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1. Abstract
The vertical velocity, w, in three-dimensionatirculation modelsis typically computed

from the three-dimensionakontinuity equation assumingthat the depth-arying horizontal
velocity Peldwascalculatecearlierin the solutionsequenceComputingw in thisway appearso
requirethe solutionof an over-determinedsystemsincethe continuity equationis prstorder, yet
w mustsatisfytwo boundaryconditions(oneat the free surfaceandoneat the bottom). At least
three methodshave beenpreviously proposedio computew: (i) the Otraditional@nethodthat
solvesthe continuity equationwith the bottom boundaryconditionandignoresthe free surface
boundarycondition, (ii) a Oertical derivativeOmethodthat solves the vertical derivative of the
continuityequatiorusingbothboundaryconditionsand(iii) anOadjoint@pproactihatminimizes
acostfunctionalcomprisedf residualsn thecontinuityequatiorandin bothboundaryconditions.
Thelattersolutionis equialentto the"traditional” solutionplusacorrectionthatincreasesinearly
overthedepthandis proportionalto the misptbetweerthe "traditional” solutionatthe surfaceand
the sur&ce boundary condition.

In this papemwe shaow thatthe"verticalderivative" methodyieldsinaccuratendphysically
inconsistentresultsif it is discretizedas hasbeenpreviously proposed. However, if properly
discretizedhe "vertical derivative" methodis equivalentto the Oadjoint@ethodif the costfunc-
tion is weightedto exactly satisfy the boundaryconditions. Furthermorejf the horizontal3ow
peldsatisbeghe depth-intgratedcontinuity equationlocally, one of the boundaryconditionsis
redundanandw obtainedfrom the "traditional” methodshouldmatchthe free surfaceboundary
condition. In this case the OtraditionafOadjoint@nd properlydiscretizedOertical derivativeO
approachegield thesameresultsfor w. If thehorizontalRow Peldis notlocally massconserving,
themassconserationerroris transferrednto thesolutionfor w. Thisis particularlyimportantfor

models that do not guarantee local mass coatiery such as some Pnite element models.
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2. Introduction
This paperinvestigatesthe meritsof differentapproache$or calculatingvertical velocity

®elddy solvingthethree-dimensionaontinuityequationassuminghehorizontalvelocity ®elds
are knavn.

In typical three-dimensionatirculationmodels[e.g.,FUNDY (Lyndh and\Werner, 1987),
POM (Blumbeg and Mellor, 1987), QUODDY (Lyndh and Werner, 1991, Lynch and Naimieg
1993),ROMS (Haidvagel andBed&mann 1999)]theverticalvelocity is determinedrom thethree-

dimensional continuity equation:

w _

™ -BEN-V 1
= (1)
where V (X, Y, z, t) is the horizontal velocity with components(u(x, y, z t), v(x, Y, z, t)), and
w(X, Y, z t) is the vertical velocity. Here (X, y) arethe horizontalcoordinatesz is the vertical

coordinatg(positive upward, z = 0 atthe meanwatersurface),t is timeandN is the horizontal

gradient operatoiThe kinematic boundary condition oertical \elocity at the bottom is:

w=8- -Nh=w, at z=¢hn (2a)

whereh(x, y) is the mean ater depth. The analogous condition at theaseris:

W=‘|J”—rt]+v-l§|h=wS at z=nh (2b)
whereh (X, y, t) is thesurfaceelevation.[Note, for future referencew, hasbeende®nedsthe
verticalvelocity atthebottomasdeterminedrom theboundaryconditionandw, hasbeende®ned
asthe vertical velocity at the surfaceasdeterminedrom the boundarycondition.] Equationg1),
(2a),(2b) aresolvedfor w assuminghatthe horizontalvelocity andsurfaceelevationsareknown

from a previous partof the modelsolution. The primary dif®culty of solving theseequationss

that, togetherthey constitutean over-determinedsystemof equationgor the mostgeneralcase;
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thatis, (1) is a Prstorderequationthatmustbe solved subjectto two boundaryconditions As will
beshavn, in numericalschemeshatarelocally massconservingpneof the boundaryconditions

becomes redundant and thus the system isvestd@termined.

We will consider here tavapproaches to solving thees-determined system:

1. Solution of the ertical devative of the continuity equation:

1TZWvdc — 1
CAN £

wherew, 4. indicates ertical \elocity computed using the this approach (henceforth,

(N- V) 3)

VDC). This is a second order fifential equation and thus both boundary conditions
can be satis®edyndr and Naimie1993).
2. Solutionof the over-determinedsystemin a 2best®t° senseby admittingresidualsn

the ®rstordercontinuity equationand both boundaryconditions.An optimal solution
isthensoughthatminimizesthoseresidualsn aweightedeastsquaredenseBecause
this approachinvolvesthe adjoint of the continuity equation,we call it the 2adjoint®
approach (henceforth, ADJ). It will be described in more detail in Section 3.

