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We establish the existence and the asymptotic properties of a path of minimum travel time for a line
of particles starting upstream of a sphere or cylinder in potential flow. A connection is made between
this brachistochrone path and Darwin’s proposition which relates the added mass with the drift volume
dragged by a body moving an infinite distance in the fluid. We compute an asymptotic correction
to the drift volume for finite distances and show how the brachistochrone path is connected to the
reflux volume. We present accurate numerical calculations for the brachistochrone position, point of zero
horizontal Lagrangian displacement, reflux and partial drift volumes. These calculations are seen to agree
well with the asymptotic predictions even for moderate values of the parameters. In the small Reynolds
number regimes, we show that while for the case of Stokes flow past a sphere no brachistochrones
exist at finite distances from the sphere, the Oseen correction is sufficient to restore such least-time
trajectories. Lastly, the application to a sphere falling in a stratified fluid is discussed using the new drift
volume correction formula.

© 2008 Published by Elsevier B.V.
The hydrodynamics associated with solid bodies moving in flu-
ids is fundamental in understanding properties of lift, drag, and
global energetics. Calculating the fluid flow generally requires in-
tegrating the Navier–Stokes equations with boundary conditions at
the surface of a solid body moving under hydrodynamic forcing.
Because of the complexity of this problem, the intuition regard-
ing the nature of the hydrodynamic forces is often incorrect. Thus,
exact mathematical statements regarding such motions are clearly
valuable. For example, while aerodynamic lift is correctly under-
stood, it is often incorrectly explained in freshman physics courses
by use of Bernoulli’s law in which a pressure gradient is inferred
by assuming that a particle just above an airfoil will take an equal
amount of time to circumvent the body as that of a particle just
below the wing. For an interesting discussion of these issues, see
the NASA education website [1]. Of course, this equal transit time
principle is not justified, and a proper explanation of lift is more
complicated (and understood), requiring consideration of the ef-
fects of the viscous forces involved.

A somewhat related issue concerns assessing the mass of fluid
which is dragged along with a moving body. Of course, this “drift”
mass should be expected to depend upon the details of viscous
forces involved. Nonetheless there is a general proposition due to
Taylor [2] and Darwin [3–8] which predicts the drift mass to be
the same as the so-called “added” mass, which for a sphere has
been shown to be given by the fluid density times half the volume
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of the body. Darwin’s proposition assumes that the fluid flow is
potential and the body has moved an infinite distance through the
fluid.

These two problems, that of flight time and transport, are in
fact mathematically related, as we show in this Letter. Here we
prove the existence of a brachistochrone path for a material pla-
nar surface oriented normal to a constant far-field wind advected
around a fixed sphere under the assumption of potential flow. This
brachistochrone path is defined to be the trajectory of that particle
in the upstream plane which crosses a fixed (parallel) downstream
plane first. Figuratively, this corresponds to a race from an imagi-
nary starting line to an imaginary finish line drawn in the fluid.

We compute rigorous asymptotics of this path, which allow us
to establish the explicit correction formulas for Darwin’s drift vol-
ume. We work with the two-dimensional case of a cylinder first,
and then present the results for the three-dimensional sphere.
Shown in Fig. 1 is a schematic detailing the setup of this study.
Several of the features in this figure will be described in greater
detail below.

The proof of the brachistochrone existence

Consider the problem of computing the time of flight for a
plane of particles released a distance d0 upstream of a cylinder
to reach the analogous plane a distance d0 downstream of the
cylinder. For this problem, the stream function is ψ = U y(1 −
a2/(x2 + y2)), where a is the cylinder radius and U is the far
field flow velocity taken in the x-direction. The time of flight
will then be T = ∫ d0

−d 1/u(x, y)dx. Here u is the horizontal ve-

0

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
mailto:camassa@email.unc.edu
mailto:rmm@amath.unc.edu
http://dx.doi.org/10.1016/j.physleta.2008.06.093


R. Camassa et al. / Physics Letters A 372 (2008) 6742–6749 6743
Fig. 1. Schematic depicting the drift and reflux volumes, the point of zero Lagrangian displacement and the brachistochrone path of minimum travel time. Here the figure is
drawn in the body frame of reference, and the dashed plane represents the motion of the initial plane were there no sphere present. Equivalently, the dashed plane will be
deformed into the displaced plane in the frame of reference in which the fluid is at rest at infinity, and the sphere moves from right to left. The figure has not been drawn
to scale to exaggerate certain key features.
locity, u = ∂yψ = U (1 − a2(x2 − y2)/(x2 + y2)2), and the curves
(x(t), y(t)) are level sets of the stream function, ψ(x, y) = β . We
first establish the existence of a brachistochrone path by proving
that T has a minimum as function of initial position, y(0) = y0,
for fixed x(0) = −d0. By fore-aft symmetry, the time of flight is
equal to T = 2

