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1. Abstract
The vertical velocity, , in three-dimensionalcirculationmodelsis typically computed

from the three-dimensionalcontinuity equation assumingthat the depth-varying horizontal

velocityÞeldwascalculatedearlierin thesolutionsequence.Computing in thiswayappearsto

requirethesolutionof anover-determinedsystemsincethecontinuityequationis Þrstorder, yet

mustsatisfytwo boundaryconditions(oneat the freesurfaceandoneat thebottom).At least

threemethodshave beenpreviously proposedto compute : (i) the ÒtraditionalÓmethodthat

solvesthe continuity equationwith the bottomboundaryconditionandignoresthe free surface

boundarycondition,(ii) a Òvertical derivativeÓmethodthat solves the vertical derivative of the

continuityequationusingbothboundaryconditionsand(iii) anÒadjointÓapproachthatminimizes

acostfunctionalcomprisedof residualsin thecontinuityequationandin bothboundaryconditions.

Thelattersolutionis equivalentto the"traditional"solutionplusacorrectionthatincreaseslinearly

over thedepthandis proportionalto themisÞtbetweenthe"traditional"solutionat thesurfaceand

the surface boundary condition.

In thispaperweshow thatthe"verticalderivative" methodyieldsinaccurateandphysically

inconsistentresultsif it is discretizedas hasbeenpreviously proposed. However, if properly

discretizedthe"verticalderivative" methodis equivalentto theÒadjointÓmethodif thecostfunc-

tion is weightedto exactly satisfythe boundaryconditions. Furthermore,if the horizontalßow

ÞeldsatisÞesthe depth-integratedcontinuity equationlocally, oneof the boundaryconditionsis

redundantand obtainedfrom the"traditional" methodshouldmatchthefreesurfaceboundary

condition. In this case,the Òtraditional,ÓÒadjointÓandproperlydiscretizedÒvertical derivativeÓ

approachesyield thesameresultsfor . If thehorizontalßow Þeldis not locally massconserving,

themassconservationerroris transferredinto thesolutionfor . Thisis particularlyimportantfor

models that do not guarantee local mass conservation, such as some Þnite element models.
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2. Intr oduction
This paperinvestigatesthemeritsof differentapproachesfor calculatingverticalvelocity

®eldsby solvingthethree-dimensionalcontinuityequation,assumingthehorizontalvelocity®elds

are known.

In typical three-dimensionalcirculationmodels[e.g.,FUNDY (Lynch andWerner, 1987),

POM (Blumberg and Mellor, 1987),QUODDY (Lynch and Werner, 1991,Lynch and Naimie,

1993),ROMS(HaidvogelandBeckmann, 1999)]theverticalvelocityisdeterminedfromthethree-

dimensional continuity equation:

(1)

where is the horizontalvelocity with components , and

is the vertical velocity. Here arethe horizontalcoordinates, is the vertical

coordinate(positive upward, at themeanwatersurface), is time and is thehorizontal

gradient operator. The kinematic boundary condition on vertical velocity at the bottom is:

at (2a)

where  is the mean water depth. The analogous condition at the surface is:

at (2b)

where is thesurfaceelevation.[Note, for future reference, hasbeende®nedasthe

verticalvelocityatthebottomasdeterminedfrom theboundaryconditionand hasbeende®ned

astheverticalvelocity at thesurfaceasdeterminedfrom theboundarycondition.]Equations(1),

(2a),(2b)aresolvedfor assumingthatthehorizontalvelocityandsurfaceelevationsareknown

from a previous part of the modelsolution. The primary dif®cultyof solving theseequationsis

that, together, they constituteanover-determinedsystemof equationsfor themostgeneralcase;

¶w
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thatis, (1) is aÞrstorderequationthatmustbesolvedsubjectto twoboundaryconditions.As will

beshown, in numericalschemesthatarelocally massconserving,oneof theboundaryconditions

becomes redundant and thus the system is not over-determined.

We will consider here two approaches to solving the over-determined system:

1. Solution of the vertical derivative of the continuity equation:

(3)

where  indicates vertical velocity computed using the this approach (henceforth,

VDC). This is a second order differential equation and thus both boundary conditions

can be satis®ed (Lynch and Naimie, 1993).

