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Abstract

We study the slow motion of rigid bodies of arbitrary shape sedimenting in a quiescent viscoelastic
liquid under the action of gravity. The liquid is modeled by the full second order fluid equations
with arbitrary material parameterg + op. We show existence of steady state solutions for small
Weissenberg numbers and zero Reynolds numbers and apply our equations to study the steady state
orientations of symmetric bodies sedimenting in viscoelastic fluids.
© 2005 Elsevier Ltd. All rights reserved.

Keywords:Existence; Sedimentation; Second order fluid

1. Introduction

It is well known that bodies freely falling in fluids eventually acquire a constant trans-
lational and angular velocity of descent, referred to astéhneninal velocityof the body
[3,4,6,22,20,24,26]There is plenty of experimental work on sedimentation in both New-
tonian and in non-Newtonian fluids and this subject has also received ample mathemat-
ical attention[10-13,15-17] We use the ternterminal stateto collectively signify
properties such as velocity and orientation of the sedimenting body in its steady state.
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There are several issues of mathematical interest associated with the phenomenon of
sedimentation of particles. But the primary mathematical question that needs to be in-
vestigated is whether the set of steady state solutions to the corresponding governing equa-
tions is non-empty. In this regard, much of the work has already been done for sedimen-
tation in the Stokes approximation of a Newtonian fluid, the Navier—Stokes model and
to some extent for non-Newtonian fluids. We refer the readefd3pand to the refer-
ences therein for more details. In the case, of non-Newtonian fluids, however, only the
case of translating bodies have been considered for the exterior domain problems. There-
fore, in this paper, we fill this gap in the literature by showing the existence of steady
solutions for a rigid body which is translating and rotating with a prescribed motion in an
incompressible, second-order fluid. We extend the results of our earlier[@dfkvhere

a similar problem was considered but with the restriction upon the material parameters
of the second order fluid model; + a2 = 0. With this restriction, we could employ the
Giesekus Theorem to our advantage, whereby, the velocity field could be considered iden-
tical to the Stokes flow field. As a result, the entire problem could be studied with the
velocity field restricted to the Stokes velocity field and thus allowing us to take advan-
tage of the symmetries of this flow. In this paper, however, we have no such advantage
since we takex; + o to be arbitrary. We make use of the second order model since it

is the simplest case of a viscoelastic, non-Newtonian fluid model and since even for this
model, there remain several open questions. It must be pointed out that even though this
model can be considered as a first order approximationsahale fluid the problem that

we tackle is non-trivial and the techniques employed in the proof are quite sophisticated
and elegant.

The complexity of this problem is three-fold. Firstly, we are considering bodies of arbi-
trary shapes while the literature is primarily focused on the treatment of flow past symmetric
bodies such as prolate or oblate spheroids or spheres. The second important consideration
is the inclusion of rotational motion for the sedimenting body which gives rise to the term
w x x in the rigid body motion equation. Special attention must be therefore given to the
asymptotic behavior of this term @s| — oo. The third point of significance in this paper
is the nonlinearity that comes from the constitutive model. The treatment of the problem in
the case of Navier—Stokes model has only recently been completely undddgpadthere
have been no efforts as of yet to study the combined translational and rotational motion
of rigid bodies in viscoelastic models. For these reasons, we see this paper as a valuable
contribution to the literature in the motion of rigid bodies in fluids. The advances made
here indicate the difficulty involved in studying such problems and also point to possible
approaches in considering more sophisticated fluid models in the future.

A second motivation for this study comes from the experimental work of Chiba[éi al.

Cho et al.[4], Liu and Josepli26] and Vaidya[33] on theterminal orientationof bodies

in Newtonian and non-Newtonian fluids. It is well known that elongated bodies falling in
a Newtonian fluid eventually orient themselves with their long side perpendicular to the
direction of fall while in viscoelastic fluids, the broad side becomes perpendicular to the
direction of fall, in the terminal statf?2,25,26] Furthermore, the work of Chiba et al.
[3], Cho et al.[4] and Liu et al.[26] shows that in polymers of certain concentrations,
intermediate orientations, called thik angle also occurs which varies continuously with
the polymeric concentratiof8]. Besides experimental observations, there is also ample
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theoretical verification of this work, mostly based on the principle of equilibrium of torques
[16,17,34,35]in the steady state. We employ this simple physical idea to analyze for our
model, the possible steady orientations that rigid bodies of certain symmetries can adopt.
This argument is much like the one made in Vaidg4]. The particular difficulty of this
paper comes from our assumption of arbitrary- o2 values which does not permit us the
convenience of the Giesekus theorem. However, we circumvent this difficulty by writing
the velocity fieldu = us + w, whereu is the velocity field pertaining to the motion of the
second order fluidys is the Stokes flow field and is the remnant term which depends
uponWe With this definition, we are able to show that the net torqug,imposed on the

body by the fluid can be written as

M (u) = M (us) + N (w),

where./" can be shown to be ab (We?). Since experimental observations are conducted
at very smallWg we may ignore the higher order dependence Wfyeand choose to work
with merely.Z (us). Setting this term to zero then reveals the possible terminal states of a
rigid, sedimenting body.

