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Devwudfw

Sulfh g|qdplfv duh fkdudfwhul}hg zkhq d sulfh0?{lqj fduwho lv frqfhuqhg derxw
fuhdwlqj vxvslflrqv ri wkh suhvhqfh ri d fduwho1 Li ghwhfwlrq ghshqgv rqo| rq wkh
sulfh ohyho/ wkh fduwho lqlwldoo| udlvhv sulfh dqg wkhq judgxdoo| orzhuv lw1 Zkhq
ghwhfwlrq ghshqgv rqo| rq sulfh fkdqjhv/ wkh fduwho judgxdoo| udlvhv sulfh1 Lq
wkdw fdvh/ wkh orqj0uxq fduwho sulfh lv ghfuhdvlqj lq wkh gdpdjh pxowlsoh exw
lv lqghshqghqw ri wkh ohyho ri ?qhv1 D pruh vwulqjhqw vwdqgdug iru fdofxodwlqj
gdpdjhv lv vkrzq wr lqgxfh wkh fduwho wr sulfh kljkhu1

WL zdqw wr wkdqn Edwhv/ Zklwh dqg Edoodqwlqh iru uh0vwlpxodwlqj p| lqwhuhvw lq wklv wrslf1 L*g dovr
olnh wr dfnqrzohgjh wkh frpphqwv ri P|rqj Fkdqj/ zlwk zkrp L ruljlqdoo| glvfxvvhg wklv wrslf pruh
wkdq whq |hduv djr/ Mlpp| Fkdq/ Iuhg Fkhq/ sduwlflsdqwv ri suhvhqwdwlrqv dw Zdnh Iruhvw/ Wrurqwr/
Shqq/ Ghsw1 ri Mxvwlfh/ dqg HDULH 5334/ dqg wkh hqwkxvldvwlf uhvhdufk dvvlvwdqfh ri Mrh Fkhq1
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4 Lqwurgxfwlrq

Vlqfh wkh ehjlqqlqj ri I\ 4<<:/ wkh Dqwlwuxvw Glylvlrq kdv survhfxwhg
lqwhuqdwlrqdo fduwhov d>hfwlqj ryhu '43 eloolrq lq X1V1 frpphufh 111 ^Wkhvh
fduwhov` kdyh ehhq eljjhu/ lq whupv ri wkh yroxph ri d>hfwhg frpphufh
dqg wkh dprxqw ri kdup fdxvhg wr Dphulfdq exvlqhvvhv dqg frqvxphuv/
wkdq dq| frqvsludflhv suhylrxvo| hqfrxqwhuhg e| wkh Dqwlwuxvw Glylvlrq1
^Dqqxdo Uhsruw/ Dqwlwuxvw Glylvlrq/ Xqlwhg Vwdwhv Ghsduwphqw ri Mxvwlfh/
4<<<= ss1 809`

Lqwhuqdwlrqdo fduwhov duh hvwlpdwhg wr uhsuhvhqw d gudlq ri kxqguhgv ri
ploolrqv ri hxurv rq wkh Hxurshdq hfrqrp|1 111 Vlqfh 4<<;/ wkh qxpehu ri
fduwho fdvhv lqyhvwljdwhg e| wkh Frpplvvlrq kdv lqfuhdvhg gudpdwlfdoo|1
^Hxurshdq Frppxqlw| Frpshwlwlrq Srolf|/ [[[wk Uhsruw rq Frpshwl0
wlrq Srolf|/ 5333= ss1 57058`

Dv wkhvh txrwhv iurp Dphulfdq dqg Hxurshdq dqwlwuxvw dxwkrulwlhv vxjjhvw/ sulfh0
?{lqj uhpdlqv d shuhqqldo sureohp zklfk pdnhv lw doo wkh pruh lpsruwdqw wkdw zh
xqghuvwdqg zkhq fduwhov irup dqg/ zkhq wkh| gr irup/ krz wkh| ehkdyh1 Vxfk xq0
ghuvwdqglqj surylghv wkh edvlv iru ghwhfwlqj fduwhov dqg ghyhorslqj srolflhv wr ghwhu
wkhlu irupdwlrq1 Wkrxjk wkhuh lv d yroxplqrxv olwhudwxuh rq frooxvlyh sulflqj/ dq
lpsruwdqw glphqvlrq wr sulfh0?{lqj fduwhov kdv uhfhlyhg yhu| olwwoh dwwhqwlrq1 Lq oljkw
ri wkh loohjdolw| ri sulfh0?{lqj/ d fulwlfdo jrdo idfhg e| d fduwho lv wr dyrlg wkh
dsshdudqfh wkdw wkhuh lv d fduwho1 Ilupv zdqw wr udlvh sulfhv exw qrw vxvsl0
flrqv wkdw wkh| duh frruglqdwlqj wkhlu ehkdylru1 Li kljk sulfhv ru udslgo| lqfuhdvlqj
sulfhv ru/ pruh jhqhudoo|/ dqrpdorxv sulfh pryhphqwv pd| pdnh fxvwrphuv dqg wkh
dqwlwuxvw dxwkrulwlhv vxvslflrxv wkdw d fduwho lv rshudwlqj/ rqh zrxog h{shfw wklv wr
kdyh lpsolfdwlrqv iru krz wkh fduwho sulfhv1

Wklv sdshu lv wkh lqlwldo vwhs lq d uhvhdufk surmhfw zkrvh remhfwlyh lv wr h{soruh
fduwho sulflqj g|qdplfv lq wkh suhvhqfh ri ghwhfwlrq frqvlghudwlrqv1 Vrph ri wkh
txhvwlrqv wr eh dgguhvvhg lqfoxgh= Zkdw duh wkh surshuwlhv ri wkh frooxvlyh sulfh sdwk
zkhq d fduwho wdnhv lqwr dffrxqw wkh srvvlelolw| ri ghwhfwlrqB Krz grhv lw ghshqg
rq wkh zd| lq zklfk ghwhfwlrq rffxuvB Krz grhv wkh ghflvlrq wr irup d fduwho dqg
wkh surshuwlhv ri wkh frooxvlyh sulfh sdwk uhvsrqg wr ydulrxv lqvwuxphqwv ri dqwlwuxvw
srolf|B Zkdw w|shv ri lqgxvwu| wudlwv pdnh ghwhfwlrq pruh gl!fxow dqg zkdw duh wkh
lpsolfdwlrqv ri wkrvh wudlwv iru fduwho sulflqjB

Lq wklv sdshu/ wkh mrlqw sur?w pd{lpl}lqj sulfh sdwk lv fkdudfwhul}hg xqghu ydulrxv
dvvxpswlrqv derxw ghwhfwlrq1 Diwhu ghvfulelqj wkh prgho lq Vhfwlrq LL/ d jhqhudo surri
ri h{lvwhqfh ri wkh rswlpdo sulfh sdwk lv surylghg lq Vhfwlrq LLL1 Vhfwlrq LY frqvlghuv
zkhq ghwhfwlrq lv gulyhq rqo| e| wkh sulfh ohyho1 Li kljkhu sulfhv pdnh ghwhfwlrq
pruh olnho|/ wkh rswlpdo sulfh sdwk lv vkrzq wr lqyroyh lqlwldoo| udlvlqj sulfh dqg
wkhq kdylqj lw idoo ryhu wlph1 Wkh prgho ri Vhfwlrq Y dvvxphv ghwhfwlrq lv vhqvlwlyh
wr sulfh fkdqjhv dqg ?qgv wkdw wkh fduwho vwhdglo| udlvhv sulfh1 Frpsdudwlyh vwdwlfv
rq wkh vwhdg|0vwdwh sulfh uhyhdo wkdw lw lv ghfuhdvlqj lq wkh gdpdjh pxowlsoh dqg
wkh suredelolw| ri ghwhfwlrq exw/ vxusulvlqjo|/ lv lqghshqghqw ri wkh ohyho ri ?qhv1
Ixuwkhupruh/ li ?qhv duh wkh rqo| shqdow|/ wkh fduwho*v vwhdg|0vwdwh sulfh lv wkh vdph
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dv lq wkh devhqfh ri dqwlwuxvw odzv/ wkrxjk ?qhv gr d>hfw wkh sdwk wr wkh vwhdg|0vwdwh1
Dqrwkhu lqwuljxlqj uhvxow lv wkdw d pruh vwulqjhqw vwdqgdug iru fdofxodwlqj gdpdjhv
dfwxdoo| lqfuhdvhv wkh vwhdg|0vwdwh sulfh1 Lq Vhfwlrq YL/ vrph gluhfwlrqv iru ixwxuh
uhvhdufk duh surylghg dqg lw lv glvfxvvhg krz wklv olqh ri zrun pd| eh deoh wr doorz
xv wr glvwlqjxlvk hpslulfdoo| ehwzhhq wdflw frooxvlrq dqg h{solflw frooxvlrq1

Uhodwhg Zrun D ihz sdshuv kdyh lqyhvwljdwhg/ lq d vwdwlf vhwwlqj/ rswlpdo fduwho
sulflqj xqghu wkh frqvwudlqw ri srvvleoh ghwhfwlrq1 Eorfn/ Qrog/ dqg Vlgdn +4<;4,
frqvlghu d vwdwlf roljrsro| prgho lq zklfk wkh suredelolw| ri ghwhfwlrq ghshqgv rq
wkh sulfh0frvw pdujlq dqg wkh shqdow| lv d pxowlsoh ri deryh0qrupdo sur?wv1 Wkh|
vkrz wkdw wkh rswlpdo fduwho sulfh lv ehorz wkh prqrsro| sulfh dqg wkdw wkh fduwho
sulfh lv ghfuhdvlqj lq wkh shqdow| pxowlsoh dqg wkh ohyho ri hqirufhphqw h{shqglwxuhv
+kljkhu ohyhov ri zklfk udlvh wkh suredelolw| ri ghwhfwlrq,1 Vhfwlrq LLL lv/ lq hvvhqfh/ d
g|qdplfdo h{whqvlrq ri wkhlu prgho1 Vsloohu +4<;9,/ Vdodqw +4<;:,/ dqg Ednhu +4<;;,
h{whqg wkh vwdwlf irupxodwlrq wr doorz ex|huv wr dgmxvw wkhlu sxufkdvhv xqghu wkh
dqwlflsdwlrq wkdw wkh| pd| eh deoh wr froohfw pxowlsoh gdpdjhv li vhoohuv duh vkrzq
wr kdyh ehhq frooxglqj1 Dovr zlwklq d vwdwlf vhwwlqj/ Ehvdqnr dqg Vsxoehu +4<;</
4<<3,/ OdFdvvh +4<<8,/ Sror +4<<:,/ dqg Vdòg +5334, h{soruh d frqwh{w lq zklfk ?upv
kdyh sulydwh lqirupdwlrq/ zklfk lq xhqfhv zkhwkhu ru qrw wkh| frooxgh/ dqg hlwkhu
wkh jryhuqphqw ru ex|huv pxvw ghflgh zkhwkhu wr sxuvxh frvwo| ohjdo dfwlrq1 Wzr
sdshuv frqvlghu d g|qdplf vhwwlqj1 F|uhqqh +4<<<, prgl?hv Juhhq dqg Sruwhu +4<;7,
e| dvvxplqj wkdw d sulfh zdu/ dqg wkh hqvxlqj udlvlqj ri sulfh diwhu wkh zdu/ uhvxowv
lq ghwhfwlrq iru vxuh dqg zlwk lw d ?{hg ?qh1 Prwwd dqg Sror +5334, frqvlghu wkh
h>hfwv ri ohqlhqf| surjudpv rq wkh lqfhqwlyhv wr frooxgh lq d uhshdwhg jdph ri shuihfw
prqlwrulqj1 Lq wkdw prgho/ wkh suredelolw| wkh fduwho lv ghwhfwhg lv dvvxphg ?{hg1
Wkrxjk frqvlghulqj frooxvlyh ehkdylru lq d g|qdplfdo vhwwlqj zlwk dqwlwuxvw odzv/
wkhvh wzr sdshuv h{foxgh wkh vrxufhv ri g|qdplfv wkdw duh wkh irfl ri wkh fxuuhqw
dqdo|vlv> vshfl?fdoo|/ wkdw wkh suredelolw| ri ghwhfwlrq dqg shqdowlhv +lq wkh irup
ri gdpdjhv, duh vhqvlwlyh wr ?upv* sulflqj ehkdylru1 Lw lv wkdw vhqvlwlylw| wkdw zloo
jhqhudwh suhglfwlrqv derxw fduwho sulflqj g|qdplfv1

5 Prgho

Wkh uhsuhvhqwdwlyh ?up*v sur?w zkhq doo ?upv fkdujh d sulfh ri S lv ghqrwhg ä +S , = Li
wrwdo pdunhw ghpdqg lv G +S , zkhq wkh frpprq sulfh lv S dqg d ?up*v frvw ixqfwlrq
lv F +ü, wkhq wkh sur?w ixqfwlrq wdnhv wkh irup ä +S , @ S +G +S , @q,ýF +G +S , @q, >
jlyhq q è 5 ?upv1 ó lv wkh vhw ri ihdvleoh sulfhv1 Lq wkh devhqfh ri wkh irupdwlrq ri
d fduwho/ d v|pphwulf htxloleulxp lv dvvxphg wr h{lvw zklfk hqwdlov d sulfh ri eS dqg
?up sur?w ri eä è 3=

Li ?upv irup d fduwho/ wkh| phhw wr ghwhuplqh sulfh1 Dvvxph wkhvh phhwlqjv/
dqg dq| dvvrfldwhg grfxphqwdwlrq/ surylghv wkh 3vprnlqj jxq4 li dq lqyhvwljdwlrq lv
sxuvxhg1 Wkh sulfh lq shulrg w lv ghqrwhg S | dqg hdfk ?up hduqv sur?w ri ä

ý
S |
ü
1 Wkh

fduwho lv ghwhfwhg zlwk vrph suredelolw| dqg lqfxuv vrph ohyho ri h{shfwhg gdpdjhv lq
wkdw hyhqw1 Ghwhfwlrq fdq eh ylhzhg dv wkh hqg ri wkh krul}rq zlwk d whuplqdo sd|r>
ri ^eä@ +4ý ï,` ý G| ý I zkhuh G| lv d ?up*v +h{shfwhg, gdpdjhv lq wkh hyhqw wkh
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fduwho lv ghwhfwhg dqg I lv dq| +h{shfwhg, ?qhv14 Li qrw ghwhfwhg/ frooxvlrq frqwlqxhv
rq wr wkh qh{w shulrg1 Wkhuh lv dq lq?qlwh qxpehu ri shulrgv1 Shqdowlhv dqg ?qhv duh
dvvxphg wr eh vx!flhqwo| erxqghg iurp deryh iru doo klvwrulhv vr wkdw wkh h{shfwhg
suhvhqw ydoxh ri d ?up*v lqfrph vwuhdp lv dozd|v srvlwlyh vr edqnuxswf| lv dyrlghg15