2. Solutionof theover-determinedsystemin a ªbest®tº senseby admittingresidualsin

the®rstordercontinuityequationandbothboundaryconditions.An optimalsolution

is thensoughtthatminimizesthoseresidualsin aweightedleastsquaredsense.Because

this approachinvolvesthe adjoint of the continuity equation,we call it the ªadjointº

approach (henceforth, ADJ). It will be described in more detail in Section 3.

A third approach,calledtheªtraditionalº approach(TRAD) simply neglectsoneof theboundary

conditions; this approach will be shown here to be a component of ADJ.

Muccinoet al. (1997)found that VDC andADJ provide differentvertical velocity ®elds

regardlessof resolutionin theverticalor horizontalandthatADJ betterapproximatestheanalytic

solutionin asimpletestproblemthanVDC. Theobjectivesof thispaperareto reconcilethenumer-

ical differencesbetweenVDC andADJ andto makeoverall recommendationsfor thecomputation

of verticalvelocity in three-dimensionalcirculationmodels.Resultsareprovidedfor tidally forced

¶2wvdc

¶z2
----------------

¶
¶z
----- Ñ V·( )±=

wvdc
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circulationin a quarterannulartestcaseanda wind, densityandboundaryforcedcirculationoff

the southwest coast of Vancouver Island.

3. A summary of the adjoint approach (ADJ)
ADJ admitsresidualsin thecontinuityequation(1) andtheboundaryconditions(2a)and

(2b) at each horizontal node:

(4a)

at (4b)

at (4c)

A cost functional, which is formed from the squares of these residuals is de®ned:

(5)

where , and areconstantweightsand is the total

waterdepthandis includedin thedenominatorof the®rsttermto normalizethevertical integral

andalsoto maintaindimensionalconsistency. Theweightsarede®nedastheinversesof thecova-

riances of the residuals:

, , (6)

where the covariances are de®ned as:

, , (7)

and indicatesexpectedvalue.Thusthedimensionsof , and are , and

, respectively. We will assumethat . Additionally, given that only the relative

f z( ) ¶w
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valuesof the weightsis signi®cant(not the absolutevaluesof the weightsthemselves) we set

 without further loss of generality. Thus, (5) can be written:

(8)

The adjoint solution, , minimizes  and can be shown to be:

, (9)

where is theªtraditional solutionº to thegoverningequation(1) andthebottomboundary

condition(2a).[Formathematicaldetailsleadingto (9)seeMuccino(1997);for asimilarderivation

usingªrepresenters,º seeAppendixA of MuccinoandBennett(2001)]Thus,theadjointsolution

isasumof andacorrectionthatis linearin andproportionalto themis®tbetweenthetradi-

tional solution evaluatedat the surface and the surface boundarycondition. In the limit of

(that is, no weight given to the three-dimensionalcontinuity equationin ), the

correction reduces to:

 for (10)

In thiscase,thecorrectionis zeroat thebottomandequalto thesurfaceboundaryconditionmis®t

of the traditionalsolutionat thesurface.Consequently, thecorrectioncausestheadjointsolution

to satisfybothboundaryconditionsexactlyalthoughit maydiminishthemassconservingproper-

tiesof thesolution.In thelimit of , (that is, no weightgivento theboundarycondi-

tions in ) (9) reduces to:

for (11)

In thiscase,thecorrectionapproachesaconstant(half thesurfaceboundaryconditionmis®tof the
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traditional solution) over the depth.This distributesany error evenly betweenthe surfaceand

bottomboundaryconditions,but hasno impacton themassconservingpropertyof thesolution.

Clearly, intermediatevaluesof generatecorrectionsthat fall betweentheselimits. These

observationsare illustratedin Figure1, which shows the correction,normalizedby the surface

boundary condition mis®t:

(12)

for various values of .

W f /H
2

wn z( )
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4. Numerical Implementation
Two approachesto determiningthe vertical velocity have

beendescribedandthesewill now betestednumerically. A vertical

sequenceof threenodesindicatedby subscripts , and

will beused,asshown in Figure2. Superscripts and indi-

cate quantities evaluated over the intervals and

, respectively, (e.g., ).

4.1 Discretization of VDC

Using centered ®nite difference, the LHS of (3) can be discretized:

(13)

and the RHS of (3) can be discretized:

(14)

Combining (13) and (14) yields:
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Figure 2. Notation used
for vertical discretization
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(15)

wherethe Ô+Õand Ô-Õhave beenaddedto the two termsinside the curly brackets of (15) as a

reminderthat the ®rstgroupin squarebrackets is evaluatedover the interval andthe

second group is evaluated over the interval .