The outline of the paper is as follows. Sections 2 and 3 deal with the notation and for-
mulation of the relevant equations for our problem. In Section 4, we establish the existence
of solutions to the problem by splitting the problem into a coupled Stokes and a transport
problem and by use of the contraction mapping principle. Section 5 is devoted to the ap-
plication of the governing equations to understanding the terminal orientations adopted by
purely translational bodies particles during sedimentation.

2. Notation and definitions

By R3, we denoted the three-dimensional Euclidean space@ard R® represents an
exterior domain, i.e. an open and connected set, exterior to thedpdiich is a compact,
connected subset &2. By X we refer to the boundary ¢ andn is the outer unit normal to
2. The termBy, is defined by the sdty € R : |[x — y| < R} anddBg denotes the boundary
of this set.

Fory, >0 (i =1,2,3), with [y =", 7;, we define

grad u =0, 0,,...9; un
and also

oy

D= o T
0Ox3'0x,”0xg

The symbol#* with integerk >0, is used to represent the Banach space of continuously
differentiable functions upto the boundary@; with norm

Ullx o = max sugDul.
llelly, @ = max, p |
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By W4 m >0, 1< g < oo, we denote the usual Sobolev space with norm
m 1/q
lullwma = (Z / |Dku|‘1>
k=0 72

llu|wmee = max esssupDul.
0L k| <m

and

If m =0, thenW%4(Q) = L9(Q) and
lullwoq = llullg-

The spaceD™ 4 (Q) denotes daomogeneous Sobolev Spadefined as
D™9(Q) = {u € L (Q) : D'u € LY(Q), |I| = m)

with the seminorm

!
lullpma = lulmg=| > /|Du|‘f
Q

[l|l=m

1/q

We define the Banach spac¥sin which our existence results will be established as the
space

k k
D@ n [ﬂ D’"+2’q(9)] x DM@ n [ﬂ D"’+1’q(9)]

with the norm
lullx + lI7llx = Null s + luly 3 + |ul2; + 7l 3 + |71,
32 13—t 3—1
k+1

+ ) (ulnr2g + Thtig),
n=0

where 1< < 3 andg > 3.

We introduce a new set of fields which we shall term #eiliary fieldsand denoted
(hD, pDyand(HD, P®)fori =1, 2, 3. These auxiliary fields serve as a basis field for the
Stokes translational and rotational velocity and pressure and hence, satisfy the equations:

AR = gradp®,
divh® =0,
"m\xl—)oo h(i)(x) =0, (1)
KD (y)=e;, yeX
and
AH® =gradP®,
divH® =0,
im |00 HO (x) =0, (2)
HOGy)=¢; xy, yeZX.
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Fig. 1. Physical setting of a body freefalling in a fluid,7 .

The Einstein summation convention is used throughout this paper. Hence, for two second
order tensorsA and B, the saturation is represented by the Gibbs notation, narmely
B = A;;Bjj.

3. Problem formulation

The physical setting of the problem is as follows. We consider a rigid b8dyf arbitrary
shape falling in an unbounded second order fl#idf densityp under the action of the
acceleration due to gravity, In general, the body can be inhomogeneous, that s, of varying
density. To formulate this problem of freefall in an exterior domain, we assume that the
body-fluid system is in a steady state, that is, the translational veldciyd angular
velocity, w of # are constants in time, in the terminal state. It is best to study the problem
from a frame ¢) attached ta% so that the motion of# when observed frork is steady
[38]. However, in this frame, the direction gfbecomes an unknown. We place the origin
of the frame at the centroid or geometric center of the body, which we dendate Dlye
center of mass o# is denoted by/. R denotes the vector froifi to .# (seeFig. 1). Note
that for a homogeneous body,vanishes since the center of mass now coincides with the
geometric center of the body.

Therefore the governing equations for our problem can be given in two parts, the first will
involve the equations for the liquid while the second part involves the equations for the body
[13,31] In this paper, the liquid is modeled by the second order fluid equations for which
the total stress tensor may be decomposdi(asp) =T (v, p) +WeS(v) whereTy (v, p)
represents the Newtonian part af\d) represents the viscoelastic part of the stress tensor
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which is given by

S(v) = 11 A2(v) + 02A1(v), 3)
where

A2(u) = vgradA1(v) + A1(v)L(v)" + L(v)A1(v),
A1(v) =gradv +grad v, L(v) =gradv=20,v;.

The dimensionless parametéfg namely the Weissenberg number is defined as

_ ol
dn

We

whereU is the scaling velocityd is the diameter o8 andy is the shear viscosity coefficient.
Furthermore, the constant o /o1, wherexs ando, are material parameters related to the
first and second normal stress coefficieffts,and ¥ respectively[1].

