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Lecture outline:

1. Introduction

2. GMM estimation in correctly speci¯ed non-

linear dynamic models - part I.

3. GMM estimation in correctly speci¯ed

nonlinear dynamic models - part II.

4. Hypothesis testing.

5. Finite sample behaviour and moment se-

lection.
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Today:

² Two step and iterated GMM estimation

² Impact of transformations

² Continuous updating GMM estimator
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1. Two - step and iterated GMM estima-

tion

Recall that: T1=2(µ̂T ¡ µ0)
d! N(0;MSM 0)

where

² M = (G00WG0)¡1G00W .

² G0 = E[@f(vt; µ0)=@µ0]

² S = limT!1 V ar[T1=2gT(µ0)]

If p = q then MSM 0 = (G00S
¡1G0)¡1

{ independent of W .
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If p < q then asymptotic variance depends on

W .

Optimal choice of W? Choice that minimizes

variance.

Optimal weighting matrix: W = S¡1

! MSM 0 = (G00S
¡1G0)¡1
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How can we obtain an estimator that has this

variance?

Two{step procedure:

1. Estimate with sub{optimal WT ! µ̂T (1) !
ŜT (1).

2. Estimate with WT = ŜT (1)¡1 ! µ̂T (1).

Can iterate further

1. µ̂T(i¡ 1) ! ŜT(i¡ 1)

2. Estimate with WT = ŜT (i¡ 1)¡1 ! µ̂T(i).

Continue until kµ̂T(i¡1)¡µ̂T (i)k < ² or i = imax.
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Numerical illustration: Hansen & Singleton (1982)

CBAPM

pmc : E[et(°; ±) zt] = 0

where

et(°; ±) = ±(rt+1=pt)(ct+1=ct)
°¡1 ¡ 1

and

² Single asset = equally weighted NYSE in-

dex (EWR) or value weighted NYSE index

(VWR)

² ct = aggregate per capita consumption

² zt = (1; ct=ct¡1; ct¡1=ct¡2; rt=pt¡1; rt¡1=pt¡2)0

² Sample: 1960.1{1991.12

As before for ¯rst step use WT= 105I5 and

(T¡1Z0Z)¡1.
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table 3.7
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table 3.8
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2. Impact of transformations

Consider ¯ve types of transformation:

² Units of measurement for vt

² Reparameterization

² Normalization of the parameter vector

² Curvature altering transformations of the

population moment condition

² Stationarity inducing transformations of f(:)
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(i) Units of measurement for vt:

In general, the GMM estimator is not invariant

to changes in the units of measurement of vt.

Example: E[vt]¡ µ0 = 0 ! µ̂T = T¡1PT
t=1 vt.

Data are xt = cvt

E[xt] ¡ µ0 = 0 ! ~µT = T¡1PT
t=1 xt

So ~µT = cµ̂T

But interpretation of µ0 has changed!
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(ii) Reparameterization:

µ0 satis¯es:

² globally identi¯ed

² can be written as µ0 = h(°0) where h :

<p ! <p is a continuous, di®erentiable bi-

jective mapping.

pmc: E[f(vt; h(°0))] = E[f°(vt; °0)] = 0

What is relationship between:

² estimate °0 based on E[f°(vt; °0)] = 0

² estimate of µ0 based on E[f(vt; µ0)] = 0?
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The GMM estimator is invariant to reparame-

terization in the sense that the two parameter-

izations yield logically consistent estimators.

Q°;T (°) = GMM minimand associated with the

reparameterized model, i.e. Q°;T(°) = QT (h(°)).

°̂T = argminQ°;T(°)

Can calculate °̂T as follows.

² min QT (h(°)) wrt h(°) ! ĥT

² ĥT = h(°̂T) ! °̂T .

But ĥT = µ̂T and so by construction

µ̂T = h(°̂T)
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Similar result does not extend to the estimated

asymptotic standard errors.

It can be shown that

V̂°;T = [H(°̂T )]¡1V̂µ;T [H(°̂T)0]¡1

where H(:) = @h(:)=@°0.

So inferences may be sensitive.

This sensitivity is a potential source of con-

cern, and motivates an alternative method for

the construction of con¯dence intervals cov-

ered later.

\natural parameterization" argument
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(iii) The GMM estimator and normalization of

the parameter vector

In some cases, µ0 may only be identi¯ed up

to some scaling factor and so it is necessary

to impose some normalization on µ0, such as

µ0;1 = 1, in order to achieve identi¯cation.

In general, the GMM estimators associated with

di®erent normalizations of the parameter vec-

tor do not exhibit a logical consistency in ¯nite

samples. However, they do exhibit a logical

consistency in the limit.

Example: Suppose that

et(µ) = µ1R1;t + µ2R2;t + µ3It + µ4St

where

E[ztet(µ0)] = 0

µ0 is unidenti¯ed
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Normalize to achieve identi¯cation:

² Divide et(µ0) by µ0;1:

~et(Ã0) = R1;t + Ã0;1R2;t + Ã0;2It + Ã0;3St

where Ã0;i = µ0;i+1=µ0;1.