The LHS of (15) is tridiagonalandef®cientlysolved usinga tridiagonalsolver like the

Thomasalgorithm.The RHS of (15) requiresthe evaluationof the horizontalvelocity on level

coordinatesurfaces.Most three-dimensionalcirculationmodelsusestretchedor terrainfollowing

coordinatesin whichtheverticaldimensionis transformedfrom to , where

and  are arbitrary constants (e.g., , ):

(16)

Derivativesin theterrainfollowing coordinatesystemarerelatedto derivativesin thelevel coordi-

nate system using the chain rule:

(17a)

(17b)

where indicateshorizontalderivativesonalevel surfaceand indicateshorizontalderivatives

on a stretched surface. Using (17a) and (17b) to expand terms on the RHS of (15) gives:
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(18a)

(18b)

(18c)

(18d)

Substituting (18a) through (18d) and recognizing that  yields:

(19)

In practice, the horizontal derivatives  and therefore (19) reduces to:
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(20)

whereno ambiguity is introducedby droppingthe and superscriptson the remaininghori-

zontal velocity gradient terms.

An alternativeexpressionfor is obtainedfrom (15) if it is assumedthatthehorizontal

derivatives . Using the chain rule, (15) reduces to:

(21)

It is clearthat (20) and(21) areidenticalonly if . Previous investigators(Lynch
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(21).However, resultsfrom Muccinoetal. (1997)show thatthesevaluesof donotagreewith

verticalvelocitiesobtainedwith ADJ. Below, we demonstratethat(20) doesyield valuesthatare

essentially identical to ADJ, while (21) yields signi®cantly inferior estimates of vertical velocity.

4.2 Discretization of ADJ

Recall,theadjointsolution,(9), consistsof thesumof the traditionalsolution (the

solutionof thegoverningequationusingthebottomboundaryconditionandneglectingthesurface

boundarycondition)plusacorrection.Thus,thenumericalsolutionproceedsby ®rst®nding

by discretizing (1):

(22)

Using the chain rule, this becomes:

(23)

Thecalculationis initiatedusingthebottomboundarycondition,andthenmarchedup thewater

column;no matrix solver is required.Once is known, is easilycomputedalgebraically

and added to  to yield the adjoint solution, .
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4.3 Comparison of VDC and ADJ

ConsiderVDC ®rst.Thesecondorderequationshouldadmit,in additionto thesolutionof

theassociated®rstorderequation,termsthatarelinearandconstantin . For example,suppose

the vertical velocity that satis®es the ®rst order equation (1) is:

(24a)

Consider a different vertical velocity ®eld with addition terms, linear and constant in:

(24b)

where  and  are constants. The second derivatives of both (24a) and (24b) are:

(25)

Thus,theadditionaltermsin theverticalvelocity aretransparentin VDC. Furthermore,sincethe

VDC solutionis forcedto satisfybothboundaryconditions,thesetermstake on a form suchthat

 satis®es both boundary conditions.

Now considerADJ with . Equation(10) canbewritten in theform of (24b),

where:

(26)

and therefore:

, . (27)

Thus,VDC andADJ with shouldtheoreticallyyield thesameverticalvelocitysolu-

tion. Indeed,this equivalenceis found numerically when (20) is usedfor the VDC solution
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althoughit doesnot occurwhen(21) is usedfor the VDC solution.This is demonstratedbelow

using two different test problems.

5. Quarter Annular Harbor T est Case
We begin numericaltestsin a quarterannularharborwith quadraticbathymetryandperi-

odic boundaryforcing; the analyticvertical velocity for this problemis given in Muccinoet al.

(1997)andthusservesasa usefulstartingpoint for comparingtheaccuracy of theseapproaches.

That solution is repeated in the Appendix for convenience.

Thegeometryof thequarterannularharboris asin Muccinoet al. (1997)andis shownin

Figure3. The boundariesat , , and areno-flow boundaries.

The open boundary,locatedat , is forced by an M2 tide with frequency

andamplitude . The bathymetryof the harbor,as shownin

Figure 3b, is quadratic in and constant in , such that , where .

r r1 4x104m= = q 0= q p/2=

r r2 1x105m= =

w 1.405 4±´ 10 s 1±= h0 0.10m=

r q h h0r 2= h0 6.25 9±´ 10 m 1±=

r1
r2

Figure 3b. Sideview of quarter annular
harbor with quadratic bottom.

