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Abstract

The volatility component models have received much attention recently, not only because
of their ability to capture complex dynamics via a parsimonious parameter structure, but
also because it is believed that they can handle well structural breaks or non-stationarities in
asset price volatility. This paper revisits the component models from a statistical perspective
and attempts to explore the stationarity of the underlying processes. There is a clear need
for such an analysis, since any discussion about non-stationarity presumes we know when
component models are stationary. As it turns out, this is not the case and the purpose of the
paper is to rectify this. We also look into the sampling behavior of the maximum likelihood
estimates of recently proposed volatility component models and establish their consistency

and asymptotic normality.
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1 Introduction

Asset price volatility is persistent and several models have been proposed to capture this
salient stylized fact. The ARCH-type models originated by Engle (1982) are the most popu-
lar. Yet, empirical evidence suggests that volatility dynamics is better described by compo-
nent models. Engle and Lee (1999) introduced a volatility component model with additive
long and short run components. Several others have proposed related two-factor volatility
models, see e.g.Ding and Granger (1996), Alizadeh, Brandt, and Diebold (2002), Chernov,
Ronald Gallant, Ghysels, and Tauchen (2003) and Adrian and Rosenberg (2008) among

many others.

The appeal of component models is their ability to capture complex dynamics via a parsi-
monious parameter structure. Yet, there is also another reason why component models are
becoming more popular, and this is again motivated by empirical evidence. Several studies
have reported evidence of so called structural breaks in asset price volatility, see for example
Andreou and Ghysels (2002), Berkes, Gombay, Horvath, and Kokoszka (2004). Chen and
Gupta (1997), Horvath, Kokoszka, and Teyssiere (2001), Horvath, Kokoszka, and Zhang
(2006), Inclan and Tiao (1994), Kokoszka and Leipus (2000), Kulperger and Yu (2005),
among others. To address the non-stationarity in the data, it has been suggested that such
breaks should be captured by the long run component. Alternatively, locally stable GARCH

models have been considered to handle non-stationarity - see e.g. Dahlhaus and Rao (2006).

The component model of Engle and Lee (1999) consists of two additive GARCH(1,1) compo-
nents. One is identified as short-run (transitory) component, while the other is identified as
long-run (trend) component. The component models that have been suggested recently are
not of the additive ARCH-type, but instead of a multiplicative structure. The first to sug-
gest a multiplicative component structure that accommodates non-stationarity is Engle and
Rangel (2008), later extended by Engle, Ghysels, and Sohn (2008). These component models,
also known as Spline-GARCH and GARCH-MIDAS respectively, feature a multiplicative de-
composition of the conditional variance into a short-run (high-frequency) and long-run (low-
frequency) components. The high-frequency volatility component in both models is driven
by a GARCH(1,1) process which mean-reverts to one. The low-frequency component picks
up the non-stationarity. The difference between the two models is the specification of the
low-frequency volatility. The Spline-GARCH model formulates the low-frequency volatil-
ity in a non-parametric manner so that the unconditional variance is time varying. This

makes the model much more flexible but at the cost of losing the mean-reverting property.



The GARCH-MIDAS model of Engle, Ghysels, and Sohn (2008) modified the dynamics of
low-frequency volatility as a stochastic component “by smoothing realized volatility in the
spirit of MIDAS (mixed data sampling, see e.g. Ghysels, Santa-Clara, and Valkanov (2004))
filtering” so that it can incorporate directly data sampled at lower frequency (say, monthly

or quarterly) than the asset returns (sampled at a daily basis).

The economic implications of the aforementioned component models and their empirical ap-
plication have been studied intensively in Engle and Lee (1999), Engle and Rangel (2008),
Engle, Ghysels, and Sohn (2008). However, the literature has not well covered the conditions
that characterize non-stationarity issues of the components. This paper revisits the com-
ponent models from a probabilistic and statistical perspective and attempts to explore the
stationarity of the underlying processes. There is a clear need for such an analysis, since any
discussion about non-stationarity presumes we know when component models are stationary.

As it turns out, this is not the case and the purpose of the paper is to rectify this.

The rest of paper is organized as follows. Section [2 gives a brief overview of the volatility
component models. We then outline the main results of the paper in Section Bl and contri-
bution of this work. Section [ explores the stationarity of the various component models.
Model estimation and asymptote of the estimators are discussed in section Bl Section [0 gives

the concluding remarks. Proofs are collected in an appendix.

2 An overview of component models

In this section, we will give a brief overview of the component models. Although most of our
focus is on the multiplicative component model, we start with filling a gap in the literature
pertaining to additive component models, that is the original Engle and Lee model. Denote
by 7, the return on, say day ¢, and h; = Var(rrs, s < t). Engle and Lee (1999) extends the
classic GARCH model by modeling the conditional volatility h; as sum of a so-called trend

component and a transitory component. To be specific,

hy =1+ g
g =alriy—7-1)+ Boi1 (2.1)
=W pT + O(riy — hi)

In addition, 7;/v/h;, denoted by &;, is assumed to be iid N (0, 1). The parameters appearing in
([2.1)) are positive, and satisfy a + 5 < p < 1, ¢ < . This guarantees that h; is nonnegative,



and the mean reversion rate of g, — which is a + § — is slower than that of 7, w/(1 — p).

Therefore, 7; is referred to as trend component and g¢; is transitory component.

Instead of modeling conditional volatility as a sum of two components, the spline-GARCH
model of Engle and Rangel (2008) and the GARCH-MIDAS model of Engle, Ghysels, and
Sohn (2008) structure the volatility as a product of long-run and short-run components. The
spline-GARCH model is defined as

hy = g
7‘2
g = (I—a—p3)+a=+Bg (2.2)

Tt—1

7, = cexp(wot+ Zle wi(t —ti—1)* 1=, 1y)

where {0 = tg < t; <ty <...<t, =T} is a partition of the time horizon T" into k equally
spaced intervals. The high-frequency component ¢ is a unit GARCH(1,1) process. The low-
frequency component 7 is deterministic, and hence it equals the unconditional variance, ie

Var(ry) = .

The GARCH-MIDAS model has a similar structure — ¢ stays the same, while 7 is modified

to be stochastic:

2

hy = g7
9 = (I—a—=p8)+a=+Bg (2.3)

Tt = M + 0 2521 Pk (W)R‘/;—ka R‘/; = Z;V:_Ol rtz—j

T

where a > 0, 8 >0, a+ 5 < 1,0 >0 and m > 0. Alternatively, Engle, Ghysels, and Sohn
(2008) proposed a companion model which is able to handle seasonal/periodic time series.
Suppose that r;; is the return on day ¢ and period ¢, and there are a fixed amount of days
in a period The model goes as
Tei = +/TeGtiCtir i i N(0,1), 1<i<N,teZ
Gti = (1-a—p3)+ a% + Bgti1 (2.4)
no= m+ 0 @) Rk, RVi=Y0 07

where N is the number of days in a period, and @« > 0, 8 > 0, a+5 < 1,0 > 0m > 0. ¢x(w)
are nonnegative functions of w such that Zszl or(w) = 1. Since the long-run component
varies from period to period but stay the same within a period, the GARCH-MIDAS model

!This assumption is not imposed in Engle, Ghysels, and Sohn (2008). We add this for theoretical deriva-
tion.



of (7)) is also referred to as GARCH-MIDAS model with fixed time span realized volatility
(RV) in Engle, Ghysels, and Sohn (2008). Therefore, the model featured in (23)) is referred to
as the GARCH-MIDAS model with rolling window RV. Note that the short-run component
has short memory, Engle, Ghysels, and Sohn (2008) specifically assumes that the short-run
component in (2.4 starts from the unconditional level at the beginning of each period, i.e.,
E(gia]|Fi1) = 1.

3 Main results

This paper revisits the component models from a probabilistic and statistical perspective.
We attempt to explore stationarity of the underlying time series and investigate the sampling
behavior of the maximum likelihood estimator of the GARCH-MIDAS model which features

heavy tails.