In this paper, we study the existence of steady falls of an inhomogeneous rigid body of
arbitrary shape in a second order fluid wRlk= 0 and arbitrary. The governing equations
for the liquid can be given bj27,28]

—Av —WevgradAv + gradp = Wediv N (v),

divv =0, @)
v=00nadL,

im)yj— 00 [V(x) + Vo (x)] =0,

where
N(v) = (gradv)TA(v) + (1 + &) A(v)?

and p = p — xg, is the modified pressure where we have accounted for the acceleration
due to gravity. Note that., here represents the rigid body motion givendy o x x.

In addition, when the motiof, w) of the body is an unknown, we must also provide the
equations for the rigid, sedimenting body, which can be given in terms of the net force and
torque imposed o due to the liquid, namely

fET(v, p)n =meg,
[syxT,ppn=Rxg, (5)
wxx=0,

whereme = (m — |#|g) is the effective mass. The last equation above comes from the
condition of steady state and claims that in its terminal state, the sedimenting body can
rotate only along the direction of gravif¥3].

Yet another way of expressing the equations of the body is in terms of the auxiliary fields
which were introduced in the notation section (Section 2). Upon multiplying the Eq. (4)
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suitably, integrating by parts and some rearrangement, we get

K&+ Co=meg +WeZF ,, (6)
CTé+ Quw=R x g +Wel,, (7)
wx g=0, (8)

where the tensor, C, Q and the vectors# , and.#, are defined by

Kij =/(T(h<”, pm);,
)

Cij Z/(x x T(hD, pDyn);,
)

Qij :f(x X T(H(’), P(l))l’l)j,
z

%:/ hDdiv S(v)
Q

:/%”2/ HDdiv S(v)
Q

and depend simply on the shape, size or symmetg§ [if9]. For the details of the transfor-
mation, the reader is referred [tb3,34] When the motion of the body is an unknown, the
Egs. (6)—(8) are the relevant equations for the body that need to be analyzed. In the special
case, whem = —1, we have shown the existence of solutionsy, £, w, g) to the problem

for smallWeand Re = 0, in an earlier articl¢34]. However, in this paper, we will show
existence of{, p) when the motion of the body( w) is prescribed. Furthermore, we use a
variant of the torque Eg. (8) to investigate the terminal sedimentation behavior of the body.

4. Existence and uniqueness with prescribedé, w)

The specific objective of this section is to show the existence of solutions to the Eq. (4) for
arbitrarye and sufficiently smalVe The motion of the body, i.&.andw are now prescribed.
The strategy that we employ involves splitting this problem into a Stokes problem and a
transport problem by a mag/, such that (sefl4,27,28)

oA Y — (v, 1) = 2z 9)
Here, (v, m) solve the Stokes problem

—Av + gradn = div ),

divv =0,

v=00n0Q,
liM )= 00 [V(X) + Voo (x)] =0,

(10)
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where the modified pressureis related to the original pressure py= n + Wevgradn.
Furthermorez solves the equation

z +Wevgradz — zgrad' v) =WeN (v, 7), }

N (v, ) = N(v) — ngradv. (11)

Therefore, if we replacé by z in the above problem we get back the equations for the
second order fluid (se8]). Existence of solutions for the Egs. (4) is then proved by
showing thate/ is a contraction in spack (see Section 2 for definition) for sufficiently
small Weissenberg numbers.

We subdivide the following subsection into two parts. In the first part we shall obtain
preliminary results for the Stokes and Transport equations in appropriate Sobolev spaces. In
the second part, we prove the existence of solutions to the Eqgs. (4) and (5) with prescribed
¢ando.

4.1. Preliminary results

Lemma 1. LetQbe an exterior domain of clag&+2(Q),k >0.Letalsqy € Wk+14 4,
Wk+2=1/4.49Q), diviy € L'(Q) andu, € W2 Y11 (3Q) for 1<t <3 and3 < g < cc.
Then there exists a unique solutiptu, 7) to the Stokes problefi0) such that

k
u e D(Q)N [ﬂ D’"+2"1(9)} ,

m=0

k
e DM(@Q)N {ﬂ D'"+1~q(9)} .

m=0
Also (u, ) satisfies the estimate
llgrad ullcr + llulls + lul1,r + lulz; + Izl + |71,

k
+ Z (ulmt2,g + 1Tlmt1,9) <cUAVY I + W llt1.q + 1€+ o)) (12)

m=0

withr =3¢/(3—1),s =3t/(3—2t), v =u + vy andc = c¢(q, t, k).
Proof. See[11, Theorem V.4.3] O

