’ =0Op (Tﬁl/Q) .

The intuition of Proposition 3.2 is quite clear. If we could replace the p unknown parameters 6
by only r = Rank%—’g(ﬁo) independent linear combinations o/ which are all in the range of %(00),
we would be back to the standard asymptotic theory of GMM under first order identification and
we would get v/T-asymptotically normal estimators. Unfortunately, this is not feasible and due to
the lack of first order identification (r < p), we only ensure convergence at a slower rate T/%. Even

though existing faster rates in some specific directions may not be feasible, because we do not know

11



in practice the range of %—’;’(90), their characterization is important for the asymptotic theory of the
GMM overidentification test, which is the main focus of interest of this paper. For this purpose, it
is important to realize that even when some linear combinations /6 are slowly estimated (because «
does not belong to the range of %—'Z(QO)), o/ — o/6° may have a faster rate of convergence, actually
VT, in some specific parts of the sample space.

To see this, it is worth revisiting an argument put forward by Rotnitzky, Cox, Bottai and Robins
(2000). Their focus of interest is the maximum likelihood with singular information matrix which, as
explained in Example 2.2, can be seen as a particular case of our setting. They first give (see their
Section 3) some heuristics to state their result in a one-dimensional parametric model with zero Fisher

information at the parameter’s value. More generally, let us consider the following example.
Example 3.1. (One-dimensional parameter)

Let # € R be the parameter of interest. The first order lack of identification means

0
S5(6%) = 0.
The GMM objective function is Q7(8) = T¢4(0)Qrdr(0). Similarly to the expansion of the log-
likelihood considered by Rotnitzky et al (2000), let us consider the following Taylor expansion of
Qr.

Qr(0) = Qr(0")+ %G (6°)(0 — 0°) + § 53 (0)(0 — 0°)?

LOQr (99)(0 — 09)3 + L 29T (6°)(0 — 6°)* + O (6 — 6°)°) .
Since by Assumptions 2 and 4, vTér(0°) and \/T%(GO) are Op(1), the fact that [|fr — 6°] =
Op(T‘l/ 4) implies that the only possibly non-negligible terms in the above expansion computed at
07 are

Q1(0) ~ Qr(0)+ (k@0 Tor ) ) VT -0+ 1 (k000 G080 Tor -

In other words, Op is asymptotically equivalent to 6° + zp /Tl/ 4 where zp minimizes
Qr(z) = Qr(¢°) + ara® + bra’
with 2 1/ 277/ 2 1
ap = 0 CbT 16 d)T 0 (ZST
062 4 062 062
By the second order identification assumption, br is positive for large T'. Following Rotnitzky et

al (2000, p. 250), the intuition is then the following.

@) VTér(0°) and by = (09)Qr (6°).

If ap < 0, the minimum is reached at zp = + —‘;—;. Thus, we need that in the above expansion,

the two terms are of the same order of magnitude. Hence T 4(éT — 0Y) should be asymptotically

non-degenerate.

12



By contrast, when ar > 0, the minimum is reached at z7 = 0 and this allows a faster rate of conver-

gence making the second term negligible. In this part of the sample space, (éT —69) will be Op(T~1/?).

A precise statement would require a partition of the sample space which does not depend on the
sample size (as the condition ap > 0) but goes through weak convergence. Moreover, in order to
extend this inequality condition to a multiple parameter setting, we will simplify the notation by
assuming that the limit weighting matrix = plim Q¢ is the identity matrix. Note that we can
maintain this assumption without loss of generality since it is always possible to rescale the moments

or(0) as QlT/ Q(ET(Q). This rescaling is immaterial for the validity of Assumptions 1 to 6.

Proposition 3.3. Assume Q = Idyg and N is a (p,p — r)-matriz whose columns are a basis of the
null space of %(90). We consider the symmetric random matrixz Zp of size (p — ) whose coefficients
(4,7),4,j=1,...,p—1 are

aéjM\/quT(QO)

h

with a;; = (a?j and (a;5)1<ij<p—r S the matriz

)1gth

& pn
0000'

N’ (°)N, h=1,...,H.

Let Z denote the distribution limit of Z, (Z > 0) the event “Z is positive semidefinite” and (Z > 0)its
complement.
Under Assumptions 1 to 6, for any subsequence of T1/4(éT — %) which converges towards V, we

have
Prob (V = 0|Z > 0) = 1 and Prob (vzo‘(z > 0)) <1.

Note that Vec(Z) is by definition a zero-mean Gaussian distribution linear function of the limit
distribution A/(0, 2(6°)) of vT'¢7(6°). Tt is in particular important to realize that Z is positive definite
if and only if Vec(Z) fulfills (p—r) multilinear inequalities corresponding to the positivity of the (p—r)
leading principal minors of the matrix Z (see e.g Horn and Johnson (1985, p. 404)). Therefore, the
probability g of the event (Z > 0) is strictly positive. In particular, ¢ = 1/2 if p —r = 1. In the case
dim 6 = 1 of Example 3.1 above, we have r =0, p = 1 and
82y

1= 5g2

(0T or(6°).

Then, Z corresponds to the (non degenerate) zero-mean univariate normal asymptotic distribution of
ar in the example. Proposition 3.3 confirms the message of Example 3.1: the order of convergence
of O7 is TY* or more depending on the sign of Z. More generally, the message of Proposition 3.3 is
twofold. First, in the part of the sample space where Z is positive semi-definite, all the components
of Or converge at a rate faster than 7%/, By contrast, in general, only the directions in the range of

%—’g(ﬂo) get the fast rate of convergence T2 all over the sample space by Proposition 3.2. Proposition
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3.3 tells us that T/ 4(éT — 6°) must sometimes have a non-zero limit in the part of the sample space
where Z is not positive semi-definite. This classification of rates of convergence for GMM estimators in
the case of lack of first order identification has clearly been pointed out by Sargan (1983) in a particular
case of instrumental variables estimation. It is also tightly related to the result of Rotnitzky et al.

