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Abstract

We study the slowmotion of rigid bodies of arbitrary shape sedimenting in a quiescent viscoelastic
liquid under the action of gravity. The liquid is modeled by the full second order fluid equations
with arbitrary material parameters�1 + �2. We show existence of steady state solutions for small
Weissenberg numbers and zero Reynolds numbers and apply our equations to study the steady state
orientations of symmetric bodies sedimenting in viscoelastic fluids.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known that bodies freely falling in fluids eventually acquire a constant trans-
lational and angular velocity of descent, referred to as theterminal velocityof the body
[3,4,6,22,20,24,26]. There is plenty of experimental work on sedimentation in both New-
tonian and in non-Newtonian fluids and this subject has also received ample mathemat-
ical attention [10–13,15–17]. We use the termterminal stateto collectively signify
properties such as velocity and orientation of the sedimenting body in its steady state.
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There are several issues of mathematical interest associated with the phenomenon of
sedimentation of particles. But the primary mathematical question that needs to be in-
vestigated is whether the set of steady state solutions to the corresponding governing equa-
tions is non-empty. In this regard, much of the work has already been done for sedimen-
tation in the Stokes approximation of a Newtonian fluid, the Navier–Stokes model and
to some extent for non-Newtonian fluids. We refer the readers to[13] and to the refer-
ences therein for more details. In the case, of non-Newtonian fluids, however, only the
case of translating bodies have been considered for the exterior domain problems. There-
fore, in this paper, we fill this gap in the literature by showing the existence of steady
solutions for a rigid body which is translating and rotating with a prescribed motion in an
incompressible, second-order fluid. We extend the results of our earlier work[34] where
a similar problem was considered but with the restriction upon the material parameters
of the second order fluid model,�1 + �2 = 0. With this restriction, we could employ the
Giesekus Theorem to our advantage, whereby, the velocity field could be considered iden-
tical to the Stokes flow field. As a result, the entire problem could be studied with the
velocity field restricted to the Stokes velocity field and thus allowing us to take advan-
tage of the symmetries of this flow. In this paper, however, we have no such advantage
since we take�1 + �2 to be arbitrary. We make use of the second order model since it
is the simplest case of a viscoelastic, non-Newtonian fluid model and since even for this
model, there remain several open questions. It must be pointed out that even though this
model can be considered as a first order approximation of asimple fluid, the problem that
we tackle is non-trivial and the techniques employed in the proof are quite sophisticated
and elegant.
The complexity of this problem is three-fold. Firstly, we are considering bodies of arbi-

trary shapeswhile the literature is primarily focused on the treatment of flow past symmetric
bodies such as prolate or oblate spheroids or spheres. The second important consideration
is the inclusion of rotational motion for the sedimenting body which gives rise to the term
� × x in the rigid body motion equation. Special attention must be therefore given to the
asymptotic behavior of this term as|x| → ∞. The third point of significance in this paper
is the nonlinearity that comes from the constitutive model. The treatment of the problem in
the case of Navier–Stokes model has only recently been completely understood[15]. There
have been no efforts as of yet to study the combined translational and rotational motion
of rigid bodies in viscoelastic models. For these reasons, we see this paper as a valuable
contribution to the literature in the motion of rigid bodies in fluids. The advances made
here indicate the difficulty involved in studying such problems and also point to possible
approaches in considering more sophisticated fluid models in the future.
A second motivation for this study comes from the experimental work of Chiba et al.[3],

Cho et al.[4], Liu and Joseph[26] and Vaidya[33] on theterminal orientationof bodies
in Newtonian and non-Newtonian fluids. It is well known that elongated bodies falling in
a Newtonian fluid eventually orient themselves with their long side perpendicular to the
direction of fall while in viscoelastic fluids, the broad side becomes perpendicular to the
direction of fall, in the terminal state[22,25,26]. Furthermore, the work of Chiba et al.
[3], Cho et al.[4] and Liu et al.[26] shows that in polymers of certain concentrations,
intermediate orientations, called thetilt angle also occurs which varies continuously with
the polymeric concentration[3]. Besides experimental observations, there is also ample
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theoretical verification of this work, mostly based on the principle of equilibrium of torques
[16,17,34,35]in the steady state. We employ this simple physical idea to analyze for our
model, the possible steady orientations that rigid bodies of certain symmetries can adopt.
This argument is much like the one made in Vaidya[34]. The particular difficulty of this
paper comes from our assumption of arbitrary�1 + �2 values which does not permit us the
convenience of the Giesekus theorem. However, we circumvent this difficulty by writing
the velocity fieldu = us + w, whereu is the velocity field pertaining to the motion of the
second order fluid,us is the Stokes flow field andw is the remnant term which depends
uponWe. With this definition, we are able to show that the net torque,M, imposed on the
body by the fluid can be written as

M(u) = M(us) + N(w),

whereN can be shown to be ofO(We2). Since experimental observations are conducted
at very smallWe, we may ignore the higher order dependence uponWeand choose to work
with merelyM(us). Setting this term to zero then reveals the possible terminal states of a
rigid, sedimenting body.
The outline of the paper is as follows. Sections 2 and 3 deal with the notation and for-

mulation of the relevant equations for our problem. In Section 4, we establish the existence
of solutions to the problem by splitting the problem into a coupled Stokes and a transport
problem and by use of the contraction mapping principle. Section 5 is devoted to the ap-
plication of the governing equations to understanding the terminal orientations adopted by
purely translational bodies particles during sedimentation.

