677 Midterm 1 Name:
(1} (10 points)Show that every group of order 275 is solvable (you may use any theorem that we proved in
class).

L/é' Gr be Huch a M Nl 275= 5§

> !!S H&zm_m .
83’;{\/’?{{&’: WJ—OLg{, - %z(cud%\fs o o= 1 omed 1

&

% |

! Mgﬁ&w&‘d 25
5N, - |, 5,25
oty e of At vo 1 Ul
& —_:)’n”: l.
‘pél
v w  hem 2 eV
> e Il bpegye T



(2) (10 points) Let G be a p-group (i.e. |G| = p*, p a prime}, and H # {1} be a normal subgroup of G. Show
that H N Z(G) % {1} (Hint: Group action!}.
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{3} (10 points) Using semidirect products, construct a non-abelian group of order 56 which has a normal
7-8ylow subgroup and a cyclic 2-Sylow subgroup.
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(4) (a) (12 points) Show that the commutator subgroup of the symmetric group &, equals the alternating
group A, (Hint: the commutator [(123), (124)] equals (12){34) aad [(12), (23)] = {32)(21). So argue
that ever products of transpositions are always generated by commutators)

(b) Modify the above argument to show that the commutator subgroup of 4, is A, for n > 5.

(¢) Show that the alternating group An, n > 5, does not have any non-trivial one dimensional complex
representations. Does A4 or Az have non-trivial one dimensional complex representations?

(d) Determine all one dimensional complex representations of the symmetric group 5.
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(5) (10 points) Let G be a finite group.
(a) Let V' be a finite dimensional complex representation of &. Define what it means for V to be

irreducible.
(b) Let G be the cyclic group of order two and let € G be the generator of the group . Let

p: G — GL(2,C) be the representation determined by

p(z) = ( ? é )
Is p irreducible? Explain your answer. ‘-
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