A typical approach to handle stationarity of a process is to relate it with a stochastic dif-
ference equation via Markovian representation. Suppose that Y; is R%-valued random vector

(d > 1) and it satisfies the following stochastic difference equation
V=AY, 1+ DBy, teZ (3.1)

where A; is R¥”%-valued random matrix and B; is R%valued random vector, and {(4;, B;)}
are strictly stationary and ergodic. The stationarity of Y; in the form (B]) has been studied
extensively in the literature, see for instance Pham (1985), Pham (1986), Brandt (1986),
Bougerol (1987), Meyn and Caines (1991), Bougerol and Picard (1992b), Bougerol and
Picard (1992a), Glasserman and Yao (1995), and among others.

The top Lyapunov exponent associated with {4,} is v(A) = inf,en E(3 log || 441 ... A1)
provided that Flog™ ||Ag|| < oo. A more tractable expression of y(A), due to Furstenberg
and Kesten (1960) and the subadditive ergodic theory of Kingman (1973), is

: ]' a.s. . ]-
v(A) = lim —Flog ||[AiAi—1 ... Ai|| = lim - log ||AtAi—1 ... A4 (3.2)
t—oo ¢ t—oo ¢

The stability of model (B.I)) closely relates to v(A). Suppose further that Elog™ || By|| < oo.
Bougerol and Picard (1992b) shows that v(A) < 0 is a necessary and sufficient (NES)
condition under which (B]) has a unique stationary ergodic solution if the model is irreducible
and {(Aq, B)} are iid. The irreducibility of model (3] is equivalent to the rank condition



of the controllability matrix of the linear system (see Meyn and Caines (1991), Kristensen
(2009)). However for a general situation where {(A;, B;)} are just strictly stationary and

ergodic, Glasserman and Yao (1995) shows that v(A) < 0 is only a sufficient condition.

The models we will discuss next are similar in spirit to ([B.I]). What is new about our work is

we will show in Section Ml that v(A) < 0 is also a necessary condition for strictly stationary
ergodic {(A;, By)}.

Moreover, we give explicit conditions - both necessary and sufficient - for v(A) < 0. Our
conditions are expressed in terms of model parameters. This is important, because it makes
easier to track stationarity of the underlying process for given parameters and to manage
the model inference. The evaluation of Lyapunov exponents, in turn, requires to study
the limiting behavior of product of random matrices. The study on matrix product goes
back to Furstenberg and Kesten (1960), Furstenberg (1963) (See Goldsheid (1991) for a
comprehensive review). Kesten and Spitzer (1984) studied the convergence of product of
iid nonnegative matrices. Cohen and Newman (1984) focused on a product of iid matrices
whose entries are symmetric stable random variables, while Newman (1986) extended to
the case when the entries are normal distributed. Peres (1992) examined a product of
positive matrices with Markovian dependence, see also Yao (2001). An explicit formulae
for Lyapunov exponents of infinite product of random matrices are not available in general.
Therefore, most of the discussion regarding chaotic behavior via Lyapunov exponents focuses
on simulation approach, see for instance Lu and Smith (1997), Whang and Linton (1999),
Vanneste (2010), among others.

Last but not least, we pointed out in Section ] that the GARCH-MIDAS model with rolling
window RV has heavily tailed marginal distribution, which is a desirable property for financial
time series modeling. And Section [l studies the maximum likelihood estimation of the
GARCH-MIDAS model. We establish the consistency and asymptotic normality of the

estimators.

We close this section with some notation. For matrix A € R™", we say A > 0 if ent; ;A > 0.
For matrices A and B, we say A < Bift B— A > 0. Iy represents a N x N identify
matrix. The spectral radius of matrix A is defined as p(A) = max;(|\;|) where \; € C is the
eigenvalue of A. Since Lyapunov exponents are invariant to multiplicative matrix norms, we
consider ||V|| = max;—12, _, |v;| for V = (vy,... ,vn) € R™, and the induced matrix norm is
|M|| = max;—12,.n Z;‘:l |m;;| for M € R™™.



4 Stationarity

This section explores the stationarity of three models: the component model of Engle and
Lee, and the GARCH-MIDAS models with rolling-window RV and with fixed time span RV.

4.1 Component model of Engle and Lee

The component model of Engle and Lee (1999) consists of two additive GARCH(1,1) com-
ponents and the conditional volatility therefore has a structure of GARCH(2,2) (see Engle
and Lee (1999)). Namely,

hy = ap + 0417}2_1 + CY27’,§2_2 + Brhi—1 + Bahy—s (4.1)

where g = w(l—a—p) > 0,01 = p+a >0, as = —(dp(a+8)+ap) <0, 1 =p+F—¢ >0,
and (s = ¢(a + ) — pf < 0. Therefore model [2.]) is also referred to as restricted GARCH
(2,2). Engle and Lee (1999) has pointed out that the return process r; defined in (2.1)) is
weakly stationary if p < 1 and a + 8 < 1. Albeit the component model has a GARCH
structure, it does not have all nonnegative coefficients — a condition which is always assumed
in studying the stationarity of GARCH models, see, for instance, Nelson (1990), Bougerol
and Picard (1992a), Chen and An (1998), Carrasco and Chen (2002), Francq and Zakoian
(2006), Meitz and Saikkonen (2008), Lindner (2009), Kristensen (2009), among others.

Define Y; = (hyp1, by, 72), B = (g, 0,0)’, and
B +augl By

A, = A = 1 0 0 |. (4.2)
g2 0 0

(r, hy) is strictly stationary ergodic if and only if Y; = A;Y;_; + B has unique strictly
stationary ergodic solution. Let ®(Z) =1 — 3,2 — 3,Z? and O(Z) = a; + a»Z. Note that
Y; is irreducible if and only if ®(Z) and ©(Z) have no common roots and all the roots to
®(Z) lie outside the unit circle (see Meyn and Caines (1991), Kristensen (2009)). We have
the following

Proposition 4.1. Y, is irreducible if a + B < p < 1, ¢ < [3.

Note that A;’s are iid. Y; is strictly stationary ergodic if and only if the top Lyapunov

7



exponent associated with {A(e?)}, denoted by (A), is negative according to Bougerol and
Picard (1992b). Next proposition provides a sufficient condition, which is explicitly stated
in terms of the parameters, to guarantee y(A) < 0. Note that if A;’s were nonnegative, then
v(A) < p(EA;) (see Kesten and Spitzer (1984)). It is not the case however. Therefore in
proposition 1.2 we try to find a 'mirror image’ of A; and then bound +(A) by the spectral
radius of the 'image’.

Proposition 4.2. r? defined in (21) is strictly stationary if a + 3 < p < 1, ¢ < B,
(1+p)(1+a+p) <2, and they are positive.

Note that the characteristic function of A(0) is det(Al3 — A(0)) = A(A\* — BiA — B2). The
spectral radius of A(0) is therefore less than 1. Define V(y) = |v1| + alyz| + alys| for
y = (y1,92,y3) € R3 where a = % > 0 (since oy + 51 = a4+ 5+ p < 1 by
assumption). Let 7 = % < 1 and B > 0 be such that aonl < 1—m. It is easy
to verify that E[V(Y)|Y;_1] < ap + 7V (Y;_1). Define K = {k € R?® : V(k) < B}, then
E[V(Y})|Y;—1 = y] is bounded for y € K. On K¢,

Oé()—l—l

EV(Y)Yic1 =yl < ag+7V(y) < ( +m)V(y) -1

It follows from Mokkadem (1990) or Theorem 1 of Carrasco and Chen (2002) that r, is also

geometrically ergodic under the assumptions stated in Proposition [£.2], and hence S-mixing.

