1 Appendix A

The following level-1 model is assumed to hold for the jth ISU:

Yij = Boj + B Xij + Boi X5 + i, (1)
and the level-2 equations are:
Boj = o0+ uoj;
Bi; = 710,
B2j = 720,

where ug; ~ N(0,790), which implies By; ~ N(7v00,700), and the 7;;’s are independent N (0, o) variates.
The combined mixed model equation is

Yij = 700 + 110X45 + 120X7; + uoj + 7. (2)
The predictor is assumed to be generated in the following way:
Xij = wj + eij, (3)

where e;;’s are independent N (0, ¢) variates, and p; ~ N(u,). Furthermore, e;;, rij, ugj, and p; are
mutually independent. The foregoing implies the following:

E(ei;) = 0,E(e};) = ¢, E(e};) = 0.
BE(pj) = p, BE(u3) = ¢ + p2, B(13) = p® + 3uwp, E(u}) = p* + 6p°¢ + 397

Suppose that a two-level model is fitted with level-1 model:

Yij = By; + 51 Xij + 135, (4)
and level-2 model:
Bo; = Yoot Uy
Bi; = 7o+ uij

where E(rj;) = 0, VAR(r;) = 0", E(uy;) = 0, VAR(ug;) = 750, E(uj;) = 0, VAR(uj;) = 74y, and
C’OV(ugj, u{]) = 74;- The mixed model equation for this two-level model is
Yij = 00 + YioXij + uo; + ui; Xij + 73 (5)

To find the fixed-effects coefficients and (co)variance components, it suffices to find the individual
regression coefficients By; and (1;, and then take expectations. Note that

E(Xijlui) =,

E(X%Wj) = E(egj + M? + 2e505|p5) = ¢ + M?a

B(Xjluy) = Bl + 5 + 3¢y + 3eijif|1g) = 15 + 3u;0,

and that
E(YyXijlni) = E(BojXij +v10X5 + 720X + i Xij|15)
Boji +710(0 + 13) + v20(1] + 3p59),
E(Yiluj) = E(Boj +v10Xij + 720X + 7ijl05)
= Boj + 71015 + v20(6 + 113).
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Therefore,

COV(Yij, Xijlug) = BE(YigXijlpg) — E(Yiglpg) E(Xijlpg)

This implies that

= Y109 + 272001

COV (Yij, Xijlpy)

T VAR ) ©
Y109 + 272001
= = 710 + 2720445,
¢+ 13 — ’
Bo; = Eyluy) — By E(Xislug) (7)
= Boj + Mok + v20(¢ + 113) — (Y10 + 2v2005) 15
= fBoj +720(0 — 13).
This implies that
Yoo = E(B5;) =0+ y20(0 — ¢ — i),
Yo = E(Bi;) =710+ 27201,
T00 VAR(By;) = 700 + Vao(4pPe + 20%),
T = VAR(ﬂL’) = 4’)’%0¢-
In addition,
E(B1B5;) = E(y1080j + 7107200 — V10720145 + 2720145 805 + 2V3045¢ — 2730443

= 71070 + 7107200 — V10720(¥ + 1) + 27201700 + 27301 — 230 (11 + Bab),

Y0010 + V107208 — V107208 — V1072047 + 27007204 + V30D — 27501° — v YL,

EBHEBS) = 700710 + 7107208 — 107208 — 710720447 + 270072014 + 275061 — 29501° — 29504

implies 75, = COV (By;, 55;) = — 4y .



2 Appendix B

The same level-1 model in Equation (1) continues to hold, but there is an additional level-2 predictor Wj:

Boj = oo+ Y01 W; + uoj,
B1j = Mo
B25 = 720,

where W; ~ N (v, \) is uncorrelated with ug;, and CORR(uj, W;) = p, i.e., COV (uj, Wj) = py/yA. All
the other assumptions continue to hold. The generating model’s mixed model equation is

Yij = 00 + Y01 Wj + v10Xi5 + ¥20 X7 + uoj + 75 (8)
Consider fitting the following level-1 model:
Yij = By + B Xij + 175, (9)
and level-2 model:
Bo; = Y0+ 1 Wy + ug;,
Bi; = o+ mWj+uij,

which corresponds to the following mixed model equation
Yij =00 + 100 Wi + 110Xi; + 11 W, Xij + ugy + uy Xig + 75 (10)
Using existing results in (6) and (7), we find
COV (81, W;) = COV (10 + 2720415, W;) = 27200/ ¥

which means

. COV(B;, W) 2v90pV

M1 = = )
B VARW) VA
and i
] vp
Y10 = 710 + 2720 < - ﬁ)
To find 7y and g1, note that
COV (15, Wy) = 2p\/1hAp,
so that
COV (By;, W) = COV(Bo; + v200 — Ya01i5, W)
= COV(Boj, Wj) — 420COV (13, W)
= COV (y00 + 101 W; + ugj, W;) — y20COV (15, W)
= 701\ — 2720pV P AL
Therefore,
_cov(g W)
o= TV ARMW,)
_  2y20pVu
VA

Yoo = E(ﬁf)kj)—’YglE(Wj)

2 v
= Y00 +720(¢ — ¥ — p?) — Y1V + W



The residual variance of the random slope is also of interest. Since

uy; = B — (vio +mWj)
2720vpNY 272000

= 2ys0p; — 27200 + - W,

Y2015 Y20l I\ N5 J

we see that

27200V

7'1*1:VAR(UL~) = V(2’yzo,uj— \ﬂ Wj)
2
2 2
= 43VAR() + (W) VAR(W;) — 4720W00vw, W)

= 47§0¢(1 - PQ)-



