
Dynamic Smagorinsky model on anisotropic grids
A. Scotti and C. Meneveau
Department of Mechanical Engineering, Johns Hopkins University, Baltimore, Maryland 21218

M. Fatica
Center for Turbulence Research, Stanford, California 94305-3030

~Received 3 December 1996; accepted 11 February 1997!

To examine the performance of the dynamic Smagorinsky model in a controlled fashion on
anisotropic grids, simulations of forced isotropic turbulence are performed using highly anisotropic
discretizations. The resulting model coefficients are compared with an earlier prediction. Two
extreme cases are considered: pancake-like grids, for which two directions are poorly resolved
compared to the third, and pencil-like grids, where one direction is poorly resolved when compared
to the other two. ©1997 American Institute of Physics.@S1070-6631~97!01406-2#
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The aim of this Brief Communication is to study th
performance of the dynamic Smagorinsky model on com
cated grid geometries. Consider, as an example, Large e
simulation~LES! of the flow past a 3-D bluff body: near th
object, one needs to refine the grid in the spanwise di
tions. For a structured mesh, far downstream the grid ma
greatly expanded in the streamwise direction. Therefore,
grid can be strongly anisotropic, with elements looking li
sheets or pencils, depending on the kind of refinement
posed upstream. Hence, in the far-wake region one may h
a situation where the computational grid is highly anis
tropic, even if the turbulence is not far from isotropic.

In LES, the grid filter is dictated by the computation
mesh used to solve the equations~although, for methods
other than spectral, it is difficult to give a precise definiti
of the filtering operator associated with a given discreti
tion!. Classical eddy-viscosity models need as input a leng
scale which is usually associated to the scale at which
filter operates. It is problematic to define this length when
a result of the anisotropy of the grid, the filter is defined
more than one length scale. For the Smagorinsky model,
problem was considered first by Deardoff1 and later by
Schumann,2 Lilly 3 and Scottiet al.,4 although in the last two
papers only theoretically.

On the other hand, the dynamic model does not in p
ciple require a length scale to be specified. The question
arises whether this model is able to correctly simulate iso
pic turbulence on anisotropic grids. The main goal of t
work is to examine this question.

The non-dynamic Smagorinsky model for the SGS str
is written as

t i j522@L~D1 ,D2 ,D3!#
2uS̃uS̃i j , ~1!

where uS̃u5A2S̃lmS̃lm is the strain-rate magnitude. Her
D1 ,D2 andD3 are the dimensions of the computational c
which will be assumed to pertain to the inertial range. F
notational convenience and without lack of generality, let
assume D1<D2<D3 . Introducing Deq5(D1D2D3)

1/3,
L(D1 ,D2 ,D3) can be written as

L~D1 ,D2 ,D3!5CsDeqf ~a1 ,a2!, ~2!
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wherea15D1 /D3 anda25D2 /D3 are the two aspect ratio
of the grid.Cs is the traditional Smagorinsky constant appr
priate for isotropic grids. For the original Deardoff1 ap-
proach,f51.0. In Ref. 4 it was shown, based on theoretic
arguments for isotropic turbulence, that an improved e
mate is

f ~a1 ,a2!.coshA 4
27@~ log a1!

22 log a1log a21~ log a2!
2#.

~3!

In the dynamic version of this model,5,4 with grid filter-
ing denoted by tilde and test filtering by an overbar, t
length-scaleL(D̃1 ,D̃2 ,D̃3) is computed according to

@L~D̃1 ,D̃2 ,D̃3!#
25

^Li jM i j &

^Mi jM i j &
, ~4!

where^ • & denotes volume averaging,Li j5ũ j ũi2ũi ũ j and
using Eq.~2!

Mi j52F uS̃uS̃i j2S Deq

D̃eq

f ~ ā1 ,ā2!

f ~ ã1,ã2!
D2uS̃uS̃i j G . ~5!

If test and grid filters have the same aspect ratios, then
~4! is closed and no expression forf (a1 ,a2) is required.
Otherwise one can use Eq.~3! to computef and checka
posteriori its consistency.