4.2 The GARCH-MIDAS models

We next consider the GARCH-MIDAS with rolling window RV, i.e. model (Z33]). Note that
™ =m+ Qzl]iJ{K_l clrf_l, where ¢;’s are combinations of the weights ¢y (w) and satisfy

f\SK—l = Nszzl ¢r(w) = N. Introducing ¢, = \/gi&y, 7 = /Ty, and hence r, can be
viewed as a semi-strong ARCH(N + K — 1) with multiplicative GARCH error. And the
GARCH error is strictly stationary ergodic under the conditions o > 0,8 > 0 and a+ 3 < 1,
but it may not have finite second moment.

Consider the following stochastic difference equation

Y, = A(Q)Yi1 + By (4.3)



— (2 22 2 l _ 2 - I
Whel"e }/; —_— (Tt,Tt_l, o e 7Tt—N—K+2) 9 Bt —_— (mgt€t707 .. 70) ) C - (017027 A 7CN+K—1> Y a“nd

99t5301 . 99t5§CN+K—2 99t€t2€N+K—1
1 o 0 0
Ay(C) = 0 . 0 0 ) (4.4)
0 o 1 0.

Therefore, the stationarity of process (2.3) is equivalent to the stability of dynamic system
([@3). Denoted by y(A) the top Lyapunov exponent defined on {A,(¢)}. Note that {A,(c)} is
strictly stationary ergodic. It follows from Glasserman and Yao (1995) that Equation (3]
has a unique stationary ergodic solution if y(A) < 0. We will show next that v(A) < 0 is
also a necessary condition. Define Sy, = A;(6)Ai—1(C) ... A—pt1(6) for n > 0 and Sy = 1.
Then

k-1
Y, =Sk Yir + Z St nBi—n. (4.5)
n=0
for k =1,2,.... Further, define matrices Hyyx_1, Gnpr_1 € RVHE-DXINFE=1) 59
1 1 ... 11 0 0 . 0 0
0 0 0 0 1 0 . 0 0
Hyena=| 00 ... 00|, Guca=]o01..00 (4.6)
0 0 0 0 0 0 10

Then Ay(¢) = 0gie?Hyx-1D(C) + Gnyx—1, where D(C) = Diag(cy,...,cnix-1)-

Proposition 4.3. Suppose that « > 0,56 >0, a+ 5 <1, 0 >0 and m > 0. Model {{.3) has
a unique strictly stationary ergodic solution if and only if v(A) < 0.

Note that Model (2.3]) is also equivalent to a stochastic difference equation as follows:
X, =AX,,+B. (4.7)

— 2 2 ! _ !
where X; = (41,77, .-, Tin_k43), B =(m,0,...,0), and



2
Ocigiey Ocy ... Ocnyx—2 Ocnirx—1

ger 0 ... 0 0
A = 0 ... 0 0 . (4.8)
0 0 1 0

The results stated in Proposition.3]can also apply to Model (@) for top Lyapunov exponent
defined on {A;} — using a similar argument. However since it is easier to work with (&4) for
the purpose of top Lyapunov exponent evaluation which will be discussed next, we do not
pursue expression (1) here.

The top Lyapunov exponent controls chaotic behavior of dynamic system. Next we look for
tractable conditions - both sufficient and necessary - to render a negative v. We analyze
three cases: (1) K =1,N =1, (2) K =1,N > 1, and (3) K > 1, N > 1. The simplest
situation is when KN = 1. In this case, 7(A) = Elog(fgoe3). Therefore,

Proposition 4.4. Suppose thata > 0,6 >0, a+5< 1,60 >0 andm > 0. For K =N =1,
model (2.3) has a unique strictly stationary ergodic solution if 6 < 1.

This is due to strict concavity of log function and Jensen’s inequality. When K = 1 and
N > 1, the weights vanish and A;(¢) is simply

Ogi? Ogiei ... Ogici Ogect
1 0 ... 0 0

A= o 1 ... 0o o | (4.9)
o 0 ... 1 0

where ¢ represents a vector of 1’s. Define M(a) = aHy + Gy for a > 0. And hence
A1) = M(Agie?). Tt is easy to verify that the matrix M(a) is primitive and hence irre-
ducible and aperiodic. It follows from the Perron-Frobenius theory that the spectral radius
of M(a), denoted by p(M(a)), is the maximal positive root of f,(\) = det(AMy — M(a)) —
the characteristic equation of M(a), and it is simple. Matrix of this type is encountered a
lot when one expresses an autoregressive model using a Markovian representation. We first
look at a few properties regarding the spectral radius of M(a).

Lemma 4.1. Consider matriz M (a) with a > 0.

10



1. For any k >0, p(M(a)) < k if and only if f.(k) > 0;

2. The map a — p(M(a)) is nondecreasing and concave.
Next, we present a sufficient condition for v(A) < 0 when K = 1 and N > 1. Let ( =
(1 —a—p)/(1—p). Note that g, > ¢ with probability one.

Proposition 4.5. Suppose that o > 0,8 >0, a+5<1,0 >0 and m > 0. For K =1 and
N > 1, the top Lyapunov exponent associated with A;(¢) is negative if 0 < (N71/(1+ ¢ +
CoH VT,

Proposition can be extended to a more general situation.

Proposition 4.6. Suppose that o > 0, 8 > 0, a+ 5 < 1,0 > 0 and m > 0. For
K > 1 and N > 1, the top Lyapunov exponent associated with Ay(C) is negative if 6 <

CK+N_2/(01§K+N_2 + ngK—i—N—?& 4+ CK+N—2§ + CK+N—1)-
Therefore, combining propositions [£.4] 1.5l and 4.6, we have the following

Proposition 4.7. Suppose that « >0, >0, a+ 8 <1, 0 >0, m > 0. Model {.3) has a

unique strictly stationary ergodic solution if
0 < RV (RN 4 YT L+ egav—2C + crgn-1), (4.10)

where ( = (1 —a — B)/(1 — B). The solution is nonanticipative (or causal). Therefore, both

re and T, are strictly stationary ergodic.

We next give the necessary condition for v < 0 which might be more useful under certain
circumstances.

Proposition 4.8. Suppose that « >0, >0, a+ 8 <1, 0 >0, m > 0. Model {{.3) has a

unique strictly stationary ergodic solution only if 0 < 1/(N().

Note that under the assumptions of Proposition 4.7 the unique strictly stationary ergodic

solution to equation (A3 is
Yi=> SiuBin, wp.l (4.11)
n=0

11



This solution is not integrable. Consider K = N = 1. Then
rt=m Z 0" <H gt_jef_j) .
n=0 =0

And Erf =m) > 0"E (H?:o gt_jé‘?_j) due to Fubini’s theorem. It is easy to verify that
H;L o 9i—j can be expressed as a polynomial of g;_,, of degree n+1. In other words, H?:o Gt—;
— S Gk where G s a function of uf | uk2, uk, . ulf and w = g2 + B,

0 < k; < n. Therefore,

Ert—mZH“n;HE( f[ ) (91)-

1/(n+1)
] < 1 due

Er? < oo if and only if limsup,,_, [m@" " E <G(" || = j) E(g¥)
to Cauchy root test. Therefore, the necessary condltlon for Er? < oo is E(ul™) < 1 for
any n (see Bollerslev (1986), and He and Terasvirta (1999)). This is impossible because
e; has unbounded support — ¢; is N(0,1). For the general situation, note that A;(¢) =
0gic?Hy ¢ 1D(C) + Gnix—1 and By = mgie?e; where e; = (1,0,...,0)7. By a similar
argument one can show that Y; defined in (4I1]) is not in L.

In fact r? defined by (Z.3) is not covariance stationary. Consider (£LH) with k& = ¢. Note that
for K = N =1, we have

t—1 t—1 n
— ¢t (H gt_jaf_J) e +m Z o (H gt_jaf_])
=0 n—0 =0

A similar argument yields

t—1 n+1 n
Er? —HtZE (G4 Het _)E(gir7) mz Z E(G™ Hat _)E(g_,)
n=0 =1 j=1

And Er? < oo only if E(gir?) < oo and E(gl) <o for 1 <l <n+land0<n<t-—1.