Figure3a.Plan view of quarter annular
harbor with opening at r r2=

q p/2=

r1 4x104m= r2 1x105m=x

y

N
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The horizontal velocity is calculatedusing the analytic solution in Lynch and Officer

(1985); the horizontalvelocitiesarecalculatedanalytically,ratherthannumerically,so that any

deviationsof the numericvertical velocity solution from the analytic vertical velocity solution

owe entirely to the vertical velocity solution technique,not numericalerrors in the horizontal

velocity.

However,evaluationof horizontalvelocityderivativesis consideredto beacomponentof

theverticalvelocitycalculationprocedure.Thus(20),(21)and(23)arediscretizedin thehorizon-

tal usingGalerkinfinite elementswith linearbasisfunctions.Thesolutionis evaluatedusingthe

grid shownin Figure 3a. The grid has825 nodesand 1536 elementsin the horizontaland 32

evenlyspacedsigmalayersin the vertical.Resultsarepresentedherefor the two representative

nodes shown in the figure: Node S is shallow ( ) and Node D is deep

( ).

Theresultsin Muccinoet al. (1997)arefor two setsof parameters,andareshownat just

oneinstantin thetidal cycle.Here,weuseonesetof parameters(consistentwith Figure4 in Muc-

cino et al. (1997): and , seetheAppendixfor definition of these

parameters),andpresenttheverticalvelocity asamplitudeandphasein Figure4. Theparameter

is setto zerohere;its impacton theADJ solutionis investigatednext. In thesefigures,

the analytic,ADJ andVDC (20) amplitudeandphasearecoincident,with VDC (21) amplitude

andphasediffering from them.Resultsfor differentvaluesof and and andatothernodes

arenot shownbut arequalitativelysimilar, indicatingthattheobservationsregardingFigure4 do

not depend upon particular choices of parameters or bathymetry, but rather are quite general.

Now we will considerthe impactof on theADJ solution.Recallthenormalized

correctionprofilesfor variousvaluesof in Figure1; to obtaintheactualcorrection,these

profilesarescaledby thesurfaceboundaryconditionmisfit of the traditionalsolution(9). In the

h 11.29m=

h 56.41m=

l 6.627 6.627i+= K 102.1=

W f /H
2

l K h0

W f /H
2

W f /H
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quarterannularharbor,themagnitudeof thismisfit is twoor threeordersof magnitudesmallerthan

. Thus, the ADJ correctionis insignificant, regardlessof the value of , and ADJ

essentially collapses to the traditional approach.

6. Application to the Paci®c Coast of Southwest Vancouver Island.
Thesummercirculationoff thewesterncontinentalmargin of Vancouver Islandis charac-

terizedby a moderatelyintenseupwellingof nutrientsthat supportshigh biologicalproductivity
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andalucrativecommercial®shery. Circulationmodels(e.g.,Foremanetal. 2000)havebeendevel-

opedto betterunderstandbothspatialandtemporalvariationsin thisupwelling,andthesephysical

modelsarenow beingcoupledto biologicalmodelsin orderto simulatespeci®ccomponentsof the

food chain.The accuracy of thesemodelsis highly dependenton both their adherenceto mass

conservation(sothatnutrientsarenot falselydepletedor created)andtheaccuracy of thevertical

velocitiesthatmovenutrientsandbiotaupthewatercolumn.A circulationmodelfor thisregion is

thus a useful test for the vertical velocity calculations described here.

The model usedhereis the pseudo-nonlinearFUNDY5 (Lynch and Werner, 1987) that

incorporatesroot-meansquaretidal velocitiesin thebottomfriction andverticalviscositycoef®-

cients(seeForemanet al.(2000) for further details).This model solves the three-dimensional,

harmonicshallow waterequationsin the sequentialmannerdescribedin Section1 using linear

triangular ®nite elements.In this test applicationwe consideronly the steadystatesolution

resultingfromsteadyforcing.Combinedwind-andbuoyancy- driven¯o wsareforcedwith average

windsmeasuredatameteorologicalbuoy nearthemiddleof themodeldomainandathree-dimen-

sionaldensity®eldthatwasconstructedthroughKriging of temperatureandconductivity measure-

mentstakenin lateJuly, 1998.Boundaryconditionsfor thesecalculationswerecomputedthrough

acombinationof geostrophicradiationconditionsandadjustmentsto thesurfaceelevationssothat

thevertically-integrated¯o ws passedthroughtheboundarywithout any re¯ection. Analogousto

theinversiondescribedin Foremanetal.(2000),furtherboundaryconditionadjustmentswerealso

madeto introducea California Undercurrentconsistentwith observationsat two currentmeter

moorings lying along the continental slope.