A third approachg¢alledthe?traditional® approach(TRAD) simply neglectsoneof the boundary

conditions; this approach will be skio here to be a component of ADJ.

Muccinoetal. (1997)found that VDC and ADJ provide differentvertical velocity ®elds
regardlessof resolutionin the verticalor horizontalandthat ADJ betterapproximateshe analytic
solutionin asimpletestproblemthanVDC. Theobjectvesof this paperareto reconcilethenumer-
ical differencedetweerVDC andADJ andto make overallrecommendation®r thecomputation

of verticalvelocity in three-dimensionalirculationmodels Resultsareprovidedfor tidally forced

3/29



circulationin a quarterannulartestcaseanda wind, densityandboundaryforcedcirculationoff

the southwest coast ofiWcouer Island.

3. A summary of the adjoint appmoach (ADJ)
ADJ admitsresidualsn the continuity equation(1) andthe boundaryconditions(2a) and

(2b) at each horizontal node:

f(2) = WLiR. v (4a)
1z
ip=w+V-Rh at z=#h (4b)
i = +ﬂh+ N =
|S—W_ﬁ_V-Nh at z=nh (4c)

A cost functional, which is formed from the squares of these residuals is de®ned:

h

= = QY 1 dzr Wi} + Wi} (5)
th

where W, W,, and W, are constantweightsand H(x, y,t) = h(x,y) + h(x, y, t) is thetotal
waterdepthandis includedin the denominatoof the ®rsttermto normalizethe verticalintegral
andalsoto maintaindimensionatonsisteng. Theweightsarede®nedstheinversesf the cova-

riances of the residuals:

1 1 1
W, = —, W, = —, W, = — 6
tc b, S Cy (©)
where the ceariances are de®ned as:
C, = af’i, C,= &,  C,= & 7)

and a i indicatesexpectedvalue. Thusthe dimensionsof W, W, andW, areT?, T/L? and

T2/L2, respectrely. We will assumehat W, = W,. Additionally, given that only the relative
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valuesof the weightsis signi®cantnot the absolutevaluesof the weightsthemseles) we set

W, = W, = 1 without further loss of generalitfhus, (5) can be written:

h
W
| = o O 1Y bz (i} + {i g (8)
+h

The adjoint solutionw,; , minimizes| and can be sk to be:

W, /H? + (h+2)/H
2W, /H? +1

(9)

Wadj(z) = Wtrad(z)+Wc(Z)’ Wc(z) = (Wsiwtrad(h))

wherew,, .4 is the2traditional solution®to the governingequation(1) andthe bottomboundary
condition(2a).[For mathematicadletailsleadingto (9) seeMuccino(1997);for asimilarderiation
using@representerd,seeAppendixA of Muccinoand Bennett(2001)] Thus,the adjointsolution
isasumof w,, .4 andacorrectionthatis linearin z andproportionako themis®tetweerthetradi-
tional solution evaluatedat the surface and the surface boundarycondition. In the limit of
W](/H2 = 0 (thatis, no weight given to the three-dimensionatontinuity equationin 1), the

correction reduces to:

h+z 2
W.(2) = (Wsthrad(h))T for W /H" =0 (10)

In this casethecorrectionis zeroatthe bottomandequalto the surfaceboundaryconditionmis®t
of the traditionalsolutionat the surface.Consequentlythe correctioncauseghe adjoint solution
to satisfybothboundaryconditionsexactly althoughit maydiminishthe massconservingoroper-
tiesof the solution.In the limit of Wf/H2 ® ¥, (thatis, noweightgivento the boundarycondi-

tions inl) (9) reduces to:

Wsi Wtrad(h)

w2 = =—

for W;® ¥ (11)
In this casethecorrectionapproachea constanthalf the surfaceboundaryconditionmis®tof the
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traditional solution) over the depth. This distributesary error evenly betweenthe surface and

bottomboundaryconditions,but hasno impacton the massconservingpropertyof the solution.

Clearly, intermediatevaluesof W,/ H? generatecorrectionghatfall betweertheselimits. These

obsenationsareillustratedin Figure 1, which shaws the correction,normalizedby the surface

boundary condition mis®t:

(2)

W /H?+ (h+2)/H

wn(2) =

, 2
for various \alues ofW,/H".

Wsiwtrad(h) B

2W /H? + 1

(12)

Dimensionless Deptf(h + z)/H)
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Figure 1. Normalized ADJ correction problesfor arange of Wf/HZ. For Wf/H2 = 0,the

normalized correction rangesfrom 0.0 at the bottom to 1.0 at the top. For large W/H",
the normalized misbt appoaches a constantalue of 0.5.
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4. Numerical Implementation

Two approacheso determiningthe vertical velocity have
beendescribecandthesewill now betestechumerically A vertical +

sequencef threenodesindicatedby subscriptda £1, i andi + 1

I+

will beused,asshowvn in Figure2. Superscripts+ and + indi-

. _ ) ) Figure 2. Notation used
cate quantities evaluated over the intenvals {i+1,i} and |tor vertical discretization

i+l

{i,i+1}, respectiely, (e.g.,Dz+ = zi+1izi).