Therefore, in general, we have

Proposition 4.9. Consider ry defined by model (Z23). If the system starts from the infinite
past, then Er? = oo for any t. If the system starts from time 0, then there exists to > 1 such
that Er? = oo fort >ty .

12



Proposition implies the marginal distribution of the stationary version of r, is heavily
tailed. This is a desirable property in modeling financial time series. Though the strictly sta-
tionary ergodic solution is not integrable, we will show next that it is 'fractionally’ integrable.

We first present a general result.

Proposition 4.10. Consider the stochastic difference equation (31), and {(A;, By)} are
strictly stationary ergodic. Suppose that E|A||® < oo, and E||By||® < oo for some § > 0
and the top Lyapunov exponent v(A) < 0. Then there exists 0 < 0* < min(d,1) such that
E(Y,)? < oo for any t, and hence E(logY};) < .

Therefore, as a corollary we have

Corollary 4.1. There exists 0 < §* < 1 such that E(r?)"" < oo for r; defined by model
(2.3), and hence E(logr?) < cc.

Since Er? does not exist, Corollary LTl has important implication in statistical inference, es-
pecially in studying the asymptote of maximum likelihood estimators. Most of the discussion
in Section [ will rely on Corollary Tl

We close this section by discussing the GARCH-MIDAS model with fixed time span RV.
Note that r;; defined by model (2.4]) is not strictly stationary, but we will show that it forms

a white noise.

Proposition 4.11. Suppose that o >0, >0, a+ 5 <1, 6 >0 and m > 0. {r,;} defined
in (24) is a white noise with variance m/(1 —6ON) if 0 <6 < 1/N.

5 Model estimation

In this section, we will investigate maximum likelihood estimation of multiplicative compo-
nent model: the GARCH-MIDAS model with rolling-window RV. The (quasi-) maximum
likelihood estimation of conditionally heteroscedastic time series has been discussed in Weiss
(1986), Bollerslev and Wooldridge (1992), Lee and Hansen (1994), Lumsdaine (1996), Berkes,
Horvath, and Kokoszka (2003), Francq and Zakoian (2004), Straumann and Mikosch (2006),
among many others. Due to the complexity of the GARCH-MIDAS model — the volatility is
driven by two components and Er? does not exist, the standard results can not carry over

to this model directly.

13



Let U be the parameter space which will be specified later. Define g, and 7; as

gd@)::af—a——ﬁ)+wyﬁjz;)4—B%_ﬂ®) (5.1)
(@) =m+0>  pp(w)RViy (5.2)
k=1

for ® = (a, B, m,0,w) € U and t € Z. Suppose that &g = (ag, Bo, Mo, 0o, wo) € U is the true
parameter such that

re = Vg (@) (Po)er, e < N(0,1) (5.3)
for t € Z. Given a finite record of r;: {r;,1 <t < T} where T'> N + K, define

2
Ti—1

g = (1—a—=p)+az=+Bg

R X (5.4)
o= m+0)y . op(w)RVi_y

fort=N+K+1,...,T, and let gy, x be an arbitrary number. The maximum likelihood
estimation of @y is done by minimizing

TSP B o S N oS A
"W TN—K "TT-N-K SN ‘
t=N+K+1 t=N+K+1

over & € U, where ‘7} = ¢;7;- The estimator is then denoted by &DT.

Property of ®r closely relates to the choice of parameter space U. Define

U ={®=(a,8,m,0,w) eR’:a>0,8>0m>0,a+3<1, (5.6)
CK+N—2

e CEHN=2 o CKHN=3 4 4 e nooC + Cran—1

0<d<

where ( = (1 —a — 8)/(1 — ). r? implied by (5.3) is strictly stationary ergodic if U = U;.
For the rest of the paper, we assume that

Assumption 5.1. U is a compact subset of U;.

Therefore we exclude the nonstationary case. Jensen and Rahbek (2004b), Jensen and Rah-
bek (2004a) studied the asymptotic inference for non-stationary ARCH(1) and GARCH(1,1),
and Linton, Pan, and Wang (2010) explored the non-stationary semi-strong GARCH(1,1).
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The model under study can be viewed as a semi-strong ARCH with stationary GARCH error
(see section .2]) which shares some similarity with the semi-strong GARCH(1,1) discussed
in Linton, Pan, and Wang (2010). However, the extension of the results in Linton, Pan, and
Wang (2010) to the GARCH-MIDAS is not straightforward. The GARCH error is parame-
terized and the condition imposed in Linton, Pan, and Wang (2010) is too strong. Due to
the complex structure, we will leave the inference on non-stationary GARCH-MIDAS as a

future research.
Consider a companion estimator, denoted as ®r, which minimizes

1 d 1 a r2

T—(N+K) )3 W) = NI R > log Vi(®) + -5y (57)

t=N+K+1 t=N+K+1

Ly(®) =

for ® € U where Vi(®) = ¢:(P)7(P) (or simply V; = ¢:7¢), and g,(P) and 7(P) are defined
in (5.1) and (5.2). Clearly, 7, = 7. Although ®7 is not feasible, it is theoretically tractable.
We will show E supgey, |log Vi(®) + r2/V,(®)| is finite, though Er? does not exist. First of

all, we present some useful results. Since they are pretty elementary, proofs are skipped.
Lemma 5.1. Suppose that {a;}!_, are nonnegative. Let a ="  a; and a > 0. Then

n

log(z a;) < logn + Z % loga; <logn + Z log™ a; (5.8)
=1

i=1 =1

log+(H a;) < Z log™ a; (5.9)
i1 i=1

Lemma 5.2. Define [,(®) =1log Vi(®)+r?/Vi(P). Under Assumptionlidl, E supgey |1og(g:)],
E supgey |1og(1i)|, Esupgey, 12/ Vi are finite, and hence E supgey [1:(P)] < oo.

Next we need to show that ®q is identifiably unique. In other words, E[log g;(®)+log7(®)+
r2/(g:(®)7(®))] is minimized at ®;. And we need the following assumption:

Assumption 5.2. For each k =1,2,..., K, w—p(w) is a C*-diffeomorphism.

Lemma 5.3. Under Assumptions[51l and[5.3, El,(®) > El, (Do) for & € U and & # .
Lemmas and imply that ®7 is identifiably unique and it converges to the target
®y almost surely, using a standard compactness argument (see, for instance, Gallant and

White (1988), Straumann and Mikosch (2006)). To show the consistency of ®, we need the

following lemma:
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Lemma 5.4. Under assumption [2.1],

lim sup |Lp(®) — Lp(®)| =0  almost surely. (5.10)

T—o00 peyy

Therefore we have the following statement regarding ds and Oy

Proposition 5.1. Under Assumptions[5.1 and 5.2, both b and b1 are identifiably unique

and they converge to g with probability one.

Further, we will show that @7 is also asymptotic normal, with an additional assumption:
Assumption 5.3. ®; € U°, the interior of set U.

Lemma 5.5. Define 5(®) = E (V,*(®)VV,(®)VVi(®)'). Under Assumptions 51 and 5.2,

1. X(®) exists and it is positive definite at .
2. NIV Lp(®g) = N(0, E(e? — 1)22(dy)).

3. Let B(®y,1/N) ={® € R’ : ||® — ®y|| < 1/N}. Under additional Assumption 5.3,

lim limsup sup |H(L7)(®) — X(Pg)|| =0 a.s. (5.11)
T—=00 Nooo deB(Po,1/N)NU

4. limp oo VT sUpgey ||V Lr(®) — VLp(®)|| = 0 in probability.

Lemma allows us to establish the asymptotic normality of 7.

Proposition 5.2. Under assumptions 51, [5.3, and[23,

VT (b — By) = N(0,25(dy) ).

