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1 Introduction

One of the most well document facts of international finance is the failure of the
traditional consumption based asset pricing model to explain many of the features
of the joint distribution of prices and quantities. Backus and Smith (1993) pointed
out that consumption differentials across countries and exchange rates are almost
uncorrelated in a large cross-section of countries, a finding at odds with most mod-
els. The considerable equity premium and the low volatility of consumption growth
that we observe in major industrialized countries extends the puzzle that Mehra and
Prescott (1985) pointed out for the United States to a larger set of countries. The
low correlation of consumption between the same set of countries opens up to an in-
ternational equity premium puzzle, that comes in the form of a relatively smooth
exchange rate, as suggested by Brandt, Cochrane, and Santa-Clara (2006). Bansal
and Lundblad (2002) observe that the almost complete lack of international correla-
tion between fundamentals poses serious difficulties for any asset pricing model to
explain the moderate to high correlation between international stock markets. Fama
(1984) documents the tendency for high interest rate currencies to appreciate, when
the traditional consumption based asset pricing model might lead us to think the
opposite. In this paper we provide an equilibrium model that can simultaneously
account for six of these anomalies.

We assume that agents have a preference for the timing of the resolution of uncer-
tainty in the sense of Epstein and Zin (1989). This means that shocks that have a
long-lasting impact on consumption growth are likely to produce large movements in
stochastic discount factors. Indeed, Bansal and Yaron (2004) have shown that allow-
ing the dynamics of consumption growth to be driven not only by temporary (short-
run) shocks, but also by persistent (long-run) shocks is successful in accounting for
the large equity premium that we observed in the US over the past century.! Colacito
and Croce (2006) have documented that a two country version of this setup is able to
explain some important stylized facts of the joint distribution of international stock
market returns and exchange rates. They obtain these results in the context of a
complete markets economy.

ISpecifically, persistent shocks come in the form of shocks to a predictive component of consump-
tion growth and as such only affect the level of consumption with a one period delay. We retain this
assumption in this paper.



In this paper we extend the economy set forward by Colacito and Croce (2006) in two
important directions. First, we let two persistent sources of risk enter the dynamics of
consumption growth in each country. We assume that the long-run components affect
consumption growth in the two countries asymmetrically, as good news to one factor
will lead to a larger increase in consumption in one country relative to the other.
Second, we show that the specific structure of the correlation of consumption shocks
both within and across countries is relevant in explaining a large set of international
finance anomalies.

We document that this setup is consistent with the joint dynamics of consumption
that we observe in G-7 countries over the last 30 years. In economic terms, a larger
exposure of consumption to a specific source of long-run risk can be interpreted as the
result of a preference bias toward a specific good. Colacito and Croce (2008) provide

general equilibrium foundations supporting this prediction.

Backus, Foresi, and Telmer (2001) have shown that when markets are complete, the
growth of the exchange rate between the currencies of two countries is equal to the
difference of the stochastic discount factors between the same set of countries. Hence,
the higher the degree of co-movement of intertemporal marginal rates of substitutions
across countries, the smoother exchange rates will be.

We show that the combinations of two correlations is capable of reproducing the de-
gree of volatility of exchange rate movements between major currencies. First, we as-
sume that long-run risks are positively correlated. This channel was already featured
in Colacito and Croce (2006), but would still result in too volatile exchange rates in a
setup with multiple predictive components of consumption growth. This leads to the
need for a second channel that comes in the form of a positive correlation between the
short-run shock of one country’s consumption growth and the long-run shock to the
predictive component that has the largest predictive power for consumption growth
in the other country. That is, if good (bad) news to consumption growth in one country
are likely to come at a time in which the other country is also experiencing good (bad)
news, exchange rates need to fluctuate less in equilibrium. We document that this cal-
ibration is consistent with the low degree of international correlation of consumption
growth that we observe in the data.

Furthermore, since a short-run shock to consumption growth in one country increases



the likelihood of a long-run shock in the other country, exchange rates may appreciate
or depreciate at a time in which the difference of consumption growth across countries
increases. This means that the Backus and Smith (1993) anomaly is resolved in this

model.

The advantage of introducing multiple predictive factors entering the dynamics of
consumption growth with different loadings is that real risk-free rates are now less
than perfectly correlated. Similarly, allowing for the predictive components of con-
sumption growth to also enter the dynamics of dividend growth, enables the model to
replicate the high degree of correlation of international stock markets, despite funda-

mentals being largely disconnected.

When stochastic volatility is introduced in this framework, it is shown that the model
can also account for the less than unity coefficient that is typically obtained in the
uncovered interest rate parity regressions. This result follows directly from the con-
ditions set forward by Fama (1984). It is important to stress, however, that although
necessary, stochastic volatility is per se not enough to replicate the magnitude of the
coefficient that we obtain from the data. We show in the paper that the kind of pref-
erences that we employ and that the persistence of the predictive factors play crucial
roles as well. In a related paper, Bansal and Shaliastovich (2007) introduce stochastic
volatility in the model of Colacito and Croce (2006) to study the dynamics of nominal
term structures of the interest rates in major industrialized countries.

1.1 Organization

This paper is organized as follows. In the next section we document the main anoma-
lies that we want to explain in the cross-section of G-7 countries. In the third sec-
tion we introduce our model that relies on non-time separable preferences and low
frequency components of consumption and dividends growths. The following two sec-
tions show the results from a calibrated economy and perform a sensitivity analysis
that shows how important each of our assumptions is. The last section concludes the

paper.



2 Data

This section summarizes the main empirical facts that the paper aims to address.
The data are taken from the web-site of Global Financial Statistics, with the only
exception of consumption data that are obtained from the IMF country tables. We
focus on G-7 countries mainly for convenience in terms of data availability for a wide
range of time series.

A number of empirical studies have reported the results of the uncovered interest
rate parity regression?

logel;fj1 = a+0B(re—rf)+ & (1)
In table 1 we report the estimated slope coefficient 3 along with its standard error. To
summarize the results we estimate only two slopes: one that summarizes all the pos-
sible UIP regressions in which the US are the home country and one which involves
all countries other than the US. The resulting systems can be estimated via GMM.
The findings confirm that the null hypothesis of a regression coefficient equal to one
can be rejected at any conventional level of significance. The estimated  should be
approximately equal to zero, although it may be a desirable feature of the model to
produce a negative regression coefficient as well.