∫ 0
−d0

1/u(x, y)dx. Note that the horizontal velocity
u is always greater than the free stream value U provide y > x.
Further, the vertical velocity, v = −∂xψ = −2Ua2xy/(x2 + y2)2 is
positive for y > 0 and x < 0. Consequently, y(t) > x(t) provided
this holds initially, and provided x � 0. Therefore, u exceeds the
free stream value U , for all −d0 < x(t) < 0, and thus the time of
flight from x(t) = −d0 to x(t) = d0 is smaller than the free stream
time (= 2d0/U ). Lastly, trajectories arbitrarily close to the stagna-
tion line y(t) = 0 experience an infinite flight time. By continuity,
there must exist a minimum brachistochrone path for this flow. We
note that the identical argument extends to the three-dimensional
potential flow past a sphere, and also note that for the analogous
Stokes low Reynolds number flow past a sphere it can be easily
shown that no brachistochrone exists.

The cylinder case

The task of computing the minimum flight time is amenable to
rigorous asymptotic analysis. Henceforth, we will non-dimensional-
ize by introducing coordinates t′ = Ut/a, and (x′, y′) = (x/a, y/a),
and we will drop the primes. This is equivalent to setting U = 1
and a = 1 in the formulae above. We will consider the asymptotic
limit as the distance from the initial plane to the body grows large,
or d0 � 1. Numerical evaluation of T in this limit suggest that the
minimum flight time occurs for trajectories with initial heights, y0,
growing sublinearly with d0. It is convenient to study the equiva-
lent limit of large stream values, β � 1, since y0 is approximately
equal to β far from the body.

In order to calculate the time of flight integral explicitly, we
seek an approximation of the function y(x;β) defined by a stream-
line. Setting the stream function equal to β gives an implicit for-
mulation for y(x;β):

y = β + y
2 2

. (1)

x + y
To obtain an explicit formula for y(x;β), we perform Picard it-
erations on the implicit relation, starting with an initial value
y0(x) = β . It can be shown that the Picard iteration is convergent
for all initial values of β > 1, which offers a rigorous handle on the
control of the order of approximation. Performing the Picard itera-
tion once, gives the following rational approximation to y(x;β),

y(x;β) = β + β

x2 + β2
+ O

(
β

(x2 + β2)2

)
for β � 1, (2)

with the error term obtained by performing the iteration once
again. We now insert this rational approximation into the hori-
zontal velocity u = 1 − (x2 − y2)/(x2 + y2)2. Since we are studying
large stream function values β � 1, and y(x;β) > β for all x, the
term (x2 − y2)/(x2 + y2)2 is small and so 1/u can be approxi-
mated by a geometric series. Retaining terms up to second order in
the geometric expansion gives an approximation to the flight time
as an integral of a rational function of x and β . The integrals can
be evaluated explicitly, and the flight time is approximated by

T = 2d0 − 2d0

d2
0 + β2

+ arctan(d0/β)

β3
+ O

(
d5

0β + d3
0β

3 + d0β
5

β3(d2
0 + β2)3

)

for β � 1. (3)

The error terms in the approximation of y(x;β) and the geo-
metric truncation have been integrated over the same interval to
yield the error term shown. The leading order and first correc-
tion term in this asymptotic expansion of T are valid for large
β (β � 1) independent of the magnitude of d0. However, the last
term retained, arctan(d0/β)/β3, asymptotically dominates the er-
ror term if d0/β � 1, but is of the same order as the error term in
other limits. This technicality involving the last term retained (al-
ways identifiable by the appearance of an arctan) will also hold in
subsequent calculations.

The asymptotic approximation (3) to the flight time can be min-
imized with respect to β , giving the scaling of the stream value
of the brachistochrone path β ∼ (3πd3

0/8)1/5 for d0 � 1. For this
scaling law, we have d0/β � 1, which justifies the retention of the
highest order term. We note that under these conditions, y0 ∼ β

and so we have obtained scaling for the initial y-coordinate for
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the brachistochrone in the limit of large initial x-coordinate with
the error terms being negligible. This scaling has been justified
with full mathematical rigor [9], including the subtleties associ-
ated with differentiating the asymptotic expansion. We stress that
this formula holds only in two dimensions, and a different scal-
ing law will be found in three dimensions. For this special case of
two-dimensional potential flow past a cylinder, an exact formula
for the flight time is available in terms of elliptic integrals. This
formula can be computed quite efficiently using polar coordinates
and the exact relations between r and θ provided by the stream
function

y± = β ± √
β2 + 4

2
, sin φ =

√
r2

0 − y2+
r2

0 − y2−
, k = y−

y+
,

T

2
= y+

(
F (φ,k) − E(φ,k)

) + r0 sin(φ), (4)

where r2
0 = d2

0 + y2
0 is the initial radius and F and E are the nor-

mal elliptic integrals of the first and second kind, respectively [10].
The asymptotic limits under study here may be obtained directly
through Taylor expansions of these elliptic integrals, yielding

T

2
∼ d0 − 1

d0
+ y2

0

d3
0

+ π

4y3
0

+ O

(
1

d2
0 y3

0

,
1

d3
0

)
, (5)

for d0 � 1, y0 � 1, and d0 � y0, which provides direct confirma-
tion of the asymptotics in Eq. (3). We remark that for the three-
dimensional case similar closed form expressions for the flight
time involve hyperelliptic integrals, whose direct analysis is some-
what involved, and a direct asymptotic approach on the integrand
via Picard iterations is more efficient. We also observe that stan-
dard multipole expansions show this scaling law to be universal
for general compact bodies in two dimensions, as will the three-
dimensional scaling result we compute next.