4.1 Discretization of VDC

Using centered ®nite tefence, the LHS of (3) can be discretized:

2 angdco a;[Wvdco
vdc _ ﬂaé[ e ﬂz a e 1z 2
o2 e ﬂ -

fiz L ‘ﬂz é(Dz +Dz)

i+1 i+1,,

wvvdc t Wvdco wvvdc t Wvd(: 0

e Dz ﬂe Dz 2

%(Dz+ +Dz)

5 Wi +1 _ 1 1 Wi +1
- At ol Lo e
(Dz +Dz)| Dz Dz Dz Dz

and the RHS of (3) can be discretized:

(N- V) £(N-v)
%(Dz++ Dz)

iﬂ—ﬂ—Z(N -V)»+

i+1 i+l

:+——{[(N V)RR V)[R V) (R V)

(Dz + Dz)2
Combining (13) and (14) yields:

(13)

(14)
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i+1 i+l
W. . " W. - . . . . . - . _
0w g L+ L84 T = LR V) e (V)L V) (R V) )
Dz Dz Dz Dz

(15)

wherethe O+@nd O-Gave beenaddedto the two termsinside the curly braclets of (15) asa
reminderthat the ®rstgroupin squarebracletsis evaluatedover the interval {i, i + 1} andthe

second group isveluated ger the interal {i +1,i} .

The LHS of (15) is tridiagonaland ef®cientlysolved using a tridiagonalsolver like the
Thomasalgorithm. The RHS of (15) requiresthe evaluationof the horizontalvelocity on level
coordinatesurfaces Most three-dimensionatirculationmodelsusestretchedr terrainfollowing
coordinatesn whichtheverticaldimensions transformedrom th<z<h tob<s <a, wherea

andb are arbitrary constants (e.g.,= 1, b = 0):

(azb)(zzh)

S =a+t
H

(16)
Derivativesin theterrainfollowing coordinatesystemarerelatedto derivativesin thelevel coordi-

nate system using the chain rule:

- _ (axb)[(s £b) (s xa)c, 1V

R = R + 12 [(aib)Nh+(aib)Nh}¥ﬂ—s (17a)
1 _ (azb) 1
== h s (17b)

whereN indicateshorizontalderivativesonalevel surfaceand N indicateshorizontalderivatives

on a stretched swte. Using (17a) and (17b) tepand terms on the RHS of (15ygs:
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R i+1_(atb)[ss' "' +bpe " lyage, ] & TaV'0
[(RV)' " = (R vy He 82 [e 0 +e@é—aib gNh}g — (18a)
o it i . (axb) 3§iib(-j~ a§i+a0 o' T lyyio
(V)T = (Rgov)' £ 122 [éaibﬂNh+Ea+ngh}e — (18b)
c i o i (D) a8 bgc,. L a8 tapgg,. ] ¥ £V 0
[(R-V)T = (Rg-v)' 82 [éaibﬂ'\'h“Léaiszh]g—Ds- ; (18c)
Cpnitl e it (@zb)[as Tt by Fligge @ V' T
[(RV)'* = (Rgv) 82 [é — Ofh + E =2 — rzjNh} o (18d)
Substituting (18a) through (18d) and recognizing bat= HDs/(a+b) yields:
i+1 i+1
Wydc id@i+id+wvdc
- vac - -
Ds” ®os* Ds? Ds
_ 11 H ~ i+1 i+ H - i i+1,-
—ié%(aib)[(Ns-V) + (R V)T 2 oI V) + (R )™
+_(Si+lib)Nh+(Si+1ia)Nh:|_a/i+liVi¢)
*[ " @zb) @xb) " I'& ps* o
+‘(siib)Nh+(siia)Nh] &' ttiv'6 ay'sv'*0
“l@zp) " @=b) 1€ pst 5 & ps o
(Siilib)~ (Siilia)~ }a/iiviilél-;]
+| 2 —=2Rh + Rh |- : 19
[(aib) (azb) $ s ob (19)

In practice, the horizontal dmaitives[(l(ls-V)i]+ = [(NS-V)i]_ and therefore (19) reduces to:
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vdc I &1 1('j vdc
+ — "vdcg ++ _g+ -
D Ds D Ds
1 H - i1 i+1
=¢§%(aib)[(Ns-V) + (R V) =]
s g 0 g & ey
(azb) (azb) & Dst o

(s'*11b) . (s'Frra)., 1 @& Vv E00
+[—(aib) Nh+ 2t Nh}e — zﬁ (20)

whereno ambiguityis introducedby droppingthe + and - superscript®n the remaininghori-

zontal \elocity gradient terms.