D fduwho phpehu*v gdpdjhv duh dvvxphg wr hyroyh lq wkh iroorzlqj pdqqhu=

G| @ ñG|3� . ðg
ý
S |
ü
zkhuh ñ 5 ^3> 4, > ð è 3= +4,

Dv wlph surjuhvvhv/ gdpdjhv lqfxuuhg lq suhylrxv shulrgv ehfrph lqfuhdvlqjo| gl!fxow
wr grfxphqw dqg 4 ý ñ phdvxuhv wkh udwh ri wkh ghwhulrudwlrq ri wkh hylghqfh16

g
ý
S |
ü
lv wkh ohyho ri gdpdjhv lqfxuuhg lq wkh fxuuhqw shulrg zkhuh ð lv wkh pxowlsoh

ri gdpdjhv wkdw d ?up fdq h{shfw wr sd| li irxqg fdxjkw frooxglqj1 Zkloh X1V1
dqwlwuxvw odz vshfl?hv wuheoh gdpdjhv/ ð frxog eh ohvv wkdq wkuhh ehfdxvh d fdvh lv
vhwwohg rxw0ri0frxuw1 Vlqjoh gdpdjhv duh qrw xqxvxdo iru dq rxw0ri0frxuw vhwwohphqw17

Ixuwkhupruh/ wkh suredelolw| ri ehlqj irxqg jxlow| frqglwlrqdo rq dq lqyhvwljdwlrq lv
hpehgghg lq ð= Lq wkdw fdvh/ ð frxog eh ohvv wkdq rqh1 Fxuuhqw X1V1 dqwlwuxvw sudfwlfh
lv g

ý
S |
ü
@
í
S | ý eSìýG ýS |ü @qü =

Ghwhfwlrq ri d fduwho fdq rffxu iurp pdq| vrxufhv> vrph ri zklfk duh uhodwhg wr
sulfh 0 vxfk dv fxvwrphu frpsodlqwv 0 dqg vrph ri zklfk duh xquhodwhg wr sulfh 0 vxfk
dv lqwhuqdo zklvwoheorzhuv dqg lqflghqwdo ghwhfwlrq yld dq xquhodwhg ohjdo fdvh18 Kd|
dqg Nhooh| +4<:7, ?qg wkdw ghwhfwlrq zdv dwwulexwhg wr d frpsodlqw e| d fxvwrphu
ru d orfdo/ vwdwh/ ru ihghudo djhqf| lq 46 ri 7< sulfh0?{lqj fdvhv19 Kljk sulfhv ru
dqrpdorxv sulfh pryhphqwv +qrw hdvlo| h{sodlqhg e| d qrq0frooxvlyh prgho, pd|
fdxvh fxvwrphuv wr ehfrph vxvslflrxv dqg sxuvxh ohjdo dfwlrq ru vkduh wkhlu vxvslflrqv
zlwk wkh dqwlwuxvw dxwkrulwlhv1: Wkrxjk lw lvq*w lpsruwdqw iru p| prgho/ L gr lpdjlqh

4Rqh frxog doorz iru wkh fduwho wr eh uhhvwdeolvkhg vrphwlph lq wkh ixwxuh dqg L vxvshfw pdq|
uhvxowv zrxog qrw fkdqjh1 Ri wkh 4633 ?upv lqglfwhg e| wkh Ghsduwphqw ri Mxvwlfh ryhu 4<9504<;3/
47( zhuh uhflglylvwv +Ervfk dqg Hfndug/ 4<<4,1

5 Lq wklv prgho/ gdpdjhv uhihuv wr dq| shqdow| wkdw lv vhqvlwlyh wr wkh sulfhv fkdujhg zkloh ?qhv
uhihu wr shqdowlhv wkdw duh ?{hg zlwk uhvshfw wr wkh hqgrjhqrxv yduldeohv1 Lq sudfwlfh/ ?qhv ohylhg e|
wkh dqwlwuxvw dxwkrulwlhv duh vhqvlwlyh wr wkhvh idfwruv wkrxjk qrw dv pxfk dv gdpdjhv1

6Dvvxplqj d ghsuhfldwlrq udwh wr gdpdjhv lv lpsruwdqw dqdo|wlfdoo| dv lw erxqgv wkh shqdow|1 Dq
dowhuqdwlyh dssurdfk lv wr lpsrvh d vwdwxwh ri olplwdwlrqv vr wkdw wkh gdpdjh shqdow| lv wkh vxp ri
gdpdjhv lqfxuuhg ryhu d erxqghg qxpehu ri shulrgv lqwr wkh sdvw1 L frqmhfwxuh wkh vdph w|sh ri
lqvljkw zrxog hphujh xqghu vxfk dq dvvxpswlrq1 L wkdqn Whg R*Grqrjkxh iru pdnlqj wklv vxjjhvwlrq1
q fdq dovr fdswxuh wkh idfw wkdw wkh uhdo ydoxh ri wkh gdpdjhv ghfolqhv ryhu wlph dv ghihqgdqwv duh
qrw uhtxluhg wr sd| iruhjrqh lqwhuhvw1 Lqwhuhvw lv dssolhg rqo| diwhu wkh mxglfldo ghwhuplqdwlrq ri
dq dqwlwuxvw ylrodwlrq1 Eodfnvwrqh dqg Erzpdq +4<;:, hvwlpdwh wkdw wklv uhgxfhg wkh uhdo ydoxh ri
gdpdjh shqdowlhv e| durxqg 83( lq 4<:8 jlyhq wkh dyhudjh ohqjwk ri d fduwho durxqg wkdw wlph zdv
;19 |hduv1

7Vhh Frqqru +5334, dqg Zklwh +5334, iru vrph hvwlpdwhv ri gdpdjhv dvvrfldwhg zlwk wkh o|vlqh
fduwho1 Dovr vhh gh Urrv +4<<<, iru dq dqdo|vlv ri wkh o|vlqh fduwho1

8Eu|dqw dqg Hfndug +4<<4, hvwlpdwh wkh fkdqfhv ri d sulfh0?{lqj fduwho ehlqj lqglfwhg wr eh
durxqg 48(1

9 Lq wkh uhfhqw judsklwh hohfwurghv fdvh/ wkh suhvv uhsruwhg wkdw wkh lqyhvwljdwlrq ehjdq zlwk d
frpsodlqw iurp d vwhho pdqxidfwxuhu zklfk lv d sxufkdvhu ri judsklwh hohfwurghv +Ohyhqvwhlq dqg
Vxvorz/ 5334,1

:Wkh Qdvgdt fdvh lv rqh lq zklfk wuxo| dqrpdorxv sulflqj uhvxowhg lq vxvslflrqv derxw frooxvlrq1
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wkdw ex|huv +lq pdq| sulfh0?{lqj fdvhv/ wkh| duh lqgxvwuldo ex|huv, duh wkh ?uvw olqh
ri ghihqvh lq ghwhfwlqj fduwhov1

Dv d jhqhudo uxoh/ wkh ^Dqwlwuxvw` Glylvlrq iroorzv ohdgv jhqhudwhg e|
glvjuxqwohg hpsor|hhv/ xqkdss| fxvwrphuv/ ru zlwqhvvhv iurp rqjrlqj
lqyhvwljdwlrqv1 Dv vxfk/ lw lv yhu| pxfk d uhdfwlyh djhqf| zlwk uhvshfw
wr wkh vhdufk iru fulplqdo dqwlwuxvw ylrodwlrqv1 111 Fxvwrphuv/ hvshfldoo|
ihghudo/ vwdwh/ dqg orfdo surfxuhphqw djhqflhv/ sod| d uroh lq lghqwli|lqj
vxvslflrxv sulflqj/ elg/ ru vklsphqw sdwwhuqv1 ^PfDqqh|/ 4<<4/ ss1 85</
863`

Wr fdswxuh wkhvh lghdv lq d wudfwdeoh pdqqhu/ L doorz wkh suredelolw| ri d fduwho
ehlqj ghwhfwhg lq shulrg w> ghqrwhg !

ý
S |> S |3�

ü
/ wr ghshqg rq wkh fxuuhqw sulfh dqg

wkh suhylrxv shulrg*v sulfh1 Rqh fdq lqwhusuhw !
í eS> eSì dv d edvholqh suredelolw| ri

ghwhfwlrq gulyhq e|/ iru h{dpsoh/ lqwhuqdo zklvwoheorzhuv1 D fhqwudo sduw ri wkh sdshu
lv h{sorulqj krz dvvxpswlrqv rq ! lpsdfw sulflqj g|qdplfv1

Wklv dssurdfk wr ghwhfwlrq kdv wzr olplwdwlrqv1 Iluvw/ lw lv uhgxfhg irup> vshfli|0
lqj d ixqfwlrqdo uhodwlrqvkls ehwzhhq wkh sulfh vhulhv dqg wkh olnholkrrg ri ghwhfwlrq
udwkhu wkdq prghoolqj ex|huv +ru zkrphyhu lv hqjdjlqj lq ghwhfwlrq, dqg ghulylqj wkh
ghwhfwlrq ixqfwlrq1 Vhfrqg/ lw suhvxphv ex|huv duh irujhwixo lq wkdw wkhlu olnholkrrg
ri ehfrplqj vxvslflrxv derxw frooxvlrq ghshqgv rqo| rq uhfhqw sulfhv1 Wkh dwwudf0
wlyhqhvv ri wklv vshfl?fdwlrq lv wkdw lw zloo jhqhudwh fohdq sulflqj g|qdplfv wkdw/ dv
dq lqlwldo yhqwxuh lqwr wklv lpsruwdqw sureohp/ duh xvhixo iru dftxlulqj lqwxlwlrq dqg
lqvljkw1 Fxuuhqwo|/ uhvhdufk lv lq surfhvv wr ghyhors d pruh sulplwlyh prghoolqj ri
wkh ghwhfwlrq surfhvv1

Lq shulrg 4/ ?upv kdyh wkh fkrlfh ri iruplqj d fduwho/ dqg ulvnlqj ghwhfwlrq dqg
gdpdjhv/ ru hduqlqj qrq0frooxvlyh sur?w ri eä= Li wkh| fkrrvh wkh iruphu/ wkh| fdq/
dw dq| wlph/ fkrrvh wr glvfrqwlqxh frooxglqj1 Lq wkdw hyhqw/ lw lv dvvxphg wkh|*oo
qhyhu frooxgh djdlq dqg uhfhlyh d whuplqdo sd|r> ri ^eä@ +4ý ï,` ý â ýS |3�>G|3�ü
zkhuh wkh odvw shulrg ri frooxvlrq lv shulrg wý 41 â ýS |3�> G|3�ü lv wr eh lqwhusuhwhg
dv wkh suhvhqw ydoxh ri wkh h{shfwhg shqdow| zkhq frooxvlrq lv glvfryhuhg diwhu wkh
glvvroxwlrq ri wkh fduwho +iru h{dpsoh/ e| d zklvwoheorzhu,1

Iru wkh sxusrvhv ri hvwdeolvklqj wkh h{lvwhqfh ri dq rswlpdo fduwho sulfh sdwk/ wkh
iroorzlqj dvvxpswlrqv duh lpsrvhg1 Dgglwlrqdo vwuxfwxuh zloo eh uhtxluhg wr ghulyh
surshuwlhv ri wkdw sdwk1;

D4 ó ë ?n lv frpsdfw1

D5 ä = ó$ ? lv erxqghg dqg frqwlqxrxvo| gl>huhqwldeoh1

Lw zdv vfkroduv udwkhu wkdq pdunhw sduwlflsdqwv zkr revhuyhg wkdw ghdohuv dyrlghg rgg0hljkwk txrwhv
dqg xowlpdwho| h{sodlqhg lw dv d irup ri frooxvlyh ehkdylru +Fkulvwlh dqg Vfkxow}/ 4<<7,1 Wkrxjk wkh
pdunhw0pdnhuv glg qrw dgplw jxlow/ wkh| glg sd| dq rxw0ri0frxuw vhwwohphqw ri durxqg '4 eloolrq1

; Li _ Eå ä '
í
å 3 eåì E( Eå ä *?ä wkhq _ frxog eh ghfuhdvlqj iru vx!flhqwo| kljk sulfhv zklfk

frqwudglfwv D61 Krzhyhu/ lw lv vkrzq lq Kduulqjwrq +5334, wkdw/ xqghu vwdqgdug dvvxpswlrqv rq
ghpdqg dqg frvw ixqfwlrqv/ _ lv lqfuhdvlqj iru sulfhv rq wkh rswlpdo sulfh sdwk1
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D6 g = ó$ ?n lv erxqghg/ frqwlqxrxvo| gl>huhqwldeoh/ dqg qrq0ghfuhdvlqj1

D7 ! = ó2 $ ^3> 4` lv frqwlqxrxv1

D8 â = óû?n $ ?n lv erxqghg/ frqwlqxrxv dqg qrq0ghfuhdvlqj1

D9 <S6 A eS vxfk wkdw äâ +S , ( 3 dv S ì S6=

Wkh fduwho fkrrvhv dq lq?qlwh sulfh sdwk vr dv wr pd{lpl}h wkh h{shfwhg vxp ri
glvfrxqwhg lqfrph zkhuh ï 5 +3> 4, lv lwv glvfrxqw idfwru1 Wr euhdn lqgl>huhqfh/ ?upv
duh dvvxphg wr frooxgh li wkh| duh lqgl>huhqw ehwzhhq frooxglqj dqg qrw frooxglqj1

6 H{lvwhqfh ri dq Rswlpdo Sulfh Sdwk

Wkh edvlf sureohp lv rqh ri wkh fduwho pdqdjhu fkrrvlqj d sulfh sdwk wr pd{lpl}h
wkh h{shfwhg suhvhqw ydoxh ri wkh uhsuhvhqwdwlyh fduwho phpehu*v lqfrph vwuhdp1
Wr hvwdeolvk wkh h{lvwhqfh ri dq rswlpdo sulfh sdwk/ g|qdplf surjudpplqj lv xvhg1
Wkh vwdwh yduldeohv duh |hvwhugd|*v sulfh/ S |3�> dqg dffxpxodwhg gdpdjhv/ G|3�=
Y
ý
S |3�>G|3�

ü
ghqrwhv wkh ydoxh ixqfwlrq zkhq wkh fduwho lv vwloo ixqfwlrqlqj dv ri

shulrg w1 Lw lv gh?qhg dv wkh ?{hg srlqw wr=

Y
ý
S |3�>G|3�

ü
@ pd{

åMl
ä +S , +5,

.ï!
ý
S>S |3�

ü û
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú

.ï
û
4ý ! ýS> S |3�üúûpd{iY ýS> ñG|3� . ðg +S ,ü >

+eä@ +4ý ï,,ý â ýS> ñG|3� . ðg +S ,üj=
+eä@ +4ý ï,, ý ñG|3� ý ðg +S , ý I lv wkh whuplqdo sd|r> dvvrfldwhg zlwk wkh fduwho
ehlqj ghwhfwhg1 Dovr qrwh wkdw ?upv kdyh wkh ixwxuh rswlrq ri glvpdqwolqj wkh fduwho
dqg uhfhlylqj d whuplqdo sd|r> ri +eä@ +4ý ï,, ý â ýS> ñG|3� . ðg +S ,ü = Doo surriv
duh lq Dsshqgl{ D1