The sphere case

The same asymptotic Picard iteration-based technique can be
adopted for three-dimensional potential flow past a sphere. We
take the uniform flow to be in the x-direction and restrict our do-
main to the plane z = 0, so that the three-dimensional radial vari-
able r is given by r2 = x2 + y2. The results can afterwards be ex-
tended by rotation about the x-axis. The approximation to y(x;β),
obtained through the stream function Ψ (r, θ) = 1

2 (r2 − 1/r) sin2 θ ,
becomes

y(x;β)2 = β2 + β2

(x2 + β2)3/2
+ O

(
β2

(x2 + β2)3

)
for β � 1, (6)

where β2/2 is the value of the stream function along the level sets
y = y(x;β), so that we still have the relationship y(∞;β) = β .
The velocity in the plane z = 0 is now (u, v) = (1 − 1

2 (2x2 − y2)/

(x2 + y2)5/2,− 3
2 xy/(x2 + y2)5/2), and 1/u is again approximated

by a geometric series; however the expression for the flight time is
no longer the integral of a rational function—there exist fractional
powers in the expression. Nonetheless, further expansion of this
expression yields terms which may be integrated explicitly, and
the resulting flight time is

T ∼ 2d0 − d0

(d2
0 + β2)3/2

+ 9 arctan(d0/β)

32β5

+ O

(
β7d0 + β5d3

0 + β3d5
0 + βd7

0

β5(β2 + d2
0)

4

)
for β � 1. (7)

As before, the last term retained in this asymptotic formula dom-
inates the error term if d0/β � 1, but is of the same order as the
error term in other limits. We will not point out this technical-
ity in subsequent calculations for the sake of brevity. Minimizing
the expression with respect to β gives an asymptotic scaling of
β ∼ (15πd4

0/64)1/7, a different relation than in two dimensions.
Again, under these conditions, y0 ∼ β , and so the physical height
of the brachistochrone path is immediate. We note that this result
also follows from a more direct but lengthy asymptotic analysis
of the flight time integral with special attention paid to its six
branch points [9] (which leads to hyperelliptic integrals), while the
present Picard iteration yields a more compact derivation.

Application to Darwin’s theorem

An important theorem in hydrodynamics is Darwin’s theorem,
which relates a quantity know as the ‘drift volume’ created by a
body moving at uniform velocity in an ideal fluid, with the added
mass of the body [3]. Here, we define the time-varying ‘drift vol-
ume’ V D(t) by placing a marked plane of particles perpendicular
to the motion of the body and computing the net volume of fluid
swept in the same direction as the motion of the object. Fig. 1
depicts a schematic diagram illustrating the key features of this
study. The drift volume, as defined in Darwin’s theorem, must
be taken with the initial and final distances from the plane to
the body as infinite (corresponding to a doubly-infinite limit in
time) [3]. A subtlety associated with Darwin’s theorem is in the
ordering of the limits of the size of the plane and the distance of
the plane to the body. Eames et al. address this question by taking
a disk of particles, with radius ρ0, at a finite initial distance, x0,
from the body, and allowing the plane to be advected to an infi-
nite distance [4]. Eames et al. compute asymptotic approximations
to the drift volume as the initial distance is varied. Here, we de-
rive a generalization of the result of Eames et al., by allowing both
the initial and final distances to be finite. These generalized ap-
proximations to quantities associated with the drift volume exhibit
the desirable property of conservation of volume, in the sense that
the volume of material crossing the marked plane always sums to
zero, whereas the result of Eames et al. does not exhibit this prop-
erty [4]. We will recover the formula derived in Eames et al., in the
limit as the final distance from the plane to the body becomes in-
finite, and show precisely where volume conservation is lost. Our
fully-finite volume-conserving calculations will be of practical im-
portance in experimental fluid dynamics since only finite times
and lengths can be realized in a laboratory setting.