² Divide et(µ0) by µ0;4:

¹et(Á0) = Á0;1R1;t + Á0;2R2;t + Á0;3It + St

where Á0;i = µ0;i=µ0;4.

Both normalizations are logically consistent.
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These normalizations lead to pmc's:

E[zt~et(Ã0)] = 0

E[zt¹et(Á0)] = 0

Corresponding estimators are:

Ã̂T =

2
4(T¡1

TX

t=1

x1;tz
0
t)WT (T¡1

TX

t=1

ztx
0
1;t)

3
5
¡1

£ (T¡1
TX

t=1

x1;tz
0
t)WT (T¡1

TX

t=1

ztR1;t)

Á̂T =

2
4(T¡1

TX

t=1

x2;tz
0
t)WT (T¡1

TX

t=1

ztx
0
2;t)

3
5
¡1

£ (T¡1
TX

t=1

x2;tz
0
t)WT (T¡1

TX

t=1

ztSt)

Ã̂T and Á̂T are not logically consistent but ex-

hibit this property in the limit.
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(iv) Curvature altering transformations of the

population moment condition

Model implies E[f(vt; µ0)] = 0 but estimation

is based on c(µ0)E[f(vt; µ0)] = 0.

GMM is invariant to curvature altering trans-

formations if p = q but only in the limit if p < q.

p = q: µ̂T solves c(µ̂T )T¡1PT
t=1 f(vt; µ̂T ) = 0.

p < q: FOC are
8
<
:

"
@c(µ̂T )

@µ

#
T¡1

TX

t=1

f(vt; µ̂T )0 + c(µ̂T)GT(µ̂T )0
9
=
;£

WTT
¡1

TX

t=1

f(vt; µ̂T ) = 0
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(v) Stationarity inducing transformations of f(:)

Model implies E[f(~vt; µ0)] = 0 but ~vt is nonsta-

tionary.

Seek H(~vt¡1; µ0) such that:

² H(~vt¡1; µ0)f((~vt; µ0) = h(vt; µ0) where vt is

stationary

² E[h(vt; µ0)] = 0.

So that GMM estimation can be based on the

scaled moment condition E[h(vt; µ0)] = 0.

If one stationarity inducing transformation of

f(:) then many.

GMM estimator is sensitive to the choice of

transformation in ¯nite samples, but is consis-

tent no matter which transformation is used.
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Example: Consumption based asset pricing model

Recall that FOC

ptc
°0¡1
t = ±0E[rt+1c

°0¡1
t+1 j­t]

Since ptc
°0¡1
t 2 ­t, both sides of this equation

were divided by c
°0¡1
t pt to give

E[±0(rt+1=pt)(ct+1=ct)
°0¡1 ¡ 1j­t] = 0

However FOC also implies

E[±0rt+1c
°0¡1
t+1 ¡ ptc

°0¡1
t j­t] = 0

Take ¯rst approach because x1;t+1 = ct+1=ct
and x2;t+1 = rt+1=pt are stationary but (ct; rt; pt)

are not.

20



Transformation not unique.

If wt 2 ­t is a stationary random variable, then

division of FOC by wtrtc
°0¡1
t yields

E[±0w
¡1
t (rt+1=pt)(ct+1=ct)

°0¡1 ¡ w¡1
t j­t] = 0

(1)

Now consider pmc: E[ut(µ0)zt] = 0. If apply

similar argument to (1) then obtain

E[ut(µ0)~zt] = 0

where ~zt = w¡1
t zt.
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3. Continuous updating GMM estimator

Recall optimal choice of weighting matrix W =

S¡1.

Recall also that S = limT!1 V ar[T1=2gT (µ0)]

and so write S = S(µ0).

Population analog to the GMM minimand is

Qpop(µ) = E[f(vt; µ)]0S(µ)¡1E[f(vt; µ)]

In the iterated estimation,

Qiter;T (µ) = gT(µ)0ŜT (i¡ 1)¡1gT (µ)

Alternative is to minimize

Qcont;T (µ) = gT(µ)0ST (µ)¡1gT (µ)

The continuous updating GMM estimator is

de¯ned to be,

µ̂cont;T = argminµ2£Qcont;T (µ)
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Properties of Continuous updating GMM esti-

mator:

² numerically diferent from two-step or iter-

ated estimator

² has same limiting distribution as two-step

or iterated estimator

² invariant to curvature altering transforma-

tions
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Con¯dence sets that are invariant to reparam-

eterization.

TQcont;T (µ0)
d! Â2

q

Therefore an asymptotically valid 100(1¡®)%

con¯dence set for µ0 is then given by

f µ : TQcont;T(µ) < cq(®) g
where cq(®) is the 100(1 ¡ ®)% percentile of

Â2
q distribution.
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