(2000) in the particular case of maximum likelihood estimation.

4 Overidentification test

In this section, we study the asymptotic behaviour of the GMM overidentification test statistic
Jr = T (0r)Qrér(0r)

when the Jacobian matrix of the moment function at the true parameter value is rank deficient.
We will however maintain, as in the previous sections, the second order identification condition in
Assumption 5. Jr is the minimum value of the GMM objective function expressed by the optimal
weighting matrix defined as a consistent estimate of the inverse of the moment conditions’ long run
variance, $(0%) = limg_,o Var (\/T(]ET(HO)). This specific choice of weighting matrix ensures the
required normalization of the moment functions that makes Jr behave in large samples as a chi-
square random variable with H — p degrees of freedom (Hansen (1982)) when the moment conditions
are true and the null space of the Jacobian matrix of the moment conditions is reduced to the null
vector (standard first order identification condition).

More generally, Assumption 5 covers also situations where the null space is not of null dimension.
The main result of this section is a characterization of the asymptotic distribution of J7r when the null
space of the Jacobian has a dimension larger than or equal to one. While the characterization is only
partial when the dimension is larger than one, we give a full characterization when the dimension is
exactly one. Similarly to the previous section, we assume without loss of generality that ¥(0°) = Idpy.
This condition is immaterial regarding the conclusion of the result below. In particular, upon a re-
normalization of the moment conditions, it is always satisfied. On the other hand, it considerably

simplifies the presentation as we can set )7 to Idy in the definition of Jp.

Theorem 4.1. Assume %(0°) = Idy. Under Assumptions 1-6, the overidentification J-test statistic,

Jr=T gZ;’T(éT)Q_ST(OAT) associated to the estimating equations

p(0) =0

is, with probability ¢ > Prob(Z > 0) > 0, asymptotically distributed as X% _,.,

where Z is defined as in Proposition 3.3,
H = dim p(#), and r = Rank(dp(6°)/08").

In particular, if r =p—1, g = 1/2 and Jp is asymptotically distributed as the mixture

L L,
5 XH—p + S XH—p+1-
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Theorem 4.1 states a rather non-standard behaviour for Jp. If the moment functions do not have
a Jacobian matrix of full rank, there is a probability ¢ > 0 that Jp behaves asymptotically as a chi-
square with a tail thicker than in the usual case. By contrast, when the Jacobian is of full rank, Z =0
almost surely and therefore, Jr has a probability one to behave as a chi-square of H — p degrees of
freedom. This is the result in the standard case.

The classification of the rates of convergence of the GMM estimator as highlighted in the previous
section is the main cause of this non-standard asymptotic distribution of Jpr as stated by Theorem
4.1. The r independent directions in which the GMM estimator has the standard root-T rate of
convergence lead to subtract r degrees of freedom to the dimension H of moment conditions as it is
always the case with root-T consistent estimators. The key is the way to accommodate the (p — r)
remaining dimensions of estimation. Since these directions only show up in second order terms of
Taylor expansions, they play no role when they are estimated at a rate faster than 7'/*, which, by
virtue of Proposition 3.3, is the case in the part of the sample space where (Z > 0). By contrast, if the
complement of the event (Z > 0) occurs instead, some of the first-order underidentified directions are
estimated exactly at the rate T%/4 and thus may be locally non negligible in second order expansions
of Jp. This makes the full characterization of Jpr more difficult when p — r > 1 since higher order
expansions involve the product of such directions. When p — r = 1, the behaviour of the GMM
estimator in the direction of the null space can be characterized clearly enough to help deduce the full
asymptotic distribution of J7 which is a half-half mixture of chi-squares. When (Z > 0), we have a
chi-square with a number of degrees of freedom (H — r) while we recover the standard (H — p) in the
complement (Z < 0).

The bottom line is the occurrence of some mixture components with asymptotic chi-square dis-
tributions with more degrees of freedom than the standard (H — p). The key consequence is that by

using the standard critical value, one would be led to over-rejection in large sample.

5 Application to the test for common GARCH features

The conditionally heteroskedastic factor model introduced by Diebold and Nerlove (1989) (see also
Fiorentini, Sentana and Shephard (2004) and Doz and Renault (2006)) allows a parsimonious struc-
tural representation of multivariate volatility. This model decomposes a finite set of asset returns
in a systematic part and an idiosyncratic part. The idiosyncratic parts are supposed to have a con-
stant conditional variance while the well documented conditional heteroskedasticity in asset returns is
supported by the common systematic factors. Considering a bivariate vector, Y; 1, of returns yq 441,
y2,t+1 of two assets at time ¢ + 1, a conditionally heteroskedastic factor representation of Y; 1 is given
by

Yirr = Afip1 + Ui, (16)

where f;41 is the latent common conditionally heteroskedastic factor. A is a bivariate non-random

vector of factor loadings and Uy, 1 is the bivariate random vector of idiosyncratic shocks. The decom-



position in (16) is completed by the following restrictions with J; denoting the increasing filtration
containing the information available at the date ¢:

E(firlr) = 0, EUpald) = 0,  Var(fiulh) = of,

17
E(O’g) = 1, VaT'(Ut+1’Jt) = Q, E(ft+1Ut+1|Jt) = 0. ( )

In addition, one may restrict Q to be positive definite and Var(c?) > 0. These further restrictions
imply that any other single heteroskedastic factor decomposition of Y;41 has factor loadings propor-
tional to A. (See Doz and Renault (2006).) It is worth noting that the representation (16) and (17)
considers for simplicity that E (Y;4+1|J:) = 0.