Backus and Smith (1993) pointed out that differences in cross-country consumption
appear to be almost disconnected from exchange rate fluctuations. Table 2 highlights
this finding by reporting the correlations between consumption growth differentials
and exchange rate growths. This correlations range from about —0.2 to about 0.2 and
in most cases they are extremely close to zero, leading to an average correlation of
0.072.

Exchange rate appreciations and depreciations are usually in a neighborhood of 11%
in annualized terms, as reported in table 3. The only exceptions are the rate of change
of the US vs. Canadian dollar and of the German Marc vs. the French Franc.

Table 4 reports the Sharpe ratios for the countries analyzed in this paper. It is not

2For consistency with the rest of the analysis, the regression is ran with real instead of nominal
variables. Refer to Sercu and Uppal (2000) for a review of the literature on real and nominal UIP.



surprising that for most countries stocks command a large risk-premium, although
there is some cross-sectional variability. On average the Sarpe ratio is in the order of
40% and we will take this as a lower bound for the number that we will try to match
in our calibrated results.

Table 5 reports the correlations of real excess returns and real risk-free rates for G-7
countries. These correlations range from moderately to extremely high. A consistent
finding seems to be that real risk-free rates tend to be more cross-country correlated
than the corresponding stock markets excess returns. The cross-sectional variability
within these two sets of correlations is remarkably low, suggesting that a model that
is able to replicate average correlations of 0.5 and 0.7 for excess returns and risk-
free rates respectively, can be regarded as doing a good job for every single pair of
countries. One important remark has to with the fact that, although extremely high,
the correlation of real risk-free rates appears to be different from one. This is an
important empirical fact that finds support in a number of studies, including Mishkin
(1984).

3 The model

3.1 Setup of the economy

There are two countries, home and foreign and we index with a superscript star for-

eign variables. The following four assumptions will be retained throughout this paper.

Assumption 3.1 (Markets). There is a complete set of assets both domestically and

internationally.

The assumption of complete markets is an important one. It will be extremely useful
in pinning down a unique rate of growth for the exchange rate.

Assumption 3.2 (Preferences). The two countries are each populated by a representa-

tive consumer with risk-sensitive preferences defined over the consumption aggregates
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According to assumption 3.2 agents have risk-sensitive preferences defined over do-
mestic and foreign consumption bundles. This specification is due to Hansen and Sar-
gent (1995) and is used among others by ?) and Anderson (2005). The main departure
from the constant relative risk-aversion case that is often analyzed in the literature
lies in the fact that these preferences are non-time additive and they allow agents
to be risk-averse in future utility in addition to future consumption.? As alternative
they can be interpreted as the special case of Epstein and Zin (1989) preferences in
which the intertemporal elasticity of substitution equals 1.

Assumption 3.3 (Consumption dynamics). The logarithm of consumption follows a
unit root process in each of the two countries:
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where z,; and z»; are AR(1) processes
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and \; and )} are stochastic variance processes with AR(1) dynamics:
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Assumption 3.3 can be interpreted in several ways. First, this can be the outcome of

3More precisely the CRRA case is nested in this specification as the limiting case in which v — 1.
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an endowment economy in which there are two country-specific goods and preferences
are defined only over the domestic one. In equilibrium, the dynamics of consumption
equal those of the endowment process and prices can be read off the first order con-
ditions.*. Alternatively, the process described in (3) can be thought of as the result
of post-trade allocations. Colacito and Croce (2008) examine the dynamics of risk-
sensitive allocations for the case in which the endowments of the two countries are
specified as in (3) and agents have preferences defined over both goods.

The assumptions regarding z;; and z,; deserve additional comments. According to
3, a weighted sum of these two processes provides the conditional expectation of con-
sumption growth in the two counties. This specification is a two-factor generalization
of the process hypothesized by Colacito and Croce (2006) and extends the closed econ-
omy dynamics of Bansal and Yaron (2004). The debate as to whether consumption
growth is i.i.d. or whether it can be predicted has been discussed in many papers,
including Bansal, Kiku, and Yaron (2006) and Colacito and Croce (2006). The latter
provides evidence of consumption growth predictability for the United States and the
United Kingdom. In this paper we do not provide any full-fledged estimation of the
model, but we make sure that the auto-correlation function of the model’s consump-
tion growth resembles the one that we observe in the cross-section of G-7 countries.

A final remark on assumption (4) should be made about \; and \;. These country
specific processes introduce time-varying uncertainty in the dynamics of consumption
growths and of their predictable components. These stochastic volatility processes are
assumed to be linear mainly for their tractability. We will show in a later section that
all of the international facts can be explained in the context of a model that does
not feature stochastic volatility, with the only exception of the empirical coefficient
of the uncovered interest rate parity regressions. This is a well known theoretical
result that dates back to Fama (1984). In some sense the long-run risk model is a
sideshow of stochastic volatility when it comes to accounting for this coefficient, but
the impact of stochastic volatility must be taken into account in the explanation of all

other international variables.5.

Assumption 3.4 (Dividend dynamics). Dividends in the two countries follow log-unit

4For a proof of the existence of the exchange rate in this no-trade equilibrium refer to Colacito
(2006).

SFor further discussion on long-run risks model and stochastic volatility refer to Bansal and Shalias-
tovich (2007).



root processes:
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Assumption 3.4 is a natural extension of the consumption growth dynamics. It has a
tradition in the international finance literature starting with Bansal and Lundblad
(2002) and more recently with Colacito and Croce (2006). These papers show that the
presence of a time-varying trend in the dynamics of international dividends cannot be
rejected. In discussing the implications of our model we will check that the moments
of the distribution of dividends of the model ar in line with the data on a large cross-
section of countries.

