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T opics

² Chaos lo oks random

² Caused by stretching and folding

² Lives on an attracto r

² Exhibits sensitive dep endence on initial con-
ditions

² Generates a natural inva riant ergo dic mea-
sure on the attracto r

² T aken's theo rem justi¯es state space re-
construction

² Reconstruction using neural nets

² Detection of chaos
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Chaos is generated by a nonlinea r dynamical
system in either discrete or continuous time.

Not all nonlinea r systems exhibit chaotic dy-
namics, but a linea r system cannot.

A discrete time dynamical system (o r nonlinea r
auto regression) is written

x t+1 = f ( x t ; x t ¡ 1; ¢¢¢; x t ¡ d+1 )

An example is the Henon map

x t+1 = 1 ¡ ax2
t + bxt ¡ 1

a = 1:4

b = 0:3

Its output lo oks random (next ¯gure)
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Henon map:

x t+1 = 1 ¡ 1:4x2
t + 0:3x t ¡ 1
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State Space Form

X t =

0

B
B
B
@

x t
x t ¡ 1

...
x t ¡ d+1

1

C
C
C
A

X t+1 = F ( X t )

F : X ! X ½ < d

Example: Henon Map

Ã
x t+1

x t

!

=

Ã
1 ¡ ax2

t + bxt ¡ 1
x t

!

Attracto r Z ½ X ½ < d (next ¯gure fo r Henon)

Stretching and folding (next ¯gure fo r Henon)
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² X = ( ¡ 1:5; 1:5) ½ < 2 ; Z is indicated by the set in 3a
² Stretching: Close points X ; Z sent to distant points A; C.
² Folding: Distant points X ; Y sent to close points A; B .
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Sensitive Dep endence on Initial Conditions

Points initially close together get disp ersed
throughout the attracto r.

Example: Henon Map (next ¯gure)

Ã
x t+1

x t

!

=

Ã
1 ¡ ax2

t + bxt ¡ 1
x t

!
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Discretized Mack ey-Glass

Mo re interesting than the Henon map because
it exhibits some features of data from ¯nancial
ma rkets.

x t = f ( x t ¡ 1; x t ¡ 5)

= x t ¡ 1 + 10 :5

"
0:2x t ¡ 5

1 + ( x t ¡ 5) 10 ¡ 0:1x t ¡ 1

#

T ransfo rmed Mack ey-Glass

yt = QT ( x t )

² t-densit y on six degrees of freedom

f T ( x) =
¡(7 =2)

p
6¼¡(3)

¡
1 + x2=2

¢¡ 7=2

² t-distribution on six degrees of freedom

FT ( x) =

Z x

¡1

f T ( t ) dt

² quantile function

QT ( p) = F ¡ 1
T ( p)
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Six Degree Freedom t Quantiles of Discretized Mackey-Glass

Discretized Mack ey-Glass: x t = x t ¡ 1+ 10 :5
£

0:2x t ¡ 5

1+( x t ¡ 5) 10 ¡ 0:1x t ¡ 1

¤

T ransfo rmed Mack ey-Glass: yt = QT ( x t )
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y(t) vs y(t-5)

The attracto r of the transfo rmed Mack ey-
Glass equation.

13

Natural inva riant measure

¹ ( A) = lim n!1
1
n # f x t in A : 1 · t · ng

Z is the attracto r

Ergo dic

lim
n!1

1

n

nX

t=1
g( x) =

Z

Z
g( x) d¹ ( x)

14

Solid line is the kernel estimate; dashed line is a reference normal.
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Kernel Estimate of the Mackey-Glass Marginal Density

Kernel estimate of the natural inva riant
measure of the discretized Mack ey-Glass
equation.
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Solid line is the kernel estimate; dashed line is a reference normal.
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Kernel Estimate of the Transformed Mackey-Glass Marginal Density

Kernel estimate of the natural inva riant
measure of the transfo rmed Mack ey-Glass
equation.
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Compa risons with some random pro cesses

² Daily returns on the S&P 500, 1983{1986

² Daily returns on the British pound to U.S.
dolla r exchange rate, 1980{1983
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Solid line is the kernel estimate; dashed line is a reference normal.
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Kernel Estimate of the Pound/Dollar Marginal Density
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T aken's Theo rem

If x t is an element of the state vecto r of a dis-
crete or continuous time chaotic pro cess then
x t has the representation

x t+1 = g( x t ; ¢¢¢; x t ¡ d+1 )

fo r some d and some g; equivalently ,

X t+1 = G( X t )

fo r some d and some G; where

X t =

0

B
B
B
@

x t
x t ¡ 1

...
x t ¡ d+1

1

C
C
C
A

:

Imp ortance

This result justi¯es the use of nonpa rametric
metho ds to recover g. Neural nets are partic-
ula rly useful in this connection because, unlik e
most nonpa rametric metho ds, they can inter-
polate as well as smo oth.