Assuming that both 3141 and 2441 display an evidence of conditional heteroskedasticity!, it
is reasonable to wonder if these two return processes share a common pattern of conditional het-
eroskedasticity. In other words, if they have a common GARCH feature. The factor representation
in (16) and (17) is a valid set up to answer such a question as it offers some testable implications for
common GARCH features.

In particular, any portfolio of y1 ¢+1 and ys 41 with weights orthogonal to A, the so-called zero-beta
portfolio with respect to the risk factor f;;1 has a constant conditional variance. Since both return
processes have evidence of conditional heteroskedasticity, A; # 0 and Ay # 0 such that, up to a certain

normalization, any zero-beta portfolio return can be written

ug i1 = Y2441 — OY1t41,

where 0 = Aa /).
If Y1441 and y2 441 share their GARCH features, the representation in (16) and (17) holds and

there exists a real valued parameter 6 such that
Var (ugsy1]Je) = c, (18)

where ¢ is a constant. The uniqueness of # is guaranteed by the positive definiteness of €2 and the
variability of o?. In consequence, (18) represents a conditional moment restriction which can be
tested using a set of suitable instruments, z; extracted from the increasing filtration J;. The resulting

unconditional moment condition is given by

E (2 (ug 41 — ) = 0. (19)

Our goal is to test the commonality in the GARCH features by applying the GMM overidentification
test to the moment condition model in (19).

Since two free parameters are involved in this moment condition model, we need z; to contain more
than two instruments to be able to test for overidentification. One may choose as instrument besides

the constant 1 the lagged square returns and their product which all happen to belong to J;.

Note that this can be investigated by the Lagrange multiplier test for autoregressive conditional heteroskedasticity
(ARCH) effects proposed by Engle (1982).
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Considering again the moment condition model (19), it appears that one can reduce the parameter
dimension by eliminating the parameter ¢. Thanks to the constant instrument, ¢ = FE (“g,t le). The

moment condition for a given instrument z; can then be written

E (Zt(ug,t-i-l - E(ug,t—i-l))) =0

or equivalently
E {(Zt — E(z)) (ug,t—f—l - E(“g,t-s-l))} = 0. (20)

In the moment condition model (20), we center the instruments on purpose since the GMM overi-
dentification test statistic deduced from (20) is similar if not identical to the test statistic of common
ARCH features proposed by Engle and Kozicki (1993).

In the sample version, as to compute the GMM objective function, E(z) and E (uat 4+1) are to be
replaced by the usual uniform sample averages. Note that since the constant instrument is already
exploited (in the aim of getting rid of the conditional variance ¢), it becomes redundant to use it again
to fit (20) and one is better off using the other relevant instruments.

As suggested by our results from the previous section, the identification properties of the overi-
dentifying moment conditions are fundamental in determining the asymptotic behaviour of the GMM
overidentification test. The next result studies the global identification, the first and second order

identification properties of the model in (20).

Theorem 5.1. Let Yiy1 = (y1e+1,y2e+1) satisfy (16) and (17). Let (z;) be a H-dimensional process
adapted to the filtration J; and ¢1(0) = (z¢ — E(zt)) (“g,tﬂ — E(u§7t+1)>.

If the vector (z,02) is a stationary process such that E (||z]]) < oo and 0 < ||Cov(z, 0?)|| < oo,
then

(i) (Identification) there ewists one and only one parameter value 0° € R satisfying the moment

condition in (20),
(it) (First order underidentification) E (9¢4(6°)/06) = 0,

(iti) (Second order identification) E (9%¢(6°)/06%) # 0.

The main message of Theorem 5.1 is from its point (7i). Even though the moment condition model
in (20) globally identifies the parameter of interest, it suffers of lack of first order identification. The
direct consequence of this is the non-applicability of the asymptotic distribution derived by Hansen
(1982) for both the GMM estimator and the GMM overidentification test statistic, Jr. On the other
hand, (7i) shows that the second order identification condition is satisfied. From our previous results,
we can deduce that the GMM estimator of #° has an unconditional rate of convergence of T/ while Jr
is asymptotically distributed as a half-half mixture of chi-squares of H and H — 1 degrees of freedom,

respectively.
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As we already mentioned, because the actual asymptotic distribution of Jr has a thicker tail than
the one expected in the standard conditions (chi-square of H — 1 degrees of freedom), ignoring the first
order lack of identification may lead to possibly severe over-rejections. We evaluate next the extent of

this over-rejection.

Let a be the nominal level of the GMM overidentification test of the moment condition model (20)
performed through the standard conditions and ¢, g—1 the standard critical value of the test based
on the hypothetical x% _; as asymptotic distribution under the null. Let o be the actual asymptotic

size of the test. ¢, p—1 and o are defined by
Prob ()&Fl > cmH_l) =«

and

1 1
ag = Prob <2X%11 + §X%r > Ca,H1> .

The asymptotic relative rate of over-rejection is given by
100 x (o oy — 1)%.

Table I below displays the theoretical relative over-rejection rate of the GMM overidentification
test performed by ignoring the first order underidentification. Different number of instruments are
considered as well as the nominal levels a = 0.05 and o« = 0.01.

Similar facts can be documented for both levels. The amount of relative over-rejection rate is large
for any number of included instruments even though this tends to decrease with larger number of
instruments.

At its largest corresponding to 2 included instruments, the amount of over-rejection rate is almost
100% for a 0.05-nominal level test and about 130% for a 0.01-nominal level test. This amount hangs
on 26.2% for a 0.05-nominal level test and 34.0% for a 0.01-nominal level test for the case where as

many as 10 instruments are included.