Wkhruhp 4 Dvvxph D40D81 Dq rswlpdo sulfh sdwk h{lvwv1

D qdwxudo vshfl?fdwlrq iru wkh srvw0fduwho shqdow| ixqfwlrq lv

â
ý
S |3�>G|3�

ü
@

"[
ô'|

ïô3|n�
û
ñô3|n�G|3� . I

ú
$ô
ý
S |3�

ü
+6,

zkhuh $ô
ý
S |3�

ü
lv wkh suredelolw| ri wkh fduwho ehlqj glvfryhuhg lq shulrg á +zklfk

pd| ghshqg rq wkh lqlwldo frqglwlrqv iru sulfh iru wkh srvw0fduwho shulrg,1 Lq wkdw fdvh/
â
ý
S |3�>G|3�

ü
lv dq d!qh ixqfwlrq ri G|3�1 Wklv surshuw| lv xvhg lq wkh qh{w uhvxow

zklfk vkrzv wkdw wkh ydoxh ixqfwlrq lv d ghfuhdvlqj frqyh{ ixqfwlrq ri dffxpxodwhg
gdpdjhv1
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Wkhruhp 5 Dvvxph D40D8 dqg â lv d zhdno| frqfdyh ixqfwlrq ri G|3�1 Wkhq
Y
ý
S |3�>G|3�

ü
lv d ghfuhdvlqj frqyh{ ixqfwlrq ri G|3�=

Dv d kljkhu ydoxh iruG|3� phdqv d pruh vhyhuh shqdow| lq wkh hyhqw ri ghwhfwlrq/ lw
lv xqvxusulvlqj wkdw wkh ydoxh ri frooxvlrq lv ghfuhdvlqj lq wkh dprxqw ri dffxpxodwhg
gdpdjhv1 Lw lv dovr hdv| wr h{sodlq zk| wkh ydoxh ixqfwlrq lv frqyh{1 Kroglqj wkh
sulfh sdwk ?{hg dqg dvvxplqj frooxvlrq lv lq?qlwho|0olyhg/ d ?up*v sd|r> lv olqhdu
dqg ghfuhdvlqj lq G|3� dv wkh h{shfwhg suhvhqw ydoxh ri wkh shqdow| dvvrfldwhg zlwk
G|3� lv G|3�

S"
ô'| +ïñ,

ô3|n� $ô zkhuh $ô lv wkh suredelolw| ri ghwhfwlrq lq shulrg á 1<

Vlqfh wkh fduwho fdq sduwldoo| plwljdwh wkh h>hfw ri lqfuhdvhg dffxpxodwhg gdpdjhv
e| dgmxvwlqj wkh sulfh sdwk wr pdnh ghwhfwlrq ohvv olnho|/ wkh ydoxh ixqfwlrq/ dw hdfk
ydoxh ri G|3�> lv erxqghg iurp ehorz e| d olqhdu ghfuhdvlqj ixqfwlrq ri G|3� zklfk
lv wdqjhqw wr wkh ydoxh ixqfwlrq dw wkdw ydoxh ri G|3�= Zlwk wklv orzhu erxqg/ wkh
ydoxh ixqfwlrq lv wkhq +zhdno|, frqyh{ lq G|3�1 Xqiruwxqdwho|/ wkh frqyh{lw| ri wkh
ydoxh ixqfwlrq phdqv wkdw wkh fduwho*v remhfwlyh ixqfwlrq qhhg qrw eh frqfdyh dqg
wklv zloo frpsolfdwh wkh hqvxlqj dqdo|vlv1

7 Zkhq Ghwhfwlrq Ghshqgv rq wkh Sulfh Ohyho

Suhylrxv vwdwlf dqdo|vhv ri wkh lq xhqfh ri dqwlwuxvw odz rq fduwho sulflqj kdyh dv0
vxphg wkdw wkh suredelolw| ri ghwhfwlrq lv dq lqfuhdvlqj ixqfwlrq ri sulfh1 Lq wklv
vhfwlrq/ zh frqvlghu wkhlu g|qdplfdo h{whqvlrq e| dvvxplqj wkh suredelolw| ri ghwhf0
wlrq ghshqgv rqo| rq wkh fxuuhqw sulfh1 Wkh lghd lv wkdw ex|huv pd| kdyh vrph vhqvh
derxw zkdw lv dq dssursuldwh qrq0frooxvlyh sulfh +ru vrph lghd derxw wkh ohyho ri frvw,
dqg wkh pruh wkdw wkh revhuyhg sulfh ghsduwv iurp wkdw frpshwlwlyh ehqfkpdun/ wkh
pruh olnho| wkh| duh wr ehfrph vxvslflrxv dqg sxuvxh d ohjdo lqyhvwljdwlrq1 Wkh pdlq
frqfoxvlrq ri wklv vhfwlrq lv wkdw wklv prghoolqj ri ghwhfwlrq jhqhudwhv qrqvhqvlfdo
uhvxowv iurp zklfk L frqfoxgh wkdw ghwhfwlrq pxvw eh gulyhq e| pruh wkdq wkh sulfh
ohyho1

E| dvvxpswlrqv E5 dqg E6/ ghwhfwlrq ghshqgv rqo| rq wkh fxuuhqw sulfh dqg wkh
suredelolw| ixqfwlrq lv lqfuhdvlqj dqg zhdno| frqyh{143 E7 dqg E8 lpso| wkdw wkh
sur?w dqg gdpdjh ixqfwlrqv duh wzlfh gl>huhqwldeoh dqg vwulfwo| frqfdyh1 Zlwk yhu|
plog gl>huhqfhv/ wkhvh dvvxpswlrqv duh wkh vdph dv lq Eorfn hw do +4<;4,1 Qrwh wkdw
wkh rqo| vwdwh yduldeoh lv G|3� vlqfh ! grhv qrw ghshqg rq S |3�1

E4 ó lv d frpsdfw frqyh{ vxevhw ri ?n dqg
k eS> S6l ë ó=

E5 <h! = ? $ ^3> 4` vxfk wkdw !
ý
S |> S |3�

ü
@ h! ýS |ü ; ýS |> S |3�ü 5 ó2=

E6 h! lv wzlfh frqwlqxrxvo| gl>huhqwldeoh/ h!â A 3> dqg h!ââ è 3=
< Li frooxvlrq lv ?qlwho|0olyhg wkhq rqh kdv wkh vdph w|sh ri h{suhvvlrq xs xqwlo wkh ?qdo shulrg ri

frooxvlrq dqg wkhq j lv uhohydqw wkhuhdiwhu1
43Vlqfh hè lv erxqghg deryh e| rqh/ lw lv uhvwulfwlyh wr dvvxph wkdw lw lv frqyh{ ryhu wkh hqwluh

grpdlq1 Rqh vkrxog wkhq lqwhusuhw wklv dvvxpswlrq dv vd|lqj wkdw hè lv frqyh{ ryhu wkdw sduw ri wkh
grpdlq zkhuh rswlpdo fduwho sulflqj rffxuv1

:



E7 ä +S , @ +S ý f, +G +S , @q, dqg Gââ ? 3=

E8 g +S , @ pd{
qí
S ý eSì +G +S , @q, > 3r =

Wkhruhp 6 vkrzv wkdw wkh rswlpdo sulfh sdwk kdv d 3whqghqf|4 wr idoo ryhu wlph1
Wr eh pruh suhflvh/ sulru wr srvvleo| uhdfklqj d vwhdg|0vwdwh/ lq hdfk shulrg sulfh
lv orzhu lq vrph ixwxuh shulrg1 Frqvlvwhqw zlwk wklv fkdudfwhul}dwlrq lv d zhdno|
ghfuhdvlqj sulfh sdwk +dqg vwulfwo| ghfuhdvlqj lq vrph shulrgv,144

Wkhruhp 6 Dvvxph D9/ E40E8/ dqg Gf @ 3145 Li lw lv rswlpdo wr irup d fduwho
dqg frooxgh iruhyhu wkhq

õ
G|3�

ô"
|'�

lv qrq0ghfuhdvlqj ryhu wlph/ S � A eS> dqg= l,
li G|

â3� ? G|
â
wkhq <wââ A wâ vxfk wkdw S |â A S |

ââ
> dqg ll, li G|

â3� @ G|
â
wkhq

S | @ S |
â;w è wâ=

Wkh surri lqyroyhv suhvhqwlqj wkh fduwho*v sureohp dv fkrrvlqj G| jlyhq G|3� dqg
wkhq vkrzlqj wkdw wkh fduwho*v remhfwlyh ixqfwlrq lv vwulfwo| vxshuprgxodu lq G| dqg
G|3�= Wkh odwwhu surshuw| lpsolhv wkdw wkh rswlpdo ydoxh ri G| lv qrq0ghfuhdvlqj lq
G|3�= Vkrzlqj wkdw S � A eS dqg wkxv G� A 3 @ Gf/ lw wkhq iroorzv wkdw dffxpxodwhg
gdpdjhv duh qrq0ghfuhdvlqj ryhu wlph1 Zlwk ulvlqj gdpdjhv/ d qrq0ghfuhdvlqj sulfh
sdwk lv vkrzq wr eh lqfrqvlvwhqw zlwk rswlpdolw|> sulfh pxvw eh orzhu lq vrph ixwxuh
shulrg1 Ixuwkhupruh/ L frqmhfwxuh wkdw wkh rswlpdo frooxvlyh sulfh sdwk lv prqrwrq0
lfdoo| +zhdno|, ghfuhdvlqj ryhu wlph1 Lq wkdw fdvh/ wkh fduwho lqlwldoo| udwfkhwv sulfh
deryh wkh qrq0frooxvlyh ohyho dqg uhgxfhv lw ryhu wlph zlwk sulfh hlwkhu ehfrplqj
frqvwdqw iurp vrph shulrg rqzdug ru dv|pswrwlqj vrph ydoxh1 Wkh edvlv iru wklv
frqmhfwxuh lv wkh iroorzlqj lqwxlwlrq1 Wkh fduwho ehjlqv zlwk qr +ru orz, dffxpxodwhg
gdpdjhv1 Dv frooxvlrq frqwlqxhv/ L nqrz e| Wkhruhp 6 wkdw dffxpxodwhg gdpdjhv
jurz zklfk phdqv d kljkhu shqdow| lq wkh hyhqw ri ghwhfwlrq1 Vlqfh wkh suredelolw|
ri ghwhfwlrq lv lqfuhdvlqj lq sulfh/ d qdwxudo uhvsrqvh wr d kljkhu srvvleoh shqdow| lv
wr orzhu sulfh dqg wkhuhe| uhgxfh wkh olnholkrrg ri ghwhfwlrq1 Wkh rswlpdo sulfh sdwk
lv wkhq olnho| wr hqwdlo vhwwlqj dq lqlwldoo| kljk sulfh dqg uhgxflqj lw ryhu wlph146

Wr surylgh hylghqfh wrzdugv ydolgdwlqj wklv lqwxlwlrq/ qxphulfdo dqdo|vlv zdv
frqgxfwhg1 Dvvxph wzr ?upv/ d pdunhw ghpdqg ixqfwlrq ri G

ý
S |
ü
@ 4333 ý

S |/ dqg frqvwdqw pdujlqdo frvw htxdoolqj }hur1 Wkh vlpsoh prqrsro| sulfh/ S6>
lv wkhq 833 dqg wkh qrq0frooxvlyh sulfh/ eS> lv vshfl?hg wr eh hlwkhu wkh Frxuqrw
sulfh/ zklfk lv 666/ ru wkh frpshwlwlyh sulfh/ zklfk lv }hur1 Wkh gdpdjh ixqf0
wlrq lv g

ý
S |
ü
@
í
S | ý eSìýG ýS |ü @qü > ?qhv duh }hur +I @ 3,/ dqg â

ý
G|3�

ü
@

3;G|3�= Wkh suredelolw| ri ghwhfwlrq lv vshfl?hg wr eh d olqhdu ixqfwlrq/ h! ýS |ü @
44Wkh uhvxow suhvxphv wkdw fduwho irupdwlrq lv rswlpdo dqg wkh fduwho lv lq?qlwho|0olyhg1 Vx!flhqw

frqglwlrqv iru wklv wr eh wuxh duh wkdw wkh suredelolw| ri ghwhfwlrq lv vx!flhqwo| orz dqg wkh shqdow|
sdudphwhuv/ ò dqg 8 / duh vx!flhqwo| orz1

45Wkh dvvxpswlrq ri (f ' f frxog eh uhsodfhg zlwk wkh frqglwlrq wkdw/ rq wkh rswlpdo sdwk/
(f ÷ (�é

46Wkdw L kdyh ehhq xqdeoh wr suryh wklv uhvxow lv gxh wr wkh frpsolfdwlrqv fuhdwhg e| wkh ydoxh
ixqfwlrq ehlqj frqyh{ +dv hvwdeolvkhg lq Wkhruhp 5, vr wkdw wkh ?up*v remhfwlyh ixqfwlrq qhhg qrw
eh frqfdyh1

;



plq
q
!f . !�

í
S | ý eSì > 4r/ dqg L doorz wkuhh vhwv ri ydoxhv iru +!f> !�, vxfk wkdwíh!í eSì > h! +S6,ì 5 i+3> =4, > +=4> =7, > +=5> =;,j = Ilqdoo|/ dvvxph ï @ =<9> ð 5 i4> 6j

dqg ñ 5 i=6> =9> =<j = Wkh ydoxh ixqfwlrq zdv ?uvw dssur{lpdwhg dv d slhfhzlvh olqhdu
ixqfwlrq zlwk 683 euhdnsrlqwv1 Zlwk d glvfuhwl}hg sulfh vsdfh ri 433 srlqwv +dqg/ lq
odwhu dqdo|vlv/ 4333,/ wkh Ehoopdq htxdwlrq zdv vroyhg lwhudwlyho| vwduwlqj iurp dq
lqlwldo jxhvv1 Wr fkhfn iru wkh dprxqw ri dssur{lpdwlrq huuru/ wkh Ehoopdq htxdwlrq
zdv vroyhg dvvxplqj d ?qhu sulfh julg dqg wkh ydoxh ixqfwlrqv zhuh frpsduhg1 Wkh
fkdqjh lq wkh ydoxh ixqfwlrq iurp d ?qhu julg zdv dozd|v h{wuhpho| vpdoo1 Kdylqj
ghulyhg wkh ydoxh ixqfwlrq/ wkh rswlpdo srolf| zdv ghulyhg1 Vshfli|lqj dq lqlwldo ohyho
ri gdpdjhv ri }hur/ wkh rswlpdo sulfh sdwk dqg sdwk ri dffxpxodwhg gdpdjhv zhuh
wkhq jhqhudwhg1 Doo ri wklv dqdo|vlv zdv shuiruphg xvlqj PdwOde1