6 Conclusion

This paper investigated the distributional properties of three component models: the re-
stricted GARCH(2,2) model of Engle and Lee (1999), the GARCH-MIDAS models of Engle,
Ghysels, and Sohn (2008) with rolling window RV and with fixed time span RV. The re-

stricted GARCH(2,2) structured the conditional variance as a sum of low-frequency and
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high-frequency components. It was shown that, under certain regularity conditions, it was
strictly stationary ergodic and S-mixing. The GARCH-MIDAS models consist of two mul-
tiplicative volatility components. For GARCH-MIDAS model with fixed time span RV, we
showed that it could admit a covariance stationary solution in a specific parameter space. We
also derived sufficient and necessary conditions for the existence and uniqueness of strictly
stationary ergodic solution to the GARCH-MIDAS model with rolling window RV. Further,
this paper studied the asymptote of maximum likelihood estimation of GARCH-MIDAS

model with rolling window RV which features heavy tailed marginal distribution.
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Appendix

Proof of Proposition [4.1: Note that ®(Z) has roots outside the unit circle (see Engle and
Lee (1999)). Moreover, since

O(—ar/az) = 1+ frarfag — o /ah = —%(P —a—fB)?ap#0
2

if and only if p — a — 3, and «, ¢ are not 0, ®(Z) and O(Z) have no common roots, and

hence Y, is irreducible. [ |

Proof of Proposition We only need to show v(A) < 0. Let

M, = A(s?)A(ef_l) .. .A(ef), M, = fl(ef)fl(ef_l) .. .121(5%),

where
Bi+aw —f —ay
A(z) = 1 0o o0 |. (-1)
T 0 0

Note that by induction ||M,|| < ||M,]| for any ¢ and lim,_, Hlog | M| < 0if By+a;—Ba—ay <
1 (see Bougerol and Picard (1992a)). Therefore v(A) < 0if (14 p)(14+a+F) <2 [ |
<

Proof of Proposition 4.3t Note that 1 < [|4¢(¢)|| < Ogocg|| Hy+x-1D ()] + |G nir—1l
N6goe2 + 1. And hence E(log||A¢(C)||) < Elog(NOgoei + 1) < E(NOgpe?) < oc.

Sufficiency follows from Theorem 3.1 of Glasserman and Yao (1995). The necessity is done

through an argument similar to the proof of Theorem 1.3 of Bougerol and Picard (1992a).

Suppose that (L3) has a unique strictly stationary ergodic solution. Let ¢ = 0 in ([L3H).
Since Zﬁ;é SonB_;, <Yy almost surely for any k, then lim,,_, Sy ,B_, = 0 almost surely.
In other words,

lim ez_nSo,nel =0 almost surely,
n—roo

where {ey, es,...,en x_1} is the canonical basis of RN 51 Note that for i = 1,2,..., N +
K -2,

2 2
Sonei = Son-1(0€”, 1 Hnyx-1D(C) + Gyir-1)e; = Ocie” 1 Son—1€1 + Son-1€i+1

_ 2
, - —1+ —n n—
SoneN+K-1 = O0cNpr—_1€ +1SOn 1€1
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Therefore lim,, o Sone; = 0 almost surely for any 7, and hence lim,,_,o, Sp,, = 0 almost

surely. It follows from Lemma 3.4 of Bougerol and Picard (1992b) that v(A) < 0. |
Proof of Lemma .1k 1. Note that f,(A) = AV —aAV "1 —aA\N"2 — . —a)\? —a\ —a. For
Al > E,
st e e
]2 WY1 = 5 = o = = i)
Np_ 4 Ay
e (0

And p(M(a)) is the largest positive root of f,(A). Therefore p(M(a)) < k if and only if
fa(k) = 0.

2. Note that p(M(a)) is the maximal positive root of f(\) = det(A — M(a)). It is simple
and p(M(a)) > |A| for each root A of f(A) = 0. For easy exposition, we simply write p(M(a))
as A. Since f(A) =AY — a1 —aAV2 — . —aX? —a\ —a =0,

)\N
R Vo R Vo SRS VR W

=A—1+g()) (.2)

where g()\) = ﬁ and h(\) = AN"L 4+ AN=2 4+ A2 + XA+ 1. Note that X is a smooth
function of a. To prove A is a concave function of a is equivalent to show that dilz(za) < 0.

On one hand, taking derivative on both sides of [Z) with respect to a, we have 1 = (14+g¢' )\,
where ¢’ = dz—(j‘) and \ = %(j). Furthermore, 0 = (1 + ¢ )A" + ¢"(\)% On the other hand,

write f(A) =0 as F(A\,a) = 0. By implicit function theorem,

/ F
P
Fy

where F, = %—Z = —h(A\) < 0 and F) > 0 (since A is the largest root of f and f goes to oo
as \ goes to oo for fixed a). Hence A" > 0 and 14 ¢ > 0.

To show A < 0, it is sufficient to show that ¢ = 2 (’\))zg,_(ig’\)h A > 0or A= 2(h'(\))? —
h(A)A"(X) > 0. Note that

AV —1
N—1 N _
S Lo et
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, N(N =1AN-2 2NAN-1  o(WY — 1)

(A = A—1 -1 T o
Therefore,
A= NAVEV = DA — (N4 DAY + (N + DA = (N = 1)] (3)
(A=1)3
Define

D) = (N - DM — (N + DAV + (N + 1)A = (N —1).

Then D'(A) = (N — 1)(N + DAY — (N + HNAY"L (N + 1) and D" (\) = (N — 1)N(N +
DANY=2(A — 1). Note that D(1) = D'(1) = D"(1) = 0 and D" < 0 for 0 < A < 1, while on
A>1, D" > 0. It implies that D" > 0 except A\ = 1. Going one step further, we have D > 0
onA\>1land D <0on0< A< 1, which means A > 0 on both A > 1 and 0 < A < 1. By
continuity, A > 0 for A > 0. It finishes the proof. [ |

Proof of Proposition 5 Let A; = A;(). Note that 1 < ||Ag|l < Ogocd||H| + |G| =
Ogoc? + 1, and hence F(log||Agl|) < Flog(fgoci + 1) < Ffgpe? < oo.

Note that A; = gt(QEfH%—iG) < gt(QeijL%G). Let A, = HefH—l—%G. Ay, A, are nonnegative.
We then have
HAtAt—l e AQH S gitge—1 - - - gOHAtAt—l e A()H

It follows that '
7(A) < Elog go + lim 1—+tElog A A1 ... A <7,

where 7 is the top Lyapunov exponent associated with the sequence {flt,t € Z}. Since Aps
are iid and irreducible and ¢ has unbounded support, then 5 < 0 if p[E(Ay)] < 1 (see Kesten
and Spitzer (1984), theorem 2). Note that F(Ay) = %M(@C) and p[E(Ay)] < 1 is equivalent
to p[M(6Q)] < ¢, or equivalently fp () = det(¢I — M(6¢)) > 0 (by Lemma 1)) which is
satisfied if @ < ¢V71/(1+C+...+ ¢V Y. [ |

Proof of Proposition Note that A;(C) = 0g:?Hny rc—1D(C) + Gnyx—1, where D(¢)
= Diag(ci,...,enpr—1)- 1< [[A(@] < Og0gd|| Hn4x 1 D@ + [[Gnsx-all < NOgogg + 1.
And hence E(log ||A(d)]|) < Elog(Ngeed + 1) < E(Nfgoed) < oo.

Note that A;(C) < g:(0e?Hn 1 D(C) + %GNJFK_l). Similar to the discussion in the proof
of Proposition BBl we have v(A) < 0 if p(0CHN+x-1D(6) + Gnyx-1) < (. Let f(\) =
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det()\IN+K_1 - HCHN+K_1D(5> - GN+K—1)- Note that
FO) = AVFEL e WHE=2 _ 9Ce, \NFE=3 — — 0Cenik—o\ — O0Censk 1.

The matrix 0CHy . x 1D(¢) + Gy —1 is primitive. Similarly to the discussion in the proof
of Lemma (1), p(0CHN+x—1D(C) + Gnyx—1) < C if and only if f({) > 0, or equivalently,
9 S <K+N—2/(01<‘K+N—2 _I_ CQCK+N_3 _I_ o +CK+N—2C _I_ CK-‘,—N—l)' .