Table I: Over-rejection rate of the common GARCH feature test at the nominal levels

a = 0.05 and 0.01

Number of  Critical value Exact asymp- Relative over-
instruments totic level rejection rate
H Ca,H-1 Qg alag—1
Level: « 0.05 0.01 0.05 0.01 0.05 0.01
2 3.842  6.635 0.098  0.023 96.6% 131.0%
4 7.815 11.345 0.074  0.017 48.6%  95.0%
5 9.488 13.277 0.071  0.016 41.2%  55.0%
6 11.071  15.086 0.068 0.015 36.2%  48.0%
10 16.919 21.666 0.063 0.013 26.2%  34.0%

These asymptotic over-rejection rates are confirmed even in finite samples as we can see through

the Monte Carlo experiments in the next section.

18



6 Monte Carlo evidence

The Monte Carlo experiments in this section aim to support the theoretical results that have been
presented in the previous sections. We mainly give an illustration of the non-standard asymptotic
behaviour of the test for common GARCH features as proposed in Section 5 and also confirm the
slower rate of convergence of the GMM estimator, resulting from the mixture of rates 7/ and T/4.

We simulate the bivariate return process

Yit1 = AMig1 + Upya,

where A = (1,1)’, fi+1 is a Gaussian GARCH(1,1) process, i.e

2 2 2
fry1 = otet41, of =w+aff + Bop .

€41 ad N(0,1) and is independent of the vector of idiosyncratic shocks Ugtq id N(0,0.51dy) (Ids is

the identity matrix of size 2).

We consider two designs. The set of parameters values for Design D1 is
w=02, a=04, and =04
and the set of parameters values for Design D2 is
w=0.2, a=0.2, and 8 =0.6.

In these two designs, the GARCH effect in the factor’s dynamics has the same persistence. They differ
only by their GARCH (and ARCH) persistences, respectively a (and ). The parameters values that
we consider match those found in empirical applications for monthly returns and are also used by
Fiorentini, Sentana and Shephard (2004) in their Monte Carlo experiments. Each design is replicated
5,000 times for each sample size T

The sample sizes that we consider are 1,000, 2,000, 5,000, 10,000, 15,000, 20,000, 30,000, and 40,000.
We include such large sample sizes in our experiments because of the slower rate of convergence of the
GMM estimator. Since the unconditional rate of convergence of this estimator is T4 and not VT
as usual, we expect that the asymptotic behaviours of interest become perceptible for larger samples
than those commonly used for such studies.

On each simulated sample, we evaluate the GMM estimator of the moment condition model in
(20). To stay as close as possible to the similar testing procedure described by Engle and Kozicki
(1993), we compute the efficient GMM estimator in one step by making the optimal weighting matrix
parameter-dependent. This estimation procedure is known as the continuously updated GMM (see
Hansen, Heaton and Yaron (1996)). We use a set of two instruments z; = (yit,y%t). This is the
minimum number of instruments allowing to overidentify the parameter to be estimated. We expect

the test statistic to behave, as the sample size grows, as a half-half mixture of x?(1) and a x?(2). We
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also expect the simulated variance of the estimator to blow to infinity as the sample size grows when
scaled by the sample size, T, but stays reasonably stable when scaled by v/T.

Table II displays the simulated 95th and 99th percentiles for Jr as well as theoretical 95th and
99th percentiles of x?(1), 2x*(1) + £x*(2) and x*(2) distributions. Clearly and for both designs, as
T grows, the simulated percentiles of Jr get closer to those of $x?(1) 4+ x2(2) as we expect from our

theory.

Table II: Simulated critical values ¢ij—q : P (X > ¢1—o) = . The theoretical (1 — a)-percentiles of
the x%(1), 2x2(1) + 3x*(2) and x*(2) distributions are displayed on the last three rows. The

simulated percentiles of Jp are based on 5,000 replications.

o 0.05 0.01
Design D1 D2 D1 D2
T 1,000 4.13 3.71 7.98 6.52

2,000 4.58 4.13 8.89 7.29

5,000 4.68 4.58 8.32 7.60
10,000 5.01 4.78 8.56 7.85
15,000 4.85 4.75 8.26 7.98

20,000 4.92 4.70 8.74 7.86
30,000 4.85 4.90 8.87 8.23
40,000 4.92 5.05 8.42 841

2(1) 3.84 6.63
() + 232 5.13 8.27
2(2) 5.99 9.21

Table III : Simulated asymptotic order of magnitude of the GMM estimator.

T 1,000 2,000 5,000 10,000 15,000 20,000 30,000 40,000
Design D1
Var(0r) 0.040 0.020 0.011 0.007 0.005 0.005 0.004 0.003

T x Var(éT) 39.973  39.557 52,767  66.855  80.603  94.816 116.093 127.795
VT x Var(fr) 1.264 0.885 0.746 0.669 0.658 0.670 0.670 0.639

Design D2

Var(éT) 0.276 0.058 0.027 0.017 0.013 0.011 0.009 0.007
T x Var(éT) 275.604 115.638 136.759 169.866 193.411 215.029 253.897 286.158
VT x Var(éT) 8.715 2.586 1.934 1.699 1.579 1.521 1.466 1.431

Figure 1 presents a graphic view of Table II. It illustrates the tail behaviour of Jr and one can
notice the departure from the percentiles of the x2(1) even in moderately large samples. One can also
notice the convergence of Jr’s percentiles towards those of the %x2(1) + %X2(2) distribution as the

sample size grows. Figures 2 and 3 plot, for various sample sizes all the 99 simulated percentiles of
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Jr. Each graph presents the percentiles for Jr as well as the theoretical percentiles of the x2(1), x?(2)
and %XQ(l) + %XQ(Z) distributions. These graphs confirm that not only the 95th and 99th percentiles
of Jr move toward those of the mixture as the sample size grows but actually all of the percentiles as
predicted by the theory. This is true for both designs.

It is worth mentioning that the test statistic Jr is identical to the test statistic for common
(G)ARCH features as proposed by Engle and Kozicki (1993) for our choice of instruments. In the
light of the asymptotic distribution of Jr, their test would be oversized in our context since based on
the standard critical value provided by the x?(1).