Rxw ri wkh 69 sdudphwhu frq?jxudwlrqv frqvlghuhg/ 55 uhvxowhg lq wkh fduwho ehlqj
lq?qlwho|0olyhg147 Lq doo ri wkrvh fdvhv/ wkh rswlpdo sulfh sdwk kdg wkh ?up vhw d sulfh
deryh wkh qrq0frooxvlyh sulfh lq shulrg 4 dqg wkhq prqrwrqlfdoo| orzhu lw ryhu wlph148

Uhsuhvhqwdwlyh ri uhvxowv lv Iljxuh 41 Wkh sulfh ehjlqv durxqg 736/ zhoo deryh wkh
qrq0frooxvlyh sulfh ri 666/ dqg wkhq ghfolqhv> vhwwolqj grzq dw d sulfh durxqg 69:1

P| rzq vhqvh lv wkdw d sdwk ri udlvlqj sulfh wr d kljk ohyho dqg wkhq orzhulqj lw
ryhu wlph lv frxqwhuidfwxdo1 Wklv lv fhuwdlqo| frqwudu| wr wkh sulfh sdwkv dvvrfldwhg
zlwk wkh flwulf dflg fduwho ri 4<;:0<: +Frqqru/ 4<<;, dqg wkh judsklwh hohfwurghv fduwho
ri 4<<50<: +Ohyhqvwhlq dqg Vxvorz/ 5334, zkhuh sulfh zdv judgxdoo| lqfuhdvhg1 Lq
wkdw d idoolqj sulfh sdwk lv wkh orjlfdo lpsolfdwlrq ri kdylqj ghwhfwlrq ghshqg rqo|
rq wkh sulfh ohyho/ L lqihu wkdw ghwhfwlrq lv qrw odujho| gulyhq e| wkh sulfh ohyho1 D
qdwxudo dowhuqdwlyh lv wkdw ghwhfwlrq lv gulyhq e| sulfh fkdqjhv1 Wklv lv frqvlghuhg lq
wkh qh{w vhfwlrq1

8 Zkhq Ghwhfwlrq Ghshqgv rq Sulfh Fkdqjhv

Zkloh lw pd| eh gl!fxow iru lqglylgxdov h{whuqdo wr d ?up/ vxfk dv ex|huv/ wr kdyh
uhdvrqdeo|0lqiruphg eholhiv derxw wkh ohyho ri frvw dqg ghpdqg/ lw pd| eh txlwh
uhdvrqdeoh iru wkhp wr uhfhlyh qrlv| vljqdov ri fkdqjhv lq frvw ru ghpdqg dqg eh deoh
wr pdnh dvvhvvphqwv derxw zkdw lv d uhdvrqdeoh fkdqjh lq sulfh> 3uhdvrqdeoh4 lq wkh
vhqvh wkdw lw lv frqvlvwhqw zlwk qrq0frooxvlyh ehkdylru1 Wklv ylhz kdv suhylrxvo| ehhq
duwlfxodwhg=

Vlpxowdqhrxv sulfh lqfuhdvhv dqg rxwsxw uhgxfwlrqv xqh{sodlqhg e|
dq lqfuhdvh lq frvw pd| wkhuhiruh eh jrrg hylghqfh ri wkh lqlwldwlrq ri
d sulfh0?{lqj vfkhph/ zkloh fkdqjhv lq wkh rssrvlwh gluhfwlrq pljkw eh
xvhg dv hylghqfh wkdw d fduwho kdv mxvw froodsvhg1 Qrwlfh wkdw lw lv qrw
qhfhvvdu| wr ghwhuplqh zkdw wkh ?upv* pdujlqdo frvwv duh ru zkdw wkh
frpshwlwlyh sulfh dqg rxwsxw zrxog eh1 Rqh vlpso| revhuyhv sulfh dqg

47E| wklv L phdq wkdw wkh fduwho lv dfwlyh ryhu wkh hqwluh ohqjwk ri wkh srolf| vlpxodwlrq +zklfk lv
433 shulrgv, dqg lw dsshduv d vwhdg|0vwdwh kdg ehhq dfklhyhg1

48Wkh rqh fdyhdw wr wkdw vwdwhphqw lv wkdw lq vrph fdvhv wkh sulfh sdwk/ diwhu vhwwolqj grzq/ hqwhuhg
lqwr d vpdoo sulfh f|foh1 L eholhyh wklv lv dq duwlidfw ri wkh sulfh vsdfh ehlqj glvfuhwh1

<



rxwsxw fkdqjhv dqg dvnv zkhwkhu fkdqjhv lq frvwv ru lq ghpdqg h{sodlq
wkhp/ ru zkhwkhu lw lv qhfhvvdu| wr srvlw fduwhol}dwlrq1 ^Srvqhu +4<:9,/
ss1 9909:1`

Lq wklv sdshu/ L*yh fkrvhq wr vlpsoli| pdwwhuv e| qrw h{solflwo| prghoolqj wkhvh
frvw dqg ghpdqg vkrfnv dqg lqvwhdg dvvxplqj wkdw eljjhu sulfh fkdqjhv duh pruh
olnho| wr wuljjhu ghwhfwlrq1 Lq wkh frqwh{w ri d vwdwlrqdu| hqylurqphqw/ eljjhu sulfh
fkdqjhv vkrxog vhhp pruh sx}}olqj1 Wkh yluwxh ri wklv vlpsol?fdwlrq lv wkdw wkh
rswlpdo sulfh sdwk lv ghwhuplqlvwlf zklfk lv frqgxflyh wr ghulylqj fohdq uhvxowv rq
g|qdplfv1 Ixwxuh uhvhdufk zloo h{solflwo| doorz iru frvw dqg ghpdqg vkrfnv dqg/ pruh
jhqhudoo|/ frqvlghu ulfkhu prghov ri ghwhfwlrq1

Wr fkdudfwhul}h surshuwlhv ri wkh rswlpdo sulfh sdwk/ wkh iroorzlqj vwuxfwxuh lv
lpsrvhg1

F4 ó lv d frpsdfw frqyh{ vxevhw ri ?n dqg
k eS>S6l ë ó =

F5 <e! = ? $ ^3> 4` dqg j = ? $ ?nn> zkhuh j lv d vwulfwo| srvlwlyh/ qrq0lqfuhdvlqj/
frqwlqxrxvo| gl>huhqwldeoh ixqfwlrq/ vxfk wkdw

!
ý
S |> S |3�

ü
@ e! ýýS | ý S |3�ü j ýS |3�üü ; ýS |> S |3�ü 5 ó2=

F6 Li { è | è 3 wkhq e! +{, è e! +|, =
F7 e! +{, è e! +3, ;{ 5 ? dqg e! +3, 5 ^3> 4, =
F8 <% A 3 vxfk wkdw e! lv frqwlqxrxvo| gl>huhqwldeoh ;S ââ 5 +S â ý %> S â . %, > ;S â dqge!â +3, @ 3=

Dvvxpswlrqv F50F7 vshfli| wkdw wkh suredelolw| ri ghwhfwlrq ghshqgv rqo| rq wkh
fkdqjh lq sulfh/ lv qrq0ghfuhdvlqj iru sulfh lqfuhdvhv/ dqg lv plqlpl}hg e| nhhslqj
sulfh frqvwdqw1 Qrwh wkdw wkh fdvh ri d frqvwdqw suredelolw| ri ghwhfwlrq/ vr wkdw lw lv
xqlq xhqfhg e| sulfh g|qdplfv/ lv d vshfldo fdvh1 F8 uhtxluhv gl>huhqwldelolw| durxqg
d sulfh fkdqjh ri }hur dqg lv d qhfhvvdu| whfkqlfdo frqglwlrq149 Lw zloo dovr hdvh wkh
dqdo|wlfv e| kdylqj e!â +3, @ 3= Wkh lpsruwdqfh ri wkdw dvvxpswlrq zloo eh glvfxvvhg
odwhu1 Qrwh wkdw li j lv d frqvwdqw wkhq wkh suredelolw| ri ghwhfwlrq ghshqgv rqo| rq
wkh vl}h ri sulfh pryhphqwv1 Li lqvwhdg j

ý
S |3�

ü
@ 4@S |3� wkhq lw ghshqgv rq wkh

shufhqwdjh fkdqjh lq sulfh1
Wzr dgglwlrqdo dvvxpswlrqv lqyroylqj wkh sur?w ixqfwlrq duh uhtxluhg1

F9 ä +S ,ý ïe! +3, kíò_Eå ä�3q
ì
. I

l
A eä ;S 5 í eS>S6l =

49 L zdqw wr dfnqrzohgjh Dol Nkdq iru wkh surshu vwdwhphqw ri F81 E| ghyhorslqj dq hohjdqw
h{dpsoh/ kh suryhg wr ph wkdw d ixqfwlrq fdq eh gl>huhqwldeoh dw d srlqw exw qrw eh gl>huhqwldeoh
lq dq 00edoo durxqg wkdw srlqw1
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F: <S W 5
í eS>S6l vxfk wkdw

äâ +S ,ý
k
ïe! +3, @í4ý ïñ í4ý e! +3,ììl ðgâ +S , ( 3 dv S ì S W=

Lq Kduulqjwrq +5334,/ lw lv vkrzq wkdw F9 lv vx!flhqw wr hqvxuh wkdw/ dw d vwhdg|
vwdwh sulfh ri S / frooxglqj lv suhihudeoh wr qrw frooxglqj1 F: uhtxluhv txdvl0frqfdylw|
ri dq lqfrph ixqfwlrq zklfk lv gh?qhg wr eh sur?w ohvv vrph pxowlsoh ri gdpdjhv1
Dq h{dpsoh vdwlvi|lqj wkhvh dvvxpswlrqv lv surylghg odwhu1

814 Surshuwlhv ri wkh Fduwho Sulfh Sdwk

Wkhruhp 7 vkrzv wkdw li frooxvlrq lv rswlpdo wkhq lw lv lq?qlwho|0olyhg/ lqyroyhv d
qrq0ghfuhdvlqj sulfh sdwk/ dqg wkh orqj0uxq sulfh lv S W +dv gh?qhg lq F:,14: Wkhvh
surshuwlhv iru wkh sulfh sdwk duh ghulyhg xqghu wkh dvvxpswlrq wkdw lw lv rswlpdo wr
irup d fduwho14;

Wkhruhp 7 Dvvxph D50D9/ F40F:/ dqg S f 5
k eS>S Wì1 Li lw lv rswlpdo wr irup d

fduwho wkhq lw lv rswlpdo wr frooxgh lq doo shulrgv dqg li
õ
S |
ô"
|'�

lv dq rswlpdo sulfh
sdwk wkhq= l, lw lv qrq0ghfuhdvlqj ryhu wlph> dqg ll, S | $ S W dv w$4=

Lq wkdw odujhu sulfh pryhphqwv uhvxow lq d kljkhu suredelolw| ri ghwhfwlrq/ wkh
rswlpdo sulfh sdwk kdv wkh fduwho judgxdoo| lqfuhdvh sulfh wr lwv orqj0uxq wdujhw ydoxh
ri S W zlwk wkh krsh ri qrw wuljjhulqj vxvslflrqv1 Li wkh suredelolw| ri ghwhfwlrq lv
lqghshqghqw ri sulfh wkhq rqh fdq vkrz wkdw wkh fduwho lpphgldwho| lqfuhdvhv sulfh wr
S W dqg ohdyhv lw wkhuh1 Wkxv/ g|qdplfv frph iurp ghwhfwlrq ghshqglqj rq wkh fkdqjh
lq sulfh14< D qxphulfdo h{dpsoh lq Iljxuh 5 vkrzv d w|slfdo sulfh sdwk1 Sulfh vwduwv
dw wkh qrq0frooxvlyh +Frxuqrw, sulfh ri 666 dqg lv judgxdoo| udlvhg> dv|pswrwlqj d
ydoxh ri 7:3 zklfk lv ehorz wkh vlpsoh prqrsro| sulfh ri 833153

Wkh orqj0uxq fduwho sulfh/ S W> lv gh?qhg dv wkh xqltxh vroxwlrq wr

äâ +S W,ý
k
ïe! +3, @í4ý ïñ í4ý e! +3,ììl ðgâ +S W, @ 3= +7,

4:Zlwkrxw F8/ wkh surri vwloo hvwdeolvkhv wkdw wkh sulfh sdwk lv qrq0ghfuhdvlqj ryhu wlph dqg lv
erxqghg iurp deryh e| å Wé F8 vhuyhv wr vkrz wkdw ,ð6|<"å | ' å Wé

4;Khuh duh wzr vhwv ri vx!flhqw frqglwlrqv iru fduwho irupdwlrq wr rffxu zkhq å f ' eå dqg
(f ' f1 Iluvw/ ò dqg 8 duh vx!flhqwo| vpdoo1 Vhfrqg/ _

í eåì ' fc 8 ' fc dqg j
ý
å |3�c(|3�ü '

fú ýå |3�c(|3�ü1 Wkh ?uvw fdvh lv lpphgldwh dqg wkh vhfrqg fdvh lv vkrzq lq Kduulqjwrq +5334,1
Wkh odwwhu lv urexvw wr vpdoo fkdqjhv lq wkh dvvxpswlrqv1

4<Zkhq wkh suredelolw| ri ghwhfwlrq lv ?{hg wkhq wkh h{shfwhg shqdow| dvvrfldwhg zlwk sdvw gdp0
djhv lv lqghshqghqw ri zkdw ?upv gr +dv orqj dv wkh| frqwlqxh frooxglqj,1 Khqfh/ wkh rswlpdo sulfh
grhvq*w fkdqjh ryhu wlph hyhq wkrxjk gdpdjhv gr jurz1