2. Notation and definitions

By R3, we denoted the three-dimensional Euclidean space and� ⊂ R3 represents an
exterior domain, i.e. an open and connected set, exterior to the bodyB, which is a compact,
connected subset ofR3. By�we refer to the boundary of� andn is the outer unit normal to
�. The termBR is defined by the set{y ∈ R : |x − y|<R} and�BR denotes the boundary
of this set.
For �i �0 (i = 1,2,3), with |�| =∑

i �i , we define

gradk u = �i1
�i2

. . . �ik
um

and also

D�u = �|�|u
�x�1

1 �x�2
2 �x�3

3

.

The symbolCk with integerk�0, is used to represent the Banach space of continuously
differentiable functions upto the boundary in�, with norm

‖u‖
Ck(�̂)

= max
0� |�|�k

sup|D�u|.
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By Wm,q ,m�0, 1�q�∞, we denote the usual Sobolev space with norm

‖u‖Wm,q =
(

m∑
k=0

∫
�

|Dku|q
)1/q

and

‖u‖Wm,∞ = max
0� |k|�m

esssup|Dku|.

If m = 0, thenW0,q(�) = Lq(�) and

‖u‖W0,q = ‖u‖q .

The spaceDm,q(�) denotes ahomogeneous Sobolev Space, defined as

Dm,q(�) = {u ∈ L1
loc(�) : Dlu ∈ Lq(�), |l| = m}

with the seminorm

‖u‖Dm,q = |u|m,q =

∑

|l|=m

∫
�

|Dlu|q



1/q

.

We define the Banach spacesX, in which our existence results will be established as the
space

D̃2,t (�) ∩
[

k⋂
m=0

Dm+2,q(�)

]
× D1,t (�) ∩

[
k⋂

m=0

Dm+1,q(�)

]

with the norm

‖u‖X + ‖�‖X = ‖u‖ 3t
3−2t

+ |u|1, 3t
3−t

+ |u|2,t + ‖�‖ 3t
3−t

+ |�|1,t

+
k+1∑
n=0

(|u|n+2,q + |�|n+1,q),

where 1< t < 3
2 andq >3.

We introduce a new set of fields which we shall term theauxiliary fieldsand denoted
(h(i), p(i)) and(H (i), P (i)) for i=1,2,3. These auxiliary fields serve as a basis field for the
Stokes translational and rotational velocity and pressure and hence, satisfy the equations:

�h(i) = gradp(i),

divh(i) = 0,
lim |x|→∞ h(i)(x) = 0,
h(i)(y) = ei, y ∈ �


 (1)

and

�H(i) = gradP (i),

divH(i) = 0,
lim |x|→∞ H(i)(x) = 0,
H (i)(y) = ei × y, y ∈ �.


 (2)
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Fig. 1. Physical setting of a body,B freefalling in a fluid,F.

The Einstein summation convention is used throughout this paper. Hence, for two second
order tensors,A andB, the saturation is represented by the Gibbs notation, namelyA :
B = AijBij .

3. Problem formulation

The physical setting of the problem is as follows.We consider a rigid body,B, of arbitrary
shape falling in an unbounded second order fluidF of density	 under the action of the
acceleration due to gravity,g. In general, the body can be inhomogeneous, that is, of varying
density. To formulate this problem of freefall in an exterior domain, we assume that the
body-fluid system is in a steady state, that is, the translational velocity,� and angular
velocity,� of B are constants in time, in the terminal state. It is best to study the problem
from a frame (F ) attached toB so that the motion ofF when observed fromF is steady
[38]. However, in this frame, the direction ofg becomes an unknown. We place the origin
of the frame at the centroid or geometric center of the body, which we denote byO. The
center of mass ofB is denoted byM.Rdenotes the vector fromO toM (seeFig. 1). Note
that for a homogeneous body,R vanishes since the center of mass now coincides with the
geometric center of the body.
Therefore the governing equations for our problem can be given in two parts, the first will

involve the equations for the liquid while the second part involves the equations for the body
[13,31]. In this paper, the liquid is modeled by the second order fluid equations for which
the total stress tensor may be decomposed asT (v, p)=TN(v, p)+WeS(v)whereTN(v, p)

represents the Newtonian part andS(v) represents the viscoelastic part of the stress tensor
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which is given by

S(v) = �1A2(v) + �2A1(v), (3)

where

A2(u) = vgradA1(v) + A1(v)L(v)T + L(v)A1(v),

A1(v) = gradv + gradT v, L(v) = gradv = �ivj .

The dimensionless parameter,We, namely the Weissenberg number is defined as

We= |�1|U
d


,

whereU is the scaling velocity,d is the diameter ofB and
 is the shear viscosity coefficient.
Furthermore, the constant�=�2/�1, where�1 and�2 are material parameters related to the
first and second normal stress coefficients,�1 and�2 respectively[1].
In this paper, we study the existence of steady falls of an inhomogeneous rigid body of

arbitrary shape in a second order fluid withRe=0 and arbitrary�. The governing equations
for the liquid can be given by[27,28]

−�v −Wevgrad�v + gradp =WedivN(v),

div v = 0,
v = 0 on ��,

lim |x|→∞ [v(x) + v∞(x)] = 0,


 (4)

where

N(v) = (gradv)TA(v) + (1+ �)A(v)2

andp = p̃ − xg, is the modified pressure where we have accounted for the acceleration
due to gravity. Note thatv∞ here represents the rigid body motion given by� + � × x.
In addition, when the motion(�,�) of the body is an unknown, we must also provide the
equations for the rigid, sedimenting body, which can be given in terms of the net force and
torque imposed onB due to the liquid, namely∫