3.2 Solution of the model

We start by characterizing stochastic discount factors as the intertemporal marginal

rate of substitution of consumption:
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In the Appendix we define the relevant vector of state variables as s; = [214, 204, A, A, he),
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the stochastic discount factors:

, and show that the following is the solution for the logarithm of
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with n, = [ €1t €24 Eet Ect Ext Exci } and Vo,m, Um, U, U1, U5, U2, Uy defined in the

Appendix. The ability of the model of producing volatile enough stochastic discount



factors hinges on the parameter 6 being small enough in absolute terms. Indeed it can
shown that in the limiting case in which § — —oo, the only priced risk is the country-
specific idiosyncratic shock, making it impossible for the stochastic discount factors
to meet the Hansen and Jagannathan (1991) volatility bound. As # gets smaller, an
increasing concern about the timing of the resolution of uncertainty is turned on.
Hence small risks that are going to stick around for a very long time get compensated
with very large premia. In a nutshell, this explains the ability of this class of models
to account for Mehra and Prescott (1985) equity premium puzzle.

Following Backus, Foresi, and Telmer (2001), the assumption of complete markets
enables us to uniquely identify the rate of growth of the logarithm of the exchange
rate as the difference of log-stochastic discount factors in the two countries:
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As investors become more risk averse, exchange rates tend to respond more to all
sorts of shocks hitting either of the two countries. However, it is possible to engineer
a volatility of exchange rate movements that is as low as we observe it in the data
by appropriately calibrating the correlation matrix of the shocks. Intuitively, if the
two countries experience consumption growth shocks at the same time, two offsetting
forces push exchange rates to appreciate in one country and to depreciate in the other
one. We show in the next section how a calibrated correlation matrix that display
these features is consistent with observed joint dynamics of international consump-

tion data.

Risk-free rates can be derived as

r, = —logk; [exp {mt-i-l}]
= Ft + ?}/msg
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The case of no stochastic volatility is useful to illustrate the ability of the model of

producing less than perfectly correlated real risk-free rates. Without time varying



economic uncertainty, short rates are:
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As the loadings on the predictive factors of consumption growth are different in the
two countries and as long as the correlation of z;; and z,, is different from one, the
model can deliver less than perfectly correlated real risk-free rates, by construction.

A similar argument can be made to explain the degree of correlation of the returns
on the dividend claim assumed in (5). Using the Campbell and Shiller (1988) approx-
imation

Tarr1 = ko4 Adepr — kidpegr + dpy

where the dividend yield functions are
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plus a stochastic volatility term, that in figure 4 is shown not to affect our results.
If dividend yields were constant, as they are in the CRRA setup without long-run
risks, returns would be as correlated as their cash flows. Since dividends are almost
uncorrelated across countries this would lead to the counterfactual outcome of poorly
correlated returns. However, the model is able to produce highly cross-country corre-
lated dividend yields, as confirmed by looking at the equations in (10). Hence we can
expect the model to be successful in producing highly correlated international stock
markets despite the fact that fundamentals appear to be mostly disconnected.
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4 Results

4.1 Calibration

Table 6 reports the baseline calibration. The coefficient of risk aversion ~ is set to
8, which is on the down side of the literature on the equity premium puzzle. The
subjective discount factor is equal to 0.991, a number very close to unity to reflect
that the calibration refers to a monthly decision problem. The parameters governing
the dynamics of consumption and dividend growth are chosen to replicate as close as
possible the first two moments and the autocorrelation functions that are observed
in the data. A quick comparison of tables 8 and 9 shows that it is indeed the case
that a small degree of autocorrelation cannot be rejected in the cross-section of G-7
countries studied in this paper. The correlations are chosen so that the model produce
average correlations of consumption and dividend growths that are in line with the
data. Indeed the model delivers a low correlation of consumption growths of about
0.25 that compares well with the average correlation of 0.13 in our cross-section of
countries and that appears to be particularly accurate for the US (see table 7, top
panel). This also applies to the model implied international correlation of dividend
growths of 0.135 vis a vis the 0.108 of the data, for which there is not much cross-
sectional variability.

4.2 An explanation of international finance anomalies

Table 9 reports the results of the model regarding the variables of interest. The model
appears to do a remarkable good job at matching the six moment conditions that we
set forward as some of the main unexplained features of international data (see top
part of the table). The high Sharpe ratios that we typically observe in most industri-
alized countries is reproduced, as an extension of the Bansal and Yaron (2004) model
and as suggested also by Colacito and Croce (2006). The moderately high degree of
correlation of the low frequency components of consumption growths is able at the
same time to replicate the amount of volatility of exchange rate growth in the data,
as well as the high, but not perfect, international correlation of risk-free rates and
excess returns. We regard this as an important finding of the model, as previous
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explanations of the modest volatility of the exchange rate growth had the counterfac-
tual implication of perfectly correlated real risk-free rate across countries.® Although
in this paper we do not explicitly pursue any estimation exercise, by looking at the
formula that characterizes the dynamics of risk-free rates, it is apparent that they
offer first hand information regarding the otherwise hard to detect slowly moving

components of consumption growth.

The Backus and Smith (1993) anomaly regarding the lack of correlation between con-
sumption growth differentials and exchange rate growth is resolved in this model.
Equation (8) sheds light into the mechanism that brings the model close to the data.
Forgoing for the moment the role of stochastic volatility (which we will later show to
play a marginal role as far as the Backus and Smith anomaly is concerned), the inno-
vations in the logarithms of the growth rate of the exchange rate and in consumption

growth differentials are equal to:

€t €¢
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It is shown in the appendix that the signs of the coefficients 3; and 3, only depends
on the assumption regarding the asymmetric exposure of consumption growth in the
two countries to the two source of long-run risk.” As we mentioned above, this implies
standard time-separable CRRA preferences, for which we can confirm the finding of
a large body of the literature that exchange rate growth is perfectly correlated with
consumption growth differentials. As we move away from the CRRA case, the role of
long-run risks gets more and more important and it is possible to engineer a smaller
correlation by letting =; have a high degree of co-movement with .. and a low one

with .. The symmetrical argument applies to the correlations of 5 with ¢, and ¢...

Stochastic volatility plays the crucial role in enabling the model to explain the smaller-
than-one coefficient that we typically find when running UIP-like regressions. The

6Bansal and Shaliastovich (2007) have real term structures of the interest rates that are perfectly
correlated across countries. Colacito and Croce (2006) are able to account for the imperfect correlation
only by introducing asymmetries in the calibrations of the two countries’ parameters.