An alternatve expressiorfor w, . is obtainedrom (15)if it is assumedhatthehorizontal

derivati\/es[(lil-V)i]+ = [(N-V)']". Using the chain rule, (15) reduces to:

i+1 i+l
Wvdc+ i sl 1(j+Wvdc
+ = VdCé + _—.ﬂ -
Ds Ds Ds Ds
l| H i+1 i+l
Ster (U O Ry
i+1 i+ _ i+1 i(-j
MERRELITNE ra) gy eV
(axh) (atb) " 1é& ps* o
(s'*1tb) .. (s'*'ra). a&/'+v' 6
Nh + Rih|- 21
[(+b) @b S o5 o @D
A% 1w
It is clearthat (20) and(21) areidenticalonly if [‘ﬂs} [‘ﬂs} Previousinvestigators(Lyndh

and Naimig 1993;Muccinoet al., 1997) have usedan expressionfor w, 4. thatis equivalentto
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(21).However, resultsfrom Muccinoetal. (1997)shawv thatthesevaluesof w, 4. donotagreewith
vertical velocitiesobtainedwith ADJ. Below, we demonstratéhat (20) doesyield valuesthatare

essentially identical to ADJ, while (21) yields signi®cantly inferior estimatesrotal \elocity.

4.2 Discretization of ADJ

Recall,the adjointsolution, (9), consistsof the sumof the traditionalsolutionw;, .4 (the
solutionof thegoverningequatiorusingthe bottomboundaryconditionandneglectingthesurface
boundarycondition)plusacorrection.Thus,thenumericalsolutionproceeddy ®rst®ndingw,, »q

by discretizing (1):

i+1
WtradD—_Wtrad _ [(N V) +(N V)Iil] 22)
z
Using the chain rule, this becomes:
Witradiwiriad _ +1| RVY + N V i+l
— e = 5l )+ (Rg-v)' ]
r(s'£b) g, , (8" 2a)¢ } viev'E
+ Nh + Nh|-| ———
_(atb) (axb) Ds”
L[ ED) gy, (8 k) -a)Nh} VeVt (23)
L (azxh) (axh) Ds”

The calculationis initiated usingthe bottomboundarycondition,andthenmarchedup the water
column;no matrix solver is required.Oncew,, .4 is known, w, is easilycomputedalgebraically

and added tav;, .4 to yield the adjoint solutiony,; .
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4.3  Comparison of VDC and ADJ

ConsideVDC ®rst.Thesecondrderequationshouldadmit,in additionto the solutionof
the associate®rstorderequationtermsthatarelinearandconstantn z. For example,suppose

the \ertical \elocity that satis®es the ®rst order equation (1) is:

w(2) = g(2) (243)

Consider a dferent \ertical \elocity ®eld with addition terms, linear and constar:in

w(z) = g(z) +c,z+c, (24b)

wherec,; andc, are constants. The second datives of both (24a) and (24b) are:

2 2
v - 1g (25)

1z ‘ﬂz2
Thus,the additionaltermsin the vertical velocity aretransparenin VDC. Furthermoresincethe
VDC solutionis forcedto satisfyboth boundaryconditions thesetermstake on a form suchthat

w(z) satis®es both boundary conditions.

Now considerADJ with Wf/H2 = 0. Equation(10) canbe written in the form of (24b),

where:
Z h
0(2) = Wirag(2) + (We £ Wirag(h))5 + (We Wy gq(h)) (26)
and therefore:
(Wg =Wy, 5q(h)) .
Cl = : Jad ' C2 = (Wsiwtrad(h))ééﬁqg' (27)

Thus,VDC andADJ with Wf/H2 = 0 shouldtheoreticallyyield the samevertical velocity solu-

tion. Indeed, this equivalenceis found numerically when (20) is usedfor the VDC solution
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althoughit doesnot occurwhen(21) is usedfor the VDC solution. This is demonstratedbelow

using two different test problems.

5. Quarter Annular Harbor T est Case
We begin numericaltestsin a quarterannularharborwith quadratichathymetry andperi-

odic boundaryforcing; the analytic vertical velocity for this problemis givenin Muccinoet al.
(1997)andthussenesasa usefulstartingpoint for comparingthe accurag of theseapproaches.
That solution is repeated in the Appendix foramence.

The geometryof the quarterannularharboris asin Muccinoetal. (1997)andis shownin
Figure3. Theboundariesatr = r; = 4x10°m, q = 0, andq = p/2 areno-flow boundaries.
The openboundary,locatedat r = r, = 1x10°m, is forced by an M, tide with frequency
w = 1.405 10™*s™ and amplitudeh, = 0.10m. The bathymetryof the harbor,as shownin

Figure 3b, is quadratic inand constant iq, such thah = hyr?, whereh, = 6.25 10" m*

A
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R é iu
4&__ " 5 ///_>X

ry |
Figure 3a.Plan view of quarter annular Figure 3b. Side view of quarter annular
harbor with opening atr = r, harbor with quadratic bottom.
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The horizontal velocity is calculatedusing the analytic solutionin Lynch and Officer
(1985);the horizontalvelocitiesare calculatedanalytically, ratherthan numerically,so that any
deviationsof the numericvertical velocity solution from the analytic vertical velocity solution
owe entirely to the vertical velocity solution technique,not numericalerrorsin the horizontal
velocity.