� T (v, p)n = meg,∫
� y × T (v, p)n = R × g,

� × x = 0,

}
(5)

whereme = (m − |B|g) is the effective mass. The last equation above comes from the
condition of steady state and claims that in its terminal state, the sedimenting body can
rotate only along the direction of gravity[13].
Yet another way of expressing the equations of the body is in terms of the auxiliary fields

which were introduced in the notation section (Section 2). Upon multiplying the Eq. (4)
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suitably, integrating by parts and some rearrangement, we get

K� + C� = meg +WeFv, (6)

C†� + �� = R × g +WeMv, (7)

� × g = 0, (8)

where the tensorsK, C, � and the vectorsFv andMv are defined by

Kij =
∫
�
(T (h(i), p(i))n)j ,

Cij =
∫
�
(x × T (h(i), p(i))n)j ,

�ij =
∫
�
(x × T (H(i), P (i))n)j ,

Fv =
∫
�
h(i)div S(v)

Mv =
∫
�
H(i)div S(v)

and depend simply on the shape, size or symmetry ofB [19]. For the details of the transfor-
mation, the reader is referred to[13,34]. When the motion of the body is an unknown, the
Eqs. (6)–(8) are the relevant equations for the body that need to be analyzed. In the special
case, when�=−1, we have shown the existence of solutions (v, p, �,�, g) to the problem
for smallWeandRe = 0, in an earlier article[34]. However, in this paper, we will show
existence of (v, p) when the motion of the body (�,�) is prescribed. Furthermore, we use a
variant of the torque Eq. (8) to investigate the terminal sedimentation behavior of the body.

4. Existence and uniqueness with prescribed(�,�)

The specific objective of this section is to show the existence of solutions to the Eq. (4) for
arbitrary�and sufficiently smallWe. Themotion of the body, i.e.�and�are nowprescribed.
The strategy that we employ involves splitting this problem into a Stokes problem and a
transport problem by a mapA, such that (see[14,27,28])

A : 
 → (v,�) → z. (9)

Here,(v,�) solve the Stokes problem

−�v + grad� = div
,

div v = 0,
v = 0 on ��,

lim |x|→∞ [v(x) + v∞(x)] = 0,


 (10)
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where the modified pressure� is related to the original pressure byp = � +Wevgrad�.
Furthermore,zsolves the equation

z +We(vgradz − zgradT v) =WeN(v,�),
N(v,�) = N(v) − �gradv.

}
(11)

Therefore, if we replace
 by z in the above problem we get back the equations for the
second order fluid (see[28]). Existence of solutions for the Eqs. (4) is then proved by
showing thatA is a contraction in spaceX (see Section 2 for definition) for sufficiently
small Weissenberg numbers.
We subdivide the following subsection into two parts. In the first part we shall obtain

preliminary results for the Stokes and Transport equations in appropriate Sobolev spaces. In
the second part, we prove the existence of solutions to the Eqs. (4) and (5) with prescribed
� and�.

4.1. Preliminary results

Lemma 1. Let�beanexteriordomainof classCk+2(�),k�0.Letalso,
 ∈ Wk+1,q ,u∗ ∈
Wk+2−1/q,q(��), div
 ∈ Lt(�) andu∗ ∈ W2−1/t,t (��) for 1< t < 3

2 and3<q <∞.
Then, there exists a unique solution, (u,�) to the Stokes problem(10)such that

u ∈ D̃2,t (�) ∩
[

k⋂
m=0

Dm+2,q(�)

]
,

� ∈ D1,t (�) ∩
[

k⋂
m=0

Dm+1,q(�)

]
.

Also(u,�) satisfies the estimate
‖grad u‖Ck + ‖u‖s + |u|1,r + |u|2,t + ‖�‖r + |�|1,t

+
k∑

m=0

(|u|m+2,q + |�|m+1,q)�c(‖div
‖t + ‖
‖k+1,q + |�| + |�|) (12)

with r = 3t/(3− t), s = 3t/(3− 2t), v = u + v∞ andc = c(q, t, k).

Proof. See[11, Theorem V.4.3]. �

Lemma 2. Let� be an exterior domain of classCk+5, k�0.Moreover, let v be such that
gradv ∈ Ck with vn = 0 and F̂ ∈ Wk+1,q(�), 1<q <∞. Then there exists a�>0 such
that if We‖gradv‖Ck(�) < �, then the transport problem

z +We(vgradz − zgradTv) = F̂

has a unique solutionz ∈ Wk+1,q(�), such that

‖z‖k+1,q �c‖F̂‖k+1,q ,

where c is a constant depending only uponk, q and t.
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Proof. It is sufficient to find suitable a priori estimates for the transport equation (11).
Firstly, multiplying Eq.(11)1 by z|z|q−2 and integrating over�, we obtain

‖z‖q
q �We‖gradv‖C0(�)‖z‖q

q + ‖F̂‖q‖z‖q−1
q ⇒ ‖z‖q

� 1

(1−We‖gradv‖C0(�))
‖F̂‖q . (13)

Next, we take the gradient of Eq.(11)1, multiply through by gradz|gradz|q−2 and integrate
over� to get

‖gradz‖q � 1

(1−We‖gradv‖C1(�))
‖gradF̂‖q . (14)

To show this estimate in general for arbitraryn, we take the(n + 1)th derivative of the
Transport equation. Therefore, we get

gradn+1 z +We
n+1∑
r=0

(
n + 1

r

)
(gradn+1−r v)(gradrgradz)

−We
n+1∑
r=0

(
n + 1

r

)
(gradn+1−r z)(gradrgradv) = gradn+1 F̂ . (15)