It has been noted that beyond the region in which particles are
swept in the same direction as the motion of the body, there lies a
region in which the motion of particles is in the opposite direction
as that of the body [3,4]. This region is termed the ‘reflux region’
and the volume swept out by particles moving in the opposite di-
rection as the body is the ‘reflux volume’. Here we will present a
simple argument, based on conservation of volume, which relates
the quantities drift volume, reflux volume, and the volume of the
body. We will work in the reference frame in which the fluid is
at rest at infinity and the sphere is moving from right to left. In
Fig. 1, we divide the domain into two half-spaces: The region to
the left of the dashed plane is denoted region I and to the right is
region II, where, for this discussion, the figure is interpreted in the
reference frame in which the sphere is moving from right to left.
For all time, the volume that has entered region I must equal the
volume that has exited region I (same for region II). Thus before
the body has exited region II, the reflux volume must equal the
drift volume, and, after it has exited, the reflux volume must equal
the sum of the drift volume and the volume of the body. This ar-
gument easily applies to the case of a body moving uniformly in
a bounded domain. Note however that this argument holds if the
size of the domain is arbitrarily large, provided the flow veloci-
ties induced by the motion of the body decay sufficiently fast at
infinity. Hence the argument may be extended to free-space po-
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tential flow. This volume conservation discussion is summarized in
the simple relation

V R = V D + V̄ S (8)

where V R is the time-varying reflux volume, V D is the time-
varying drift volume and V̄ S denotes the portion of the sphere
volume which has crossed the marked Lagrangian plane. Notice
that this conservation of volume does not hold for Stokes flow be-
cause of the velocity’s slow decay at infinity.

The formula for the time of flight (7), can be generalized to
give the time it takes a particle on the streamline given by β with
initial x-coordinate x0 to reach an arbitrary final position on the
streamline with x-coordinate X ,

T ∼ X − x0 − 1

2

(
X

(X2 + β2)3/2
− x0

(x2
0 + β2)3/2

)

+ 9

64β5

(
arctan

X

β
− arctan

x0

β

)
for β � 1. (9)

This asymptotic relationship gives the final x-coordinate of a
particle, X , as an implicit function of the other variables. We will
set T = T1 ≡ x1 − x0, the time it takes a particle to travel from x0
to x1 in the absence of the sphere, and once more invoke a Picard
iteration with an initial value X0 = x1, to obtain the final position
of the particle as an approximate, but explicit, function of x0, x1,
and β ,

X ∼ x1 + 1

2

(
x1

(x2
1 + β2)3/2

− x0

(x2
0 + β2)3/2

)

− 9

64β5

(
arctan

x1

β
− arctan

x0

β

)
for β � 1. (10)

For parameters x0 and x1, the volume of the (cylindrically sym-
metric) reflux region may be given for all times by using Stokes
theorem for volumes as V R(x0, x1) = 2π

∫ ∞
y0∗ (x0,x1)

( X̃(x0, y0, T1) −
x1)Ỹ (x0, y0, T1)

∂ Ỹ
∂ y0

dy0, where (x0, y0)→ ( X̃(x0, y0, t), Ỹ (x0, y0, t))
denotes the characteristic map (the solution of the fluid particle
ODE’s (ẋ, ẏ) = (u(x, y), v(x, y))), which yields the marked and de-
formed Lagrangian plane at any given time t . Here y0∗(x0, x1) is
the pre-image of the point of zero (horizontal) Lagrangian dis-
placement, so-called because it is the point at which there is no
horizontal displacement from the undisturbed advected plane. This
special point on the marked plane divides the reflux region from
the drift region. By using streamlines, the reflux volume becomes

V R(x0, x1) = 2π

∞∫
β∗(x0,x1)

(
X(x0, x1, β) − x1

)
Y (x0, x1, β)

∂Y

∂β
dβ, (11)

where (X(x0, x1, β), Y (x0, x1, β)) is the stream function map de-
fined as X(x0, x1, β) ≡ X̃(x0, y(x0;β), T1), Y (x0, x1, β) ≡ Ỹ (x0,

y(x0;β), T1). Note that the asymptotics for β � 1 of X(x0, x1, β)

is precisely that given in (10). (For compactness of notation, we
will henceforth suppress the explicit dependence on time, x0 and
x1 in the reflux volume notation.) The value β∗ thus identifies the
streamline to which the point of zero Lagrangian displacement be-
longs at any given time t . Far away from the body, the derivative
∂β Y is asymptotic to unity (and Y (x0, x1, β) ∼ β) and the associ-
ated asymptotic corrections have been shown to be subdominant
to the corrections dealt with here [9]. The value β∗ can be com-
puted by setting the flight time equal to T1 and X = x1 in (9).
Using an approximation for x0 large and negative, and x1 large and
positive, gives β∗ ∼ ( 9π

32 x2
1x2

0/(x2
1 + x2

0))
1/5. Again, note that under

these conditions the asymptotic equivalence between y0 and β

provides the scaling of the physical coordinates for this distinct
point. Also observe that under the limit of x1 → ∞ this yields pre-
cisely the same formula for the point of zero horizontal Lagrangian
displacement as derived by Eames et al. [4].