Proof of Proposition [4.8: Note that the top Lyapunov exponent associated with A;(¢),
denoted by 7, should be strictly negative. And hence there exists ¢y > 0 such that || S| <
e/? for t > ty almost surely. It follows that, with probability one,

N+K-1
Z Stt Z ] N—I—K 1)€tFY/2

i,7=1

where S; (i, 7) is the (i, 7)™ entry of S; ;. Note also that A,(¢) = 0gic? Hy 4 1D(E)+Gnix 1
> 0Ce?Hynyx 1D(0) + Gnyx—1 > 0 almost surely. Let L, = 0Ce?Hy, x 1D(C) + Gyix_1-

L; are iid. Then we have

N+K—-1 N+K-1
> (BL)Wi,j)=E Y (LiLi—r...Ly)(i.j) < (N + K — 1)e"/? (4)
i,j=1 1,j=1

Since F L, are nonnegative and primitive, it follows from the Perron-Frobenius theorem that
SSVERTNEL) N6, ) = O(p(EL)) (see theorem 1.2 of Seneta (1981), Kesten and Spitzer

1,7=1

(1984)). Note that v < 0. Together with ((4]), we have p(EL;) < 1.
Let f(\) =det(My x_1—E(L)). And f(A) = ANFTEZL e \WWHE=2 _ gCe \VFE=3 — 1 —

0Cen koA —0Ccny k1. A similar argument to the proof of Lemma @] yields that f(1) > 0
e, 6 <1/(NQ). [ |

Proof of Proposition EI0F Note that E|4q]]° < oo and E|| By’ < oo implies that
Elog™ || Ag]] < oo, and Elog || By|| < oo, and hence the equation Y; = A;Y; | + B; has a

unique strictly stationary ergodic solution. The solution is Y; = ZSLO:O SinBi—n, where S,
= AtAt—l . At—n—l—l for n > 0 and St,O =1.

Consider Yy = >~° / So»B_,. Note that lim,_, % log ||So.n|| =7 < 0 almost surely. There
exists ng such that
€3n'y/2 < ||SO,n|| < en'y/2
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almost surely for n > ng. Let r = min(d/(ng + 1),2). For 1 <n < ng, nr <¢
El[Sonll” < Bl o] . [|A—usall"] < Ell A" < (B 4o]°)""* < oo

Because r/2 < 1, we have

E|Yol"? < ) EllSonll I B-all”’?

n=0
no—1 o)
< S (EISonll ) AEBo|7) 2 + Y B B2
n=0 n=ng
no—1 o)
< (S 3 o) mpyes
n=0 n=ng

and E||Y;||/? < co. It follows that E(logY;) = W%E(log(Yt)é/z) < ﬁlog EY,)? <0o. B

Proof of Corollary EI: Note that F||A()]] < E(0goed)||Hnirx1D (@) + [|Gnir_1] =
O Hy+x-1D(0)]| + ||GNix-1]|, and E||By(¢)|| = m. The result follows from Proposition A0
immediately with ¢ = 1. [ |

Proof of Proposition [4.11k Note that E(r,;) = 0, Cov(ry;,rs;) = 0 for j #i, t #s. We

only need to show that Var(r.;) is a finite constant.

Let E =a+ 3, ¥, = Ozé’:‘?’i + 3. Then g;; =1 -6+ VU, ;10,1 and
Eialng]) =l =€+ € 1giia]=...=n[l =&+ & B g =7

by assumption, where E;, 1[] = E[|o(es4,7 = 1,2,...,N,s < ¢t —1)]. It follows that
Et—s[Ttgm] = Et—s[Tt] for s > 1, and Va?“t—s[rm]: Et—s[Ttgt,iEf,i] = Et—s[Ttgt,i] = Et—s[Tt]-
Therefore, Var|r,;| = Var[Ei_s(ri;)] + E[Vari_s(r.;)] = Elrl.

Next we need to show that E|[r;] exists and is a finite constant. Note that

Eixaln] = m+0NY on(@)Errx1(mis) (:5)
Introduce Y; = (74,741, .., Ti—x+1)’ . (&) is equivalent to
E g (Yy) =AE g 1(Y;-1) + B (.6)
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where

N@g@l N@(pg e N@(p[{_l N@(,OK m
1 0 0 0 0
A= 0 1 e 0 0 , B= 0
0 0 1 0 0
Moreover, we have
Et_s(}/;g) = AEt—s(}/;f—l) + B,VS > K+ 1. (7)

By backwards iteration,

E (V) =AFE (Y o)+ (T +A+ .. + A5 HB (.8)

Set t = s,([8]) becomes
Eo(Ys) = A FE(Yk)+(I+A+...+ A7 HB

Since lim, ,o, A* = 0if 0 < 0 < 1/N (%), we have lim,_,, Eo(Y;) = (I — A)~'B. Tt follows
that E(Y5) is finite (entry-wise) when s is sufficiently large. Together with (1), E(Y;) is finite
for every s. Fix t, and let s go to infinity in ((§). By the property of reversed martingale,

m
1- No"

E(Y,) =1lim E,_,Y,) = - A)"'B=
5—00
where ¢ is a vector of 1’s, and Var[ry] = Eln] = 5.
Now we need to verify (*): limg ., A®* = 0if 0 < # < 1/N. Consider the characteristic
equation of A: f(\) = A — NI AE=1 — NOp, \E=2 — . — Nlpg. Since |f(\)| > 1 —
NOp; —...— NOprg =1—NO > 0if |\| > 1, p(A) < 1 which implies lim,_,, A* = 0. [ |

Proof of Lemma [5.2I Note that Ut >1—a— . (BJ) and Corollary 1] imply that g, =
1-—a=08)/1-05)+ad Oﬁkrt =k Thus, for ¢* defined in Corollary ]

Tt—1—

(9" < “(‘ ) Z (@8 fm)" (50) S K+ K307 () (9
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for some constants K > 0 and 0 < 3 < 1 due to the fact that ¢/ is compact. Therefore

1
Esup |log(g¢)| < EI log(sup g )| < oo.
deld deld

Note also that

N+K-1
logm < log7, < log(N + K) +log"(m) + (N + K —1)log*(0) + Y _ log™(c;) +log* (1} ,).
=1

Together with Corollary LTl and the fact that U/ is compact, we have £ supggy, |log(m:)| < co.

Moreover, note that

N+K—1 N+K-1
7(Po) Mo Boci(wo)r, Ooci(w
= — 4 L. < +. .10
Tt Tt ;é; Tt jg: 901 ( )
Therefore,
9 o D)2 1 NIE-1
A 71(®0)9:(Ro)ey < To Z oci(wo) 9:(Po)e}.
Vi(®) Tt gt l—a=p\m =1 fci(w)
It follows that E supgey, Tvtj < 00, and hence E supggy |1:(P)| < 0. [

Proof of Lemma [5.3t Note that El;(®) — El,(®y) = E(— log(‘&éo))) + “/Z(éo)) —1) >0, and
equality holds if and only if V;(®g) = Vi(P).