As earlier, multiply by gradn+1 z|gradn+1 z|q−2 and integrate over� to get

‖gradn+1 z‖q � 1

(1−We‖gradv‖Cn+1(�))
‖gradn+1 F̂‖q . (16)

We obtain the desired estimate by an induction argument. To this end, we consider the case
of k = 0 andk = 1, which upon addition yields

(1− c1We‖gradv‖C1(�))‖z‖1,q �‖F̂‖1,q . (17)

Also assume that the result holds fork = n. Hence

(1− cnWe‖gradv‖Cn(�))‖z‖n,q �‖F̂‖n,q . (18)

Then adding the two estimates above corresponding to casesk = 1 andk = n, we obtain
the estimate

(1− cn+1We‖gradv‖Cn+1(�))‖z‖n+1,q �‖F̂‖n+1,q . (19)

Once we have obtained the a priori estimates, the existence of such azcan be shown by an
argument similar to Galdi and Rajagopal[14] (also see[30]). �

Additionally,wealsohavesimilarestimates fordivz. It is easily verified from the transport
equation that

div z +Wevgrad divz = div F̂ (20)
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Lemma 3. Let� be an exterior domain of classCk+3, k�1 and letv satisfy gradv ∈
Ck−1 and vn = 0. Also, let q >3 and 1<r <∞. Then there exists a�>0 such that if
We‖gradv‖Ck−1 < � then there exists a solution to the equation(20)satisfying the following
estimates:

‖divz‖k,q �c1‖div F̂‖k,q for k�1 (21)

and

‖divz‖r �c2‖div F̂‖r , (22)

wherec1, c2 depend onk, q, t andc1 additionally depends also onWe.

Proof. Proof of this lemma is similar to that of Lemma 3. Also see[14,30]. �

The next lemma concerns the property of the extra stress tensor,S(v) for the second order
fluid model which is written as

S(v) = vgradA(v) + �A(v)A(v) + (gradv)TA(v) + A(v)gradv.

We make the following observation.

Lemma 4. If we writeu = v + v∞, then

S(v) = v∞gradA(u) + S̃(u),

where

S̃(u) = ugradA(u) + �A(u)A(u) + (gradu)TA(u) + A(u)gradu.

Proof. It is easy to see thatA(v)=A(u). Therefore the only thing that remains to be shown
is that the final two terms ofS(v) are invariant under the transformation ofv → u. We have
that

(gradu)TA(u) + A(u)gradu = (gradu)TA(v) + A(v)gradu

= (gradv)TA(v) + A(v)gradv

+ (gradv∞)TA(v) + A(v)gradv∞
= (gradv)TA(v) + A(v)gradv

+ (grad� × x)TA(v) + A(v)(grad� × x).

However

(grad� × x)TA(v) + A(v)(grad� × x)

= (�ikm + �imk)�i�kvj + (�ikm + �imk)�i�j vk = 0.

Therefore it follows thatS(v) = v∞gradA(u) + S̃(u). �
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4.2. Existence results

In this section, we establish the existence of solutions to the Eq. (4) using the Banach
fixed point theorem. We define the Banach spaceB = {
 : ‖
‖k+1,q + ‖div
‖t <∞} and
also the subspaceGD of B, such that

GD := {
 : ‖
‖k+1,q + ‖div
‖t �D}.

Lemma 5. Let � be an exterior domain of classCk+5, k�0 and q, t be as defined in
Lemma1.Also, let the mapA be as defined in Eq.(9).Then,A mapsGD toGD.

Proof. We defineGD as above and recall thatv = u+ v∞. Then it follows from Lemma 1
that

‖u‖s + |u|1,r + |u|2,t + ‖�‖r + |�|1,t
+

k∑
m=0

(|u|m+2,q + |�|m+1,q)�c(D + |�| + |�|) (23)

with r=3t/(3−t), s=3t/(3−2t) andc=c(q, t, k,�).We can also showwithout difficulty
and using the estimate (23), that

‖divN(v,�)‖t �c1(‖Dv‖C0 + ‖�‖∞)(‖D2v‖t + ‖grad�‖t )

�c2(D + |�| + |�|)2,
where we use the fact that‖Dv‖C0 �‖Du‖C0 +|�|. Similarly, using the Sobolev inequality
[11, Eq. (2.7), p. 32]and Eq. (23),

‖N(v,�)‖q �c3‖gradv‖C0(‖A(v)‖q + ‖�‖q)

�c4‖gradv‖C0(‖D2v‖p + ‖grad�‖p), (24)

where 3/2<p = 3q/(3+ q)<3. Furthermore, it is easily verified that

‖gradN(v,�)‖k,q �c5(‖Dv‖C0(�) + ‖�‖∞)(‖D2v‖k,q + ‖grad�‖k,q). (25)

Hence, combining Eq. (24), (25) and (23), we have

‖N(v,�)‖k+1,q �c6(‖Dv‖C0(�) + ‖�‖∞)(‖D2v‖ 3q
3+q

+ ‖grad�‖ 3q
3+q

+ ‖D2v‖k,q + ‖grad�‖k,q)

�c7(D + |�| + |�|)2. (26)

In order to fulfill the assumptions of Lemmas 2 and 3, we require that

We‖gradv‖Ck ��

and also that

We(‖div z‖t + ‖z‖k+1,q)�D
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which follow from the observations that

We‖gradv‖Ck �We(‖gradu‖Ck + |�|)
�We(D + |�| + |�|)�� (27)

and

We(‖div z‖t + ‖z‖k+1,q)� c̃We(D + |�| + |�|)2�D, (28)

respectively. Hence, for the choice,D = �(|�| + |�|), for �>0, the two conditions are
satisfied ifWe(|�|+ |�|)< �/(�+1) andWe(|�|+ |�|)<�/(�+1)2, respectively. Conse-
quently, forWe(|�| + |�|)<min(�/(� + 1),�/(� + 1)2), we have thatz ∈ GD and hence
A mapsGD toGD. �

Lemma 6. The mappingA is a contraction inGD.