The terms in (10) can be integrated explicitly to give an ex-
pression for the reflux volume to be evaluated at β∗ (higher order
terms given by integration have been discarded),

V R

V S
∼ 3

4

(
x1√

x2
1 + β∗2

− x0√
x2

0 + β∗2

)

− 9

128β∗3

(
arctan

x1

β∗
− arctan

x0

β∗

)
for x0 	 −1, x1 � 1. (12)

Here the normalization constant, V S = 4π/3, is the volume of the
sphere. Evaluating at the approximate β∗ shown above and ex-
panding in powers of x0 and x1 gives a compact approximation
to the reflux volume,

V R

V S
∼ 3

2
− 5

8

(
9π

32

)2/5( x2
0 + x2

1

x2
0x2

1

)3/5

for x0 	 −1, and x1 � 1. (13)

The leading order term of this asymptotic expansion is consis-
tent with Darwin’s theorem and conservation of volume. By con-
servation of volume (8), the reflux volume is equal to the sum of
the drift volume and the sphere volume if x0 < −1 and x1 > 1. In
the case of the sphere, Darwin has established that the drift vol-
ume limits to half the volume of the sphere [3] as x0 → −∞ and
x1 → ∞. Thus, the reflux volume must approach 3/2 the volume of
the sphere in this limit, and this is seen directly in Eq. (13). Finally,
we can easily obtain an asymptotic formula for the time-varying
drift volume by simply subtracting the volume of the sphere from
(13), and this formula gives independent verification of Darwin’s
calculation for the limiting value of the drift volume, i.e., half the
volume of the sphere.

To understand where the conservation of volume principle may
be lost, one may transform Eq. (2.10) of Eames et al. [4] into Carte-
sian coordinates and compare the result to the asymptotic formula
for the horizontal displacement (10). Formula (2.10) [4] lacks the
second term on the right-hand side of the asymptotic relation (10),
x1/(x1 + β2)3/2, because in Eames et al.’s semi-infinite formulation
x1 is taken to infinity a priori. If we take the limit as x1 → ∞ in
formula (10), this term indeed converges to zero. However, the in-
tegral of this term over β , as used in the definition of the reflux
volume, does not converge to zero but rather to the constant π .
This constant represents exactly the amount missing from the re-
flux volume in order for the conservation of volume formula (8)
to hold, in the situation in which x1 → ∞ prior to integration, i.e.,
the semi-infinite perspective of Eames et al.

Finally, the conservation of volume formula allows us to com-
pute the quantity called “partial drift volume” introduced by
Eames et al. [4], which brings in a cut-off for the volume inte-
gral. Geometrically, for as long as the deformed Lagrangian plane
can be described by a graph x(y), this corresponds to the vol-
ume obtained by integrating over a finite disk of radius ymax,
D P = −2π

∫ ymax
0 (x(y) − x1)y dy − V̄ S . (We have taken an overall

minus sign here because we are working in the body frame.) Note
that the partial drift volume is not necessarily a physical volume
due to the fact that x(y) may change sign. If the radius of the cir-
cular plane, ymax, is greater than the point of zero Lagrangian dis-
placement then the partial drift volume is the difference between
the drift volume and the portion of the reflux volume spanned by
the circular plane (and so the partial drift volume may even be
negative). By the conservation of volume formula (8), and by using
the earlier stream function map notation, the partial drift volume
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Fig. 2. Point of zero horizontal Lagrangian displacement versus x1 for the two-dimensional (cylinder) case, with x0 = −50, computed using the Runge–Kutta simulation
(circles), asymptotic scalings (dashed line), a numerical root find of the asymptotic formula for the time of flight (triangles), and a similar numerical root find of the exact
flight time in terms of elliptic integrals (solid line). The inset shows a blow-up of the region near the origin where the differences among these four methods are most
discernible.
may also be written as D P = 2π
∫ ∞
βmax

(X(β)− x1)Y (β)∂β Y dβ − V̄ S ,
where βmax is the streamline parameter corresponding to ymax.
For ymax sufficiently large, the approximation to the horizontal dis-
placement given in Eq. (10) is uniformly valid over the domain of
integration, and so we can readily obtain an asymptotic formula
for the partial drift volume,

D P

V S
∼ − V̄ S

V S
+ 3

4

(
x1√

x2
1 + y2

max

− x0√
x2

0 + y2
max

)

− 9

128y3
max

(
arctan

x1

ymax
− arctan

x0

ymax

)
, ymax � 1, (14)

where in the body frame, V̄ S = π
3 (x1 + 1)2(2 − x1) for x1 ∈ [−1,1],

V̄ S = 0 for x1 < −1, and V̄ S = 4π/3 otherwise.
We observe that the partial drift formula used in Eames

et al. [4] is (in our notation) D E
P ≡ −2π

∫ ymax
0 limx1→∞( X̃(x0,

y0, T1) − x1)y0 dy0. Notice that this definition is approximately
the volume between the initial and final position of the marked
plane under the asymptotic assumptions considered in Eames
et al. [4]. However it is not exact because fluid particles exhibit
y-displacements. The combination of ∂β Y in the measure dβ and
the subtraction of the sphere’s volume V̄ S accounts for these y-
displacements in our theory.