However evaluationof horizontalvelocity derivativess consideredo beacomponentf
theverticalvelocity calculationprocedureThus(20), (21) and(23) arediscretizedn the horizon-
tal usingGalerkinfinite elementswith linear basisfunctions.The solutionis evaluatedusingthe
grid shownin Figure 3a. The grid has825 nodesand 1536 elementsin the horizontaland 32
evenlyspacedsigmalayersin the vertical. Resultsare presentederefor the two representative
nodes shown in the figure: Node S is shallow (h = 11.29m) and Node D is deep
(h = 56.41m).

Theresultsin Muccinoetal. (1997)arefor two setsof parametersandareshownat just
oneinstantin thetidal cycle.Here,we useonesetof parametergconsistentvith Figure4 in Muc-
cinoetal. (1997):1 = 6.627+6.627% andK = 102.1, seethe Appendixfor definition of these
parameters)andpresenthe vertical velocity asamplitudeandphasen Figure4. The parameter
Wf/H2 is setto zerohere;its impacton the ADJ solutionis investigatedhext. In thesefigures,
the analytic,ADJ andVDC (20) amplitudeand phaseare coincident,with VDC (21) amplitude
andphasediffering from them.Resultsfor differentvaluesof | andK andh, andatothernodes
arenot shownbut arequalitativelysimilar, indicatingthatthe observationsegardingrFigure4 do
not depend upon particular choices of parameters or bathymetry, but rather are quite general.

Now we will considertheimpactof Wf/H2 on the ADJ solution.Recallthe normalized
correctionprofilesfor variousvaluesof W/ H? in Figurel, to obtainthe actualcorrection these

profiles arescaledby the surfaceboundaryconditionmisfit of the traditionalsolution(9). In the
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Dimensionless Deptl{z+ h)/H

Dimensionless Deptl{z+ h)/H

[

Node S
(Amplitude)

_ Analytic
. ADJ, VDC (20)
— VDC(21)
% 0204 0608 10 12 1.4 16
"10°
1 ‘ ‘
Node D Node D
(Amplitude) (Phase)

02 04 06 08 1.0 1.2 1.4 16
Vertical velocity amplitude (m/s) ~ 10

235 245 255 265 275
Vertical velocity phase (degrees)

Figure 4. Amplitude and phaseof vertical velocity in the quarter annular harbor at Node S
and Node D. Note that the analytic, ADJ and VDC (20) solutions are coincident, but
different from the VDC (21) solution.

guarterannulamarbor themagnitudeof thismisfit is two or threeordersof magnitudesmallerthan

W, 5q- Thus,the ADJ correctionis insignificant, regardlesof the value of Wf/HZ, and ADJ

essentially collapses to the traditional approach.

6. Application to the Paci®c Coast of Southwestancouwer Island.

The summercirculationoff the westerncontinentaimaigin of Vancouer Islandis charac-

terizedby a moderatelyintenseupwelling of nutrientsthat supportshigh biological productvity
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andalucrative commercial®sheryCirculationmodels(e.g.,Foremanetal. 2000)have beendevel-

opedto betterunderstandbothspatialandtemporalvariationsin this upwelling,andthesephysical

modelsarenow beingcoupledo biologicalmodelsin orderto simulatespeci®componentsf the

food chain. The accurayg of thesemodelsis highly dependenbn both their adherencéo mass
conseration (sothatnutrientsarenot falselydepletedor createdandthe accurag of the vertical

velocitiesthatmove nutrientsandbiotaup thewatercolumn.A circulationmodelfor thisregionis

thus a useful test for thestical \elocity calculations described here.

The model usedhereis the pseudo-nonlineaFUNDY5 (Lyndh and Werner, 1987) that
incorporatesoot-mearnsquaretidal velocitiesin the bottomfriction andvertical viscosity coef®-
cients(seeForemanet al.(2000) for further details). This model solves the three-dimensional,
harmonicshallov water equationsn the sequentiaimannerdescribedn Sectionl usinglinear
triangular ®nite elements.In this test applicationwe consideronly the steadystate solution
resultingfrom steadyforcing. Combinedvind- andbuoyangy- driven o wsareforcedwith average
windsmeasuretameteorologicabuoy nearthe middle of themodeldomainandathree-dimen-
sionaldensity®eldthatwasconstructedhroughKriging of temperatur@andconductvity measure-
mentstakenin late July, 1998.Boundaryconditionsfor thesecalculationsverecomputedhrough
acombinationof geostrophigadiationconditionsandadjustments$o the surfaceelevationssothat
the vertically-integrated o ws passedhroughthe boundarywithout ary re ection. Analogousto
theinversiondescribedn Foremanetal.(2000),furtherboundaryconditionadjustmentsverealso
madeto introducea California Undercurrentconsistentwith obsenationsat two currentmeter
moorings lying along the continental slope.