"The only exception is the limiting case in which v — 1, when 3; = 3, = 0.
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model counterpart of regression (1) is
my, — My = a+f (— log Eyexp {my 1} + log E; exp {mfﬂ}) + &1
which, exploiting log-normality of the stochastic discount factors, can be written as
« « 1 . 1
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The estimated slope of the regression is simply
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where p, = Eym; , — Eymyyy and ¢ = Varymy,, — Varymy,,. It is apparent from (11)
that @\ is smaller than one only if the model features stochastic volatility and p; co-
varies negatively with ¢;. This point was raised in the seminal work by Fama (1984)
and more recently by Backus, Foresi, and Telmer (2001) in the context of affine term
structure models.

In our model, these two quantities are equal to

R ! *R *x/ R I *R */
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Given the signs of the coefficients, it is possible to satisfy the negative covariance
requirement simply by setting to zero the correlations between \’s and between \a
and z’s. The question becomes whether we can obtain enough negative correlation
to lower the slope of the UIP regression to the levels that we obtain in the data.
We analyze this question in the next section, but we can anticipate that the answer
depends crucially on the persistence of the low frequency components of consumption
growth and on the coefficient of risk-aversion ~.
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5 Discussion

In this section we perform a number of sensitivity exercises that enable us to ac-
count for the contribution of each ingredient of the model to the explanation of the six

international anomalies.

5.1 The case for risk-sensitive preferences

Figure 1 shows the performance of the model when the baseline calibration is em-
ployed with the only exception of the coefficient v varying between 1 and 10. When
the two representative consumers have CRRA preference (i.e. when v = 1), the model
fails along several dimensions, as time additive preferences essentially shut down
the contribution of long-run risks. This means that the stochastic discount factors
will display and extremely low volatility, which automatically leads the model to fail
in accounting for the large equity premium and for the degree of volatility of exchange
rate growth. The correlation between consumption differential and exchange rate is
almost equal to one (the small departure is due to the presence of stochastic volatility)
as their dynamics are both driven by idiosyncratic shocks to consumption only. There
is almost no role for stochastic volatility when + = 1, as shown in the last panel of the
figure. The two facts that the model is able to explain independently of the coefficient
of risk aversion are the correlations of risk-free rates and of excess returns. As we will
document in figures 3 and 2, it is the persistence and the cross-country correlation of
long-run risks that plays a major role relative to these two moments.

As ~ increases, the model gets closer to the data. It should not strike as a surprise
that a higher risk aversion can account for the equity premium that we observe in
G-7 countries. But it is important to stress that this can be achieved for values of
~ that are significantly lower than what is commonly found in the equity premium
puzzle literature. As risk aversion increases, the consumption agents’ consumption
smoothing desire increases as well. This prompts the exchange rate to adjust more in
response to shock of any nature taking place in any country. Hence the ability of the
model to account for the degree of volatility of changes in the currency value of about

11% in annualized terms.
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As higher risk aversion increases the sensitivity of exchange rates to all shocks, the
model’s performance regarding the Backus and Smith anomaly is also improved. In
this case a key role is played by our assumptions about the structure of the corre-
lation matrix of idiosyncratic and permanent shocks to consumption. According to
it, when the home country experiences a long-run shock to consumption, the foreign
country is likely to be affected by a short run shock of equal sign. The lagged re-
sponse of consumption to long-run shocks, implies a temporary higher consumption
in the home country. The exchange rate is likely to adjust by virtue of two offsetting
forces. One the one hand home country’s consumers would like to smooth over time
the benefits of the shortly-lived shock and, on the other hand, foreign country’s con-
sumers would like to change their consumption profile today in anticipation of the
better growth prospects. Hence depending on the actual realizations of the shocks,
exchange rates could move either way, making them uncorrelated with the shift in
consumption differentials whose sign is unambiguous.

5.2 The case for long-run risks

Figure 2 shows the performance of the model as the persistence of the predictive
components of consumption growth increases. International data impose very strong
identifying restrictions on what this persistence should be. With the only possible
exception of the correlation of risk-free rates, it is only for very high values of p; = p,
that the model is able to account for the moments of interest. For the small predictive
components of consumption growth to play a role in international asset pricing, it
must be the case that they decay at a very slow rate.

5.3 The case for two factors

The system of equations (9) documents that, aside for a small stochastic volatility ef-
fect, the presence of only one common long-run component would lead risk-free rates
to be perfectly correlated across countries, a counterfactual outcome. We think that
it is a major advantage of our model to produce short rates that are significantly dif-
ferent from one another. Furthermore, with only a common predictive component in
the dynamics of consumption growths, Colacito and Croce (2006) show that exchange
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rates movements are entirely driven by the dynamics of idiosyncratic shocks to con-
sumption. This implies that exchange rates and consumption differentials should be
perfectly correlated, that is the Backus and Smith (1993) anomaly would emerge back
in our model.

Hence, we believe that the assumption of two predictive factors is an important one
and that it enriches the set of international moments that can be accounted for by
this class of models. In figure 3 we document that a high correlation of the two con-
sumption factors is still needed.

5.4 The case for stochastic volatility

Figure 4 shows that the introduction of stochastic volatility is important only for
explaining the forward premium anomaly. A different way of interpreting this pic-
ture is that a small amount of time varying economic uncertainty does not prevent
the model from being able to explain the other five puzzles on the table. Stochas-
tic volatility alone would not be able to produce a significantly smaller than unity
regression coefficient, as illustrated in the previous three figures.

6 Concluding remarks

In this paper, we presented a calibrated model that is able to explain a large of inter-
national finance anomalies. The crucial ingredients are utility functions that display
a preference for the timing of the resolution of the uncertainty, slowly moving pre-
dictive factors of consumption and dividend growths, and a particular structure of
the correlation matrix of international consumption growth at different frequencies.
Combined with a small amount of stochastic volatility, the model is also able to ac-
count for the forward premium anomaly.