The results for the asymptotic order of magnitude of the GMM estimator are displayed by Table
III. We can see that the GMM estimator, at a sample size of 1,000, still has a wild behaviour in terms
of variance, particularly for Design D2. This can only be related to the lack of identification since one
would not expect such a large gap between the simulated variance for 7' = 1,000 and 7" = 2,000 in
a standard condition. This table also shows that when the simulated variance of 7 is scaled by VT,
for large values of T', it stays quite stable in both designs while it skyrockets when scaled by the usual
rate T'. This is an evidence supporting the fact that 6 behaves asymptotically rather as an Op(T -1/ 4

random sequence than an Op(T -1/ 2) sequence as predicted by our theory.

Figure 1: Simulated (1 — «)-percentile of Jr and theoretical (1 — «)-percentile of the distributions
Y2(1), 3x%(1) + 3x%(2) and x*(2). @ = 0.05 and 0.01.
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Figure 2: Simulated percentiles of Jp, Design D1 and the theoretical percentiles of the distributions
x%(1), x*(2) and the mixture 2x2(1) + 1x2(2).
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Figure 3: Simulated percentiles of Jp, Design D2 and the theoretical percentiles of the distributions
x%(1), x*(2) and the mixture 2x2(1) + 1x2(2).
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7 Conclusion

This paper explores the asymptotic behaviour of the minimum distance estimators and the Hansen
(1982) test for overidentifying moment restrictions statistic, Jr under non standard conditions dubbed
first-order under-identification. While maintaining a second order identification condition, we derive
the rate of convergence of the minimum distance estimators and the asymptotic distribution of Jr
when the Jacobian matrix of the moment function evaluated at the true parameter value is not of
full rank. We find that the linear combinations of the minimum distance estimator belonging to the
range of the Jacobian matrix have the usual O p(Tﬁl/ 2) asymptotic order of magnitude. Meanwhile,
the linear combinations belonging to the null space of the Jacobian matrix converge more slowly as
their unconditional asymptotic order of magnitude is Op(T~'/*). These results generalize for the
minimum distance estimators (in particular for the GMM estimator) the findings by Sargan (1983)
for the instrumental variables estimator. A further investigation also reveals that these latter linear
combinations can actually go faster in some regions of the sample space. This non-standard behaviour
affects the asymptotic distribution of Jr. Instead of a chi-square distribution, it is asymptotically
distributed as a half-half mixture of two chi-squares distributions when the rank deficiency is equal to
1.

In the context of the conditionally heteroskedastic factor models, we propose an overidentification
test for common GARCH features which has this mixture of chi-squares as asymptotic distribution.
Our test statistic is identical to the one proposed by Engle and Kozicki (1993) for (G)ARCH features
but both tests differ since the latter, by predicting the standard chi-square asymptotic distribution, is

obviously oversized in our framework.
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Appendix: Proofs

Proof of Lemma 2.1. Let us introduce

& pn
A(v) = <v’ (90)11) .
0006’ \<h<H

Let us assume that for all u in the range of % o (90) and all v in the null space of 2 S5(0°),

(5 80 =0) = w=v=0

and establish (a) by contradiction. For this, let vo # 0 in the null space of 2 55(6°) such that

MA(’Uo) =0.

Clearly, the vector
PA(wvo) = Alvo)
and as a result, there exists ug such that
dp
o0’
Note that uy can be decomposed as ug = uf + u§*, with uf in the range of 22 (90) and ug* in the null space of

gé’ﬂ (6%). Thus

(QO)UO = A(Uo).

dp
~ %0 (Ho)uo + A(vg) = 0.

This contradicts Assumption 5 since vy # 0.

Next, we show that (a) implies (b). Let v be any vector in the null space of 2 55(6°). Since v — || MA(v)]|
is an homogeneous function of degree 2 with respect to v, we have

v
IMA@)|| = [[o]* || MA <||v)H
By considering
- inf ||MA(v)I|,
lvll=1, 5% (6°)v=

we just have to show that v > 0. By the compactness of the set {v eRP: |v]| =1, g(f/ (0%)v = O} and the

continuity of v — [|[MA(®)||, v = [|[MA(v*)| for some v* such that ||[v*|| = 1 and gg’, (6°)v* = 0. Therefore,
thanks to (a), v > 0 and for any v, | MA(v)| > ~|v|*.

To complete the proof, we just have to establish that Asbumption 5 is implied by (b).

Let us consider u in the range of & = (90) and v in the null space of 2 S5(6°), such that
9P (40

A
00 (0P + A (w) =

By pre-multiplying each side of this equation by M, we have MA(v) = 0. Thus [|[MA(v)|| = 0. From (b), we
deduce that v = 0. As a consequence, A(v) = 0 and 35 (0%)u = 0. Since u belongs to the range of %—%(90), this
last equality implies that we also have u =0 [J

Proof of Proposition 3.2. Let r = Rank25 (6°). Let R' and R? be two matrices of dimension (p,r) and
(p,p — ) respectively such that

(i) The columns of R! are a basis of the range of a" (00)

(ii) The columns of R? are a basis of the null space of 55(6°).
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Then R = (R'|R?) is a (p, p)non-singular matrix and we will introduce the new parameterization
n=R7'9 and n°=R'6".
We denote 71 = R_léT and
p*(n) = p(En).

With obvious notations, we decompose
0= R’I] = R1’171 + R2772.