Lemma 2. LetQ be an exteripr domain of clagg**>, k >0. Moreover let v be such that
gradv € C* withvn =0and F € W*t14(Q), 1< g < co. Then there exists &> 0 such
that if Welgradv|| ¢« q) < d, then the transport problem

z +We(vgradz — zgrad'v) = F
has a unique solution € W*+1.4(Q), such that

lzllk+1.q SCNFll+1.q,

where c is a constant depending only ugog and t
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Proof. It is sufficient to find suitable a priori estimates for the transport equation (11).
Firstly, multiplying Eq.(11); by z|z|?~2 and integrating ovef2, we obtain

A -1
llzllg <Welgradvl|cocg, lizllg + IIFllglzllg™ = lizll

IE1,. (13)

<
(1 —Welgradvlco(q))

Next, we take the gradient of E(L1),, multiply through by grad|gradz|?—2 and integrate
over (2 to get

ligradz|l, < IgradF|l,. (14)

(1 — Welgradvl|c1g)

To show this estimate in general for arbitrarywe take the(n + 1)th derivative of the
Transport equation. Therefore, we get

n+1
grad*lz + Wez (" Jrr 1> (grad't1" v)(grad gradz)
r=0
n+1 1
- Wez <n Jrr ) (grad' 1" z)(grad gradv) = grad' 1 F. (15)
r=0

As earlier, multiply by grati™ z|grad'** z|—2 and integrate ove® to get

ligrad ™ z||, < Igrad*tt £, (16)

(1 — Wq| gradv || C71+1(Q))

We obtain the desired estimate by an induction argument. To this end, we consider the case
of k = 0 andk = 1, which upon addition yields

(1 — caWellgradv|| 1) llzll1.g < IF g (17)
Also assume that the result holds foe n. Hence
(1 — cuWelgradvllcr @) l1zllng <l Flln.g- (18)

Then adding the two estimates above corresponding to éases andk = n, we obtain
the estimate

(1 — copaWellgradv | cnvigg) 1z llnt1.g <N Fllntag- (19)

Once we have obtained the a priori estimates, the existence of auggnde shown by an
argument similar to Galdi and Rajagopa4] (also se¢30]). O

Additionally, we also have similar estimates for divt is easily verified from the transport
equation that

div z + Wevgrad divz = div £ (20)
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Lemma 3. Let Q be an exterior domain of clasg*3, k>1 and letv satisfy grad
C*1andvn = 0. Alsg, let ¢ >3 and 1 < r < co. Then there exists &> 0 such that if
Wd|gradv|| ~x-1 < 6 then there exists a solution to the equat{@) satisfying the following
estimates

Idivzlixg <cildivF|, fork>1 (21)
and
Idivzl, <calldiv £, (22)

whereci, ¢ depend ork, ¢, t andc1 additionally depends also on We
Proof. Proof of this lemma is similar to that of Lemma 3. Also $&4,30] [

The nextlemma concerns the property of the extra stress tefisdfor the second order
fluid model which is written as

S(v) =vgradA(v) + eA(v)A(v) + (gradv)TA(v) + A(v)gradv.
We make the following observation.

Lemma 4. If we writeu = v + v, then
S(v) = veograd A(u) + S(u),
where
S(u) = ugrad A(u) + eA(u)A(u) + (gradu) T A(u) + A(u)gradu.

Proof. Itis easy to see that(v) = A(u). Therefore the only thing that remains to be shown
is that the final two terms df(v) are invariant under the transformatiorof> «. We have
that
(gradu) T A(u) + A(u)gradu = (gradu) T A(v) + A(v)gradu
= (gradv) " A(v) + A(v)gradv
+ (gradvse) TA(v) + A(v)gradvsg
= (gradv) " A(v) + A(v)gradv
+ (gradw x x)TA(v) + A(v)(gradw x x).

However

(gradem x x)T A(v) + A(v)(gradm x x)
= (&ikm + €im) WOV + (€ikm + Eimik) ;0 ;v = 0.

Therefore it follows thas (v) = veegradA(u) + S(u). O



A. Vaidya / Nonlinear Analysis: Real World Applicatiaas (1111) ini—ii 11
4.2. Existence results

In this section, we establish the existence of solutions to the Eq. (4) using the Banach
fixed point theorem. We define the Banach spBee (y : [/ |lx+1,4 + ldivi|l; < oo} and
also the subspadgp of B, such that

Gp = : IYllkt1,4 + Idivill <D}

Lemma 5. Let Q be an exterior domain of clas§**>, k>0 and ¢, r be as defined in
Lemmal. Alsg, let the map«/ be as defined in E{9). Then .« mapsGp to Gp.