53Wkh qxphulfdo dqdo|vlv dvvxphv wkh ghpdqg dqg frvw ixqfwlrqv xvhg zlwk wkh qxphulfdo dqdo|vlv
lq Vhfwlrq LLL dqg wkdw ? ' 2c q ' éSc ò ' �c B ' ébSc dqg 8 ' f1 Wkh suredelolw| ri ghwhfwlrq

ixqfwlrq lv txdgudwlf/ 4ð?
q
èf n è�

ý
å | 3 å |3�ü2 c �r c zlwk èf ' éfD dqg è� ' éfff2Db2 vr wkdw

udlvlqj wkh sulfh 58( ri wkh zd| iurp wkh qrq0frooxvlyh wr wkh vlpsoh prqrsro| sulfh lq rqh shulrg
uhvxowv lq d 83( fkdqfh ri ghwhfwlrq1 Qrwh wkdw eè Efä ' éfD vr wkdw wkh vwhdg|0vwdwh suredelolw| ri
ghwhfwlrq lv 8(1 Pruh qxphulfdo uhvxowv duh lq Kduulqjwrq +5334,1
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S W ghshqgv rq wkh gdpdjh ixqfwlrq dqg pxowlsoh/ wkh udwh dw zklfk gdpdjhv gh0
suhfldwh/ dqg wkh suredelolw| ri ghwhfwlrq ixqfwlrq1 Li wkh sur?w ixqfwlrq lv frqfdyh
+äââ ? 3,> wkh gdpdjh ixqfwlrq lv vwulfwo| lqfuhdvlqj +ðgâ A 3,> dqg wkh plqlpxp
suredelolw| ri ghwhfwlrq lv srvlwlyh/ e! +3, A 3> wkhq S W ? S6 vr wkdw wkh fduwho sulfh
lv erxqghg ehorz wkh vlpsoh prqrsro| sulfh lq doo shulrgv1 Wkxv/ dqwlwuxvw odz frq0
vwudlqv sulflqj ehkdylru1 Krzhyhu/ dovr qrwh wkdw li ð @ 3> vr wkdw wkh rqo| shqdow|
lv ?qhv/ wkhq äâ +S W, @ 3 zklfk phdqv S W @ S6= Dw wkh vwhdg|0vwdwh/ ?qhv gr qrw
frqvwudlq wkh fduwho*v sulfh1 Lw lv wuxh/ krzhyhu/ wkdw kljkhu ?qhv fdq eh h{shfwhg wr
uhgxfh wkh vshhg zlwk zklfk sulfh lv udlvhg dqg/ li ?qhv duh vx!flhqwo| kljk/ wkh| fdq
ghwhu fduwho irupdwlrq dowrjhwkhu1

Lw dsshduv wkdw wklv uhvxow lv gulyhq e| dvvxpswlrq F8 zklfk vwdwhv wkdw vpdoo
sulfh fkdqjhv kdyh d sursruwlrqdwho| vpdoo h>hfw rq wkh suredelolw| ri ghwhfwlrq1 Lq
wkh orqj uxq/ sulfh vhwwohv grzq vr wkdw wkh sulfh fkdqjh frqyhujhv wr }hur1 Jlyhq
wkdw e!â +3, @ 3/ pdujlqdo fkdqjhv lq sulfh kdyh qr ?uvw0rughu h>hfw rq wkh suredelolw|
ri ghwhfwlrq wkrxjk frqwlqxh wr kdyh d ?uvw0rughu h>hfw rq wkh srwhqwldo shqdow|
wkurxjk wkh gdpdjh ixqfwlrq1 Wkxv/ idfwruv wkdw lq xhqfh wkh uhodwlrqvkls ehwzhhq
sulfh dqg wkh vl}h ri wkh shqdow| 0 wkh glvfrxqw idfwru/ wkh udwh ri ghsuhfldwlrq ri
gdpdjhv/ wkh gdpdjh pxowlsoh/ dqg wkh gdpdjh ixqfwlrq 0 doo lq xhqfh wkh orqj0uxq
sulfh1 Dv d uhvxow/ li wkhuh duh rqo| ?qhv dqg qr gdpdjhv wkhq/ dv sulfh fkdqjhv
jr wr }hur/ pdujlqdo fkdqjhv lq sulfh kdyh qr h>hfw rq wkh h{shfwhg shqdow| lq wkh
orqj0uxq vr wkdw wkh fduwho sulfh frqyhujhv wr wkh vlpsoh prqrsro| sulfh1 Vxssrvh
lqvwhdg e!â +3, A 3 vr wkdw F8 lv qrw vdwlv?hg1 Lqvshfwlrq ri wkh surri ri Wkhruhp
7 uhyhdov wkdw wkh sulfh sdwk lv vwloo qrq0ghfuhdvlqj dqg lv erxqghg iurp deryh e|
S W= Khqfh/ sulfh fkdqjhv vwloo jr wr }hur dqg/ wkhuhiruh/ e!â +3, A 3 lpsolhv pdujlqdo
fkdqjhv lq sulfh gr lpsdfw wkh suredelolw| ri ghwhfwlrq1 Vlqfh d kljkhu ?qh pdnhv
wkh h{shfwhg shqdow| pruh vhqvlwlyh wr sulfh fkdqjhv hyhq lq wkh orqj0uxq/ ?qhv 0 dv
zhoo dv gdpdjhv 0 lq xhqfh wkh orqj0uxq sulfh1 Dujxlqj e| frqwlqxlw|/ wkh orqj0uxq
sulfh lv wkhq odujho| lqghshqghqw ri ?qhv zkhq e!â +3, lv srvlwlyh exw vpdoo1

Wkh srvvleoh lqghshqghqfh ri wkh vwhdg|0vwdwh fduwho sulfh zlwk uhvshfw wr ?qhv
lv lq vwdun frqwudvw wr vwdwlf prghov ri frooxvlyh sulflqj lq wkh suhvhqfh ri dqwlwuxvw
odzv1 Lq wkrvh prghov/ wkhuh lv dq htxlydohqfh ehwzhhq ?qhv dqg gdpdjhv lq wkh vhqvh
wkdw dq| sulfh uhvxowlqj iru vrph gdpdjh pxowlsoh frxog eh dowhuqdwlyho| jhqhudwhg
wkurxjk dq dssursuldwho| vhohfwhg ?qh1 Lq d g|qdplfdo prgho lq zklfk ghwhfwlrq
ghshqgv rq sulfh fkdqjhv/ sulfh lv erxqghg ehorz wkh vlpsoh prqrsro| sulfh zkhq
gdpdjhv duh xvhg exw wkdw qhhg qrw eh wkh fdvh zkhq wkh rqo| shqdow| lv ?qhv1

815 Frpsdudwlyh Vwdwlfv

Dvvxph wkh pdunhw ghpdqg ixqfwlrq/ G +ü,/ lv wzlfh gl>huhqwldeoh dqg hdfk ?up kdv
frqvwdqw pdujlqdo frvw ri f1 D ?up*v sur?w lv wkhq ä +S , @ +S ý f, +G +S , @q, =
Dvvxph Gââ +S , é 3 vr wkdw D9 krogv1 Qh{w vxssrvh wkdw wkh gdpdjh ixqfwlrq lv

g +S , @
í
S ý eSì +G +S , @q, zkhuh eS A f= Wr hqvxuh wkdw F: lv vdwlv?hg/ gh?qh
ô+S , ì ä +S ,ý ég +S , @ +4@q,

k
+S ý f,G +S ,ý é

í
S ý eSìG +S ,l +8,
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zkhuh é ì ïe! +3,ð1í4ý ïñ í4ý e! +3,ìì =
Qrwh wkdw li ôââ +S , ? 3 wkhq S W lv gh?qhg e| ôâ +S W, @ 3= Wdnlqj wkh ?uvw wzr
ghulydwlyhv ri ô=

ôâ +S , @ +4@q,
q
+4ý é, û+S ý f,Gâ +S , .G +S ,ú. éí eS ý fìGâ +S ,r > +9,

ôââ +S , @ +4@q,
q
+4ý é, û5Gâ +S , . +S ý f,Gââ +S ,ú. éí eS ý fìGââ +S ,r =

ôââ +S , ? 3 li é ? 4 dqg Gââ é 31 Iru S W wr h{fhhg eS / rqh qhhgv=
ôâ
í eSì @ +4@q,q+ eS ý f,Gâ í eSì. +4ý é,G í eSìr A 3= +:,

Vlqfh + eS ýf,Gâ í eSì.G í eSì A 3> dv eS lv dvvrfldwhg zlwk wkh qrq0frooxvlyh rxwfrph/

wkhq ôâ
í eSì A 3 li é lv vx!flhqwo| forvh wr }hur zklfk krogv/ iru h{dpsoh/ li hlwkhu

wkh suredelolw| ri ghwhfwlrq ru wkh gdpdjh pxowlsoh lv vx!flhqwo| vpdoo1 S W lv wkhq
gh?qhg e|=

+4ý é, û+S W ý f,Gâ +S W, .G +S W,ú. éí eS ý fìGâ +S W, @ 3= +;,

Wdnlqj wkh wrwdo ghulydwlyh ri +;, zlwk uhvshfw wr é>

CS W

Cé
@

^+S W ý f,Gâ +S W, .G +S W,`ý
í eS ý fìGâ +S W,

+4ý é, ^5Gâ +S W, . +S W ý f,Gââ +S W,` . é
í eS ý fìGââ +S W, ? 3= +<,

Lw lv vwudljkwiruzdug wr vkrz wkdw é lv lqfuhdvlqj lq ð> e! +3, > ñ/ dqg ï= Lw lv wkhq
lpphgldwh wkdw wkh vwhdg|0vwdwh fduwho sulfh lv uhgxfhg zkhq= l, wkh gdpdjh pxowlsoh/
ð/ lv lqfuhdvhg> ll, wkh suredelolw| ri ghwhfwlrq/ e! +ü, > lv lqfuhdvhg> lll, wkh udwh dw
zklfk gdpdjhv shuvlvw ryhu wlph/ ñ/ lv lqfuhdvhg> dqg ly, wkh glvfrxqw idfwru/ ï> lv
lqfuhdvhg154 Wkh ?uvw wkuhh uhvxowv duh txlwh lpphgldwh1 Wr h{sodlq wkh odvw rqh/
qrwh wkdw wkh fduwho idfhv dq lqwhuwhpsrudo wudgh0r> lq wkdw d kljkhu sulfh lq wkh
fxuuhqw shulrg udlvhv fxuuhqw sur?w exw orzhuv wkh ixwxuh sd|r> e| lqfuhdvlqj wkh
olnholkrrg ri ghwhfwlrq dqg/ lq wkh hyhqw ri ixwxuh ghwhfwlrq/ lqfuhdvlqj wkh shqdow|1
Dv fduwho phpehuv ehfrph pruh sdwlhqw +d kljkhu ydoxh iru ï,> wkh| wkhq suhihu orzhu
fduwho sulfhv1 Qrwh wkdw wkh vwdqgdug htxloleulxp dqdo|vlv ri frooxvlrq +zkhuh sulfh
lv gulyhq e| lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ wkdw zh suhvhqwo| ljqruh,/ d kljkhu
glvfrxqw idfwru vxssruwv kljkhu frooxvlyh sulfhv1 Dq htxloleulxp dqdo|vlv ri fduwho
sulflqj xqghu wkh frqvwudlqw ri ghwhfwlrq zloo eulqj wr ehdu wkhvh wzr frxqwhudfwlqj
irufhv dqg frxog suryh lqvljkwixo1

Li S W lv wzlfh gl>huhqwldeoh zlwk uhvshfw wr é wkhq=

C2S W

CðCe! +3, @
ë
C2S W

Cé2

êë
Cé

Cð

ê#
Cé

Ce! +3,
$
.

ë
CS W

Cé

ê#
C2é

CðCe! +3,
$
= +43,

54Qxphulfdo dqdo|vlv uhyhdohg wkdw zkhq d fkdqjh lq d sdudphwhu fdxvhg wkh orqj0uxq fduwho sulfh
wr idoo +ulvh,/ wkh hqwluh sulfh sdwk ghfolqhg +urvh,1 Wkhvh uhvxowv duh lq Kduulqjwrq +5334,1
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Vlqfh
C2é

CðCe! +3, @ ï +4ý ïñ,k
4ý ïñ

í
4ý e! +3,ìl2 A 3> +44,

lw iroorzv wkdw/ li C2S W@Cé2 é 3 +zklfk lv wuxh zkhq wkh ghpdqg ixqfwlrq lv olq0
hdu, wkhq C2S W@CðCe! +3, ? 3= Wkh lqwhusuhwdwlrq ri wkh furvv sduwldo ghulydwlyh ri
wkh vwhdg|0vwdwh fduwho sulfh zlwk uhvshfw wr ð dqg e! +3, lv wkdw wkh gdpdjh pxowlsoh
dqg hqirufhphqw h{shqglwxuh +dvvxplqj wkdw wkh odwwhu lpsolhv d vkliw xs lq e!, duh
frpsohphqwv lq wkhlu h>hfw rq wkh fduwho sulfh> d kljkhu gdpdjh pxowlsoh pdnhv hq0
irufhphqw h{shqglwxuh pruh h>hfwlyh lq uhgxflqj sulfh1 Khqfh/ pruh vhyhuh shqdowlhv
vkrxog suredeo| eh frpsohphqwhg zlwk pruh/ qrw ohvv/ hqirufhphqw dfwlylwlhv1

D ?qdo lqwhuhvwlqj frpsdudwlyh vwdwlf h{huflvh lv wr frqvlghu wkh lq xhqfh ri wkh
exw0iru sulfh/ eS> rq wkh vwhdg|0vwdwh fduwho sulfh1 Uhfdoo wkdw wkh exw0iru sulfh lv
wkh sulfh xvhg lq fdofxodwlqj gdpdjhv155 Lw zloo eh xvhixo wr jhqhudol}h wkh gdpdjh
ixqfwlrq wr=

g +S , @
í
S ý eSì kò +G +S , @q, . +4ý ò,íG í eSì @qìl +45,

zkhuh ò 5 ^=8> 4` = X1V1 dqwlwuxvw sudfwlfh lv fdswxuhg e| ò @ 4 zkloh li gdpdjhv
zhuh vshfl?hg wr htxdo wkh orvv lq frqvxphu vxusoxv wkhq ò @ =8/ xvlqj d olqhdu
dssur{lpdwlrq1 Qrwh wkdw dv ò idoov/ wkh fduwho*v sulfh kdv ohvv ri dq lq xhqfh rq wkh
ohyho ri ghpdqg xvhg iru fdofxodwlqj gdpdjhv1 Lw lv vwudljkwiruzdug wr ghulyh=

CS W

C eS @
é
k
+4ý ò,Gâ

í eSìý òGâ +S W,l
+4ý éò, ^5Gâ +S W, . +S W ý f,Gââ +S W,` . éò

í eS ý fìGââ +S W, ? 3= +46,

Dv ehiruh/ wkh ghqrplqdwru lv qhjdwlyh1 Qh{w qrwh wkdw wkh qxphudwru lv lqfuhdvlqj
lq ò vr lw lv plqlpl}hg dw ò @ =8= Lq wkdw fdvh/ wkh qxphudwru lv qrq0qhjdwlyh dv orqj
dv Gâ