We further remark that we have noticed a formalism by which
the semi-infinite theory of Eames et al. [4] may be used to de-
velop finite time corrections, by using asymptotics for different
Lagrangian planes and combining them appropriately by appeal-
ing to time reversal of potential flow. However the exact details of
this procedure are not immediately clear because of the difference
between an initially deformed vs. flat plane, and we have not been
able to justify this point of view beyond observing that it produces
some of the lower order asymptotic terms in our formulation.

Comparison of asymptotics with numerics

Here we present a comparison between our asymptotic for-
mulae and numerical calculations. We see strong agreement be-
tween the asymptotics and numerics for all quantities, such as
the point of zero Lagrangian displacement, the position of the
brachistochrone, and reflux and partial drift volumes in two and
three dimensions. For the numerical calculations, we introduce
the following flux formulation which provides a highly accurate
and efficient method for volume computation. Throughout this
discussion, we use the reference frame in which the fluid is at
rest at infinity and the body undergoes uniform motion (from
right to left), so that velocities are time-dependent: u(x, y, t) =
− 1

2 (2(x + t)2 − y2)/((x + t)2 + y2)5/2, v(x, y, t) = − 3
2 (x+t)y/((x+

t)2 + y2)5/2. Elementary flux balance arguments show that the
time derivative of the reflux volume satisfies the following ordi-
nary differential equation:

dV R

dt
=

∞∫
y∗(t)

u(x0, y, t)dy, V R(t = 0) = 0, (15)

where y∗(t) is the point of zero Lagrangian displacement. This
point can be tracked through a numerical evaluation of the under-
lying particle trajectories. Notice that generically this point initially
lies at a zero of the horizontal fluid velocity (for the case of the
sphere, y∗(0) = √

2|x0|). Closed form expressions for the integral
in Eq. (15) are available by elementary quadratures, and therefore
the only approximation made here is in the numerical tracking
of y∗(t). We can compute partial drift volumes through the same
methodology, provided we track a different point. The partial drift
volume, D P will satisfy:

dD P

dt
=

∞∫
ymax

u(x0, y, t)dy +
x∗(t)∫
x0

v(x, ymax, t)dx − dV̄ S

dt
,

D P (t = 0) = 0. (16)

Here x∗(t) labels the x-coordinate of the particle whose y-co-
ordinate at time t equals ymax. The point x∗(t) may be tracked
numerically in a similar fashion as the point of zero horizontal La-
grangian displacement y∗(t). As before, V̄ S denotes the (positive)
volume of the portion of the sphere which has crossed the marked
Lagrangian plane.

In Fig. 2, we show a study of the point of zero Lagrangian dis-
placement in the two-dimensional case. We compare the numeri-
cally tracked position using a fourth order Runge–Kutta simulation



R. Camassa et al. / Physics Letters A 372 (2008) 6742–6749 6747
Table 1
Various formulae and scaling laws, asterisks denote entries too long to list in table, φ j correspond to x j as in Eq. (4). In all columns x0 is taken as a large negative number.

2D 3D

Interval (x0, x1) (x0, x1) (x0, x1) (x0, x1)