24



Discretized Mack ey-Glass

T rue relation

x t = f ( x t ¡ 1; x t ¡ 5)

= x t ¡ 1 + 10 :5

"
0:2x t ¡ 5

1 + ( x t ¡ 5) 10 ¡ 0:1x t ¡ 1

#

W e shall attempt to recover f by ¯tting func-
tions of the fo rm

x t = g( x t ¡ 1 ; : : : ; x t ¡ d);

speci¯cally , by ¯tting neural nets.

25

Single Hidden La yer Feedfo rw ard Neural Net

gK ( x t ¡ 1; ¢¢¢; x t ¡ 5)

= ¯ 0 +
KX

j =1
¯ j G( ° 0j + ° 1j x t ¡ 1 + ¢¢¢+ ° 5j x t ¡ 5)

G( u) = exp( u) =[1 + exp( u)]

Lea rning rule

Cho ose the ¯ 0s and ° 0s to minimize

1

n

nX

t=1

£
x t ¡ gK ( x t ¡ 5; ¢¢¢; x t ¡ 1)

¤2
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Single Hidden La yer Feedfo rw ard Neural Net

27

Double Hidden La yer Feedfo rw ard Neural Net
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Using a Single Hidden La yer Feedfo rw ard Neural Net

gK ( x t ¡ 1; ¢¢¢; x t ¡ 5)

= ¯ 0 +
KX

j =1

¯ j G( ° 0j + ° 1j x t ¡ 1 + ¢¢¢+ ° 5j x t ¡ 5)

G( u) = exp( u) =[1 + exp( u)]

to Recover Mack ey-Glass Dynamics

x t = f ( x t ¡ 1; x t ¡ 5)

= x t ¡ 1 + 10 :5

·
0:2x t ¡ 5

1 + ( x t ¡ 5) 10
¡ 0:1x t ¡ 1

¸

Perfo rmance

Measures of perfo rmance (follo wing tables and ¯gures)
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Detection of Chaos

² Ly apunov exp onents

² A measure of senstitivit y to initial condi-
tions

² Fit neural net.

² If Ly apunov exp onent larger than zero,
then chaos.
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Dominant Ly apunov Exp onent

¸ = lim
t !1

1

t
log kJ t ¡ 1 ¢J t ¡ 2 ¢:: ¢J0k

J t = ( @=@x0) F ( X t )

² F ( X t ) is the dynamical system in state
space fo rm.

² kAk is the Euclidean norm of Ay where y is
chosen to mak e the Euclidean norm of Ay
as large as possible.

² For t large enough, any y 6= 0 will work.
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Interp retation

Tw o initially close points: X (1)
0 and X (2)

0

Iterate them t steps ahead: X (1)
t and X (2)

t

First order app roximation:

X (2)
t ¡ X (1)

t
:

= J t ¡ 1J t ¡ 2 ::J1J0[X (2)
0 ¡ X (1)

0 ]

¸
:

=
1

t
log kJ t ¡ 1J t ¡ 2 ¢¢¢J0[X (2)

0 ¡ X (1)
0 ]k

:
=

1

t
log kX (2)

t ¡ X (1)
t k

If ¸ > 0 then X (1)
t and X (2)

t diverge exp onen-
tially fast

\sensitive dep endence on initial conditions"
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Estimating the Ly apunov Exp onent

When F ( X t ) is estimated from data f X tgn
t=1 ;

one averages blo cks of size M

^̧ i =
1

M
log kJ iM ¡ 1 ¢J iM ¡ 2 ¢:: ¢J iM ¡ M k

^̧ =
1

n=M

n=MX

i =1

^̧ i

where M = log( n)
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