í eSì è Gâ +S W, = Vlqfh S W A eS wkhq Gââ é 3 lpsolhv Gâ
í eSì è Gâ +S W, = Lw lv

frqfoxghg wkdw CS W@C eS ? 3=56 Wr xqghuvwdqg wklv uhvxow/ ?uvw qrwh wkdw orzhulqj eS
udlvhv wkh wrwdo dprxqw ri gdpdjhv e| lqfuhdvlqj wkh dprxqw ri gdpdjhv dvvljqhg
shu xqlw ri gdpdjh ghpdqg1 Rqh uhvsrqvh wr d orzhu exw0iru sulfh lv wr orzhu wkh
fduwho sulfh vr dv wr eulqj edfn grzq wkh shu xqlw gdpdjh dprxqw1 Dowhuqdwlyho|/
?upv frxog udlvh wkh fduwho sulfh vr dv wr uhgxfh wkh qxpehu ri xqlwv xsrq zklfk
gdpdjhv duh dvvhvvhg1 Jlyhq ò lv qrw wrr orz 0 vr wkdw wkh qxpehu ri xqlwv xvhg
iru gdpdjh fdofxodwlrq lv vx!flhqwo| vhqvlwlyh wr wkh frooxvlyh sulfh 0 wkh odwwhu h>hfw
grplqdwhv1 Vxusulvlqjo|/ wkh vwhdg|0vwdwh fduwho sulfh lv wkhq ghfuhdvlqj lq wkh exw0iru
sulfh1 Wkxv/ li wkh fduwho dqwlflsdwhv wkdw d pruh frpshwlwlyh vwdqgdug zloo eh dssolhg
lq fdofxodwlqj gdpdjhv/ wklv zloo uhvxow lq d kljkhu fduwho sulfh lq wkh orqj0uxq157

55 eå uhsuhvhqwv wzr gl>huhqw sulfhv= wkh qrq0frooxvlyh sulfh dqg wkh exw0iru sulfh1 Zkloh/ lq sudfwlfh/
wkh| duh lqwhqghg wr eh wkh vdph/ lq sulqflsoh wkh| frxog eh gl>huhqw1 Wkh srlqw wr pdnh lv wkdw lw
lv eå dv wkh exw0iru sulfh zklfk lq xhqfhv wkh vwhdg|0vwdwh fduwho sulfh1

56H{fhsw li k ' éD dqg (ââ ' fc lq zklfk fdvh Yå W*Y eå ' fé Ixuwkhupruh/ Yå W*Y eå : f li rqh
doorzv k wr eh forvh wr }hur exw lw lv xqfohdu zk| wkdw lv d uhohydqw fdvh1

57Krzhyhu/ lw lv lpsruwdqw wr qrwh wkdw d orzhu exw0iru sulfh pd| glvvxdgh fduwho irupdwlrq
dowrjhwkhu1
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Wzr fruroodulhv duh zruwk phqwlrqlqj1 Iluvw/ li ò @ 4 dqg wkh exw0iru sulfh lv wkh
frpshwlwlyh sulfh/ eS @ f> wkhq wkh vwhdg|0vwdwh fduwho sulfh lv wkh vdph dv wkh sulfh
lq wkh devhqfh ri dqwlwuxvw odzv/ S W @ S6= Mxvw dv pxfk dv ?qhv fdq kdyh qr h>hfw
lq wkh orqj uxq/ gdpdjhv fdq kdyh qr h>hfw hlwkhu1 Vhfrqg/ li wkh exw0iru sulfh lv
dvvxphg wr eh ghfuhdvlqj lq q +zklfk lv wuxh iru prvw roljrsro| prghov li wkh exw0iru
sulfh lv wkh qrq0frooxvlyh sulfh, wkhq wkh vwhdg|0vwdwh fduwho sulfh lv lqfuhdvlqj lq wkh
qxpehu ri ?upv1

9 Frqfoxglqj Uhpdunv

Lq fkrrvlqj d sulfh sdwk/ lw lv qdwxudo wr h{shfw d sulfh0?{lqj fduwho wr wu| wr dyrlg
fuhdwlqj vxvslflrqv wkdw wkhuh lv d fduwho1 Zkhq ghwhfwlrq ghshqgv rqo| rq wkh sulfh
ohyho/ L ?qg wkdw wkh qrqvhqvlfdo uhvxow hphujhv wkdw wkh fduwho lqlwldoo| udlvhv sulfh dqg
wkhq orzhuv lw ryhu wlph1 Zkhq lqvwhdg ghwhfwlrq lv gulyhq e| sulfh pryhphqwv/ wkh
fduwho sulfh sdwk lv lqfuhdvlqj ryhu wlph dqg frqyhujhv wr d vwhdg|0vwdwh1 Wklv vwhdg|0
vwdwh sulfh lv ehorz wkh vlpsoh prqrsro| sulfh zkhq shqdowlhv lqfoxgh gdpdjhv exw
fdq htxdo wkh vlpsoh prqrsro| sulfh zkhq rqo| ?qhv duh xvhg1 Zkloh d kljkhu gdpdjh
pxowlsoh dqg pruh hqirufhphqw +zklfk vhuyhv wr udlvh wkh suredelolw| ri ghwhfwlrq,
uhvxowv lq d orzhu fduwho sulfh sdwk/ d orzhu exw0iru sulfh dfwxdoo| udlvhv lw1

Wkh prgho dqg dqdo|vlv ri wklv sdshu lv dq lqlwldo dwwhpsw wr ghyhors d ulfkhu
g|qdplfdo wkhru| ri sulfh0?{lqj fduwhov e| wdnlqj dffrxqw ri wkhlu loohjdolw| dqg wkh
ghvluh ri ?upv wr dyrlg ghwhfwlrq1 Wkhuh duh pdq| gluhfwlrqv wkdw rqh fdq jr iurp
khuh1 Zlwk wklv sduwlfxodu prgho/ wkhuh lv d qhhg wr wdnh dffrxqw ri htxloleulxp
frqglwlrqv vr dv wr hqvxuh wkdw ?upv gr qrw zdqw wr ghyldwh iurp wkh fduwho sulfh
sdwk1 Ri sduwlfxodu lqwhuhvw lv wr h{soruh krz dqwlwuxvw srolf| lqwhudfwv zlwk lqfhqwlyh
frpsdwlelolw| frqvwudlqwv1 Wr zkdw h{whqw gr frqfhuqv derxw ghwhfwlrq pdnh fkhdwlqj
pruh ru ohvv ghvludeohB58

D vhfrqg vhw ri h{whqvlrqv lv wr surylgh d ulfkhu prgho ri ghwhfwlrq1 Wkh uhgxfhg
irup dssurdfk ri wklv sdshu kdv frqvlghudeoh dqdo|wlfdo yluwxh1 Krzhyhu/ li rqh zdqwv
wr h{soruh wkh w|shv ri lqgxvwulhv wkdw duh surqh wr fduwho irupdwlrq dqg krz wkh
surshuwlhv ri wkh fduwho sulfh sdwk ydu| dfurvv lqgxvwulhv/ lw lv qhfhvvdu| wr hqgrjhql}h
wkh ghwhfwlrq surfhvv vr wkdw lw fdq ghshqg rq wkhvh lqgxvwu| wudlwv1 Rqh lghd lv wr
lqwurgxfh frvw dqg ghpdqg vkrfnv1 Wkh ghjuhh ri frvw yduldelolw|/ ghpdqg yduldelolw|/
dqg vhdvrqdolw| ri ghpdqg ydulhv vljql?fdqwo| dfurvv lqgxvwulhv1 Vhfrqgo|/ wklv zloo
uhtxluh doorzlqj wkh ghwhfwlrq surfhvv wr ghshqg rq dq lqgxvwu|*v frvw dqg ghpdqg
yduldelolw|1 Wr zkdw h{whqw ex|huv ehfrph vxvslflrxv derxw frooxvlrq lq uhvsrqvh
wr d vhulhv ri sulfh lqfuhdvhv vkrxog ghshqg rq wkh olnholkrrg wkdw frvw dqg ghpdqg
lqfuhdvhv frxog kdyh jhqhudwhg wkdw sulfh vhulhv dqg zkhwkhu/ klvwrulfdoo|/ sulfh lv
uhodwlyho| vwdeoh ru yrodwloh1 Wkh reylrxv dssurdfk lv wr prgho wklv dv d jdph zlwk
?upv dqg ex|huv +ru wkh dqwlwuxvw dxwkrulw|, dv sod|huv159 Ex|huv kdyh d sulru vhw
ri eholhiv rq d fduwho kdylqj ehhq iruphg +suhvxpdeo| gulyhq e| vrph sdudphwhu
nqrzq wr ?upv dqg xqnqrzq wr ex|huv, dqg krog dffxudwh frqmhfwxuhv ri wkh ?upv*

58Wkrxjk lq d yhu| uhvwulfwlyh prgho/ F|uhqqh +4<<<, surylghv vrph lqlwldo lqvljkw wr wkdw lvvxh1
59Ehvdqnr dqg Vsxoehu +4<;</ 4<<3, xvh wklv dssurdfk iru wkh vwdwlf vhwwlqj1
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sulflqj uxohv 0 xqghu erwk frooxvlrq dqg qrq0frooxvlrq1 Wkh suredelolw| ri frooxvlrq
lv xsgdwhg xvlqj Ed|hv Uxoh dqg wkh revhuyhg sulfhv1 L wklqn wklv lv wkh zurqj
zd| lq zklfk wr surfhhg li wkh remhfwlyh lv wr xqghuvwdqg fduwho sulflqj1
Wkh hqwluh sxusrvh ri wklv olqh ri uhvhdufk lv wr hqjdjh lq jhqxlqh glvfryhu| dv wr krz
fduwhov sulfh1 L gr qrw lpdjlqh wkdw wkh dqwlwuxvw dxwkrulw| douhdg| nqrzv wkh dqvzhu
+lqghhg/ lq sudfwlfh/ wkh| kluh dfdghplf hfrqrplvwv olnh p|vhoi wr khos wkhp,/ qru
wkdw wkh ex|huv gr +zk| vkrxog wkh ex|huv nqrz zkdw wkh frooxvlyh sulflqj uxoh orrnv
olnh li wkh|*yh qhyhu suhylrxvo| zlwqhvvhg d fduwho lq wkhlu lqgxvwu|B,1 Wkh prghoolqj
uhtxluhphqwv duh wkhq wr hqgrjhql}h ghwhfwlrq vr wkdw lw ghshqgv rq uhohydqw lqgxvwu|
wudlwv olnh frvw yduldelolw| exw wr gr vr lq d pdqqhu wkdw grhv qrw uhtxluh ex|huv
3nqrzlqj4 wkh frooxvlyh sulflqj uxoh1 L fxuuhqwo| kdyh dq dssurdfk wr wklv sureohp
zklfk L dp lq wkh surfhvv ri ghyhorslqj1

D wklug h{whqvlrq lv uhodwhg wr wkh idfw wkdw ghwhfwlrq kdv ehhq dvvxphg wr ghshqg
rqo| rq pryhphqwv lq d frpprq ?up sulfh1 Krzhyhu/ vxvslflrqv derxw frooxvlrq duh
dovr jhqhudwhg e| ?upv* sulfhv prylqj lq wdqghp1 Li ex|huv pd| lqihu/ uljkwo| ru
zurqjo|/ iurp sdudooho sulfh pryhphqwv wkdw d fduwho lv suhvhqw/ wklv zloo dovr kdyh
lpsolfdwlrqv iru sulflqj ehkdylru1

Lq frqfoxvlrq/ ohw ph vd| wkdw e| wdnlqj lqwr dffrxqw wkh lvvxh ri ghwhfwlrq/ wkhru|
vkrxog eh deoh wr r>hu zd|v lq zklfk wr hpslulfdoo| glvwlqjxlvk ehwzhhq h{solflw dqg
wdflw frooxvlrq1 Wdflw frooxvlrq L gh?qh dv zkhq ?upv hqjdjh lq d sulflqj duudqjhphqw
wkdw vhuyhv wr udlvh sulfh dqg lv dfklhyhg zlwkrxw h{solflw frppxqlfdwlrq1 Zkloh lw lv
srvvleoh wr survhfxwh wdflwo| frooxglqj ?upv/ lw lv yhu| gl!fxow1 H{solflw frooxvlrq lv
zkhq ?upv hqjdjh lq gluhfw frppxqlfdwlrq uhjduglqj wkh vhwwlqj ri sulfhv +ru vrph
rwkhu irup ri frooxvlrq vxfk dv pdunhw doorfdwlrq,1 H{solflw frooxvlrq lv fohduo| dq dq0
wlwuxvw ylrodwlrq1 Zkloh dqwlwuxvw odz dqg srolf| pdnhv d fulwlfdo glvwlqfwlrq ehwzhhq
h{solflw dqg wdflw frooxvlrq/ h{lvwlqj frooxvlyh sulflqj wkhrulhv gr qrw15: Krzhyhu/ li
h{solflw frooxvlrq lv loohjdo dqg wdflw frooxvlrq lv qrw +ru dw ohdvw lw lv frqvlghudeo| pruh
gl!fxow wr suryh loohjdolw|, wkhq frqfhuqv derxw ghwhfwlrq duh pxfk pruh lpsruwdqw
zkhq ?upv kdyh iruphg d sulfh0?{lqj fduwho +ru zkdw lv fdoohg d 3kdug0fruh fduwho4
lq srolf| flufohv,1 Lq wkh prgho ri wklv sdshu/ doo sulflqj g|qdplfv duh gulyhq e|
frqfhuqv derxw ghwhfwlrq dqg sxqlvkphqw1 Lqghhg/ li wdflw frooxvlrq lv ohjdo wkhq/
lq p| prgho/ wkh mrlqw sur?w0pd{lpl}lqj sulfh sdwk xqghu wdflw frooxvlrq lv wr sulfh
dw wkh vlpsoh prqrsro| sulfh lq doo shulrgv1 Wklv lv vwulnlqjo| gl>huhqw iurp krz d
kdug0fruh fduwho ehkdyhv dv lw judgxdoo| udlvhv sulfh dqg sulfh lv erxqghg ehorz wkh
vlpsoh prqrsro| sulfh1 Wkh txdolwdwlyho| gl>huhqw sulflqj g|qdplfv ehwzhhq h{solflw
dqg wdflw frooxvlrq r>huv vrph krsh wr glvwlqjxlvk ehwzhhq wkh wzr irupv ri frooxvlrq1
Wklv lv txlwh lpsruwdqw iru srolf| sxusrvhv dv lw lv ehvw li wkh dqwlwuxvw dxwkrulw| do0
orfdwhv lwv uhvrxufhv wr survhfxwlqj h{solflw frooxvlrq iru wkhuh lv erwk pruh krsh ri
dfklhylqj d frqylfwlrq dqg lq ghwhuulqj wkh irupdwlrq ri kdug0fruh fduwhov1