A number of interesting questions arise in the context of this class of models. What
are the general equilibrium conditions that give rise to the consumption dynamics
postulated in the long-run risks literature? Can we use the larger set of international
data to get better estimates of the otherwise hard to detect predictive components of
consumption? Can we assess the benefits of international financial diversification in

16



the context of this model that can explain the joint dynamics of international quanti-
ties and prices? These are just of the questions that future developments of this line
of research should address.
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Appendix A
The setup of the model is reported in section 3. The solution consists of three steps:

1. I approximate \,/%, Ar'? and h, starting from ), and \}
2. I solve for the two value functions

3. I obtain the stochastic discount factors

Useful approximations

A first order linear approximation )\i / 2 )\;“1/2 and h; = )\tl / 2A§1/2 around the steady state
A = \* = ¢? delivers:

1
)\2/2 X~ O (1 — ,0)\) + ,0)\>\;121 + —PrEN

2
«1/2 «1/2 1 *
At ~ o (1—pa)+ oA+ 5%0/\5/\,15
* /
om0t (=) 0 (= pa)px (WA + AT + e +
%1/ *
+% [U (1—pr)+ pA)‘ti12:| Ext + % [U (1—p) +maN3 | ene

Solving for the value functions

I shall start by expressing the utility functions in a more convenient form. Subtract-
ing log C; from both sides of the home country utility function reported in (2), it is

possible to obtain:

‘/2 Ut — log Ct

— 06log B, exp { U1 ~ 10g Conn t)log Crr1 ~ logCi }

A
= HélogEteXp{M}

0
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Similarly for the foreign country:

* A >k
Vo= «%logEtexp{%}

Guess that the solution of V; and V}* is linear:

V, = A+ Biziy + Bazoy + Dy + Dy Af + Dphy + EXAY? + By A

with the solution for V;* taking on the same expression, but with the coefficients being
indexed by a (*). It follows that:

1
Vi = 6dlogE;exp {9 {,uc + Mz + Aoz + ,\i/%qt“ 4+ A+

+B (Plzu + Ve, /\i/251,t+1) + By (PQZQ,t + 90e2>\zm52,t+1) +
+D, (02 (1= px) +paNe + @AAi/2€,\7t+1) + D)y~ (02 (1 = px) + pAA] + @] E)\,t+1) +
K172
+Dn (02 (1= p2)*+0(1=px)pa ()\i/z + A ) + pXhut
23 ©x

L1/2 *
+5 [cr (1= px) + paA; } Enpl+ o [0 (1—px)+ PA)\EQ] €>\,t+1) +
1

1/2 1
+Ex (0 (1= px) + oM’ + 2%&,&1) + B (0 (1=pa)+ o0 + 2wei,t+1ﬂ }
Defining the two vectors v; and v, as
v = [ Bl(Pep 07 17 O: D)\SO/\v Dh%ﬂA ]
v = |0, Baper 0. 0, Di%ps Drgy |

the value function V, can be rewritten as:

R !
Vi = A+0(M+Bip1)zi,e+0(Aa+ Bapa) 2o +6 (D/\P)\ + v12901) A+

Vo RUS v1 R}
+5 <D>\*p>\ + 229 2) Af 448 (thi + 129 2) hi + 6 [Dropa(1 — pa) + Expal A:/2 +

1/2

+6 [Dropa(1 — px) + Ex<pa] A

The solution for the parameter A is easy to find, but I will omit it, because it is not
going to affect the stochastic discount factors. All other parameters can be found by
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matching coefficients:

5)\1 5)\2
= B =
1— 5p17 2 1— 5p2

1

The three parameters D,, D, and D, are the solution of a second order system:

v Rv)
260

v RV,
260

Dy=9 {DAP/\ + } ,Dy- =9 [DA*IOA +

!
] ,Dp =0 [th?\ + levz}

20

Out of the 8 possible solutions, I shall select the one with largest coefficients, because
that would be the one that maximizes utility, given that \;,, A\ and h; are always

greater than zero by definition. The last two parameters are

_ 0DpopA(1 = pa)
1 —0px

_ 0DpopA(1—pa)
1 —0px

Ey ; Ey-

For the foreign country, the procedure is identical with two exceptions:

1. variables indexed by a (*) will be used

2. the vectors v; and v, are replaced by

UT = |:st061’ 07 Oa 07 D)\(;D)n DZ%PA}

U; = |:07 ngpem Oa 17 DZ%PM D/\*SO)\i|

respectively.

Solving for the stochastic discount factors

Having solve for the two value functions, it is now possible to solve for the stochastic

20



discount factors. I shall start with the home country:

Vi A
exp{ t+1+6 Ct+1}

Vis14+A
E;exp {—t+1+9 Ct“}

myyr = logd — Acyy1 + log

1
= logd — pte — Mz1p — Aoz — )\i/25c,t+1 + 9 (Ul)‘tl/z + U2>\:1/2) M1 +

1
T 992 (Vi Rvp Ay 4 va RupAf 4 v1 Ruphy)

Define v ,,, v; and v,, as:

Vom = Me— 1Og 0

v1:v1+[ooeooo}

o viRv!  wvoRv., v R,
vm - [ )\1 AQ 202 L 202 2 202 2

and rewrite the stochastic discount factor in compact vector notation:

1/
M1 = —Vom — UmSy + 7 (vlkim - ngII/Q) M4 (12)

Similarly for the foreign country:

Mmiy = —Vom — Vi s+ 7 (vl)\z/Q + UQ)\tl 2) 77£+1 (13)

where

5;:v;+[000900]

*

! ! !
v — )\* /\* v} Ruy vy Rvj v} Rvj
m 1 2 202 202 202
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Appendix B
Derivation of returns

In this section we show show how to derive the risk free rates, the real exchange rate
and the returns on assets that pay the dividend whose process is specified in 3.4.