Next we will show that V;(®q) = V;(®) implies &5 = ®. Note that

K+N-1

gy = [m + 6 Z art_, +0ciri ]+ n( 1+ZHut _j )] (.11)
=2 n>2 j=2
K+N-1
=[m+40 Z clrtl+901rt1n+n1+ZHutjﬁ+nl+ZHutjaetl

n>2 j=2 n>2 j=2

where n =1 —a — 8 and u; = ag? + . Vi(®y) = Vi(P) implies that £;_; is measurable with

respect to o(g,, s < t— 1), unless the coefficients in front of £,_; are 0. In particular, we have

fcin(1 + Z H up_j)aVi g = Ooco(1 + Z H ug—j)aov;fo—l (-12)

n>2 j=2 n>2 j=2
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where the superscript © to indicate that the function is evaluated at ®,. Let

F, o =0cin(1+ Z H w—j)oe = Beina <1 + B[l + Z H w—j| + o[l + Z Hut_j]sf_2> .

n>2 j=2 n>3 j=3

indicates that F,_, = F" ,, and hence
t—2

n>3 j=3

Ocina’[1 + Z H w5 = OocImoog[1 + Z H u?—j]

n>3 j=3 n>3 j=3

Ocina (1 + B[1 + Z H ut—j]) = GocInoco (1 + Bo[l + Z Hug—j]

n>3 j=3

It follows that

OO BoOnoa? n
(B g = B e+ 3 [Tl =1

Ocina Ocina et
This is true only if
0o dnocr 0o Inoci
(Bo=p = g L 230) =0
Ocina Ocina
1 focinoco _0
fcina

Therefore OycInyag = Oeina, and o/ = g/ By, and hence

n>3 j=3

0
oo

Ocina

all + Z Hut—j] = ao[l + Z Hu?—j]

n>3 j=3 n>3 j=3

Note that the left hand side of ([(I0)) is

o1+ Z Hut_j]af_g +a+af[l+ Z H U

n>4 j=4 n>4 j=4

Similarly we have

o?[1 + Z Hut—j] = ag[l + Z Hug—j]
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a+a5[1+ZHut_j] :a0+aoﬁo[1+ZHu?_j] (.18)

n>4 j=4 n>4 j=4

It follows that @ = ay, and hence 8 = Sy, Oc; = 0yc?, and m — m0+ZN+K 1(901_900?)7}2_1 =

NHTK=1 ¢, = N and assumption (2}, one
can show that m = mg, 0 = 0y, and w = wy. [ |

0. In a similar argument and using the fact that ) ;|

Proof of Lemma 5.4t Note that Ly — Ly = T_(ﬁ Zf_NJrKH log(&) + (% - %) =

T N r2
m D ieNtr1108(2) + oL gtgt By Cesaro’s Lemma, it suffices to show supge, [log(2)]

2
T Gi— 9t| converge to 0 almost surely.

and supgey | == —

Because ¢; = §; + 875" N(gxn — Grn) and U is compact, we have

gt 1 t—K—N At
1 <=-1<Z < C, 19
Og(gt) G =1 _a_ 55 gr+n < OB grin (-19)
2 ~
Ty 9t — Gt 1 t—K-N,.
— < < C, 20
|Ttgt 3 | < 1—a—B)2m g i 9K N B'rigr N (:20)

for some constant C, > 0, and 3 € (0, 1) which satisfies the restriction of the set &. Therefore

we just need to show that supgcy, Bty n and SUPg 1 Btr2gr . n converge to 0 almost surely.

Note that for any € > 0,

P(sup BtrngJrN >¢€) < 6_6*/2Bt6*/2E(SU.p rng+N)5*/2
bl beld

< 6_5*/2Bt5*/2(E(7“t2)5* )1/2(E ZUB 9}S<*+N)1/2
€

where §* defined in Corollary Bl and hence E(r?)°" is finite. It can be deduced from (9

that £ sup ey g% is also finite. Therefore

(e e]

Z P(sup B'r2gx.n > €) < o0
t=K+N+1  OU

It follows from Borel - Cantelli lemma that supge, 3729+ n converges to 0 almost surely.

Similarly, we have supgey, %9 n converges to 0 almost surely. |

Proof of Proposition 5.1} Note that U/ is a compact set, and ®q is the unique minimizer
of Ely(®). We only need to show that Ly(®) and Ly (®) converge to Elo(®) a.s. uniformly
on U (see, for instance, Theorem 3.3 of Gallant and White (1988)). This is true because [,
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is strictly stationary ergodic, F supgey, |l:(f)| < oo, and an application of the uniform SLLN
and Lemma [5.4] yields the result. [

Proof of Lemmal[5.5t (1) Note that V, >°VV,VV/ = ¢, V¢, Vg, + 1, °V 1,V 7/ +g; ' 7, (Vg V7] +
VnVg,), and

|7't_18m7‘t| <1/m, |Tt_1897_t| <1/6 (.21)
N+K—1 N+K-1

el <770 Y la(w)lri < Z la(w)l/a(w (:22)

=1

19, Omgil < 97" B/ m )| OmTiaa] < 1/m (-23)
k=0

Similarly, |g; '9pg:| < 1/, and |g; 0,9:] < S5 |ey(w)]/er(w). Moreover,

19 Oagel <1/(1 = B)gy " + 9 Zﬁ’“ (riak/Tim1n) /(1 —a = B)+1/a

k=0
900 < /(1= B)g7 + g7 a Y kBN (r7y/Ticak)
k=1
o - af* NPy /T )

SU=pPi-a-p & 0=a=B/0-B)+ 0B L\ Jrar)

@ aft(ri yy/Tio1k) ’
§(1—5)2(1—Oé— +ﬁ Zk<1_a_5)/(1_5)> (24)

where § = §*/2 and ¢* defined in Corollary LTl And (24]) indicates that

(Elg; ' 9pg:*)* < = 5)25— 5t Zk\/ < 01‘5_ ;t_lﬁ’f)//?l 1_’“5))) (.25)

and hence E|g; '059:|* < oo. The discussion implies that E (V, *VV,VV}) exists.

Next we will show (@) is positive definite. Otherwise, there exists p € R® such that
P'3(Po)p = 0 and [p| = 1. In other words, p'VV,(®y) = 0 almost surely for any t.

Note that VV; = V((1 — a — 8)71r) + V(ar/7_1)ri, + V(B1/7i-1)Vie1 + Brie/721V Vi1,
Let vy = V((1—a—pB)7) + V(ar/7_1)r2 | + V(B7:/7i-1)Vi_1. Then p'VV;(®y) = 0 almost
surely for any ¢ implies that p'i,(®g) = 0 almost surely for any t.
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Suppose 9, = (¢t17 cee 7¢t5),- Then v, = Tt(th_l/Tt—l - 1)7 Yo = Tt(gt—l - 1)7 and 1y, =
91Okt — (ar? /11 + Bge—1)TiOkTi_1/Ti_1 for k = 3,4,5. p'hy(®g) = 0 almost surely indicates

OkTi—1

8kT >
Tt — (ags-15{_1 + Bgi1) Zpk

k=3

5
pr(gi1g 1 — 1) +pager — 1) + 60 Y pr =0 (.26)

Tt—
k=3 t—1

t

almost surely at ®y. Rewrite (20]) as

5 5 5
OkTe—1 O Ty OpTi—1
el gia(p—a Y pr )ﬁ%ZmT =918 e —p2) P12

Ti— Ti—
k=3 =1 k=3 t k=3 t—1
NG > g
Vv Vv
Fi_o Gi—2

and let Hyp = m+03,.,¢r;;, and we have

5
(Hio +Ocrri ) Fioagi g + (0 + Bgi-1 + ageefy) Zpk(akHtQ + O (fen)riy)

k=3
:Gt_Q(Ht72 + Hclrf_l)
where n = 1 — a — (. It follows that

90117}_2 + age—q Zpkﬁk(ﬁcl) =0 (27)
k

Note that (27) indicates that (6c1py + apscy + apsOc)) -1 = Ocia 22:3 PrOxTi—1. Therefore

(Bcipy + apacy + apsOc)m = Geraps
(Bcipy + apyer + apsc)0c; = Ocya(pac + psbey),

forl=1,2,...,N+ K — 1. Note that > ,¢; = N and ), ¢, = 0. We have
cipr =0, Ops =mpy, psc;=0 for any [. (.28)

Taking expectation on both sides of [Z6), we have ",_, prE(g19xm1/m) = 0. Together with
(28), we have psF(g;) = 0 and hence py = 0. Therefore, p = 0 and this contradicts the
assumption that |p| = 1. [
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(2) Note that

T T
1 1 VV}
Ly == ly = =
Vir T;Vt TZ_:( Vt) v
d;l; is strictly stationary ergodic. 9;0;(0y) = (1 — €2)(0;1/7t + 059t/ 9:), and E(9;14(0y))? is
finite due to Lemma Note also that E(0;l:(0y)|Fi—1) = 0. Hence {0;l:(6y),t € Z} is a
martingale difference sequence with finite second moment. And the asymptotic normality

follows from the martingale central limit theorem, and the Cramer-Wold device. |

(3) Since <I>0 e U, BN =B(®,1/N)NU is not empty for sufficiently large N. Note that

OjLr = W Zt Vit Oigle, and

81-th = (1 _ i) (_81'3'916 + _aijTt + %% + %%) + (2& _ 1) (% 4 %) (% 4 %) .
TtGt gt Tt gt Tt gt Tt TGt gt Tt gt Tt

To prove (G.II), first we need to show Esupgep, [0;0;:(®)| < co. Note that |7, '7(Po)],

77 R0im|, |9 '0agil, |95 t06gil, |95 ' Owg:|, and |g; 'Omg:| are bounded on U (see (I0) and

Lemma 7). And in an argument similar to the proof of Lemma B35 one can easily

show that |7,'0;;7;| is bounded on U as well. Therefore, it is sufficient to show that

Esupgep, 19 9:(Po)|?