5:Wkhuh duh d ihz h{fhswlrqv1 PfFxwfkhrq +4<<:, prghov phhwlqjv ehwzhhq ?upv1 Dwkh|/ Edjzhoo/
dqg Vdqfklulfr +4<<;, dqg Dwkh| dqg Edjzhoo +5334, prgho wkh h{fkdqjh ri frvw lqirupdwlrq e| ?upv
zklfk zrxog vhhp pruh dssursuldwh iru h{solflw wkdq wdflw frooxvlrq +wkrxjk vxfk h{fkdqjh frxog
vwloo rffxu wkurxjk d wudgh dvvrfldwlrq,1
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Dsshqgl{ D
Surri ri Wkhruhp 4 Wkh surri lv dq dgdswdwlrq ri dujxphqwv lq Vwrnh| dqg

Oxfdv +4<;<,1 Ehjlq e| vxssrvlqj wkdw wkh fduwho kdv ehhq iruphg dqg ohw y = ó û
?n $ ? eh d frqwlqxrxv erxqghg ixqfwlrq1 Ohw W eh d ixqfwlrq zlwk grpdlq E
zklfk lv wkh vsdfh ri frqwlqxrxv erxqghg ixqfwlrqv wkdw pds ó û ?n lqwr ?= W lv
gh?qhg dv iroorzv=
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E| D40D8 dqg wkh suhvxpswlrq wkdw y lv d frqwlqxrxv ixqfwlrq/ wkh deryh sureohp lq0
yroyhv pd{lpl}lqj d frqwlqxrxv ixqfwlrq ryhu d frpsdfw vhw1 Khqfh/ W +y +ü,, h{lvwv e|
wkh Wkhruhp ri wkh Pd{lpxp +Wkhruhp 619/ Vwrnh| dqg Oxfdv/ 4<;<,1 Dv ä> !> g> â>
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Wr vkrz wkdw W lv d frqwudfwlrq/ Eodfnzhoo*v wkhruhp lv xvhg +Wkhruhp 616/ Vwrnh|
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Dv ï 5 +3> 4,/ W lv wkhq d frqwudfwlrq1 E| wkh Frqwudfwlrq Pdsslqj Wkhruhp +Wkhr0
uhp 615/ Vwrnh| dqg Oxfdv/ 4<;<,/ W kdv d xqltxh ?{hg srlqw zklfk lv d frqwlqxrxv
erxqghg ixqfwlrq1 Wklv ?{hg srlqw lv wkh ydoxh ixqfwlrq/ Y= Vlqfh wkhq
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lv d frqwlqxrxv dqg erxqghg ixqfwlrq dqg ó lv frpsdfw/ dq rswlpdo sulfh sdwk h{lvwv1

Doo ri wklv dqdo|vlv lv iru zkhq wkh fduwho kdv ehhq iruphg1 Li Y
ý
S f> Gf

ü èeä@ +4ý ï, wkhq lw lv lqghhg rswlpdo wr irup wkh fduwho dqg wkh sulfh sdwk lv wkdw
zklfk pd{lpl}hv +48,1 Li Y
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? eä@ +4ý ï, wkhq lw lv qrw rswlpdo wr irup wkh

fduwho dqg wkh rswlpdo sulfh sdwk lv eS lq doo shulrgv1 ï
Surri ri Wkhruhp 5 Gh?qh wkh vhtxhqfh ri ydoxh ixqfwlrqv iyû +ü,j"û'� =
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Jlyhq D40D8/ lw iroorzv iurp wkh Frqwudfwlrq Pdsslqj Wkhruhp wkdw Y +ü, @ olpû<" yû +ü, =
Dq| surshuw| wkdw krogv iru wkh vhtxhqfh ri ixqfwlrqv iyû +ü,j"û'� wkhq krogv iru Y +ü, =

Vxssrvh yû +ü, lv ghfuhdvlqj lq G|3�1 Vlqfh â +ü, lv qrqghfuhdvlqj lq G|3� wkhq
pd{ iyû +ü, > +eä@ +4ý ï,,ý â +ü,j lv qrqghfuhdvlqj lq G|3�1 Xvlqj wklv idfw dorqj zlwkû
+eä@ +4ý ï,,ý ñG|3� ý ðg +S ,ý I ú ehlqj ghfuhdvlqj lq G|3�> lw iroorzv wkdw yûn� +ü,
lv ghfuhdvlqj lq G|3�= Wkhuhiruh/ Y +ü, lv ghfuhdvlqj lq G|3�=

Vxssrvh yû +ü, lv frqyh{ lq G|3�1 Dv â +ü, lv frqfdyh lq G|3� dqg/ vlqfh wkh pd{0
lpxp ri frqyh{ ixqfwlrqv lv frqyh{/ wkhq pd{ iyû +ü, > +eä@ +4ý ï,,ý â +ü,j lv frqyh{
lq G|3�=5; Qh{w qrwh wkdw
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Wkxv/ wkh ixqfwlrq ehlqj pd{lpl}hg rq wkh ukv ri +49, lv frqyh{ lq G|3�1 Dv yûn� +ü,
lv vlpso| wkh pd{lpxp ri d froohfwlrq ri frqyh{ ixqfwlrqv 0 hdfk rqh sdudphwhul}hg
e| d gl>huhqw hohphqw ri ó 0 wkhq yûn� +ü, lv frqyh{ lq G|3�1 ï
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Surri ri Wkhruhp 6 Wkh surri vwudwhj| lqyroyhv ?uvw vkrzlqj wkdw wkh vwdwh
yduldeoh/ G|3�> lv qrq0ghfuhdvlqj ryhu wlph dqg wkhq vkrzlqj wkdw wkh wlph sdwk iru
wkh vwdwh yduldeoh lpsolhv wkh vshfl?hg surshuwlhv ri wkh sulfh sdwk1

Wr vkrz wkdw G� A Gf +@ 3, > ohw ph vxssrvh qrw vr wkdw S � é eS dqg g
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ü
@ 3=

Vlqfh G� @ Gf> e| vwdwlrqdulw| wkh rswlpdo sulfh lq shulrg 5 lv dv lq shulrg 4 dqg
wkh vdph lv wuxh iru doo hqvxlqj shulrgv1 Wklv uhvxowv lq d sd|r> qr juhdwhu wkdqeä@ +4ý ï, zklfk frqwudglfwv wkh rslwpdolw| ri iruplqj d fduwho15<
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ýïh! ý# ýG| ý ñG|3�ü @ðü ûY ýG|üý +eä@ +4ý ï,, .G| . I ú =
Ghqrwh wkh pd{lpdqg wr eh i

ý
G|> G|3�

ü
=

Wrsnlv +4<:;, vkrzv wkdw li ý
ý
G|3�

ü
lv lqfuhdvlqj lq G|3� dqg i

ý
G|>G|3�

ü
lv xs0

shu vhpl0frqwlqxrxv dqg vwulfwo| vxshuprgxodu lqG| dqgG|3� wkhq dujpd{ i
ý
G|>G|3�

ü
lv qrq0ghfuhdvlqj lq G|3�=63 Li wkh rswlpdo ydoxh iru G| lv qrq0ghfuhdvlqj lq G|3�> lw
iroorzv iurp Gf ? G� wkdw

õ
G|3�

ô"
|'�

lv qrq0ghfuhdvlqj1 ý
ý
G|3�

ü
lv fohduo| lqfuhdv0

lqj lq G|3�=64 Dv i
ý
G|> G|3�

ü
lv frqwlqxrxv/ lw rqo| uhpdlqv wr vkrz wkdw lw lv vwulfwo|

vxshuprgxodu1 Jlyhq i lv gh?qhg rq d surgxfw ri rughuhg vhwv wkhq vwulfw vxshuprg0
xodulw| lv htxlydohqw wr lqfuhdvlqj gl>huhqfhv zkhuh i kdv lqfuhdvlqj gl>huhqfhv lq G|

dqg G|3� li i
í
G|>G

|3�ìý i íG|> hG|3�ì lv lqfuhdvlqj lq G| zkhq G
|3�

A hG|3�=
i
í
G|>G

|3�ìý i íG|> hG|3�ì +4:,

@
k
ä
í
#
íí
G| ý ñG|3�

ì
@ð
ìì
ý ä

í
#
íí
G| ý ñ hG|3�ì @ðììl

.ï
kh!í# ííG| ý ñ hG|3�ì @ðììý h!í# ííG| ý ñG|3�ì @ðììlûû

Y
ý
G|
üý +eä@ +4ý ï,, .G| . I ú =

Wr ehjlq/ ohw ph vkrz wkdw wkh ?uvw eudfnhwhg whup lq +4:, lv qrq0ghfuhdvlqj lq G|=
Dv ä dqg # duh wzlfh gl>huhqwldeoh/ d vx!flhqw frqglwlrq lv wkdw

C2ä
ý
#
ýý
G| ý ñG|3�ü @ðüü @CG|CG|3� è 3=

5<Wklv vwdwhphqw grhv suhvxph wkdw fduwho irupdwlrq lv vwulfwo| suhihuuhg vr wkdw T Efä : eZ* E�3 Bä é
63D xvhixo uhihuhqfh iru wkh wkhru| ri vxshuprgxodu ixqfwlrqv lv Ylyhv +4<<<,1
64Wkh vhw ø lv kljkhu wkdq wkh vhw îc ø R îc li iru hdfk @ M ø dqg K M îc týT t@c Kå M ø

dqg ð?u t@c Kå M îé Wkh fruuhvsrqghqfh è G ø < î lv lqfuhdvlqj li/ zkhq @ D @âc @ õ' @âc wkhq
è E@ä R è E@âä é

4<



Vlqfh

ä
ý
#
ýý
G| ý ñG|3�ü @ðüü @ û# ýýG| ý ñG|3�ü @ðüý fú +4@q,G ý# ýýG| ý ñG|3�ü @ðüü

wkhq

C2ä
ý
#
ýý
G| ý ñG|3�ü @ðüü @CG|CG|3�

@ ý ýñ@ð2qüq#ââ ûG +#, . +# ý f,Gâ +#,ú. ý#âü2 û5Gâ +#, . +# ý f,Gââ +#,úr =
Xvlqj wkhvh vxevwlwxwlrqv/65

#â @ q
1k
G +#, .

í
# ý eSìGâ +#,l A 3

#ââ @ ýq
q
#â
k
5Gâ +#, .

í
# ý eSìGââ +#,lr!kG +#, . í# ý eSìGâ +#,l2 A 3>

dqg pxowlso|lqj wkurxjk e|
k
G .

í
# ý eSìGâl2 @#â/ rqh ?qgv wkdw C2ä@CG|CG|3� è

3 l>

3 è û
5Gâ . +# ý f,Gââú kG . í# ý eSìGâl +4;,

ý
k
5Gâ .

í
# ý eSìGââl ûG . +# ý f,Gâú =

Ohw "
í eSì ghqrwh wkh h{suhvvlrq rq wkh ukv ri +4;,1 Vlqfh " +f, @ 3/

"â
í eSì @ ý û5Gâ . +# ý f,GââúGâ . ûG . +# ý f,GâúGââ ? 3>

dqg eS è f wkhq "
í eSì é 3= Wklv suryhv wkdw wkh ?uvw eudfnhwhg whup lq +4:, lv

qrq0ghfuhdvlqj lq G|=
Wkh qh{w vwhs lv wr vkrz wkdw wkh vhfrqg whup lq +4:,/

ï
kh!í# ííG| ý ñ hG|3�ì @ðììý h!í# ííG| ý ñG|3�ì @ðììlûû
Y
ý
G|
üý +eä@ +4ý ï,, .G| . I ú >

lv lqfuhdvlqj lq G|= Dv erwk ri wkhvh eudfnhwhg whupv duh srvlwlyh +wkh vhfrqg whup
lv reylrxv dqg wkh ?uvw whup zloo eh vkrzq,/ lw lv vx!flhqw wr suryh wkdw wkhvh whupv
duh lqfuhdvlqj lq G|= Dv ! lv wzlfh gl>huhqwldeoh wkhq wkh ?uvw whup lv lqfuhdvlqj lq
G| li h!â í# ííG| ý ñ hG|3�ì @ðìì#â ííG| ý ñ hG|3�ì @ðì +4<,

A h!â í# ííG| ý ñG|3�ì @ðìì#â ííG| ý ñG|3�ì @ðì =
65Qrwh wkdw wkh rswlpdo sulfh sdwk olhv ehorz å6é Li wkh fduwho sulfhv dw å6c e| lqvwhdg pdujlqdoo|

orzhulqj lwv sulfh wkhuh lv qr ?uvw0rughu h>hfw rq fxuuhqw sur?w exw wkhuh lv d ?uvw0rughu h>hfw lq
uhgxflqj wkh suredelolw| ri ghwhfwlrq dqg uhgxflqj gdpdjhv +zkhq eå : Säé Jlyhq wkh rswlpdo sulfh
lv ohvv wkdq wkdq å6 dqg eå D S wkhq ( Eúä n Eú 3 Sä(â Eúä : fé
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Vlqfh G
|3�

A hG|3� wkhq íG| ý ñ hG|3�ì @ð A íG| ý ñG|3�ì @ð dqg/ jlyhq #â A 3>

#
íí
G| ý ñ hG|3�ì @ðì A # ííG| ý ñG|3�ì @ðì =

Vlqfh h!ââ è 3 wkhq
h!â í# ííG| ý ñ hG|3�ì @ðìì è h!â í# ííG| ý ñG|3�ì @ðìì =

Jlyhq #ââ A 3 wkhq

#â
íí
G| ý ñ hG|3�ì @ðì A #â ííG| ý ñG|3�ì @ðì =

L frqfoxgh wkdw +4<, lv wuxh1
Ilqdoo|/ L qhhg wr vkrz wkdw

û
Y
ý
G|
üý +eä@ +4ý ï,, .G| . I ú lv lqfuhdvlqj lq G|=

Li G
|
A hG|/ lw vkrxog eh wuxh wkdw

Y
í
G
|
ì
ý +eä@ +4ý ï,, .G| . I A Y

í hG|ìý +eä@ +4ý ï,, . hG| . I /
G
| ý hG| A Y

í hG|ìý Y íG|ì =
Wklv krogv ehfdxvh lqfuhdvlqj gdpdjhv e| G

| ý hG| orzhuv wkh fduwho*v sd|r> e|
ïñ
í
G
| ý hG|ì zkhq ghwhfwlrq rffxuv iru vxuh lq shulrg w1 Khqfh/ ïñ

í
G
| ý hG|ì lv dq

xsshu erxqg rq wkh fkdqjh lq wkh ydoxh ixqfwlrq1
Wkh ?qdo vwhs lv wr hvwdeolvk wkh surshuwlhv ri wkh sulfh sdwk1 Vlqfh G|3� lv qrq0

ghfuhdvlqj/ wkhuh duh wzr fdvhv= l, G|
â3� ? G|

â
> dqg ll, G|

â3� @ G|
â
= Ohw

q
S
|
r"
|'�

ghqrwh wkh rswlpdo sulfh sdwk1 Ohppd 4 surylghv d orzhu dqg xsshu erxqg rq wkh
fkdqjh lq wkh ydoxh ixqfwlrq166