Risk-free rates

Given the processes for the stochastic discount factors in equations (12) and (13), risk
free rates can be computed as:

ry = —log Byexp{m1}
1 ~
= Vo + UmS; — 55 (0, RO\ + va Rug\; + Uy Rubhy)
= Vom + 57715:5 (14)

where

~ v1 Rv! —v1 Rv! (v1—01) R}
Um = [ )\17 )\Qa 1292 la 07 262 2

Similarly for the foreign country:
Ty = Uom + U8, (15)

where
I ~y! * * ok
vyRoy 3Ry viR(v3—73)
202 ) 202

~%

— * *
Um )‘17 >‘27 07

Real exchange rate

Assuming that markets are complete, the growth of the real exchange rate must equal
the difference between the two stochastic discount factors:

€41
log ——

_ *

= Mgy — My
€

/ 1

= (vm — 58+ o (= TN+ @ — o) N s (16)
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Asset returns

Campbell and Shiller (1988) show that the logarithm of the return of an asset can be
approximated as:

Tatr1 ~ ko + Adipr — kidpeys + dpe

where Ad;,, is growth of the dividend paid by the asset, dp;,; is the logarithm of the
dividend to price ratio and k, and k; are approximation constants defined as

co{@}d i

o = log (1+exp {dp}) 1+exp{dp}’ ' 1+ exp {dp}

with dp being the steady state of the dividend to price ratio about which the approxi-

mation is taken.

I shall solve for the logarithm of the dividend to price ratio. Guess that the solution

. 1. . 1/2 1/2
of dp, is linear in 2y 4, 204, Aty A, Iy, )\t/ , A

. 1/2 w172
dpy = Vop 4 Vip2is + VapZos + UnpAr + Une p Ay + Upphe + Ve p A" ™+ Ver p Ay

and use the Campbell and Shiller (1988) approximation of returns in the Euler equa-
tion

By [exp{mii1 } exp{ri1}] =1
to write

1 ~ *
E; {GXP {—Uo,m - Umsg + 9 (UlAtl/Q + UQ/\t1/2> 77£+1+

ko + ttag + Aay 216 + Mgy 224 + SOdAi/di,tH — kydper + dptH =1
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Substitute the guess solution in the Euler equation:

—dp; = log Eyexp {—kwo,p — kv (plzl,t + soelx\tl/QsLtH) — kivay (P2Z2,t + wez)\twsz,m)
—k1vxp (02 (1—pr) +poaAe + SQA/\i/Qe)\,t+1> — k1vxep (02 (1= pp) + paXs

«1/2 4 «1/2
+ox e ) — k;whp (o2 (1= p +o (=)o (M2 4 077) + et

90,\
2

1 K172
—k1Ve,p (0 (1= px) + N2+ 290)\5)\,t+1> — k1Vex p (0 (1 —pr) +paA;

{ (1—px)+ PA>\ } Ext41 Tt % {U (1—=pa)+ p)\)‘tl/Q} 5f\,t+1) +

1 N 1/ L1/2
+2<P>\5>\,t+1> + ko + ptd — Vo,m — UmSy + 9 (UM%/Q + v ) 77£+1] }

For convenience, denote

Um = |: Vi,ms V2omy Uxms, Ux*m, Uhm :|

Wy = [ 0,0, 0, 0, Z[+o(l-p)], S+o(l-py], 0, 0]

by = —k [ U1,pPe> 0, 0, 0, UX,pPNs Uh,pépxgp/\v _ﬂ’ O] Iy [ vy, O, 0}
by = —k |: 0, V2,pPe; 0, 0, ’U}%PSDAQP/\’ Ux*,pPXs 0, :| |: vz, 0, 0 ]

The solution of the dividend to price ratio schedule can be obtained by matching co-
efficients. The easiest to compute are the ones that pre-multiply the low frequency
components of consumption growth:

Ul,m - )\dl U2,m - )\dg

Vip = V2,p =

1—]€1p1 ’ 1—k1p2

The coefficients v, ,, vy, and v;,, are the solution of a second order system:

D1t D1/

Urp = ]{71’0)\7[,[),\ + Uxm — blel’ Uxsp = klv)\*’pp)\ + Ux*m — bQRb2
2 DL/
Uhp = klvh,pp)\ + Uhm — ble2

Given the calibration that is used in the paper, the solution of this system turns out
to be unique. The remainder of the coefficients is equal to:

k1vn po (1 = px) pa
1—Fkipx

{kl {02 (I—px) (U)\J) + UX*,p) +0° (1- PA)Q Vhp + 0O (1—pa) (U@p + Ue*vp)] *

Ve,p » Verp = Uep

1
1—Fk
_wapéw;p + Vo,m — kO + ,ud}

vo,p
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For the foreign country, the procedure is identical with two exceptions:

1. variables indexed by a (*) will be used

2. the vectors v; and v, are replaced by

* * * * 1 *

b= k[ viee 0,0, 0, e vi, B, 0, 0|+ 5 [ 0 0]

* * * 1 o~k

by = —k [ 0, v3,pe, 0, 0, wj B2 ol on, 0, —%¢ } + 3 [ vs, 0, 0 }
respectively.
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TABLE 1
GMM ESTIMATION WITH ALL PREDICTIVE VARIABLES

a 16} J-statistic
US 0.016 (0.078) -0.136 (0.295) 9.272 (0.507)
Rest of the world 0.024 (0.003) 0.130 (0.178) 51.455 (0.016)

Notes - Uncovered Interest Rate Parity regressions. The table reports the estimated paramters
for the UIP regressions

Aepy1 = a+0(re—r))

The row labeled "US’ show the results of the UIP regressions pooled for the case in which the
US are the home country. The row labeled 'Rest of the World’ shows the pooled estimates for
all other countries. The columns next to the estimated parameters report standard errors.
The last column shows the p-values associated to the J-statistic.

TABLE 2
THE BACKUS AND SMITH ANOMALY

US CAN JPN GER UK FRA ITA  Average

US - -0.223 -0.013 0.166 -0.146 -0.007 -0.037 -0.043
CAN -0.223 - 0.098 0.185 0.007 0.105 0.153 0.054
JPN -0.013  0.098 - 0.220 -0.0563 0.251 0.069 0.095
GER 0.166 0.185 0.220 - 0.108 0.123 0.157 0.160
UK -0.146  0.007 -0.053 0.108 - 0.042 0.224 0.030
FRA -0.007 0.105 0.251 0.123 0.042 - 0.085 0.100
ITA -0.037 0.153 0.069 0.157 0.224  0.085 - 0.108
Average 0.072

"Notes - Correlations of real consumption growth differentials and exchange rate growths.
Data are qurterly from 1974:1 to 1998:4. The country on the row is home, and the country on
the column is foreign.”
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TABLE 3
VOLATILITIES OF EXCHANGE RATE GROWTH

US CAN JPN UK GER FRA ITA  Average

US - 4506 13.131 10.965 12.479 11.629 11.620 10.722
CAN 4.506 - 13.615 11.435 13.127 12.422 12.365 12.593
JPN 13.131 13.615 - 12.585 11.597 11.470 13.038 12.461
UK 10.965 11.435 12.585 - 9.784 8.967 9.540 10.462
GER 12,479 13.127 11.597 9.784 - 4.631 8.804 9.588
FRA 11.629 12.422 11470 8.967 4.631 - 7.003 8.898
ITA 11.620 12.365 13.038 9.540 8.804  7.003 - 10.150
Average 10.696

Notes - Volatily of real exchange rate growths. Figures are annualized from quarterly. The
sample is 1974:1 to 1998:4.