Proof. We defineG p as above and recall that= u + v~. Then it follows from Lemma 1
that

lulls + luls,r + lul2; + lI7llr + 72,
k

+ ) (ulnizg + Tlms1.) (D + [E] + ol) (23)

m=0

withr=3¢/(3—1),s=3t/(3—2t) andc=c(q, t, k, Q). We can also show without difficulty
and using the estimate (23), that

Idiv N (v, )l <c1(IDvllco + I7lloo) (| D?v ]l + llgradl,)
<ca(D + [¢] + |o))?,

where we use the fact thiiDv|| o < || Du|| -0 + |@]. Similarly, using the Sobolev inequality
[11, Eq. (2.7), p. 32hnd Eq. (23),

IN (v, Mllg <cslgradv]lco(A@) g + lImlly)
<callgradv||co(| D?v], + lIgradl ), (24)

where 32 < p =3¢ /(3+ ¢) < 3. Furthermore, it is easily verified that

llgradN (v, ™) [lk.q < cs(l[Dvllcogq) + I17llo) (1 D?V]lk.q + lIgradml|i.q). (25)
Hence, combining Eg. (24), (25) and (23), we have

IN (v, ) llk+1,9 S cell Dvllcog) + IIHIIM)(IIDZUIIS% + IIQFadﬂlls%

+ 1D?v|lk.4 + llgradnllx.,)
<c7(D + ¢ + o). (26)

In order to fulfill the assumptions of Lemmas 2 and 3, we require that
We||lgradv|| o« <
and also that

Wellldiv z]l; + llzllx+1,4) < D
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which follow from the observations that
Wellgradv | o« <We(l|gradu | c« + |w])
<SWeD + [£| + o)) <6 (27)

and
We(|[div z]l; + lIzllk+1,¢) <EWED + [E] + lw))?< D, (28)

respectively. Hence, for the choicB, = (|| + |w|), for > 0, the two conditions are
satisfied itWe(| | + |w]) < 8/(f + 1) andWe(|é| + |o]) < B/(f+ 1)?, respectively. Conse-
quently, forWe(|¢] + |w]) <min(8/(f + 1), /(B + 1)?), we have that € G p and hence
o/ mapsGptoGp. O

Lemma 6. The mapping is a contraction inG p.

Proof. Let z1 andz, be two different solutions to the transport Eqg. (11) and let the pairs
(v1, m1) and(v2, m2) be two different solutions to the Stokes problem with corresponding
translational and rotation componelifs w). Let us also define

V=Y — Yo, vi=v1—vp, Ti=T— T, =21 — 22
Then subtracting the Eq. (10) corresponding to the gairsn1) and(vz, 72), we have

—Av 4 gradn = div i),
divv =0,

v=00ndQ, (29)
Iim‘x|_>oo v(x) = 0,
with corresponding estimate,
k
lvlls + [lar + [vl2s + 17l + 17l + D (vlni2g + [Tnrig)
m=0
<c(ldiviglle + 1Y lli+1,9), (30)

wherer =3t/(3—1),s=3t/(3—2r) andc=c(q, t, k). Similarly, subtracting the Transport
Eq. (11) and its divergence, Eq. (20), corresponding tndz,, we get upon simplification,

z + Wevigradz — z(gradvy) ") — We(zo(gradv) T — vgradzo)
=We(N (v1, 1) — N(v2, 72)) (31)

and
div z + Wevgrad(div z1) — Wevpgrad(div z)
= Wediv (N (v1, m1) — N (v2, m2)) (32)

respectively, where

N(v1, m1) — N(v2, m2) = (gradv) T A(v1) + (gradv) TA(v) + (1 + &) A(v) A(v1)
+ (14 ¢)A(v2)A(v) — ngradvy — mpgradv. (33)
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Then we have the estimates

lldiv [N (v1, m1) — N (v2, m2)]ll: < c(llgradvaflco + m2llo + llgraduz |l co
+ [I1D?vy i, + [|1D?v2]l, + llgradmy|,)
x (llgradvllco + |7l + |D?vll; + lIgradnl|,)
(34)

and

I[N (v1, 1) — N (v2, ©2)1llk+1,4 <c(ligradvflco + llgradvz|lco + [I72]lo
+ 1D?v1llk.q + 1D?v2lk.q + llgradmz|ix 4
+ ID?v1]l 3 + 1D?vzll 3, + llgradma|| 3 )
3+q 3+q 3+q
x (lgradvllco + I7llee 4 1 D?vllk 4
+I1D%|| 3 + llgradnllx,, + llgradzl| s, )
3+q 3+q

(35)

upon suitable application of the Sobolev inequdity].
The estimates for the Transport Eq. (31), employing also Eq. (35) is then given by

Idivzll, + lzllk+1,4 < cWe(lgradua|l co + lIgradvzllco + lIm2lloo + 1 D%v1llk,q
+ 1D%v2lk.q + llgradvalle g + 72l + D01l
+ I1D%v2ll; + llgradmzll; + [|1D?v1ll 3 + [ D?v2ll 35
3+q 3+q

+ llgradmz|l 3 )(Igradvlco + [Illes + [D?vll;