The computationabrid is comprisedof 9767nodeshorizontally(Figure5) and41 evenly

spacedsigmasurfacesvertically. Severalnodesarehighlightedin the ®gurefor future reference;
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Table 1 Description of representatie nodes in Southwester
Vancouer Island Domain
Surface BC mis®t
Node Region H (m) | of traditional solution
(m/s)

A Deep Ocean 2020 +6.0' 10

B Continental Shelf 138 +6.7 10J£5

C Coast 35 +1.5 10" !

D | South Barklg Caryon| 475 +1.4 107

E | North Barkley Caryon | 487 6.2 10~

eachof thesenodesis representatie of certainregionsin the domain,as detailedin Table 1.
Verticalvelocity pro®ledor NodesA throughE calculatedvith ADJ andarangeof W/H % values
andVDC (21)areshavnin Figure6. Since theVDC (20) solutionis coincidentwith theADJ solu-
tion Whean/H2 = 0, it is notdistinctin Figure6. Severalobsenationsmaybe maderegarding
these ®gures:

1. In all casestheVDC (21) solutionis substantiallydifferentthanthe ADJ solutionsfor
ary value ofo/HZ.

2. InthedeepoceanNodeA), onthecontinentakhelf(NodeB) andnearthecoastNode
C), the \ertical \elocities are gry small (ordeill” 10ism/s).

3. Along thesidesof Barkley Caryon (NodesD andE), thevertical velocitiesareoneto
two ordersof magnitudegreaterthanat NodesA, B andC. The ability to predictthe
patternsof vertical velocity in regionssuchasBarkley Caryon is importantin under-
standingbiological productvity (Allen etal., 2001).0f particularconcernhereis the

factthatVDC (21) andADJ predictoppositeverticalvelocity trends.Onthesouthside
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- and VDC (20) and (21). In all casesthe
3 - 2 - 1 = 0O ~ 1 VDC (20) solution is ccz)incident with the
Vertical velocity (m/s) - 1068 2\2\)] solutionfor W/H™ = 0 (seeSection
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of Barkley Caryon,VDC (21) predictsupwellingwhile ADJ predictsdownwelling,and
on the north side of the samecaryon, VDC (21) predictsdownwelling while ADJ
predictsupwelling.Furtherinsightinto theverticalvelocity behaior maybegainedby
examiningthehorizontalvelocity ®eldin thatregionat z = +300m ((z+ h)/H » 0.4
atNodesD andE) asillustratedin Figure7; this®gureshavsaCaliforniaUndercurrent
that generallyfollows the bathymetry towardsthe northwest.However, the ow cuts
acrosghedeepespartsof thecaryon, suggestinglovnwelling onthe southsideof the
caryon and upwelling on the north side of the caryon. This is the vertical velocity
behaior predicted by ADJ for allalues of\Nf/Hz; VDC (21) predicts the opposite.

4. Unlike resultspresentedor the quarterannularharbor thereis considerabledepen-
dencehereof the ADJ solutionon Wf/H2 for all nodesexceptnearthe coastat Node
C. This dependencéndicatesthat the surfaceboundarycondition mis®tof the tradi-
tional solution is relately lamge.

5. As shawn in Figure 1, thereis not much changein the vertical velocity solution
obtainedwith valuesof Wf/H2 =10 ande/H2 = 100, andthuswe considetthese
valuesof Wf/H2 to be @large® in the sensethat larger valueswill not substantially
changethe solution. Likewise, thereis little differencein the solution obtainedwith
values of Wf/H2 = 0 and Wf/H2 = 0.1, and thus we considerthesevalues of

Wf/H2 to be 2smalf.

7. Effects of local mass conseation
The previous sectionshave shavn thatthe traditional,adjointandvertical derivative (20)

solutiongfor verticalvelocity give essentiallydenticalresultsvhenthesurfaceboundarycondition
mis®tof thetraditionalsolutionis equalto zero.This mis®tis readilyidenti®edasowing to errors
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Figure 7. Horizontal velocity ®eld at z=-300 m (velocities on stretched coordinate
surfacesare inter polated onto the level surface 300 m below the surface). The RBow is
towards the northwest lar gely following the bathymetry. However, the [3ow cuts across
the deepespart of the Barkley Canyon; this would indicate a downwelling on the south
side of the cangpn and an upwelling on the north side of the cargn.

in the horizontal solution. Integrating (1) from the bottom upward and applying the bottom
boundary condition (2a) yields:

z
Wy aq(2) = (‘jﬂ-VdHV(ih)-Nh (28)
+h

Applying Liebnitz's Rule to the inwgral in (28) yields:

4
Wy aq(2) = £N- (‘)de+V(z)-Nz (29)
+h
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In theinterior of thewatercolumn,Nz = 0 andtheverticalvelocityis simplythehorizontaldiver-
genceof the horizontalvelocity ®eldintegratedup from the bottom. At the free surface, (29)

becomes:

h
W, oq(h) = £R- &)/ dz+V(h)-Nh (30)
+h

Using the suidice boundary condition (2b) to replace the ®nal term in (30) and rearrangisig gi

h

Wsthrad(h) = 1111_}: +N- OVdZ (31)

+h

TheRHSof (31)is thevertically-integratedcontinuityequation Consequently(31) shavs thatthe
mis®tbetweerthetraditionalsolutionevaluatedat the surfaceandthe surfaceboundarycondition
is nonzeraanywherein thedomainthatthe horizontalvelocity ®elddoesnot consere massn the
vertically-integrated sense. Since numerical models solve discrete rather than continuous
governing equationsgdiscretizationof the vertically-integratedcontinuity equationin (31) must
matchthatusedto evaluate(1), (2a)and(2b). ThusJocalmassconseration,onthesamenumerical
stencilusedto determinew, is requiredif themis®tonthe LHS of (31)is to bezero.If masss not
locally consered,erroris introducednto thecomputedrerticalvelocity ®eldasit is integratedup

the water column.

Thequarterannulartestproblempresentedn Section5 useshorizontalvelocitiesobtained
from the analyticalsolution and thus thesevelocitiessatisfy the vertically-integratedcontinuity
equationexactly; the surfacemis®tis insigni®canandVDC (20) andADJ with ary valueof the

parametein/H2 give essentially identical results throughout the domain.
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While ®nitedifferencemodelsusing Arikawa C grids consere masson eachcomputa-
tional cell, Galerkin®niteelementmodelsareguaranteedo consere massonly globally (Lyndh,
1985;Lyndh andHolboke, 1997)andthereforeallow for nonzerdocal residualan thevertically-
integratedcontinuity equationFigure8 illustratesthe surfacemis®tgor the Vancouer Islandtest
problem;by (31), this plot alsorepresent#ocal vertically-integratedcontinuity residuals Consid-
erablesurfacemis®tsareobsered; areashaving large mis®ts(andthuspoor vertically-integrated
massconseration) typically correspondo areasof steepbathymetric gradientsPlotsof surface
mis®tsor vertically-integratedmasserror suchasthis areeasyto constructandprovide a useful
diagnostidool for identifying areasvherelocal massconserationis relatively poor, andtherefore
where signi®cant errors aredil to «ist in the \ertical \elocity solution.

As outlinedearlier mostoceaniccirculationmodelsfollow a sequentiasolutionprocedure
in whichtheverticalvelocity solutionoccursseparatérom andwith minimalfeedbackto thehori-
zontalvelocity solution.Sincemassconserationerrorin thehorizontalsolutionis the causeof the
vertical velocity solution error identi®edabove, it seemsinadvisableto sacri®cehe boundary
conditioninformationin favor of stricteradherencéo the three-dimensionatontinuity equation
when determiningthe vertical velocity. Consequentlywe suggesta small value of the ADJ

weighting parameteW . /H® (W, /H” <0.1) as preferable to a higtalie W, /H* > 10).

8. Conclusions
Theresultspresentedn this paperhelp reconcilepastuncertaintyin the vertical velocity

solution in three-dimensional circulation models. Speci®ca#yhae found the follaving.
1. Mostthree-dimensionalirculationmodelsuseasequentiasolutionprocedurdo solve

for thefreesurfaceelevationandvelocity ®eldsThatis, thevertically-integratedconti-
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Figure 8. Mis®t between the traditional solution at the surface and the surface
boundary condition for the Vancouwer Island domain. Filled, colored contours
represent mis®ts, and contour lines representbathymetry (with the same contour
intervals as Figue 5). Residuals a& largest in regions of shaply varying bathymetry.

nuity and the three-dimensionainomentumequationsare solved ®rstfor the free
surfaceelevation andthe horizontalvelocity ®elds;ithenthe three-dimensionatonti-
nuity equationis solved for the vertical velocity ®eld.Solving the three-dimensional
continuityequation(a®rstorderdifferentialequationin theverticalcoordinate¥or the
vertical velocity would appearto be problematicgiven the needto satisfy boundary

conditions at both the bottom and at the free surface. However, the araditional®
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(TRAD) verticalvelocity solution,obtainedby integratingthethree-dimensionalonti-
nuity equationupward using the bottom boundarycondition, will matchthe surface
boundaryconditionif the elevation and horizontalvelocity ®eldsexactly satisfy the
vertically-integratedcontinuityequationin this casethesurfaceboundaryconditionis
redundant.If the elevation and horizontal velocity ®elds are not locally mass
conservingthe mis®tbetweerthe TRAD solutionandthe surfaceboundarycondition
is equal to the local error in thentically-integrated continuity equation.