x1 	 −1 x1 � 1 x1 	 −1 x1 � 1

Brachistochrone streamline parameter

√
x2

0 |x1 |1/2−x2
1 |x0 |1/2

|x0 |1/2−|x1 |1/2 ( 3π
4

x3
0 x3

1

x3
0−x3

1
)1/5

√
x2

0 |x1 |2/5−x2
1 |x0 |2/5

|x0 |2/5−|x1 |2/5 ( 15π
32

x4
0 x4

1
x4

0+x4
1
)1/7

Zero displacement streamline parameter
√

x0x1 ( π
2

x0 x1
x0−x1

)1/3 (x0x1)1/3
√|x0|2/3 + |x1|2/3 ( 9π

32
x2

1 x2
0

x2
1+x2

0
)1/5

Reflux volume V R/V S ∗ 2 − 3
2 ( 2

π )2/3(
x0−x1
x0 x1

)2/3 ∗ 3
2 − 5

8 ( 9π
32 )2/5(

x2
0+x2

1
x2

0 x2
1

)3/5

T (x0, x1) asymptotic
∑1

j=0(−1) j+1
(
x j − x j

x2
j +β2 + arctan

x j
β

2β3

) ∑1
j=0(−1) j+1

(
x j − x j

2(x2
j +β2)3/2 + 9 arctan

x j
β

64β5

)
T (x0, x1) exact

∑1
j=0(−1) j [(E(φ j ,k) − F (φ j ,k))y+ − r j sin(φ j)] hyperelliptic integrals

Added mass ρV S ρV S/2

Fig. 3. Comparison of our finite time theory with the semi-infinite formulas (3.5) and (3.9) in Eames et al.’s paper [4] for the three-dimensional case (with ymax corresponding
to ρmax). The left panel shows the partial drift volume, normalized by the volume of the sphere, as a function of x1 with ymax = 20 and x0 = −20, as computed using the
numerical flux method (shown as dots) and Eq. (14) (the solid line). In the dotted curve Eames et al.’s formula (3.9) is plotted (with x0 there replaced by our x1). The dashed
line corresponds to taking formula (3.9) of Eames et al. (with x0 there set to our x0, here fixed to x0 = −20), and thus gives an asymptote to the solid line (our formula (14)
as x1 → ∞). The right panel shows the partial drift volume as a function of ymax, with x0 = −10 and x1 = 50. The solid line shows formula (14) and the dashed line shows
the semi-infinite formula of Eames et al. (with x0 there set to ours). The difference between the horizontal asymptotes as ymax → ∞ of the two curves is accounted for by
volume conservation (8) which holds for any finite x1.
with the asymptotic scaling given in row 4, columns 2 and 3 of
Table 1 (where standard matrix entry notation is followed for the
row and column labeling). Also shown is the point of zero La-
grangian displacement calculated numerically by setting the flight
time equal to x1 − x0 in the asymptotic formula (row 6, columns 2
and 3 of Table 1), as well as the exact formula involving elliptic
integrals (row 7, columns 2 and 3 of Table 1). The figure shows
overall excellent agreement between the asymptotic formulae, ex-
act expressions, and numerical simulations. See the caption for
details.

In Fig. 3, we present a study of the partial drift volume D P . We
show the asymptotics for D P given in (14), normalized by the vol-
ume of the sphere, plotted first as a function of x1, and then as a
function of the cut-off parameter ymax, with x0 considered as a pa-
rameter. We show the comparison to the semi-infinite formulae of
Eames et al. [4], which corresponds in our theory to taking one of
x0 or x1 to infinity a priori. The comparison in Fig. 3(a) shows ex-
cellent agreement between the numerically computed values and
Eq. (14), as well as substantial differences with the semi-infinite
perspective. The parameters here were chosen to replicate possi-
ble laboratory parameters. Finally, the depiction in Fig. 3(b) of the
partial drift volume as a function of the cut-off parameter, ymax,
illustrates an important difference between formula (14) and the
corresponding semi-infinite formula of Eames et al. [4]. The leading
order of formula (14) as ymax → ∞ is consistent with the conser-
vation of volume principle (8). However, the principle of volume
conservation (8) is absent when taking x1 → ∞ prior to the vol-
ume integration (which corresponds to the semi-infinite theory of
Eames et al.). Volume conservation (8) is violated in this case by an
amount which may be computed by retaining finite x1 and calcu-
lating the integral contribution to the partial drift volume of a term
that converges to zero in the limit as x1 → ∞ (discussed above).
We computed this integral contribution to be π . Normalizing by
V S = 4π/3 gives 3/4 which accounts precisely for the difference
between the two horizontal asymptotes shown in Fig. 3(b).

In Fig. 4, we show the vertical position of the brachistochrone
path for the sphere case (three dimensions) along with the reflux
volume as x1 is varied. For the position of the brachistochrone path
(Fig. 4(a)) we show the numerical tracking with the fourth order
Runge–Kutta simulation versus the asymptotic scalings shown in
row 3, columns 4 and 5 of Table 1. The figure shows good agree-
ment apart from the region in which the vertical position of the
brachistochrone path becomes small, i.e. where the asymptotic for-
mulae cannot be expected to hold. The reflux volume is shown
in Fig. 3(b) as computed by three methods: the flux numerical
method, asymptotic equation (13), and Eq. (12) with the point
of zero horizontal displacement computed by a numerical root-
find of Eq. (9). The figure shows excellent agreement between the
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Fig. 4. The left panel shows the vertical position of the brachistochrone path for the three-dimensional (sphere) case as a function of x1, with x0 = −10. The circles show
values given by numerical tracking and the solid line represents the asymptotic scalings. The right panel shows the reflux volume as a function of x1, with x0 = −10
computed by three methods. The circles show the results of the numerical flux method, the solid line is Eq. (12) with the point of zero Lagrangian displacement computed
by a numerical find of Eq. (9), and the dashed line is the asymptotic equation (13).
asymptotic expressions for reflux volume and the numerical flux
formulation.

Discussion

These calculations present two new results: first, the existence
proof and explicit computation of a universal brachistochrone path
for potential flows arising from a single obstacle moving at con-
stant speed; and, second, the explicit calculation of quantities as-
sociated with the drift volume, including an asymptotic correction
accounting for finite lengths of travel. The present formulation is
distinguished from earlier results in that the calculations are done
in finite time, whereas prior studies have either concerned the in-
finite time result [2,3,5–8], or explored the approach to the infinite
time limit using semi-infinite time results [4]. We emphasize that
volume conservation by which the reflux volume is the sum of the
drift volume and the body volume, i.e. Eq. (8), holds throughout
our calculations, whereas this conservation principle is lost in the
semi-infinite limit approach [4] and is specifically associated with
an interchange of limits with an infinite integral. Consequently, the
present study offers insight into the subtleties associated with the
incommensurate limits observed previously [4].