3+q

+ ligradz |, + llgradv|ico + Illee + I D?vllk 4
+ llgradnlix.4 + [1D%v| 3 + llgradnl| s, )
3+q 3+q

which upon further simplification can be shown to be
< eWellgradvy || co + llgradvallco + m2lloo + 1D?v1llk.g + 1D%v2llk 4
+ llgradmzlix,g + Im2lloe + 1D?v1ll + I D?v2ll + Iligradma|l, + ||Dzv1||%
q

+ 1D%v2]l 3 + llgradma|l 2 )(dV Il + [ lk11.q)
3+q 3+q

SWelldiv i lls + W llk+1,g + IVl + [Yollkrsg + 21€]
+ 2| ldiv il + 1V lk+1.4)
SEWeD + [E] + [oD vl + 1Y llk+1q)- (36)

Therefore, combining the results of Egs. (37) and (36), and recognizingleab + |£| +
lw|) < 1, from the results of Lemma 5, we have thdtis a contraction. [

We are now in a position to prove the main result of this section.
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Theorem 1 (Main Existence Theorem Let Q2 be an exterior domain of clags*™>, k>0
and¢, w € R3.Alsg letg>3andl<t < % Then there is ac > 0, such that if Wg&| +
|o|) < ¢, the problem(4) has a unique solutiofw, ) where

. i}
ue D>(Q)N ﬂ D"24(Q)

Lm=0 J

- i
ne DM@ | () D@

Lm=0 n

satisfying the estimate

k
luells + luelr + ll2s + 17l + 17lLe + Y (tlms2.g + [ 7lnt1g)
m=0

SCC] + o)), (37)

wherer =3t/(3—1t),s=3t/(3—2t),C=C(q, t, k) andv=u + £ + » x x. Furthermore
the extra-stress tensdi(v), defined in Eq(3), satisfies the estimate

IdivS@)ll; + 1S llx41.4 <C1(1E] + [o]?, (38)

whereCy = C1(q, t, k).

Proof. The proof of this theorem follows from the above Lemmas 1, 2 and 6 and the
Banach Fixed Point theorem. The estimate (38), on the extra-stress tensor for the second
order liquid, follows from the Egs. (23) and (28) in Lemma 5]

5. Application to particle sedimentation
5.1. Formulation of problem to first order in We.

In the previous parts of this paper, we have established the existence of salutipinto
the problem (4) corresponding to the freefall of a rigid body of arbitrary shape in a second
order liquid. In this section, we shall specialize the torque equations to study the terminal
orientation of rigid bodies in the second order fluid. We shall follow the argument outlined
in [34,13] and consider, for our rigid body, several different symmetries. We employ the
heuristic idea proposed by Joseph and H@igd that the terminal orientation of elongated
bodies in liquids are a result of competing inertial and viscoelastic torques acting on the
body. Since our analysis assumes a zero Reynolds number flow, we will analyze the problem
when the viscoelastic contribution to the torque is in equilibrium. But first, we need to obtain
our torque equations upto first ordenWe We therefore write

V=vs+ U, T=Tg+ T,
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where s, 7s) are the solutions to the Stokes problem and which asymptotically approaches
arigid body motion. Additionally we also defime=us+ u and it follows thats=us+ vo.
Hence substituting this formulation in Eq. (4) we have thatt) satisfies

—Av + grad = Wediv S(v, &),
vy =0,

divt =0,

|im‘x|ﬁoo v=0.

(39)

So, in order to obtain the relevant equation at first ordé@we evaluate the freefall
equations abs and establish that there are several remnant terms which aPe\Wé)

and hence can be ignored in our analysis. More specifically, we must show the following
properties:

Lemma 7. Let# be abody of clas€3. Then there exist positive numbersgA@Ne) (4, ¢),
C;=Ci(#,D,k,q,1t) (i =1,2,3), such that for anyd < We< We), % <q1 <00, k=0,
1<t <3 andg > 3,we have

(1) v — vsllx <C1We

(2) 1S@) — Sus)llg, < C2We

(3) | N1+ N2 <CaWe

where V1 = F ,(v) — F ,(vs) and N "o = M, (v) — . ,(vs) and

S(u) = ugrad A(u) + eAu)Au) + (gradu) T A(u) + A(u)gradu.

Proof of Property 1. From the Stokes estimates that we had earlier, we have

150+ I%llm + Igraddl,, + lIgradall; + || D3],
+ 1D%5 Ik g + llgraditliz,g <cWe([[div S@) |l + div S@)lx.q)- (40)

The final estimates o (v) follows from our arguments earlier in this paper regarding
estimates of the Transport equation. Based on the results of Lemma 3 and Theorem 1, it is
therefore easily verified that

Idiv Sl + 1div S(0) k1,4 < c1(ligradvlco + Il + 1D?vllkq + I D?vll;
+ ||D2v||%>(||gradv||co + 17l + |D?v]l, + llgradn|,
q