Proof. Let z1 andz2 be two different solutions to the transport Eq. (11) and let the pairs
(v1,�1) and(v2,�2) be two different solutions to the Stokes problem with corresponding
translational and rotation components(�,�). Let us also define


 := 
1 − 
2, v := v1 − v2, � := �1 − �2, z := z1 − z2.

Then subtracting the Eq. (10) corresponding to the pairs(v1,�1) and(v2,�2), we have

−�v + grad� = div
,

div v = 0,
v = 0 on ��,

lim |x|→∞ v(x) = 0,


 (29)

with corresponding estimate,

‖v‖s + |v|1,r + |v|2,t + ‖�‖r + |�|1,t +
k∑

m=0

(|v|m+2,q + |�|m+1,q)

�c(‖div
‖t + ‖
‖k+1,q), (30)

wherer =3t/(3− t), s=3t/(3−2t) andc=c(q, t, k). Similarly, subtracting the Transport
Eq. (11) and its divergence, Eq. (20), corresponding toz1 andz2, we get upon simplification,

z +We(v1gradz − z(gradv1)
T) −We(z2(gradv)

T − vgradz2)

=We(N(v1,�1) − N(v2,�2)) (31)

and

div z +Wevgrad(div z1) −Wev2grad(div z)

=Wediv (N(v1,�1) − N(v2,�2)) (32)

respectively, where

N(v1,�1) − N(v2,�2) = (gradv)TA(v1) + (gradv2)
TA(v) + (1+ �)A(v)A(v1)

+ (1+ �)A(v2)A(v) − �gradv1 − �2gradv. (33)



ARTICLE IN PRESS
A. Vaidya / Nonlinear Analysis:Real World Applications( ) – 13

Then we have the estimates

‖div [N(v1,�1) − N(v2,�2)]‖t �c(‖gradv1‖C0 + ‖�2‖∞ + ‖gradv2‖C0

+ ‖D2v1‖t + ‖D2v2‖t + ‖grad�2‖t )

× (‖gradv‖C0 + ‖�‖∞ + |D2v‖t + ‖grad�‖t )

(34)

and

‖[N(v1,�1) − N(v2,�2)]‖k+1,q �c(‖gradv1‖C0 + ‖gradv2‖C0 + ‖�2‖∞
+ ‖D2v1‖k,q + ‖D2v2‖k,q + ‖grad�2‖k,q

+ ‖D2v1‖ 3q
3+q

+ ‖D2v2‖ 3q
3+q

+ ‖grad�2‖ 3q
3+q

)

× (‖gradv‖C0 + ‖�‖∞ + ‖D2v‖k,q

+ ‖D2v‖ 3q
3+q

+ ‖grad�‖k,q + ‖grad�‖ 3q
3+q

)

(35)

upon suitable application of the Sobolev inequality[11].
The estimates for the Transport Eq. (31), employing also Eq. (35) is then given by

‖div z‖t + ‖z‖k+1,q �cWe(‖gradv1‖C0 + ‖gradv2‖C0 + ‖�2‖∞ + ‖|D2v1‖k,q

+ ‖D2v2‖k,q + ‖gradv2‖k,q + ‖�2‖∞ + ‖D2v1‖t

+ ‖D2v2‖t + ‖grad�2‖t + ‖D2v1‖ 3q
3+q

+ ‖D2v2‖ 3q
3+q

+ ‖grad�2‖ 3q
3+q

)(‖gradv‖C0 + ‖�‖∞ + |D2v‖t

+ ‖grad�‖t + ‖gradv‖C0 + ‖�‖∞ + ‖D2v‖k,q

+ ‖grad�‖k,q + ‖D2v‖ 3q
3+q

+ ‖grad�‖ 3q
3+q

)

which upon further simplification can be shown to be

�cWe(‖gradv1‖C0 + ‖gradv2‖C0 + ‖�2‖∞ + ‖D2v1‖k,q + ‖D2v2‖k,q

+ ‖grad�2‖k,q + ‖�2‖∞ + ‖D2v1‖t + ‖D2v2‖t + ‖|grad�2‖t + ‖D2v1‖ 3q
3+q

+ ‖D2v2‖ 3q
3+q

+ ‖grad�2‖ 3q
3+q

)(‖div
‖t + ‖
‖k+1,q)

�cWe(‖div
1‖t + ‖
1‖k+1,q + ‖div
2‖t + ‖
2‖k+1,q + 2|�|
+ 2|�|)(‖div
‖t + ‖
‖k+1,q)

� ĉWe(D + |�| + |�|)(‖div
‖t + ‖
‖k+1,q). (36)

Therefore, combining the results of Eqs. (37) and (36), and recognizing thatĉWe(D+|�|+
|�|)<1, from the results of Lemma 5, we have thatA is a contraction. �

We are now in a position to prove the main result of this section.
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Theorem 1 (Main Existence Theorem). Let� be an exterior domain of classCk+5, k�0
and�, � ∈ R3. Also, let q >3 and1< t < 3

2. Then, there is ac >0, such that if We(|�| +
|�|)< c, the problem(4) has a unique solution(v,�) where

u ∈ D̃2,t (�) ∩
[

k⋂
m=0

Dm+2,q(�)

]
,

� ∈ D1,t (�) ∩
[

k⋂
m=0

Dm+1,q(�)

]
,

satisfying the estimate,

‖u‖s + |u|1,r + |u|2,t + ‖�‖r + |�|1,t +
k∑

m=0

(|u|m+2,q + |�|m+1,q)

�C(|�| + |�|), (37)

wherer =3t/(3− t), s =3t/(3−2t),C =C(q, t, k) andv =u+�+�× x. Furthermore,
the extra-stress tensorS(v), defined in Eq.(3), satisfies the estimate,

‖divS(v)‖t + ‖S(v)‖k+1,q �C1(|�| + |�|)2, (38)

whereC1 = C1(q, t, k).