. The VDC approachproposedby Lyndh and Naimie (1993), in which the vertical
velocity is computedfrom the vertical derivative of the three-dimensionatontinuity
eqguation,s equialentto an optimal, adjoint solution (ADJ) of the three-dimensional
continuity equation(Muccino et al., 1997) in which the boundaryconditions are
presered in lieu of stricteradherenceo the continuity equation.VDC requiresthe
solutionof atri-diagonalmatrix problemovertheverticalwhile ADJ requiresno matrix
solution. Thus ADJ is more computationall®efent than VDC.

. Dependinguponthe numericaldiscretizatiorappliedto VDC, resultsareobtainedthat
arelessaccuratghanthe otherverticalvelocity solutionsin the quarterannularharbor
testcaseandthatappeato bephysically inconsistenin the Vancouer Islandtestcase.
We recommendhatif VDC is usedthediscretizatiorpresenteadn (20) be usedrather
than the discretization presented in (21).

. TheADJ solutionis thesolutionthatminimizesthe costfunctional(5) which penalizes
mis®tsto the three-dimensionatontinuity equationandthe mis®tsof the bottomand
surface boundaryconditions.The ADJ solution can be shavn to be the sum of the

TRAD solutionanda linear correction.In the limit of satisfyingboththe bottomand
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freesurfaceboundar)conditions(Wf/H2 = 0) thecorrectionis zeroatthebottomand
equalto themis®tof the TRAD solutionandthefree suriaceboundaryconditionatthe
surface.Iln thelimit of maximizingadherenc#o thethree-dimensionalontinuityequa-
tion, Wf/H2 > 10, thecorrectionis a constanbver the entirewatercolumnandequal
to onehalf of themis®tof the TRAD solutionandthefree surfaceboundarycondition.

5. If thereis no mis®tbetweerthe TRAD solutionandthe free surfaceboundarycondi-
tion, TRAD, ADJ and VDC (20) ge identical solutions for theettical \elocity.

6. Resultsfrom modelsthatdo not enforcestrict local massconseration, suchas®nite
elementmodelswill besusceptibléo theverticalvelocity errorsdescribecherein.We
recommendlotting mapsof the errorin the vertically-integratedcontinuity equation
asadiagnosticool for determiningareasn the domainthatmay be subjectto signi®-
cant vertical velocity errors. The ®rstchoice for improving the computedvertical
velocity is to reduceerrors in vertically-integrated mass conseration, either by
improvedgrid resolutionor by smoothinghe bathymetry (Oliveira etal., 2000).Mass
conseration may alsobe improved in GeneralizedNave Continuity Equationbased
®niteelemenmodelsby increasingheprimitive continuityequationveightingparam-
eter(known ast, or G), (Kolar etal., 1992,1994).1f local massconserationcannot
beachieved,we suggestiseof ADJ with theweightingcoef®cientsetto preferentially

favor the surdce and bottom boundary conditior\)'ist,(/H2 <0.1).
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10. Appendix: Analytic solution quarter annular harbor
Considera quarter annular harbor with no-flow boundariesat r = r;, g = 0, and

g = p/2 andanopenboundaryat r = r,. The openboundaryis subjectto periodic forcing

iwt

h = Re{hye "'} . The bathymetryof the harboris quadraticin r andconstantin g, suchthat

h = hyr2. The eddy viscositylN, and bottom frictionk, vary such that:

_ kh _ fiwh?
K—T\I— and | = N (32)

areconstantTheanalyticsolutionfor surfaceelevationandhorizontalvelocity (Lynch and Ofbcer

1985) are:
N 1 S2 N
h(r,t) = Rej (Ar ~+ Br “)exp(iwt) (33)
i b
v(r,s,t) = Re{vy(r)(1+dcoshl s))eth} (34)
hoS,ry +hos,r
where: A = — soszls B = 5_50115
52r21r12151r11r22 Szrzlrlzislrllrzz

s; = x1+.4J1+b?, s, =+1%,/1+b?

b2 = (w2 +iwt)/(gh)
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N | 2tanhl
hel L a?, 16
| + oK + 1gtanH

t =

-+ 9 51 S
+= +
Vo(r) = £ (S;AT 7+ 5,Br )

g is the graitational constant anid = /1. The \ertical \elocity is (Muccino et al. 1997):

sinh(l s) + sinh(l )}

w(r,s,t) = Re} g%gald[(s cosh(l s) + coshl)) = I
|

d(sinh(l s) + sinh(l ))
|

+ga2[s F 1+ }+ 2ga,[1 + dcosh(l )]gethg (35)

where: s = z/h
_ ghg )
g-= mexp(lwt)

a, = As;r’t+Bs,r2, a, = Asfr+ Bsir
1
cosh(l )[1+ IRtanh(l )}
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