Ohppd 4= Li
q
S
|
r"
|'�

lv dq rswlpdo sulfh sdwk wkhq

ü|
â
ñ
í
G|

â ýG|â3�
ì
è Y

í
G|

â3�
ì
ý Y

í
G|

âì è ü|ân�ñ íG|â ýG|â3�ì
zkhuh

ü| @ ï
"[
ô'|

+ïñ,ô3| h! ýS ôü ô3�\
æ'|

k
4ý h!íS æìl =

Surri = Lq h{dplqlqj d ?up*v sd|r> lq shulrg w/ G|3� hqwhuv lq wkh irup ri wkh
h{suhvvlrq ýü|ñG|3� zklfk lv wkh h{shfwhg suhvhqw ydoxh ri wkh shqdow| dvvrfldwhg
zlwk G|3� +iru ghwdlov vhh wkh uhsuhvhqwdwlrq ri wkh sd|r> lq Dsshqgl{ E,1 Lqwxlwlyho|/
ü| lv wkh vxp ri wkh suredelolwlhv ri ehlqj ghwhfwhg lq shulrgv w> w. 4> = = = zkhuh wkh
shqdow| +dvvrfldwhg zlwk dffxpxodwhg gdpdjhv dv ri shulrg wý 4, lv +ïñ,ô3|n�G|3�
zkhuh gdpdjhv duh glvfrxqwhg dqg ghsuhfldwhg1

66Qrwh wkdw wklv surylghv dq dowhuqdwlyh surri wkdw wkh ydoxh ixqfwlrq lv ghfuhdvlqj lq (|3�é
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Jlyhq dffxpxodwhg gdpdjhv ri G|
â
> vxssrvh wkh fduwho zhuh wr xvh wkh sulfh

sdwk
q
S
|
r"
|'|â

ryhu shulrgv wâ . 4> wâ . 5> = = = Wkh dvvrfldwhg sd|r> lv Y
í
G|

â3�
ì
ý

ü|
â
ñ
í
G|

â ýG|â3�
ì
zkhuh ü|

â
ñ
í
G|

â ýG|â3�
ì
lv wkh ulvh lq wkh suhvhqw ydoxh ri h{0

shfwhg gdpdjhv iurp lqfuhdvlqj dffxpxodwhg gdpdjhv iurp G|
â3� wr G|â kroglqj wkh

sulfh sdwk ?{hg dw wkdw zklfk rffxuv zkhq gdpdjhv duh G|
â3�1 Vlqfh wkh rswlpdo

sulfh sdwk vwduwlqj dw wâ.4 pd| gl>hu iurp wkdw sulfh sdwk/ wklv lv d orzhu erxqg rq
wkh ydoxh ixqfwlrq hydoxdwhg dw G|

â
=

Y
í
G|

âì è Y íG|â3�ìýü|âñ íG|â ýG|â3�ì = +53,

E| dqdorjrxv uhdvrqlqj/ li wkh fduwho xvhv wkh sulfh sdwk
q
S
|
r"
|'|ân�

ryhu shulrgv

wâ> wâ . 4> = = = wkhq wkh dvvrfldwhg sd|r> lv Y
í
G|

â
ì
.ü|

ân�ñ
í
G|

â ýG|â3�
ì
= Khqfh/

Y
í
G|

â3�
ì
è Y

í
G|

âì
.ü|

ân�ñ
í
G|

â ýG|â3�
ì
= +54,

Frpelqlqj +53,0+54, suryhv Ohppd 41 [
Frqvlghu fdvh +l, vr wkdw G|

â ýG|â3� A 3= E| Ohppd 4/ ü|â è ü|ân�= Ohw xv qh{w
vkrz wkdw ü| lv lqfuhdvlqj lq Sû;k è w=

Cü|

CSû
@ ï +ïñ,û3| h!â íSûì û3�\

æ'|

k
4ý h!íS æìlû;?=4ý

"[
ô'ûn�

+ïñ,ô3û h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl

<@> =
Vlqfh

"[
ô'ûn�

h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl é 4>

dv lw lv wkh suredelolw| ri ghwhfwlrq lq shulrg k.4 ru odwhu +frqglwlrqdo rq qr ghwhfwlrq
dv ri shulrg k,/ lw iroorzv wkdw

4ý
"[

ô'ûn�

+ïñ,ô3û h! ýS ôü ô3�\
æ'ûn�

k
4ý h!íS æìl A 3

dqg wkxv Cü|@CSû A 3= Wr vxppdul}h/ G|
â
A G|

â3� lpsolhv ü|
â è ü|

ân� dqg/ lq
dgglwlrq/ ü| lv lqfuhdvlqj lq Sû iru k è w=

Dv wkh qh{w vwhs/ lw lv vwudljkwiruzdug wr vkrz wkdw

ü| @ ïh!íS |ì. k4ý h!íS |ìl ïñü|n�=
Wklv idfw frpelqhg zlwk ü|

â è ü|ân� uhvxowv lq
ïh!íS |âì. k4ý h!íS |âìl ïñü|ân� è ü|

ân� /
ïh!íS |âì1k4ý í4ý h!íS |âìì ïñl è ü|

ân�=
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Qrwh wkdw wkh okv lv ü| zkhq wkh sulfh sdwk lv frqvwdqw dw S
|â
= Jlyhq wkdw surshuw|

dqg wkdw ü|
ân� lv lqfuhdvlqj lq Sû/ wklv lqhtxdolw| grhv qrw krog li S

| è S |â;w è wâ.4
dqg S

|
A S

|â
iru vrph w= Wkhuhiruh/ hlwkhu= l, S

|
@ S

|â;w è wâ.4> ru ll, <wââ A wâ vxfk
wkdw S

|â
A S

|ââ
= Wkh odwwhu lv rxu ghvluhg uhvxow1 Ohw xv wkhq vkrz wkdw +l, fdqqrw

rffxu1
Vxssrvh wkh sulfh sdwk lv frqvwdqw dw S

|â
ryhu shulrgv wâ> wâ . 4> = = = Xvlqj wkh

h{suhvvlrq iru wkh sd|r> ixqfwlrq lq +67,/ wkh ghulydwlyh ri wkh sd|r> ixqfwlrq dw
shulrg w zlwk uhvshfw wr wkh shulrg w +è wâ, sulfh/ hydoxdwhg dw d frqvwdqw sulfh sdwk

ri S
|â;w è wâ> lv

äâ
í
S
|
ì
ýü|ðgâ

í
S
|
ì
ý
ë
Cü|

CS |

êk
ðg
í
S
|
ì
. ñG|3�

l
+55,

ý!â
í
S
|
ì "[
ô'|n�

ïô3|
ô3�\
æ'|

k
4ý !

í
S
æ
ìl û

ä
ý
S
ôüýüôðg ýS ôüý +eä ý +4ý ï,I ,ú =

Vlqfh wkh sulfh sdwk lv frqvwdqw/ ü| dqg Cü|@CS | wdnh rq wkh vdph ydoxhv ;w= Ohw xv
dujxh wkdw S

|â
lv lq wkh lqwhulru ri ó vr wkdw +55, htxdov }hur1 Vlqfh lw lv srvwxodwhg

wkdw G|
â3� ? G|

â
wkhq g

í
S
|â
ì
A 3 zklfk lpsolhv wkdw S

|â
A eS 1 Li S

|â
@ S6 wkhq

+55, lv qhjdwlyh1 Ixuwkhupruh/ lw fdqqrw eh rswlpdo wr sulfh deryh S6= Khqfh/ S
|â

pxvw eh vwulfwo| ohvv wkdq S6= Vlqfh wkh rswlpdo sulfh lv lqwhulru/ +55, htxdov }hur
;w1 Krzhyhu/ wkh h{suhvvlrq lv ghfuhdvlqj lq G|3� dqg vlqfh G|

â3� ? G|
â
/ li +55, lv

}hur iru wâ wkhq lw pxvw eh qhjdwlyh iru wâ.41 Wklv frqwudglfwlrq hvwdeolvkhv wkdw wkh
rswlpdo sulfh sdwk fdqqrw eh frqvwdqw dqg/ wkhuhiruh/ G|

â3� ? G|â lpsolhv <wââ A wâ
vxfk wkdw S

|â
A S

|ââ
=

Fdvh +ll, lv zkhq G|
â3� @ G|â = E| vwdwlrqdulw|/ S

|â
@ S

|ân�
= Qh{w qrwh wkdw=

G|
ân� @ ñG|

â
. ðg

í
S
|ân�

ì
@ ñG|

â3� . ðg
í
S
|â
ì
@ G|

â
=

E| lqgxfwlrq/ G|3� @ G|â3�;w è wâ dqg wkhuhiruh S
|
@ S

|â;w è wâ= Khqfh/ li G|â3� @
G|

â
wkhq sulfh lv frqvwdqw dw S

|â
wkhuhdiwhu1 ï

Surri ri Wkhruhp 7 Wkhuh duh vhyhudo vwhsv lq wkh surri1 Iluvw/ lw lv vkrzq
wkdw li lw lv rswlpdo wr irup d fduwho wkhq lw lv rswlpdo wr frooxgh iruhyhu1 Vhfrqg/
wkh rswlpdo sulfh sdwk lv erxqghg deryh e| S W1 Wklug/ wkh rswlpdo sulfh sdwk lv
qrq0ghfuhdvlqj ryhu wlph1 Irxuwk/ wkh rswlpdo sulfh sdwk frqyhujhv wr S W1

î Lw lv rswlpdo wr frooxgh iruhyhu1

Wkh vwudwhj| lv wr vkrz wkdw li lw lv rswlpdo wr frooxgh lq/ vd|/ shulrg W wkhq lw
pxvw eh rswlpdo wr frooxgh lq shulrg W . 4= Dvvxph lw lv rswlpdo wr irup d fduwho1
Lw lv vx!flhqw wr vkrz wkdw lw lv rswlpdo wr frooxgh iruhyhu zkhq â

ý
S |3�>G|3�

ü
@

3; ýS |3�>G|3�ü vr wkdw wkh whuplqdo sd|r> iurp vwrsslqj frooxvlrq lv eä@ +4ý ï,1
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Vxssrvh lw lv rswlpdo wr frooxgh xqwlo shulrg W zkhuh W lv ?qlwh1 Iru lw wr eh rswlpdo
wr frooxgh lq W / lw pxvw eh wuxh wkdw=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú. ïeä

4ý ï è
eä

4ý ï =

Wkh okv lv wkh sd|r> iurp frooxglqj lq W dqg vwrsslqj frooxvlrq dv ri W . 4 dqg wkh
ukv lv wkh sd|r> iurp vwrsslqj frooxvlrq lq W= Wklv h{suhvvlrq lv htxlydohqw wr=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú è eä= +56,

Iru lw wr eh rswlpdo wr glvpdqwoh wkh fduwho lq W . 4/ lw lv qhfhvvdu| wkdw=

eä
4ý ï A ä

ý
SA
üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú. ïeä

4ý ï /

eä A ä ýSA üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú = +57,

Wkh ukv ri wkh ?uvw olqh lq +57, lv wkh sd|r> iurp pdlqwdlqlqj d sulfh ri SA lq W .4
dqg wkhq vwrsslqj frooxvlrq dv ri W .5=67 Qrwh wkdw !

ý
SA > SA

ü
@ e! +3, = Frpelqlqj

+56,0+57,=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú

è eä A ä ýSA üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú =
D qhfhvvdu| frqglwlrq iru wklv wr krog lv=

ä
ý
SA
üý ï! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú

A ä
ý
SA
üý ïe! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú

ru

e! +3, ûñ ýñGA3� . ðg ýSA üü. ðg ýSA ü. I ú A ! ýSA > SA3�ü ûñGA3� . ðg ýSA ü. I ú =
Vlqfh/ e| F7/ !

ý
SA > SA3�

ü è e! +3, > d qhfhvvdu| frqglwlrq lv=

ñ
ý
ñGA3� . ðg

ý
SA
üü
. ðg

ý
SA
ü
A ñGA3� . ðg

ý
SA
ü/ ðg

ý
SA
ü

+4ý ñ, A G
A3�=

Lqwxlwlyho|/ li lw lv rswlpdo wr frooxgh dw d sulfh ri SA lq shulrg W exw lw lv qrw rswlpdo
wr gr vr lq W . 4 wkhq gdpdjhv pxvw eh kljkhu lq W . 41 Iru wkdw wr eh wkh fdvh/
zkdw lv dgghg wr gdpdjhv lq W> ðg

ý
SA
ü
> pxvw h{fhhg wkh dprxqw ri gdpdjhv orvw

wkurxjk ghsuhfldwlrq/ +4ý ñ,GA3�= Wklv surgxfhv wkh deryh frqglwlrq1
Qh{w qrwh wkdw lw lv qhyhu rswlpdo iru wkh fduwho sulfh wr h{fhhg wkh vlpsoh

prqrsro| sulfh ri S6= Uhodwlyh wr d sulfh ri S6> d kljkhu sulfh |lhogv vwulfwo| orzhu
fxuuhqw sur?w/ zhdno| kljkhu gdpdjhv/ dqg/ dv sulfh lqlwldoo| vwduwv ehorz S6> d
zhdno| kljkhu suredelolw| ri ghwhfwlrq1 Lw lv vwudljkwiruzdug wr vkrz wkdw d sulfh

67Wkh dvvxpswlrq lv xvhg wkdw d ?up pxvw vwulfwo| suhihu qrw wr frooxgh iru lw wr glvvroyh wkh fduwho1
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sdwk zlwk sulfhv deryh S6 |lhogv d orzhu sd|r> wr rqh lq zklfk doo wkrvh sulfhv
h{fhhglqj S6 duh uhsodfhg zlwk S6= Vlqfh wkhq SA é S6> lw iroorzv iurp F9 wkdw=

ä
ý
SA
üý ïe! +3,%#ðg ýSA ü

4ý ñ

$
. I

&
A eä= +58,

Jlyhq lw kdv ehhq vkrzq wkdw GA3� lv erxqghg deryh e| ðg
ý
SA
ü
@ +4ý ñ, > +58,

frqwudglfwv +57,1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw wkh fodlp wkdw frooxvlrq vwrsv lq
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4<;<1

^5<` Wrsnlv/ Grqdog P1/ 3Plqlpl}lqj d Vxeprgxodu Ixqfwlrq rq d Odwwlfh/4 Rshud0
wlrqv Uhvhdufk/ 59 +4<:;, 6380654/ 4<:;

^63` Ylyhv/ [dylhu/ Roljrsro| Sulflqj= Rog Lghdv dqg Qhz Wrrov/ Fdpeulgjh/ Pdvv1=
PLW Suhvv/ 4<<<1

^64` Zklwh/ Odzuhqfh M1/ 3O|vlqh dqg Sulfh Il{lqj= Krz OrqjB Krz VhyhuhB/4
Uhylhz ri Lqgxvwuldo Rujdql}dwlrq/ 4; +5334,/ 560641
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