In order to compare the various approaches we perfo
LES of isotropic turbulence in a periodic box of side 2p.
Turbulence is maintained by a forcingf on the largest modes
(k<2) with an intensity such that the energy injection ra
f–u is fixed to a constant value« 5 1.0. The molecular vis-
cosity is set to zero. The numerical scheme is the same a
Vincent and Meneguzzi.6 It uses Adam–Bashforth 2 for time
stepping, withDt50.001. The non-linear terms, written i
rotational form, are evaluated pseudo spectrally. The g
have aspect ratiosa1 5 D1 /D3 , a2 5 D2 /D3 ranging from 1
to 1/16. Grid filtering was performed with a sharp spect
cut-off setting to zero the modes outside the ellipsoid

B5$kPR3u~k1D1!
21~k2D2!

21~k3D3!
2<8/9p2%,
)/1856/3/$10.00 © 1997 American Institute of Physics
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which has the advantage of partially removing aliasing
rors. Sufficient additional alias control was achieved by r
dom phase shifts~see Ref. 7!, since selected runs using th
2
3 -rule showed no difference in results.

Computations are performed using the classical n
dynamic Smagorinsky model with the Deardoff length sc
and f51, as well as with the Smagorinsky model correct
after Ref. 4 includingf (a1 ,a2) as evaluated from Eq.~3!. In
both casesCs

250.026. The dynamic model uses test filteri
at a scale twice as large as the grid in all directions. In
cases the initial condition is assumed to be a Gaussian
with k25/3 spectrum, random phases and total kinetic ene
equal to unity.

To obtain a self-consistent estimate for the dynam
Smagorinsky constant we first run LES with the dynam
model with isotropic spherical test and grid filter, on a 33

grid. After an initial transient the value stabilizes
Cs
250.02365%. Next, we perform LES on anisotrop

grids characterized by aspect ratiosa1 anda2. The dynamic
results are cast in terms off (a1 ,a2), by writing

f dyn~a1 ,a2!5A ^Li jM i j &
2Cs

2Deq
2 ^Mi jM i j &

,

whereCs
25 0.023.

Figure 1 shows the result for different values of the
pect ratios, compared to the predictions of Eq.~3!. The dy-
namic model reproduces the correct trend for pancake-
grids, but fails with pencil-like grids. To examine the sim
lations more closely, we now focus on two extreme case
256316316 grid ~pancake! and a 1283128316 grid ~pen-
cil!. For each case, we compare the dynamic model w
predictions of the non-dynamic Smagorinsky model and w
the non-dynamic model but including the correction of E
~3!.

Properties such as total kinetic energy, derivative ske
ness in the least resolved direction, etc., are well reprodu
by all models for both pancake and pencil cases. In the
lowing we concentrate on the small scale behavior, as qu
tified by 1-D premultiplied spectra.

For isotropic turbulence we know that the spectral ten
in the resolved inertial range should be given by

FIG. 1. Time averages off dyn(a1 ,a2) for pancake-like grids,a251 ~boxes!,
and pencil-like gridsa25a1 ~diamonds!. The solid line is the theoretica
prediction of Eq.~3!. The triangle and the star aref dyn for, respectively, a
pencil-like and a pancake-like grid but using isotropic test filtering. Er
bars are6s, wheres is the standard deviation about the time average.
Phys. Fluids, Vol. 9, No. 6, June 1997
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Qi j ~k!5^ũi~k!ũ j~2k!&5~4p!21CK«2/3k211/3Pi j ~k!,

where« is the average dissipation,CK is the Kolmogorov
constant andPi j (k) is the projector on the space orthogon
to k. Instead of simply multiplying the spectrum byk5/3, due
to the anisotropy of the grid, it is better to study the ‘‘filte
weighted’’ 1-D premultiplied spectra, defined as

C~k1!5
*B2p«22/3k11/3Qii ~k!dk2dk3

*Bdk2dk3
. ~6!

For ideal Kolmogorov turbulence,C(k1) is a constant equa
to the Kolmogorov constantCK.1.6.

For pancake-like grids the results are shown in Fig.
The traditional Smagorinsky–Deardoff case shows a str
peak~pile up! at wave numberk1;10. The modified Sma-
gorinsky case remains constant at small wave numbers,
dies out at high wave numbers, without showing any pile-
The dynamic model results fall somewhere in between,
slightly higher than the expected value ofCK . All models
show a rapid decay at wave numbers above 10. The fact
all three models decay fork1.10 means that those mode
that cannot have access to all the local triadic interacti
experience a high drain of energy so that they do not disp
a Kolmogorov scaling. It appears unlikely that any modi
cation of a scalar eddy-viscosity model could compensate
this behavior.