Proof. The proof of this theorem follows from the above Lemmas 1, 2 and 6 and the
Banach Fixed Point theorem. The estimate (38), on the extra-stress tensor for the second
order liquid, follows from the Eqs. (23) and (28) in Lemma 5.�

5. Application to particle sedimentation

5.1. Formulation of problem to first order in We.

In the previous parts of this paper, we have established the existence of solutions(v, p) to
the problem (4) corresponding to the freefall of a rigid body of arbitrary shape in a second
order liquid. In this section, we shall specialize the torque equations to study the terminal
orientation of rigid bodies in the second order fluid. We shall follow the argument outlined
in [34,13] and consider, for our rigid body, several different symmetries. We employ the
heuristic idea proposed by Joseph and Feng[21] that the terminal orientation of elongated
bodies in liquids are a result of competing inertial and viscoelastic torques acting on the
body. Since our analysis assumes a zeroReynolds number flow,wewill analyze the problem
when the viscoelastic contribution to the torque is in equilibrium. But first, we need to obtain
our torque equations upto first order inWe. We therefore write

v = vs + ṽ, � = �s + �̃,
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where (vs,�s) are the solutions to the Stokes problem and which asymptotically approaches
a rigid bodymotion. Additionally we also defineu=us+ ũ and it follows thatvs=us+v∞.
Hence substituting this formulation in Eq. (4) we have that(ṽ, �̃) satisfies

−�ṽ + grad�̃ =Wediv S(v, �),
ṽ|� = 0,
div ṽ = 0,
lim |x|→∞ ṽ = 0.


 (39)

So, in order to obtain the relevant equation at first order inWe, we evaluate the freefall
equations atvs and establish that there are several remnant terms which are ofO(We2)
and hence can be ignored in our analysis. More specifically, we must show the following
properties:

Lemma 7. LetB be a body of classC3.Then there exist positive numbersWe0=We0(B, �),
Ci = Ci(B,D, k, q, t) (i = 1,2,3), such that for any0<We<We0, 3

2 <q1<∞, k�0,
1< t < 3

2 andq >3,we have

(1) ‖v − vs‖X �C1We,
(2) ‖S̃(u) − S̃(us)‖q1 �C2We,
(3) |N1 + N2|�C3We,

whereN1 = Fv(v) − Fv(vs) andN2 = Mv(v) − Mv(vs) and

S̃(u) = ugradA(u) + �A(u)A(u) + (gradu)TA(u) + A(u)gradu.

Proof of Property 1. From the Stokes estimates that we had earlier, we have

‖ṽ‖s + ‖�̃‖m + ‖gradṽ‖m + ‖grad�̃‖t + ‖D2ṽ‖t

+ ‖D2ṽ‖k,q + ‖grad�̃‖k,q �cWe(‖div S(v)‖t + ‖div S(v)‖k,q). (40)

The final estimates onS(v) follows from our arguments earlier in this paper regarding
estimates of the Transport equation. Based on the results of Lemma 3 and Theorem 1, it is
therefore easily verified that

‖div S(v)‖t + ‖div S(v)‖k+1,q �c1(‖gradv‖C0 + ‖�‖∞ + ‖D2v‖k,q + ‖D2v‖t

+ ‖D2v‖ 3q
3+q

)(‖gradv‖C0 + ‖�‖∞ + |D2v‖t + ‖grad�‖t

+ ‖�‖∞ + ‖D2v‖k,q + ‖grad�‖k,q + ‖D2v‖ 3q
3+q

+ ‖grad�‖ 3q
3+q

)

�c2(‖u‖X + ‖�‖X + |�|)2�c3(|�| + |�|)2�C1(B,D, k, q, t). (41)

Proof of Property 1 of Lemma 7 follows.�



16 A. Vaidya / Nonlinear Analysis:Real World Applications( ) –

ARTICLE IN PRESS

Proof of Property 2. Let us writeS̃(u) = S̃0(u) + S̃1(u), whereS̃0(u) = ugradA(u) and
S̃1(u) is the remaining term. Similarly, we may writẽS(us) = S̃0(us) + S̃1(us). Then,

S̃0(u) − S̃0(us) = ũgradA(u) + usgradA(ũ)

⇒ ‖S0(u) − S0(us)‖q �‖ũgradA(u)‖q + ‖usgradA(ũ)‖q

�‖D2u‖q‖ũ‖∞ + ‖D2ũ‖q‖us‖∞.

Similarly, we can obtain estimates for the remaining terms. Hence,

‖S̃1(u) − S̃1(us)‖q �‖�A(u)A(ũ) + �A(ũ)A(u) + (gradũ)TA(u)

+ (gradu)TA(ũ) + graduA(ũ) + gradũ A(u)‖q

�c3(‖Du‖C0 + ‖D2u‖ 3q
3+q

)(‖Dũ‖C0 + ‖D2ũ‖ 3q
3+q

).