Thecomputationalgrid is comprisedof 9767nodeshorizontally(Figure5) and41 evenly

spacedsigmasurfacesvertically. Severalnodesarehighlightedin the®gurefor futurereference;
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Figure 5. The Southwestern Vancouver Island domain (a) contours of bathymetry
(meters); (b) computational grid. Labeled points are discussed further in the text.
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eachof thesenodesis representative of certainregions in the domain,as detailedin Table 1.

Verticalvelocitypro®lesfor NodesA throughE calculatedwith ADJ andarangeof values

andVDC (21)areshown in Figure6.Since,theVDC (20)solutioniscoincidentwith theADJsolu-

tion when , it is notdistinctin Figure6. Severalobservationsmaybemaderegarding

these ®gures:

1. In all cases,theVDC (21)solutionis substantiallydifferentthantheADJ solutionsfor

any value of .

2. In thedeepocean(NodeA), onthecontinentalshelf(NodeB) andnearthecoast(Node

C), the vertical velocities are very small (order ).

3. Along thesidesof Barkley Canyon (NodesD andE), theverticalvelocitiesareoneto

two ordersof magnitudegreaterthanat NodesA, B andC. Theability to predictthe

patternsof verticalvelocity in regionssuchasBarkley Canyon is importantin under-

standingbiologicalproductivity (Allen et al., 2001).Of particularconcernhereis the

factthatVDC (21)andADJ predictoppositeverticalvelocity trends.Onthesouthside

W f /H
2

W f /H
2 0=

Table 1. Description of representative nodes in Southwestern
Vancouver Island Domain

Node Region  (m)
Surface BC mis®t

of traditional solution
(m/s)

A Deep Ocean 2020

B Continental Shelf 138

C Coast 35

D South Barkley Canyon 475

E North Barkley Canyon 487

H

6.0 5±´ 10±

6.7 5±´ 10±

1.5 7±´ 10±

1.4 3±´ 10±

6.2 3±´ 10

W f /H
2

1 5±´ 10 m/s
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of Barkley Canyon,VDC (21)predictsupwellingwhileADJpredictsdownwelling,and

on the north side of the samecanyon, VDC (21) predictsdownwelling while ADJ

predictsupwelling.Furtherinsightinto theverticalvelocitybehavior maybegainedby

examiningthehorizontalvelocity®eldin thatregionat (

atNodesD andE) asillustratedin Figure7; this®gureshowsaCaliforniaUndercurrent

that generallyfollows the bathymetry towardsthe northwest.However, the ¯o w cuts

acrossthedeepestpartsof thecanyon,suggestingdownwellingonthesouthsideof the

canyon and upwelling on the north side of the canyon. This is the vertical velocity

behavior predicted by ADJ for all values of ; VDC (21) predicts the opposite.

4. Unlike resultspresentedfor the quarterannularharbor, thereis considerabledepen-

dencehereof theADJ solutionon for all nodesexceptnearthecoastat Node

C. This dependenceindicatesthat the surfaceboundaryconditionmis®tof the tradi-

tional solution is relatively large.

5. As shown in Figure 1, there is not much changein the vertical velocity solution

obtainedwith valuesof and , andthusweconsiderthese

valuesof to be ªlargeº in the sensethat larger valueswill not substantially

changethe solution.Likewise, thereis little differencein the solutionobtainedwith

valuesof and , and thus we considerthesevaluesof

 to be ªsmall.º

7. Effects of local mass conservation
Theprevioussectionshave shown that the traditional,adjointandverticalderivative (20)

solutionsfor verticalvelocitygiveessentiallyidenticalresultswhenthesurfaceboundarycondition

mis®tof thetraditionalsolutionis equalto zero.Thismis®tis readilyidenti®edasowing to errors

z 300 m±= z h+( )/H 0.4»

W f /H
2

W f /H
2

W f /H
2 10= W f /H

2 100=

W f /H
2

W f /H
2 0= W f /H

2 0.1=

W f /H
2
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in the horizontal solution. Integrating (1) from the bottom upward and applying the bottom

boundary condition (2a) yields:

(28)

Applying Liebnitz's Rule to the integral in (28) yields:

(29)

Figure 7. Horizontal velocity ®eld at z=-300 m (velocities on stretched coordinate
surfacesare interpolated onto the level surface 300 m below the surface).The ßow is
towards the northwest largely following the bathymetry. However, the ßow cuts across
the deepestpart of the Barkley Canyon; this would indicate a downwelling on the south
side of the canyon and an upwelling on the north side of the canyon.
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In theinteriorof thewatercolumn, andtheverticalvelocityis simplythehorizontaldiver-

genceof the horizontalvelocity ®eldintegratedup from the bottom.At the free surface,(29)

becomes:

(30)

Using the surface boundary condition (2b) to replace the ®nal term in (30) and rearranging gives:

(31)

TheRHSof (31) is thevertically-integratedcontinuityequation.Consequently, (31)showsthatthe

mis®tbetweenthetraditionalsolutionevaluatedat thesurfaceandthesurfaceboundarycondition

is nonzeroanywherein thedomainthatthehorizontalvelocity®elddoesnotconservemassin the

vertically-integrated sense.Since numerical models solve discrete rather than continuous

governingequations,discretizationof the vertically-integratedcontinuity equationin (31) must

matchthatusedto evaluate(1), (2a)and(2b).Thus,localmassconservation,onthesamenumerical

stencilusedto determine , is requiredif themis®tontheLHS of (31) is to bezero.If massis not

locally conserved,erroris introducedinto thecomputedverticalvelocity®eldasit is integratedup

the water column.

Thequarterannulartestproblempresentedin Section5 useshorizontalvelocitiesobtained

from the analyticalsolutionandthus thesevelocitiessatisfy the vertically-integratedcontinuity

equationexactly; thesurfacemis®tis insigni®cantandVDC (20) andADJ with any valueof the

parameter  give essentially identical results throughout the domain.
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While ®nitedifferencemodelsusingArikawa C grids conserve masson eachcomputa-

tional cell, Galerkin®niteelementmodelsareguaranteedto conserve massonly globally (Lynch,

1985;Lynch andHolboke, 1997)andthereforeallow for nonzerolocal residualsin thevertically-

integratedcontinuityequation.Figure8 illustratesthesurfacemis®tsfor theVancouver Islandtest

problem;by (31), this plot alsorepresentslocal vertically-integratedcontinuityresiduals.Consid-

erablesurfacemis®tsareobserved;areashaving largemis®ts(andthuspoorvertically-integrated

massconservation) typically correspondto areasof steepbathymetricgradients.Plotsof surface

mis®tsor vertically-integratedmasserrorsuchasthis areeasyto constructandprovide a useful

diagnostictool for identifyingareaswherelocalmassconservationis relatively poor, andtherefore

where signi®cant errors are likely to exist in the vertical velocity solution.

As outlinedearlier, mostoceaniccirculationmodelsfollow asequentialsolutionprocedure

in whichtheverticalvelocitysolutionoccursseparatefrom andwith minimalfeedbackto thehori-

zontalvelocitysolution.Sincemassconservationerrorin thehorizontalsolutionis thecauseof the

vertical velocity solution error identi®edabove, it seemsinadvisableto sacri®cethe boundary

conditioninformationin favor of stricteradherenceto the three-dimensionalcontinuityequation

when determiningthe vertical velocity. Consequently, we suggesta small value of the ADJ

weighting parameter  ( ) as preferable to a high value ( ).

8. Conclusions
Theresultspresentedin this paperhelp reconcilepastuncertaintyin thevertical velocity

solution in three-dimensional circulation models. Speci®cally, we have found the following.

1. Mostthree-dimensionalcirculationmodelsuseasequentialsolutionprocedureto solve

for thefreesurfaceelevationandvelocity®elds.Thatis, thevertically-integratedconti-