Let us consider the second-order Taylor expansion

pir) = S0 = %)+ 5 (G =) b =)

1<h<H

for some fip between /i and n°. Note that, by a common abuse of notation, we omit to stress that 7 actually
depends on the component pj of p*.
By definition of R,

ap* ap ap
) = o @)R = (60 0)
and o2 o2
Ph (0 r 97Ph_ 0
= 0
anoy 1) = Gpag ()R
Thus, we can rewrite the above expansion as
A 9P 0\ o1 1 N 0Y/ /82ph 0 N 0
plie) = GO e )+ 5 (o VR gl G R =) ) (A1)

with 87 = Rijr between 6° and 1. Note that, since gep/ (0°)R! is full column rank,

(0°)R' (A — nY)

- 0
Hae/ ‘ ZC”anian?
for some ¢ > 0. Therefore, any term of the quadratic form in the RHS of (A.1) which involves (i1 — n?) is

negligible in front of gep, (0°)R (i1 — 19). In other words, we can deduce from ||p(67)|| = Op(T~/2) that

lozl| = Op(T712),

where p o
Ip 17 1 O%pn 5 .
SO e 1)+ 5 (e — 08 R S0 ) e ) )

T = .
1<h<H

Moreover, we can decompose
2y = 2p + 21
with
2’ 82
00006’

——(0°)R (i — ) + % ((ﬁz:r —n9)'R L (6°)R?(fhor — n2)>

1<h<H

and

sk 1 ~ ! 82 7) 82 q
5= ((772T —n3)'R? (89§g, (0r) = aegg'(90)> e - nS))

Note that with M being the projection matrix introduced in Lemma 2.1,

1<h<H

1

* - ! 8
Mep =M ((772T —113)'R? 39gg/ (6°)R* (iler — 772))

1<h<H

since by definition M daé'i (%) = 0. Hence, by applying Lemma 2.1,

* * ’y A~
122l = M2 > S 1B (o — m2)II*. (A.2)
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Since

= Op(l),

32/% (~ ) — 32Ph ( o)
2000’ 9000

we can deduce from (A.2) that
Izl = op(ll27)-

Therefore, from zp = 2z}, + 27*, we can deduce
ol = Op(T/2) = |25 = Op(T71/2).

Then (A.2) shows that
1B? (2r — 1)) = Op(T~1/%).

Therefore,

ar = 2200 R iy — ) = o1 — & ((Gar — ) B2 2L 1) Ry o)
o6’ 1 2 2 0000’ 2

1<h<H
is the sum of two terms of order Op(7T~/2). Thus
lar|| = Op(T~'/?)
and since |lar| > ¢|fiir — 1Y, we have
i = nil| = Op(T~/2). (A.3)
Then, for any « in the range of %—%(90), by definition, o = R'f for some /3 in R”, and then
o/ (0 — 6°) = B'R* (inr — nf)

is also of order Op(T~1/2) O

Lemma A.1. Let {Xr : T € N} be a sequence of real valued random variables converging in distribution towards
X. Let Fr and F be the cumulative distribution functions of Xt and X, respectively.
For any zg € R, we have

F(zo—) < hTHi}oI(l)f Fr(zo) < limsup Fr(zg) < F(zo),

T—o0

- F(x).

with F(xo—) = lim, _, -

Proof of Lemma A.1. We only show that F'(zo—) < liminfr_, . Fr(x¢). The last inequality can be established
along similar lines while the second one is obvious.
Let us assume that F(zo—) > | = liminfr_, o, Fr(z). Since the sequence {Fr(zg) : T € N} lies between 0

and 1,0 <[ <1. Let e = % By definition of F'(xo—), there exists 1y < o such that
F(no) — F(zo—) > —e.

Since the set of discontinuity points of F' is countable, we can consider that F' is continuous at 7y. Therefore,
Fr(no) — F(no) as T — oo. This implies that there exists Ty such that, for all T > Ty,

Fr(no) — F(no) > —e.

Thus, for all T > T,
Fr(no) > —2¢ + F(zp—).

Besides, by definition of [, there exists T} such that, for all T > T7,

i -1 < .
éngF”(xo) 1<e¢/2
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As a consequence, there exists T' > max(Tp,T1) such that
Fr(xzo) <l+e

and
Fr(no) > —2€+ F(zo—).

Since [ 4+ € = —2¢ + F(x0—), we deduce that
Fr(no) > Fr(zo).

The contradiction is set up by the fact that Fr is non-decreasing and 7y < o0

Lemma A.2. Let {X1 : T € N} and {er : T € N} be two sequences of real valued random variables such that
er converges in probability towards 0 and for all T, Xt < er, a.s. Then,

limsup Prob (X7 <¢€) =1, Ve>O0.

T—o0

Proof of Lemma A.2. Let € > 0. We have

lim sup Prob (X7 < €) =1 — liminf Prob (X7 > €).

T—o0 T—oo
But
1I>1§ Prob (X,, > ¢) < Prob (X1 > ¢€) <Prob(ep >¢) =0

as T' — oo. This establishes the resultl]

Proof of Proposition 3.3. A second-order Taylor expansion similar to Proposition 3.2 gives

VTor(br) = VTér(0o) + 28(00)R'VT (it — 1))

, (A.4)
+5VT ((or — n8) B Go8r () Ry —18) ) +0p(1)
With Qr = Q = Idg, we can write the first order condition as
OPlp »  —
i (0r)¢r(0r) = 0. (A.5)
00
Plugging (A.4) into (A.5) and since aé% (7)) = %pg/ (6°) + op(1), we have
8(60) (VT (80) + 5 (90) RVT (inr — nf)
(A.6)
AV ((ar = BV 5y 0) 2 ar ~ ), ) = or(0)
Moreover, with X = gg’, (6°)R!, the projection matrix P on the range of gé’, (6°) is
P=X(X'X)"'X"
From (A.6), we have
VT (inr —nd) =—(X'X)71X’ (\/TQET(HO)
(A7)
+3VT ((ﬁQT —18)' R Gt (60°)R? (i — 778)) 1<h<H> + op(l)
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Plugging (A.7) into (A.4), we get

. _ 1 ;0?2
VTér(0r) = MVTEr(0°) + = MVT ( (far — 10) BZ <L (69) R2 (o — ) +op(1),  (ASB)
2 9000 \<h<H
with
M = Idyg — P.