+ Imlloo + 1D?vllkg + llgradnllx , + 1D?v] 3, + lIgradm]| s )
3+q 3+q

<co(llullx + Imllx + o) <es(|é] + |o)? < C1(B, D, k, q, 1). (41)

Proof of Property 1 of Lemma 7 follows.[J
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Proof of Property 2. Let us writeS(u) = So(u) + S1(u), whereSp(u) = ugradA (u) and
S1(u) is the remaining term. Similarly, we may wri&us) = So(us) + S1(us). Then,

So(u) — So(us) = igradA(u) + usgradA (i)
= [ISo(u) — So(us)llq < lldgradAw)ll, + llusgradA@)ll,
<IID?ullglliilloo + D%l llusllo-

Similarly, we can obtain estimates for the remaining terms. Hence,

11S1(u) — S1(ug)lly < lleA) A(iE) + eA (i) Au) + (gradii) " A(u)
+ (gradu) " A(@i) + gradu A(i) + gradii Au)ll,
<cs(lDullco + 1 D?ull 33 )(I| Diillco + | D?ii) 3 ).
3+q 3+q

Finally combining the above estimates, we have
I1S@) = Sug)lly <callitlx <C2(#, D, k, q, )\We
with g > % upon using the results of Property 1]

Proof of Property 3. For proof of the final property, we need to make some preliminary
definitions. We define

N1=Fy(v) — Fy(vs) = — /Q[S(v) — S(vs)] : D(h)
and
N o= o) — M y(v9) = — fg [S() — Se)] : DHD),

wherei =1, 2, 3. Let us also define

a0 ={he, TS @)
It then follows that
|14 N2 < /Q 1S(v) — S(us) | D(HD)]
< /Q 1S(u) — S(us) | DHD)| + fg [veogradAs (i) | D(H )|
<A+ EDISW) = Swsll211DH D)2 + c1|w|H% 3||D2b7||g
<czllitllx <C3(#, D, k, q,1)We (43)

where we use the fact thagradH @ ||s < oo for s > % from the Stokes estimates and also
Property 2. Therefore, we have our desired resulf.
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In order to analyze the steady state orientations of the body we write the net torque
imposed by the second order fluid upon the body can be shown to be of th§lfgfm

M=—KEé—Clw+Wedy(v)+ R x g. (44)

However, as explained in the introduction, we are interested in the first order effects of the
viscoelastic parameters alone. We therefore write the total torque as

M= = KE—Clor+Wedl, (vs) +Wel Ay (v) — M, (vs) + R x g
= —K&—Cloy+Wedly(vs) +Welt 5+ R x g.
In light of Lemma 7, we realize that/"2| = O (We), therefore at first order iwWe we may

effectively ignore this term. Also, the full form of the viscoelastic contribution to the torque
is given as

M y(vs) = / {vsgradAvs + div [(gradve) T A(ve)] + (1 + &)div [A(v9) A(ve)]} - HY
Q
= M1(vs) + (L + &).M2(vs). (45)

Using the result from our earlier pad&4], we can show that, writings= &;2") +w; H®,
we have

M y(vs) = EEAS + A+ oUG) + wio;(BY + L+ VE)
+ &0, (CE + @+ ows)), (46)

where we define thorque coefficientas

1 o
A<T””=—f 22,
2 Jx
1 .
B(T’”)=§f(Z§’)Z§’) 4z,
cld) — /(Zmzm 22,
Wpn_ 1 [ 0,0
Apti=— | Z{'Z;y xn,
2/
1 L .
(i.J) 0) () _ g700)
By’ = EL(ZZZ zy" —4zZy))y xn,
cy’) = /Z(Zf>z§f) —2z{Ny xn, (47)
where

zy) =curn®,  z$ =curlg®
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and also,
ug*”:/Qh(")div[A(h(i))A(h(f))],
Vg’j)=/;2h(k)div[A(H(i))A(H(j))],
WD = [ B0 GO AHD) + AHD) AP
u§§~/)=/QHU‘)div[A(h(“)A(h(f))],
V%’j):/QH(k)div[A(H(i))A(H(j))],
Wy = /Q HOAV[AGD)AHD) + AHD)ARD)], (48)

Itis easily seen that when=—1, we revert back to the case studiefdd]. With the results
at hand, we can write the final, simplified form of the net torque as

M= = K& — Choj + (R x ) + W& (Al + 1+ Ug”)
+ 0B + A+ Vg + Gl + A+ W), (49)

5.2. Viscoelastic contribution to Torque under different symmetries

In this section, we analyze the special forms that Eq. (49) can take for different shapes
of the sedimenting bodys. We will follow closely the argument used 9] and[34]. We
begin with the observation that the torque coefficients on the right-hand side of Eq. (49) are
third order tensors and we define two classes of third order tensors, namely

QY = {Agf’j), Bg{"/), C%’j), U;f’j), V(Tf,j)’ W%’j)}
and
”/' = {,A\%J)7 B%"/), C;{/)’ U%’j), V%’j)» W;{/)}

such that elements @f are distinguished from those @f by the respective transformation
laws

Qi/k = |a|ailajmakn Qlmn (50)
or
Qijk = —lalaiiajmain Qrmn- (51)

See[33,34]for proof of this result. In light of this result, we may observe that the elements
of the two classe% and~ can be greatly simplified for shapes such as spheres, cubes,
rectangular blocks, ellipsoids and several others [34gSections 6,7for more details).