Consider N such that N > Ny = |14 51— 33)"/0=9 ] where § = §*/4 and §* is defined
in Corollary .11 For @ € By,

, Esupgep, 9; '059:*, and E supgep, |9; '0ij0:|* are finite.

g¢(®o) Mo X f: O‘Oﬁ(l]frf—l—k/Tto—l—k
77 + O‘ﬁkrg_1_k/7't—1—k

aozﬁoﬁ 1-k O‘ﬁkrtz 1 8/ Te1-k

BETY o+ aBkri Tk

Oéo B i1k
S Z o t (B i/ (raam)?
T k

770 Tt 1-k 926§
< — n al 5 5m525k Tt 1-k ('29)

where 7 = 1 — o — 3, and the superscript © indicates that the quantity is evaluated at ®.
Note that 2, ——f0—; are bounded on ¢, and [I0) indicates that Z~=* is bounded on U as

716 5
n’ al=%nSm ik

well. Meanwhile, for ® € By,

So o o

< < <1
1-6) — 1-6 (1 — 1-6 —(1-¢
ﬁ( ) 5(() ) N—(1-8) 6((] ) NO (1-9)
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Let pg = W It is deduced from (29) that supeep, o L < K+ KY 22 ptre,_, for
some constant K > 0. Considering Corollary ], we have

E sup |g;"g:(Po)|* < o0. (-30)
deBy

Take ¢ appearing in (24 as 6*/4, then in a similar argument we have
E sup |g; ' 09" < . (.31)
deBy

Moreover, note that d.g; = (9: — 1)/, and Ouag:r = 0. Therefore supgep, lg; Onptl,

SUPgeBy |9; " Oan g2, SUPgeBy 19: " Doyt SUPgeBy |9¢ ' Duwgi| are square integrable, in an ar-
gument similar to the proof of Lemma 5.5l Note also that

Jpp91 2a —9 c _ aﬁk(ﬁz—l—k/ﬁ—l—k)
S e D DU ey 1oy oy
= _2%) + 57 QZk‘ -1 aﬁo;tnl S (:32)

5ﬁm9t| —Zk ﬁ’f 1 Tt 1— k/Tt 1—-k) |am7‘t—1—k
n

—1 +O‘5k Tt 1— k/Tt 1— k) Te—1—k

B O‘ﬁk(rt—l—k/Tt—l—k) 5% /2
< Zk( b ) (:33)

k=1

ammglt < E O‘Bk(rg—l—k/n—l—k) 9 am7_1t—1—k 2 ammTt—l—k
Tt < Z e | 2+ |
gt o+ aBk(ri y_/m-1-k)

S 0‘ Tt 1-k 5*/2 (2‘ mTt—1— k|2 ‘ammTt—l—k‘)
NT-1—k

Tt—1—k Tt—1—k

(.34)

OM

Tt—1—k Tt—1—k

Therefore E supgep, |9; 03s9:| < 00 and E supgep, |9; ' Osmg:| < 0o due to (ZII), Corollary
A1 and U being compact. Similarly, we have Esupgcp, |9 '0s09:|, E SuPoes, |9 Opwbtl,

Esupgep, |97 ' Omogi], Esupgep, |97 'Omesge], and Esupgep, |9; 1090 g:| are finite.

Because 0;0;l; is strictly stationary ergodic,

sup [|[H(L7)(®) — X(Po)|| < sup [|[H(L7)(®) — EH(I1)(®)|| + E sup [|H(l1)(®) — H(l1)(Po)l],
PeBN PeEBN PeBN
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and Esupgeg, ||[H(l)(®)| is O(1) uniformly in ¢, (EI1]) holds due to the dominated con-

vergence theorem and uniform SLLN. |

(4) It suffices to show ﬁ Z;FZNJFKH SUPg ey |05l (®) — 93l (P)| converges to 0 in probability
for each 7. Note that

- r2\ OV, 2\ 9,V
D, — il — ——t) Z —<1—;) d
|01, — Oil,| \( vV 7 Vt|
2

~ 2 ~
Gt — Gi i O; Vs 0igr 0,9 T
|F | (2 — 2 o))

<

g Vi Vi gt gt V;
dige  Oige - gt —
|—— — = < lg; '0igel|—

gt gt gt
|0igr — 0;g¢| < (t — K — N)ﬁt_K_N_l‘glﬂN — gr+n| + 5t_K_N|8i9K+N|-

gt o N
|+ 9, '10i9: — 05|

Together with (I9) and ([(20)), we have, for ® € U,

i~ 0] <C. 72 grcnl (3
+ C.BY|0igelgrcsn + tlgren — Gxcn| + |0igran])|1 — %j‘ (-36)

for some constant C, and 0 < /3 < 1. Therefore, for 0 < § < 1,
E(sup |8;1(®) — 9;1,(®)|)° < Ct°BUE(t, 6) (.37)

deld

where

_ &V ~ T2 0
E(t,8) =t7°E |suprigisn|—| + (10ig:lgr+n + tlgxen — Gren| + 10igren])|1 = 2|
deld Vi Vi

2 9V, ’ i ’
<E |suprigrn|=—|| + E |sup|0ig:|gn[1 — =|
decUd Vi dcU Vi
2

6 296
N r r
+F {sup lgrcen — Gran||1 — Tt\} +FE [sup |09+ ]|1 — th )
ol Vi oeu Vi

Note that Eri®:, E(supgey g:)> are finite (see Corollary @l ([@)). And in a similarly argu-
ment and using the fact that 7, '9;7; are bounded on U, E(supgey 959¢)% and E(supgey Vi ' 0;V;)%
are finite. Take § = §,/3, then E(t,0./3) is bounded, say by C,,.. It follows that, for any
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T T 5*/3
1 ~ . -
P(—= Y sup|od(®) = 0li(®)| > €) < (VTe) ™ PE| > sup|0ily(®) — dily(D)]
VT ey vt NI U
T
S D DI R Cl e
t=N+K+1
— 0 ast— oo,
therefore limyp_o0 VT sUpgey | VLr(®) — VLp(®)|| = 0 in probability. |

Proof of Proposition Note that V Ly (1) — VLy(®r) = H(Ly)(®r)(Pp — r) where
&, € U is between ®1 and &7. On one hand, \/T(VLT(@T) — VLT(Ci)T)) = \/T(VLT(@T) —
VL (®r)) converges to 0 in probability due to Lemma (4). On the other hand, since
limg_,o ®7 = ®y a.s., H(L7)(Pr) converges to X(®Py) a.s. due to Lemma 5.5 (3), and hence
H(L7)(®r) is positive definite for sufficiently large T'. Therefore we have

VT (O — &7) = (H(Lr)(®1)) " (VLr(®r) — VLr(Pr))

converges to 0 in probability. An application of Slutsky’s theorem yields that /T (<i>T — dy)
converges to N(0,23(®y)") in distribution. [ |
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