TABLE 4
SHARPE RATIOS

US CAN JPN GER UK FRA ITA  Average
Sharpe ratio 58.694 31.278 22.038 43.169 46.286 40.904 22.099 37.781

Notes - Annualized Sharpe ratios computed from quarterly returns from 1974:1 to 1998:12.
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TABLE 5
INTERNATIONAL CORRELATIONS OF ASSET RETURNS

US CAN JPN GER UK FRA ITA Average

US - 0.821 0.481 0.487 0.637 0.588 0.433 0.574
CAN 0.821 - 0.392 0.428 0.540 0.486  0.407 0.512
JPN 0.481 0.392 - 0.294 0.422 0.359 0.389 0.389
GER 0.487 0.428 0.294 - 0.478 0.630 0.498 0.469
UK 0.637 0.540 0.422 0.478 - 0.541 0.376 0.499
FRA 0.588 0.486 0.359 0.630 0.541 - 0.587 0.532
ITA 0.433 0.407 0.389 0.498 0.376  0.587 - 0.448
Average 0.489
US CAN JPN GER UK FRA ITA Average
US - 0.695 0.664 0.502 0.709 0.520 0.625 0.619
CAN 0.695 - 0.758 0.686 0.754 0.719 0.671 0.714
JPN 0.664  0.758 - 0.609 0.659 0.648 0.784 0.687
GER 0.502 0.686 0.609 - 0.630 0.701  0.563 0.615
UK 0.709 0.754 0.659 0.630 - 0.761  0.737 0.708
FRA 0.520 0.719 0.648 0.701 0.761 - 0.837 0.698
ITA 0.625 0.671 0.784 0563 0.737 0.837 - 0.703
Average 0.678

Notes - The top panel reports the correlations of international stock markets’ excess returns.
The bottom panel shows the correlations of international risk-free rates. Data are quarterly
over the sample 1974:1 to 1998:4.
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TABLE 6
BASELINE CALIBRATION

Risk aversion v 8.000
Subjective discount factor o 0.991
Average consumption growth LLe 0.001
Average dividend growth Ibd 0.001
Loading on z; ¢ in Ac;4y A 5.500
Loading on 25 in Ac4 Ao 1.000
Loading on 2, ; in Acj, Al 1.000
Loading on 2, in Ac},, A 5.500
Loading on z; ¢ in Aciyq Ay 24.000
Loading on 25, in Ac;1g Ay 2.000
Loading on z;; in Acj, A%, 2.000
Loading on 2, in Acj, A%, 24.000
Persistence of first predictive factor 01 0.987
Persistence of second predictive factor P2 0.987
Persistence of stochastic volatility P 0.950
Predictive factors to consumption growth standard error ratio e 8.80E-03
Dividend to consumption growth standard error ratio 04 4.500
Stochastic volatility to consumption growth std error ratio O 3.50E-04
Standard error of the shock to consumption growth o 0.006
Correlations

Predictive factors P12 0.600
Predictive factors and consumption growth Ple = Pacr 0.060
Predictive factors and consumption growth Pler = P2 0.600
Predictive factors and stochastic volatility PLx = Par- = —par = —pir-  -0.285
Consumption growth and stochastic volatility p.\ = pesx» = —pear = —pesn 0.470
Dividend growths Pd.d* 0.050
Consumption growths Pecr 0.100

Notes - The calibration is for the model simulated at a monthly frequency. The two countries
are assumed to have the same calibration, with the only exception of the loadings on the
predictive factors of consumption growths. The bottom part of the table shows the correlations
of the shocks. Any correlation that is not reported in the table is calibrated to zero.
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TABLE 7
CORRELATIONS OF QUANTITIES

US CAN JPN GER UK FRA ITA  Average

US - 0.356  0.077 0.242 0.214 0.266 -0.018 0.228
CAN 0.356 - -0.074 0.094 0.259 0.165 0.099 0.150
JPN 0.077 -0.074 - 0.067 0.054 0.151 0.126 0.067
GER 0.242 0.094 0.067 - 0.115 -0.066 -0.068 0.064
UK 0.214 0.259 0.054 0.115 - 0.311 -0.001 0.158
FRA 0.266 0.165 0.151 -0.066 0.311 - 0.134 0.160
ITA -0.018 0.099 0.126 -0.068 -0.001 0.134 - 0.045
Average 0.125
US CAN JPN GER UK FRA ITA  Average
US - 0.151  0.014 -0.020 -0.053 0.019 0.045 0.026
CAN 0.151 - 0.057 0.173 0.255 -0.035 -0.110 0.082
JPN 0.014  0.057 - -0.002 0.076  0.062  0.239 0.074
GER -0.020 0.173  -0.002 - 0.203 0.202 0.183 0.123
UK -0.063 0.255 0.076  0.203 - 0.219 0.244 0.157
FRA 0.019 -0.035 0.062 0.202 0.219 - 0.343 0.135
ITA 0.045 -0.110 0.239 0.183 0.244 0.343 - 0.157
Average 0.108

Notes - The top panel reports the correlations of real international consumption growths.
The bottom panel shows the correlations of real international dividend growths. Data are
quarterly over the sample 1974:1 to 1998:4.
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TABLE 8
CONSUMPTION AND DIVIDEND GROWTH IN THE CROSS-SECTION