It is worth comparing the minimum distance estimator 61 with the one we would have computed if we knew
7n9. This estimator would be

QT = R(ﬁiTﬂ?S )/7
with 7,7 solution of . B
arg min ¢7. (1, 19) 67 (11,715,

where ¢7.(1) = ¢ (Rn).
By an argument similar to (A.8), we get

VTér(0r) = MVTér(6°) + op(1). (A.9)
Therefore,
T¢p(07)br(br) — TPy (0r)dr(0r) = A (R2TH*(Rar — 18)) MVTér(6°)
(A.10)
+1 A (RPTY oy — 19)) MA (R*T*(ar — 119)) + op(1),
where A(v) is the H-dimensional vector
82ph
Av) = (U/ (90)v> :
006’ 1<h<H
By definition, S - -
Ty (7)o (0r) = min T (0)pr(0).
Thus from (A.10),
A (RPTY*(iar —03)) MVT o (6°)
(A.11)
+3 A (RPTY (ar —n3)) MA (RPTV* (e —n8)) < op(1).
It is worth noting that
2r11/4 0 T 00 201/4 o)’ 271 /4 0
A (R T (o — 772)) MVTér(0°) = (R T (for — 772)) Zr (R T (g — 772)) , (A.12)

where Z7 is a symmetric matrix defined in the statement of Proposition 3.3. Moreover we know that T/ 4(772T —
n9) = Op(1). Thus, at least, for a subsequence, we can write

T4 ey —n3) % U.
For the sake of simplicity, we do not make explicit the notation for a subsequence. Thus
A (R2T1/4(772T - ng)) MVTér(0°) % U ZU.
From (A.11) and by Lemma A.2, we deduce that
lim supy_, ., Prob (A’ (R2T/4(fiar — 19)) MV/Tdr(0°)+
LAY (BT 4G — 1)) M (RTY4(iar = ) < ) = 1,
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for all € > 0. Thus, by Lemma A.1, we have
Prob (U’ZU + iA'(PfU)MA(R?U) < 6) =1, Ve>0.
Thus, by right continuity of cumulative distribution functions,
Prob (U’ZU + %A’(R2U)MA(R2U) < 0) =1.

We deduce in particular that if Z is positive semi-definite

A (RPUYMA(R?*U) ¥ 0
and thus

IMAR?U)|| = 0

But, by Lemma 2.1,

IMA(R?U)|| = 7| R*U|*.
Thus R2U = 0. R P

By definition, TV/4(07 — 6°) = TY4R (i —nY) + TY*R?(fior — n9) with, by (A.3), TY*R (f1r —nY) = 0.

Hence, when Z is positive semi-definite,

TV (67 — 6°) % R2U %
In other words, we have shown that
Prob(V =0|Z >0) =1.

Conversely, let us assume that Z is not positive semi-definite. Then, we can find a vector e in the unit
sphere of RP™" such that
Prob (¢'Ze < 0) > 0.

Besides, the necessary second order condition for an interior solution for a minimization problem implies that

o 7% T
¢ ( aagGrmarm)| _ Yexzo.
This can be written B
¢ (ZT n GT) >0, (A.13)
where ,
7 %¢% /4 Te /A
Zr = ( 3"721’%7721' (i) VT$7 (i) >1<i j<p—r
and _, _
0py .\ Or
=VT .
C;'T \/> 8772 (UT) ané (T]T)
By a mean value expansion, we have
99 Por 0 ~1/2
= —n9) 4+ 0p(T™Y/?), A.14
87721’ (77T) 67']21877/2 (77) (772T 772) P( ) ( )

with 77 € (n°,77) and i = 1,...,p — r. On the other hand, thanks to Equation (A.8), we have

32&;’ R o (92/)*/
On2i0n2; iir) 07 (i) = On2i0n2;

n 1
(1) (M2 + GMARr ~ 1)) +0p(T2),
with p*(n) = p(Rn). Noting that
0?p;,
020y

» 02 H2
(n°) = R? ang/(eO)R? = N'ang,(HO)N, h=1,...,H,
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we have

2 T’
ajﬂ%(ﬁﬂ VT3 (ir) = ai; VT Mer(6°) + %a;jMA(RQTl/‘l(ﬁQT —10) + op(1).
Thus ) .
Zr=Zr+ 3 (aéjMA(RzT1/4(ﬁzT - nS)))lSi’jSp_r +op(1)
and /
Gr = ( T4 (far — ng)’aizfgm (no)aii%*né ()T *(Ror — n9) )1<¢,j<pfr +op(1).

From the inequality (A.13) and some successive applications of the Cauchy-Schwarz inequality, we have
— &' Zre < AVT|ir — 031> + op(1), (A.15)
for some A > 0. Noting that [|fjr — 79| < ||z — n°|| and recalling that 7 = R~'6, we also have

—e’ZTe S Aﬁ||éT — 90H2 + Op(l),

for some A > 0, which may be different from the previous one. By Lemma A.2,

lim sup Prob (—e’ZTe — A\/THO} — 90H2 < e) =1, Ve>D0.

T—o0

Then, from Lemma A.1, we have
Prob (—e'Ze — A||V|* <€) =1, Ve>0.
Thus, by right continuity of cumulative distribution functions,
Prob (—e'Ze — A||V|* <0) =1

and consequently,
Prob (||[V|| > 0l¢'Ze < 0) = 1.

Hence,
Prob (¢/Ze < 0) = Prob (|V| > 0,¢/Ze < 0) < Prob (HVH >0,Z> 0)) .