In the case of pencil-like grids~Fig. 3!, as in all cases,
scales between the least and best resolved directions
much less energetic than the Kolmogorov spectrum, a
clear from the rapid drop of the premultiplied spectru
abovek1516. For the dynamic model,C(k1) is much too
large, about twice as high as expected. Therefore, the ‘‘
derestimation’’ off observed in Fig. 1 brings consequenc
that cannot be ignored at the scales near the least reso
direction ~due to the integration overk2 and k3 in Eq. ~6!,
even at lowk1 there is an effect of pile-up at highk2 and
k3).

The derivative skewness in the best resolved directio
consistent with these differences: we find that the smaller
skewness in magnitude, the more the energy piles up.

In order to understand the causes of this behavior,
recall that the dynamic model computesL by sampling the
turbulence between grid and test filter. It could be argu

r

FIG. 2. Premultiplied 1-D spectrum of eddy-viscosity models on a panca
like grid: Smagorinsky–Deardoff~dashed line!, modified Smagorinsky~dot-
ted line!, dynamic model~solid line!, and dynamic model with isotropic tes
filter ~circles!. The squares showC(k1) computed from a simulation using
the dynamic model on an 323 isotropic grid, diamonds are for a 643 grid.
1857Brief Communications
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that for pencil-like grids these modes behave essentially
2-D turbulence, with the vorticity aligned in the least r
solved direction (x3) and a concomitant change in the d
namic. To focus on the relevant scales, we analyze the
ticity band-pass filtered between test and grid filter~i.e., the
statistics ofv8 5 v̂ 2 v̄). We find that the variances are n
isotropic, and thatv18

2/v38
2 ; v28

2/v38
2 ; 0.75, i.e., the flow is

not quite 3-D but not 2-D either. More directly related to t
small value ofL or f dyn obtained from the dynamic mode
in Fig. 3 ~inset! we show the PDF ofLi jM i j ~solid line!. The
curve is almost symmetrically distributed around the orig
and the average value, while positive, is very sm
(^Li jM i j & 5 4.80). Li jM i j can be regarded as a measure
energy transfer from large to small scales, with negative v
ues meaning energy backscatter. If we now compute
same PDF but using an isotropic test filter at a scale 2D3 in
all three directions, we see that the shape of the P
changes, being now skewed to the right~symbols in the inset
of Fig. 3!. The mean value is noŵLi jM i j & 5 31.66. There-
fore, by sampling larger scales that are more isotropic,
dynamics of the energy transfer changes noticeably.

This observation suggests that in order to improve
performance of the dynamic model in such extreme case
grid anisotropy, it may be advisable to use a test filter wh
is isotropic, with a length scale twice as large as the wo
resolved scale. In this case, the grid and test anisotro

FIG. 3. Premultiplied 1-D spectrum of eddy-viscosity models on a pen
like grid ~see Fig. 2 for symbols explanation!. The inset shows the PDF o
Li jM i j with same grid but different test filters of the dynamic model f
pencil-like grid: anisotropic test-filter~solid line!, isotropic test filter
~circles!.
1858 Phys. Fluids, Vol. 9, No. 6, June 1997
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differ, and this must be taken into account explicitly in th
dynamic model formulation. We now implement the d
namic model with Eq.~5! for Mi j , using the expression
given in Eq.~3! for f (ā1 ,ā2) and f (ã1 ,ã2). Using this for-
mulation on a 256316316 simulation yields the resul
shown in Fig. 2, while the result for a 1283128316 grid is
shown in Fig. 3.

The resultingf dyn’s oscillate around an average value
1.6660.08 and 1.4460.134 respectively~see symbols in
Fig. 1!. At large scales the difference between these runs
the previous ones are very small. On the other end, at s
scales the situation changes as now the premultiplied s
trum for pencil-like grid lies flat at 1.4 fork1,10, much
closer to the expected value ofCK . For the pancake-like
grid, the premultiplied spectrum also falls closer to a co
stantCK , although it is still somewhat larger.

It is concluded that isotropic test filtering improves pr
dictions of the dynamic model when dealing with high
anisotropic girds. Perhaps not surprisingly, this conclusio
similar to one reached by others in the context of dynam
LES using non-spectral numerical methods, such as l
order finite differences. There, it has been found advisabl
‘‘prefilter’’ the results and shift the test filter to larger scale8

so that the dynamic model is not strongly affected by n
merical errors occurring near the grid scale.
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