US CAN JPN ITA GER FRA UK  Average
Std. dev. 1.639 1.840 1962 2.054 1976  1.765 2.325 1.937

AC(1) 0.334 0.102 0.240 0.619 -0.007 0.006 0.124 0.203
AC(2) 0.349 0.160 0.292 0329 0.028 -0.003 0.183 0.191
AC(@3) 0.195 0.225 0.38 0.019 0.163 -0.034 0.149 0.158
AC(4) 0.100 0.008 0.176 -0.144 0.029 -0.007 -0.061 0.014
AC(5) 0.087 0.102 0.233 -0.220 0.031 -0.038 0.140 0.048
AC(6) 0.077 0.061 0.236 -0.264 -0.062 -0.056 -0.017 -0.004
AC(7) -0.018 0.105 0.172 -0.223 0.073 0.004 0.098 0.030
AC(8) -0.127  0.019 0.094 -0.104 -0.088 -0.009 -0.049 -0.038
AC(9) -0.073 0.033 0.159 0.000 -0.051 -0.001 -0.058 0.001

AC(10) -0.076  0.143 0.280 -0.004 0.022 -0.032 -0.044 0.041

Std.dev. 16.226 5.087 4.172 14.350 10.262 8.228 6.976 9.329

AC(1) -0.493 0.592 0.347  0.197 0.019 0.104 0.341 0.158
AC(2) 0.275 0456 0.000 -0.039 -0.033 0.017 -0.025 0.093
AC(3) -0.189 0372 0.111  0.157 0.113 0.024 0.017 0.086
AC(4) 0.234 0.206 0.257  0.197 0.101  0.257 0.019 0.182
AC(5) -0.162 0.143 -0.006 0.076  0.077 0.091 -0.079 0.020
AC(6) 0.189 -0.032 -0.042 -0.006 -0.064 0.028 -0.104 -0.004
AC(7) -0.253 -0.143 0.153 0.148 0.016 0.070 0.087 0.011
AC(8) 0.288 -0.138 0.247 0304 -0.079 0.420 0.053 0.156
AC(9) -0.311 -0.238 0.056 -0.036 0.008 -0.129 -0.030 -0.097

AC(10) 0.209 -0.287 -0.090 -0.014 -0.003 -0.070 -0.156 -0.059

Notes - The top panel shows standard deviations and auto-correlation functions of consump-
tion growth in G-7 countries. The bottom panel reports the same moments for the distribution
of dividend growth.
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TABLE 9
RESULTS WITH BASELINE CALIBRATION

Volatility of exchange rate growth 10.929
UIP regression slope -0.062
Sharpe ratio 40.564
Backus and Smith anomaly -0.056
Correlation of risk-free rates 0.793
Correlation of excess returns 0.422
Volatility of consumption growth 1.909
AC(1) 0.347
AC(2) 0.158
AC(3) 0.14

AC4) 0.125
Correlation of consumption growths 0.247
Volatility of dividend growth 9.845
AC(1) 0.109
AC(2) 0.088
AC(3) 0.087
AC(4) 0.075
Correlation of dividend growths 0.135

(9.105,12.954)
(-0.609,0.458)
(2.783,76.447)
(-0.279,0.165)
(0.189,0.954)
(0.232,0.578)

(1.547,2.388)
(0.081,0.598)
(-0.154,0.484)
(-0.161,0.473)
(-0.141,0.448)
(-0.032,0.546)

(8.115,12.045)
(-0.142,0.384)
(-0.161,0.376)
(-0.161,0.358)
(-0.164,0.356)
(-0.113,0.380)

Notes - The first six rows of the table report the median and the 95% confidence interval for the
volatility of exchange rate growth, the slope of the uncovered interest rate parity regression,
the Sharpe ratio, the correlation between consumption growth differentials and exchange rate
growth (Backus and Smith anomaly), the correlation of risk-free rates, and the correlation of
excess returns. The following lines report medians and 95% confidence intervals for various
consumption and dividend growth moments. The results are obtained by simulating 1000

independent samples of size 24 years at a monthly frequency.
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F1G. 1 - Long run risks model letting v vary. The six subplots depict the behavior (from
the top left to the right bottom) of the volatility of exchange rate growth, the Sharpe
ratio, correlation of risk-free rates, the correlation of excess returns, the correlation
of consumption growth differentials and exchange rate growth and of the slope in the
uncovered interest rate parity regression. For each panel, the solid line represents the
median across 1000 simulations of length 24 years sampled at a monthly frequency,
while the dotted lines are 95% confidence intervals and the dashed dotted line is the
data measured equivalent.
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F1G. 2 - Long run risks model letting p; = p; vary. The six subplots depict the behav-
ior (from the top left to the right bottom) of the volatility of exchange rate growth, the
Sharpe ratio, correlation of risk-free rates, the correlation of excess returns, the corre-
lation of consumption growth differentials and exchange rate growth and of the slope
in the uncovered interest rate parity regression. For each panel, the solid line repre-
sents the median across 1000 simulations of length 24 years sampled at a monthly
frequency, while the dotted lines are 95% confidence intervals and the dashed dotted
line is the data measured equivalent.
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FIG. 3 - Long run risks model letting p, » vary. The six subplots depict the behavior
(from the top left to the right bottom) of the volatility of exchange rate growth, the
Sharpe ratio, correlation of risk-free rates, the correlation of excess returns, the corre-
lation of consumption growth differentials and exchange rate growth and of the slope
in the uncovered interest rate parity regression. For each panel, the solid line repre-
sents the median across 1000 simulations of length 24 years sampled at a monthly

frequency, while the dotted lines are 95% confidence intervals and the dashed dotted
line is the data measured equivalent.
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F1G. 4 - Long run risks model letting ¢, vary. The six subplots depict the behavior
(from the top left to the right bottom) of the volatility of exchange rate growth, the
Sharpe ratio, correlation of risk-free rates, the correlation of excess returns, the corre-
lation of consumption growth differentials and exchange rate growth and of the slope
in the uncovered interest rate parity regression. For each panel, the solid line repre-
sents the median across 1000 simulations of length 24 years sampled at a monthly
frequency, while the dotted lines are 95% confidence intervals and the dashed dotted
line is the data measured equivalent.
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