We deduce that
Prob (||VH >0,(Z> 0)) >0

and thus
Prob (Hvu > o,m) < Prob (m)

that is
Prob (HVH >0 ‘(z > o)) <10

Proof of Theorem 4.1. From Equation (A.8),
VTr(Br) = VT3 (i) = MVTGr(6) + L MAGRTY (y — 18) + op (1)
(See the proof of Proposition 3.2 for the definition of fir, ¢i(.), R and R2.) Thus,
Jr = Tp(0°)Mor(0°) + A (RT* (fhor — 1)) MV T 1 (6°) i
+I AN (R2TY4(for — 03)) MA(R2TY 4 (ar — 13)) + op(1). —

Conditional on (Z > 0), from Proposition 3.3, T%/4(6; — 6°) = op(1) and we also have T'/4(fp — n°) =
TY*R=*(O7 — 6°) = op(1). Therefore,

Jr =T ¢ (0")Mér(6°) + op(1).
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Since M is an orthogonal projection matrix on a subspace of dimension H —r, T'¢%-(6°) M ¢ (6°) S X%, This
establishes the first part of the Theorem. The positivity of ¢ follows from the comment of Proposition 3.3 in
the body of the text.

On the other hand, the first order condition for fo7 is

o¢%
ona

(1)o7 (ir) =

Using the same expansion as in (A.14), we can deduce that

2] ~ 2 5% o
T/ a?g (hr) = %T%(HO)TUAL(?DT —13) +op(1)
(A.17)
= (R e @R T oy =) +op(D)
By pre-multiplying (A.17) by T%*(fi2r — 13), we have
. 0 .
T (flor — )T ;ﬁz( ir) = A(RT*(far — %)) + op(1).
The first order condition therefore implies that

A(RPTY (for — 19)) MA(RPTY* (flar — 1)) + 28" (R*TY* (flor — 19)) MV Tdr(6°) = op(1), (A.18)

Hence,
Tr = TO(E)Mbr(8%) + 5N (RITV (i — ) MVT 67 (6°) + 0p (1)

Note that since dimny = 1, A'(R*TY (o7 — 1)) = GT/?(flar — 13)?, where G = A(R?) and Equation (A.18)
can be re-written as

VT (far —13)? (G'MG\/T(ﬁQT —n9)? + QG'M\/T&T(GO)) =op(1). (A.19)

Next we show that, conditional on (Z < 0), there exists no subsequence of v/T||fi27 — 19||?
distribution to a random variable with an atom of probability at 0. For that, let a subsequence of v/T||fi27 — 13

converge in distribution to W. From, (A.15) and Lemma A.2,

that converges in
911

lim sup Prob (fZT — AVT ||figr — n3||? < e) =1, Ve>0.

T—o0

Note that since dimns = 1, ¢/ Zpe = Zp. Therefore, from Lemma A.1,
Prob(—Z — AW <€) =1, Ve>0.
By right continuity of cumulative distribution functions, we have
Prob(Z + AW >0) = 1.

Thus,
Prob(W > 0|Z < 0) = 1.

This means that, conditional on (Z < 0), W does not have an atom of probability at 0. As a consequence,
VT (flar —nJ)? does not converge to a random variable with an atom of probability at 0 along any subsequence.
Therefore, (A.19) implies that

VT (i —19)% = f¢T<90 ) +op(1).

G’MG
Thus

Ty (6°) Mp(0°) — TEr@IMEC M0 | ()

Jr G'MG

(A.20)
= T (0°)(Idy — P)or(6°) + op(1),
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where P = X(X'X)'X' + (MG)(MG)'/G'MG, with X = gg (6°), is an orthogonal projection matrix on a

space of dimension p = r + 1 (Note that MG # 0 by Assumption 5). This proves that
Prob (Jr < z|Z < 0) — Prob(x%_p < x),
as T — oo, for all . From the first part of the proof, we have
Prob (Jr < z|Z > 0) — Prob(x%f(pfl) <),
as T — oo, for all . Thus,

lim Prob (Jr < x) = Prob(Z < 0) Prob(ﬁ{_p < z)+ Prob (Z > 0) Prob(X%,_(p_l) <uz).

T—o0

Since Z ~ N(0,G'M @), Prob (Z < 0) = Prob (Z > 0) = 1/2 and the expected result followsO
Proof of Theorem 5.1. We have
E ((zt - E(zt))(uaHl - Eug,tﬂ)) =0& F ((zt - E(zt))ug,t“) =0.
Since E(y7 y11|Jt) = Ao} + Qury B(Y3,441101) = 2307 + Qo2 and E(y1e41y2,041]J1) = MA2of + o,
E ((zt - E(zt))ug’tﬂ) = 0 can be written
(A2 — MO)’E ((z — E(21))07) =0

or equivalently
(A2 — M0)*Cov(z,07) =0

which in turn is equivalent to § = 6y = Aa/A1. This establishes the existence and the uniqueness of 6, as stated

by (i).
Next, we show (ii). Clearly,
E(0¢:(00)/00) = E ((2t — Ez) [—2y1,041 (Y2041 — Ooyr,e41) + EQ2y1,041(W2,e41 — Ooyr,i41))]) -
Since Yy 141 — Ooy1,e41 = Uz g1 — OoU1 441 and E(fry1Ua|Jy) = 0,

E (y1,641(y2,641 — Ooy1,041)|Jt) = Q12 — 0011 = E(y1,041(Y2,041 — OoY1,141))-

Therefore,

E (864(600)/90) = E (2 — Ez) x 0) =0

Thus (ii).
On the other hand,

E (a2¢t(90)/802) =-2F ((Zt - Ezt)(y%t+l - E(Uim—l))) .

Note that E(yf,1]Ji) — E(y3 ;1) = M (07 — 1). Thus,
E (82¢t(90)/892) = —QA%E ((zt — EZt)UtQ) = —)\%Cov(zt,af) # 0.

This establishes (iii)d
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