W f /H
2 W f /H

2 0.1< W f /H
2 10>
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nuity and the three-dimensionalmomentumequationsare solved ®rst for the free

surfaceelevation andthe horizontalvelocity ®elds;thenthe three-dimensionalconti-

nuity equationis solved for the vertical velocity ®eld.Solving the three-dimensional

continuityequation(a®rstorderdifferentialequationin theverticalcoordinate)for the

vertical velocity would appearto be problematicgiven the needto satisfyboundary

conditionsat both the bottom and at the free surface. However, the ªtraditionalº

Figure 8. Mis®t between the traditional solution at the surface and the surface
boundary condition for the Vancouver Island domain. Filled, colored contours
represent mis®ts,and contour lines represent bathymetry (with the same contour
intervals as Figure 5). Residuals are largest in regions of sharply varying bathymetry.
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(TRAD) verticalvelocitysolution,obtainedby integratingthethree-dimensionalconti-

nuity equationupward using the bottomboundarycondition,will matchthe surface

boundarycondition if the elevation andhorizontalvelocity ®eldsexactly satisfy the

vertically-integratedcontinuityequation.In thiscase,thesurfaceboundaryconditionis

redundant.If the elevation and horizontal velocity ®elds are not locally mass

conserving,themis®tbetweentheTRAD solutionandthesurfaceboundarycondition

is equal to the local error in the vertically-integrated continuity equation.

2. The VDC approachproposedby Lynch and Naimie (1993), in which the vertical

velocity is computedfrom the vertical derivative of the three-dimensionalcontinuity

equation,is equivalentto anoptimal,adjointsolution(ADJ) of the three-dimensional

continuity equation(Muccino et al., 1997) in which the boundaryconditions are

preserved in lieu of stricter adherenceto the continuity equation.VDC requiresthe

solutionof atri-diagonalmatrixproblemovertheverticalwhile ADJ requiresnomatrix

solution. Thus ADJ is more computationally ef®cient than VDC.

3. Dependinguponthenumericaldiscretizationappliedto VDC, resultsareobtainedthat

arelessaccuratethantheotherverticalvelocitysolutionsin thequarterannularharbor

testcaseandthatappearto bephysically inconsistentin theVancouver Islandtestcase.

Werecommendthatif VDC is used,thediscretizationpresentedin (20)beusedrather

than the discretization presented in (21).

4. TheADJ solutionis thesolutionthatminimizesthecostfunctional(5) whichpenalizes

mis®tsto the three-dimensionalcontinuityequationandthemis®tsof thebottomand

surfaceboundaryconditions.The ADJ solution can be shown to be the sum of the

TRAD solutionanda linearcorrection.In the limit of satisfyingboth thebottomand
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freesurfaceboundaryconditions( ) thecorrectioniszeroatthebottomand

equalto themis®tof theTRAD solutionandthefreesurfaceboundaryconditionat the

surface.In thelimit of maximizingadherenceto thethree-dimensionalcontinuityequa-

tion, , thecorrectionis a constantover theentirewatercolumnandequal

to onehalf of themis®tof theTRAD solutionandthefreesurfaceboundarycondition.

5. If thereis no mis®tbetweentheTRAD solutionandthefreesurfaceboundarycondi-

tion, TRAD, ADJ and VDC (20) give identical solutions for the vertical velocity.

6. Resultsfrom modelsthatdo not enforcestrict local massconservation,suchas®nite

elementmodels,will besusceptibleto theverticalvelocityerrorsdescribedherein.We

recommendplotting mapsof theerror in thevertically-integratedcontinuityequation

asa diagnostictool for determiningareasin thedomainthatmaybesubjectto signi®-

cant vertical velocity errors.The ®rst choice for improving the computedvertical

velocity is to reduce errors in vertically-integrated mass conservation, either by

improvedgrid resolutionor by smoothingthebathymetry(Oliveira etal., 2000).Mass

conservation may alsobe improved in GeneralizedWave Continuity Equationbased

®niteelementmodelsby increasingtheprimitivecontinuityequationweightingparam-

eter(known as or ), (Kolar et al., 1992,1994).If local massconservationcannot

beachieved,wesuggestuseof ADJ with theweightingcoef®cientsetto preferentially

favor the surface and bottom boundary conditions ( ).
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10.Appendix: Analytic solution quarter annular harbor
Considera quarter annular harbor with no-flow boundariesat , , and

and an openboundaryat . The openboundaryis subjectto periodic forcing

. The bathymetryof the harboris quadraticin andconstantin , suchthat

. The eddy viscosity, , and bottom friction, , vary such that:

and , (32)

areconstant.Theanalyticsolutionfor surfaceelevationandhorizontalvelocity(Lynch andOfÞcer,

1985) are:

(33)

(34)

where: ,

,
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 is the gravitational constant and . The vertical velocity is (Muccino et al., 1997):

(35)

where:

,
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