We see that the symmetry properties of element& afe similar. However, the term(T”/)
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does not remain identical to itself under exchange of variatdeslj as in the case of the
termA(T’”). Similarly, the ternU(,é‘j) also does not remain identical to itself under exchange

of variables andj while A(,é‘” does. The symmetry properties of these terms can be read
off from [34].

In order to analyze the orientation of bodies of specific shapes in their steady states,
we need only consider thapin free statef the body. This is done by prescribing= 0
in the Eqg. (49), employing the specific symmetries of the body to simplify the equations
and looking for the appropriate terminal angles. Our motivation for considering the purely
translational motion comes from experimental observations where in the case of most long
sedimenting bodies such as rectangular blocks, cylinders and ellipsoids, no rotational motion
is observed. We make some additional assumptions as well. We consider the analysis for
homogeneous bodies, i.e. those witk0. This second assumption is made on the basis that
inhomogeneities in the body can contribute to its final orientation as well. We are however,
only interested in the effect that the second order fluid has upon the body.

Example 1. In the case of a homogeneous isotropic body (hattinge symmetry planes
and three axes of rotational symmétrall the torque coefficients vanish. We also have
C = 0][19], therefore, the Eq. (49) is trivially satisfied suggesting that any orientation is
allowed. Examples of such bodies include spheres.

Example 2. For an orthotropic body (i.e. a body withree planes of reflection symmétry
we haveC = 0. Then, employing the results [#4, Lemma 5] the Eq. (49) reduces to

(G283(A%Y + A+ 0)UBY) 4 6,65(A%Y + 1+ 9US? )8

+(E8ARY + A+ aUY) + 8&A%Y + A+ U )e

+(EQEUARY + A+ UG + HEAGY + A+ oUg?)N& =0, (52)
Analysis of the possible scenarios yields the same result{34]iand is in agreement with
experiments. So when the body is homogeneous, Eq. (52) is satisfied if either (a) each of the

3) 2.3 (2 3) (3.2)

torque coefficients are zero or the suﬁ%l +QA+oUp 7 =Ag7 + L+ U™ =0,
A% L 1+9USY =A% + A+ 0USP =0 andAgflb + (1 +ou3y Afll) +
L+ U2 =0, (b) & =¢3=0, (c) &, = &3 =0, or (d) &, = & = 0. Cases (b), ()
and (d) |mply that motion must occur only along the x» or x3 directions respectively, as
indicated inFig. 2

Example 3. Bodies with fore-aft symmetry hawbree symmetry planes and one axis of
rotational symmetryFor such bodies; = 0, therefore on usin34, Lemma 6] the Eq.
(49) becomes

(E&AGY + A+ aUgY) + a8ARY + A+ UG )&
+(EQEARY + A+ UG + HEAGY + A+ oUg Y )& =0, (53)
Note that we have chosen the axis of rotational symmetry to lie alpngithout any loss
of generality. When# is homogeneous, Eq. (53) holds if (a) each of the torque coefficients
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X Pad S X
x < 71 T ;
«
X, % ) )%,,
X

Fig. 2. Possible terminal orientations of an Orthotropic body.

aezeroorifA'y;Y + 1+ UGY =AGY + A+ U3 =0andAGP + A +9UGY =

AZD L 14 9U? =0, (b)é =0 or (c) &, = ¢ = 0. Condition (b) suggests that the
body is moving along the,xs plane (i.e. in the horizontal position) and (c) says that the

body moves along the; direction (i.e. along its longest axis).

Among the multiple possibilities that emerge for orientation of various bodies considered,
only one will be the stable one and the others will be unstable. The analysis of stability
will not be dealt with in this paper in any detail. We refer the readerd 1 where a
quasi-steady stability argument has been used to select the appropriate final and physically
relevant orientation. This same argument can be adapted for our purposes as well. However,
we recognize that a rigorous nonlinear stability for this problem remains, at this point,
beyond reach. In conclusion, it must be stated that the main benefit of this argument remains
its simplicity in explaining the phenomenon of freefall of rigid bodies of any shape in a
second order fluid. The results of our analysis are in complete agreement with experimental
observations 0f3,4,24]and[22] and also consistent previous theoretical wig4,35] It
must be noted that the terminal angles predicted by using the second order fluid model
include either the horizontal or the vertical state; no intermediate, tilt-angles are allowed.
This remains the subject of an upcoming paper.
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