The new result establishing the asymptotic properties of the
brachistochrone path improves the geometric description of the re-
flux volume. Further, it shows a fundamental difference in the fluid
transport properties between Stokes flows and potential flows. Us-
ing the same approach as above to establish the mathematical
existence of the brachistochrone path for potential flow, it can be
shown that no brachistochrone path exists for Stokes flow past a
sphere in free space. To appreciate these differences, Fig. 5 doc-
uments the evolution of a line of fluid particles under potential,
Stokes and Oseen flows past a sphere. The Oseen case from Lamb’s
approximate stream function [11] is depicted for Reynolds num-
bers (based on the sphere diameter) 0.5 and 1. The Stokes solution
shows no brachistochrone, whereas the Oseen solutions do develop
a minimum, though farther from the body (and of smaller magni-
tude) than its potential counterpart. In this regard, the brachis-
tochrone may be loosely interpreted as a signature of inertia in an
infinite fluid system. It is also noteworthy to compare the drift vol-
umes of these three cases: clearly the Stokes case is dragging the
Fig. 5. Evolution of upstream plane flowing past a sphere, with x0 = −1.6, a = 1,
t = 4 under Stokes (solid), Oseen with Re = 0.5 (short-long dash), and Re = 1 (long
dash), respectively, and potential flow (short dash): insets document the emergence
of the minimum in the far field Oseen flow, absent in the case of Stokes flow, for
Re = 1 and Re = 0.5, respectively. Note that the Oseen flow satisfies the no-slip
boundary condition on the sphere only approximately.

most fluid, consistent with the familiar Stokes paradox, while the
potential flow draws the least amount.

Application to falling sphere in stratified fluid

Lastly, we discuss the application of these formulae to the mo-
tion of a sphere falling in a stably stratified miscible fluid system
with sharp two layer stratification. Abaid et al. [12] documented
in experiments that a sphere which had density greater than the
densities of the fluids in such a tank could experience a rever-
sal of motion in which the descending sphere arrested, rose on
a short timescale, before ultimately returning to slow descent.
A coarse criterion can be drawn from the drift volume using the
assumption of potential flow past a sphere, by insisting that for a
reversal of motion to occur the net density of the conglomerate
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sphere plus drift fluid must necessarily be less than the density
of the bottom layer fluid, in order to have negative buoyancy in
the system. It is interesting to consider first the prediction of a
stopping criterion based upon Darwin’s theorem in comparison
with those prior measurements. The density of the conglomerate
is (Md + Ms)/(Vd + V S) where Md, Ms, Vd, V S are the respec-
tive masses and volumes of the drift fluid and sphere. Let the
proportionality factor relating the drift volume to the sphere vol-
ume be denoted as c, with c = 1/2 in Darwin’s case where the
sphere travels a doubly infinite distance through the fluid. More
generally, c is determined by the corrected finite time asymp-
totic formula given in Eq. (13). The coarse criterion then becomes
(cρ0 + ρs)/(1 + c) < ρb where ρb,ρs,ρ0 are the respective densi-
ties of the bottom fluid, sphere and top fluid density. It should be
stressed that such a criterion is overly coarse in that it does not
account for mixing, additional hydrodynamic forces, and the pos-
sibility that part of the drift volume shears away. Nonetheless, the
arrest criterion based on Darwin’s prediction and its finite time
counterpart derived here can be checked to assess their quantita-
tive relevance. First, with the fluid densities of ρb = 1.0385g/cc,
ρ0 = 0.997g/cc used by Abaid et al., the criterion based on Dar-
win’s drift volume c = 1/2 predicts that the sphere should arrest
if its density is smaller than 1.05925g/cc, which should be com-
pared with the experimentally determined threshold of 1.045g/cc
above which the sphere did not arrest. Not surprisingly, the coarse
prediction using Darwin’s theorem overestimates the maximum
density of the sphere that can be stopped by entrained drift vol-
ume, yet it does give a first rough estimate of this critical density.
This estimate can be improved with the finite time criterion. The
sphere radius in the experiments was a = 0.25 cm, the sphere was
observed to arrest within approximately 5 radii of the transition
layer, and the distance traveled to the transition layer was approx-
imately 50 radii. With these parameters, and the corrected drift
volume formula, the arrest prediction improves, with the critical
density value being 1.05565g/cc. Note that the deviation between
the drift volume asymptotic formula and numerical evaluation for
these values of x0 and x1 is extremely small (changing this critical
density only in the 5th significant digit).

It goes without saying that further study is merited in under-
standing these complex problems, but the calculations performed
here do offer some improved understanding of the transport asso-
ciated with moving bodies in fluids.
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