Finally combining the above estimates, we have

‖S̃(u) − S̃(us)‖q �c4‖ũ‖X �C2(B,D, k, q, t)We

with q > 3
2, upon using the results of Property 1.�

Proof of Property 3. For proof of the final property, we need to make some preliminary
definitions. We define

N1 = Fv(v) − Fv(vs) = −
∫
�
[S(v) − S(vs)] : D(h(i))

and

N2 = Mv(v) − Mv(vs) = −
∫
�
[S(v) − S(vs)] : D(H(i)),

wherei = 1,2,3. Let us also define

H̃ (i) =
{
h(i), i = 1,2,3,
H (i), i = 4,5,6.

(42)

It then follows that

|N1 + N2|�
∫
�

|S(v) − S(vs)‖D(H̃ (i))|

�
∫
�

|S̃(u) − S̃(us)‖D(H̃ (i))| +
∫
�

|v∞gradA1(ũ)‖D(H̃ (i))|

�(1+ |�|)‖S̃(u) − S̃(us)‖2‖D(H̃ (i))‖2 + c1|�|
∥∥∥∥1x
∥∥∥∥
3
‖D2ũ‖ 3

2

�c2‖ũ‖X �C3(B,D, k, q, t)We, (43)

where we use the fact that‖gradH̃ (i)‖s<∞ for s > 3
2 from the Stokes estimates and also

Property 2. Therefore, we have our desired result.�
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In order to analyze the steady state orientations of the body we write the net torque
imposed by the second order fluid upon the body can be shown to be of the form[17]

M = −K� − C†� +WeMv(v) + R × g. (44)

However, as explained in the introduction, we are interested in the first order effects of the
viscoelastic parameters alone. We therefore write the total torque as

M = − K� − C†� +WeMv(vs) +We(Mv(v) − Mv(vs)) + R × g

= − K� − C†� +WeMv(vs) +WeN2 + R × g.

In light of Lemma 7, we realize that|N2| = O(We), therefore at first order inWe, we may
effectively ignore this term. Also, the full form of the viscoelastic contribution to the torque
is given as

Mv(vs) =
∫
�
{vsgrad�vs + div [(gradvs)TA(vs)] + (1+ �)div [A(vs)A(vs)]} · H(i)

=M1(vs) + (1+ �)M2(vs). (45)

Using the result from our earlier paper[34], we can show that, writingvs=�ih
(i) +�iH

(i),
we have

Mv(vs) = �i�j (A
(i,j)
Rk + (1+ �)U(i,j)

Rk ) + �i�j (B
(i,j)
Rk + (1+ �)V (i,j)

Rk )

+ �i�j (C
(i,j)
Rk + (1+ �)W(i,j)

Rk ), (46)

where we define thetorque coefficientsas

A(i,j)
T = 1

2

∫
�
Z

(i)
1 Z

(j)

1 n,

B(i,j)
T = 1

2

∫
�
(Z

(i)
2 Z

(j)

2 − 4Z(i)
2j )n,

C(i,j)
T =

∫
�
(Z

(i)
1 Z

(j)

2 − 2Z(i)
1j )n,

A(i,j)
R = 1

2

∫
�
Z

(i)
1 Z

(j)

1 y × n,

B(i,j)
R = 1

2

∫
�
(Z

(i)
2 Z

(j)

2 − 4Z(i)
2j )y × n,

C(i,j)
R =

∫
�
(Z

(i)
1 Z

(j)

2 − 2Z(i)
1j )y × n, (47)

where

Z
(i)
1 = curlh(i), Z

(i)
2 = curlH(i)
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and also,

U(i,j)
T =

∫
�
h(k)div [A(h(i))A(h(j))],

V(i,j)
T =

∫
�
h(k)div [A(H(i))A(H(j))],

W(i,j)
T =

∫
�
h(k)div [A(h(i))A(H(j)) + A(H(i))A(h(j))],

U(i,j)
R =

∫
�
H(k)div [A(h(i))A(h(j))],

V(i,j)
R =

∫
�
H(k)div [A(H(i))A(H(j))],

W(i,j)
R =

∫
�
H(k)div [A(h(i))A(H(j)) + A(H(i))A(h(j))]. (48)

It is easily seen that when�=−1, we revert back to the case studied in[34]. With the results
at hand, we can write the final, simplified form of the net torque as

M = − Kkj�j − C
†
kj�j + (R × g)k +We(�i�j (A

(i,j)
Rk + (1+ �)U(i,j)

Rk )

+ �i�j (B
(i,j)
Rk + (1+ �)V (i,j)

Rk ) + �i�j (C
(i,j)
Rk + (1+ �)W(i,j)

Rk )). (49)

5.2. Viscoelastic contribution to Torque under different symmetries

In this section, we analyze the special forms that Eq. (49) can take for different shapes
of the sedimenting bodyB. We will follow closely the argument used in[19] and[34]. We
begin with the observation that the torque coefficients on the right-hand side of Eq. (49) are
third order tensors and we define two classes of third order tensors, namely

U = {A(i,j)
T ,B(i,j)

T ,C(i,j)
R ,U(i,j)

T ,V(i,j)
T ,W(i,j)

R }
and

V = {A(i,j)
R ,B(i,j)

R ,C(i,j)
T ,U(i,j)

R ,V(i,j)
R ,W(i,j)

T }
such that elements ofU are distinguished from those ofV by the respective transformation
laws

Qijk = |a|ailajmaknQlmn (50)

or

Qijk = −|a|ailajmaknQlmn. (51)

See[33,34]for proof of this result. In light of this result, we may observe that the elements
of the two classesU andV can be greatly simplified for shapes such as spheres, cubes,
rectangular blocks, ellipsoids and several others (see[34, Sections 6,7]for more details).
We see that the symmetry properties of elements ofU are similar. However, the termU(i,j)

T
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does not remain identical to itself under exchange of variablesi andj as in the case of the
termA(i,j)

T . Similarly, the termU(i,j)
R also does not remain identical to itself under exchange

of variablesi andj while A(i,j)
R does. The symmetry properties of these terms can be read

off from [34].
In order to analyze the orientation of bodies of specific shapes in their steady states,

we need only consider thespin free stateof the body. This is done by prescribing� = 0
in the Eq. (49), employing the specific symmetries of the body to simplify the equations
and looking for the appropriate terminal angles. Our motivation for considering the purely
translational motion comes from experimental observations where in the case of most long
sedimentingbodies suchas rectangular blocks, cylindersandellipsoids, no rotationalmotion
is observed. We make some additional assumptions as well. We consider the analysis for
homogeneous bodies, i.e. thosewithR=0. This second assumption ismade on the basis that
inhomogeneities in the body can contribute to its final orientation as well. We are however,
only interested in the effect that the second order fluid has upon the body.

Example 1. In the case of a homogeneous isotropic body (havingthree symmetry planes
and three axes of rotational symmetry), all the torque coefficients vanish. We also have
C = 0 [19], therefore, the Eq. (49) is trivially satisfied suggesting that any orientation is
allowed. Examples of such bodies include spheres.

Example 2. For an orthotropic body (i.e. a body withthree planes of reflection symmetry)
we haveC = 0. Then, employing the results of[34, Lemma 5], the Eq. (49) reduces to

(�2�3(A
(2,3)
R1 + (1+ �)U(2,3)

R1 ) + �2�3(A
(2,3)
R1 + (1+ �)U(3,2)

R1 ))ê1

+ (�1�3(A
(1,3)
R1 + (1+ �)U(1,3)

R1 ) + �1�3(A
(1,3)
R1 + (1+ �)U(3,1)

R1 ))ê2

+ (�2�1(A
(2,1)
R1 + (1+ �)U(2,1)

R1 ) + �2�1(A
(2,1)
R1 + (1+ �)U(1,2)

R1 ))ê3 = 0. (52)

Analysis of the possible scenarios yields the same results as in[34] and is in agreement with
experiments. So when the body is homogeneous, Eq. (52) is satisfied if either (a) each of the
torque coefficients are zero or the sumsA

(2,3)
R1 + (1+ �)U(2,3)

R1 =A
(2,3)
R1 + (1+ �)U(3,2)

R1 =0,

A
(1,3)
R1 + (1+ �)U(1,3)

R1 = A
(1,3)
R1 + (1+ �)U(3,1)

R1 = 0 andA(2,1)
R1 + (1+ �)U(2,1)

R1 = A
(2,1)
R1 +

(1 + �)U(1,2)
R1 = 0, (b) �2 = �3 = 0, (c) �1 = �3 = 0, or (d)�1 = �2 = 0. Cases (b), (c)

and (d) imply that motion must occur only along thex1, x2 or x3 directions respectively, as
indicated inFig. 2.

Example 3. Bodies with fore-aft symmetry havethree symmetry planes and one axis of
rotational symmetry. For such bodies,C ≡ 0, therefore on using[34, Lemma 6], the Eq.
(49) becomes

(�1�3(A
(1,3)
R1 + (1+ �)U(1,3)

R1 ) + �1�3(A
(1,3)
R1 + (1+ �)U(3,1)

R1 ))ê2

+ (�2�1(A
(2,1)
R1 + (1+ �)U(2,1)

R1 ) + �2�1(A
(2,1)
R1 + (1+ �)U(1,2)

R1 ))ê3 = 0. (53)

Note that we have chosen the axis of rotational symmetry to lie alongx1, without any loss
of generality. WhenB is homogeneous, Eq. (53) holds if (a) each of the torque coefficients
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Fig. 2. Possible terminal orientations of an Orthotropic body.

ae zero or ifA(1,3)
R1 + (1+ �)U(1,3)

R1 =A
(1,3)
R1 + (1+ �)U(3,1)

R1 =0 andA(2,1)
R1 + (1+ �)U(2,1)

R1 =
A

(2,1)
R1 + (1+ �)U(1,2)

R1 = 0, (b)�1 = 0 or (c)�2 = �3 = 0. Condition (b) suggests that the
body is moving along thex2x3 plane (i.e. in the horizontal position) and (c) says that the
body moves along thex1 direction (i.e. along its longest axis).

Among themultiple possibilities that emerge for orientation of various bodies considered,
only one will be the stable one and the others will be unstable. The analysis of stability
will not be dealt with in this paper in any detail. We refer the readers to[17] where a
quasi-steady stability argument has been used to select the appropriate final and physically
relevant orientation. This same argument can be adapted for our purposes as well. However,
we recognize that a rigorous nonlinear stability for this problem remains, at this point,
beyond reach. In conclusion, it must be stated that themain benefit of this argument remains
its simplicity in explaining the phenomenon of freefall of rigid bodies of any shape in a
second order fluid. The results of our analysis are in complete agreement with experimental
observations of[3,4,24]and[22] and also consistent previous theoretical work[34,35]. It
must be noted that the terminal angles predicted by using the second order fluid model
include either the horizontal or the vertical state; no intermediate, tilt-angles are allowed.
This remains the subject of an upcoming paper.
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