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Proof of Proposition 1.
Proposition 1 characterizes our equilibrium at date 2, which is the asset trading stage

of the model. At this stage we take the sets A =
{
αik : i = 1, . . . ,mk; k ∈

[
0, k̄
]}

and
M =

{
mk : k ∈

[
0, k̄
]}

as given. Proposition 1 generalizes the standard noisy rational
expectations equilibrium to the case in which mk informed fund managers establish mutual
funds and market their private information to the uninformed households in group k. The
ith informed fund manager in group k is compensated by the proportional fee αik.

The optimization problem of the ith fund manager in group k is

max
γik

−eτc−ταikPik+ταikγikPxE
[
e−ταikγikX

∣∣Px, Yik

]
. (A-1)

Using standard properties of Gaussian random variables, it is straightforward to evaluate
the conditional expectation in (A-1) to get

E
[
e−ταikγikX

∣∣Px, Yik

]
= e−ταikγikE[X|Px,Yik]+0.5τ2α2

ikγ2
ikvar[X|Px,Yik],

where

E [X|Px, Yik] = µx +

[
(Yik − µx)

σ2
ε

+
b
(
Px − P̄x

)
d2σ2

u

]
var(X|Px, Yik), (A-2)

var(X|Px, Yik) =
[

1
σ2

x

+
1
σ2

ε

+
b2

d2σ2
u

]−1

, (A-3)

and P̄x = E [Px]. Solving (A-1) then produces the familiar mean-variance expression

γ̂ik =
E [X|Px, Yik]− Px

αikτ var(X|Px, Yik)
, (A-4)

which corresponds to (15) in the paper. It is easy to verify that the second-order condition
for a maximum is satisfied. Using (A-2)-(A-4), note that the demand of the ith manager
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in group k can be rewritten as

γ̂ik =
µx

ταik

(
1
σ2

x

+
b2

d2σ2
u

)
− bP̄x

ταikd2σ2
u

+
Yik

ταikσ2
ε

+
1

ταik

(
b

d2σ2
u

− 1
var(X|Yik, Px)

)
Px

≡ vik + rikYik + qikPx.

The jth household’s problem in group k is to choose the stock investment θjk and fund
holdings φijk, for i = 1, . . . ,mk, to solve

max
θjk,{φijk}

mk
i=1

E
[
−e−τWjk

∣∣Px

]
. (A-5)

The household’s wealth can be expressed as

Wjk = θjk(X − Px) +
mk∑
l=1

(φljk(1− αlk)[Plk + γ̂lk(X − Px)]− φljkPlk)

= θjk(X − Px) +
mk∑
l=1

(φljk(1− αlk)γ̂lk(X − Px)− αlkφljkPlk) .

Recalling that the optimal strategy for fund manager i in group k can be expressed as
γ̂ik = vik + rikYik + qikPx, the household’s wealth can be rewritten as

Wjk = θjk(X − Px) +
mk∑
l=1

φljk(1− αlk)(vlk + qlkPx)(X − Px)−
mk∑
l=1

αlkφljkPlk

+
mk∑
l=1

φljk(1− αlk)rlk(X + εlk)(X − Px)

= θjk(X − Px) +
mk∑
l=1

φljk(1− αlk)(vlk + qlkPx + rlkPx)(X − Px)−
mk∑
l=1

αlkφljkPlk

+
mk∑
l=1

φljk(1− αlk)rlk(X − Px)2 +
mk∑
l=1

φljk(1− αlk)rlkεlk(X − Px).

Define the vector η>k = (X − Px, ε1k, . . . , εmkk), where ε1k, . . . , εmkk denotes the signal
error terms for the mk managers in group k. From the previous expression one can verify
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that the jth household’s wealth can be expressed as

Wjk = cjk + b>jkηk + η>k Ajkηk,

where

cjk = −
mk∑
l=1

αlkφljkPlk,

bjk =


θjk +

∑mk
l=1 φljk(1− αlk)(vlk + qlkPx + rlkPx)

0
...
0

 ,

Ajk =


∑mk

l=1 φljk(1− αlk)rlk
φ1jk(1−α1k)r1k

2 . . .
φmkjk(1−αmkk)rmkk

2
φ1jk(1−α1k)r1k

2 0 . . . 0
...

...
. . .

...
φmkjk(1−αmkk)rmkk

2 0 . . . 0

 .

We note that bjk ∈ Rmk+1 and Ajk ∈ R(mk+1)×(mk+1).
Using Lemma 1 in the Appendix of this Supplement, the jth household’s objective

function at the trading stage can be written as

E
[
−e−τWjk |Px

]
= −|Bjk|−1/2e−τcjk−τb>jkµk−τµk

>Ajkµk+ τ2

2
gjk

>Cjkgjk , (A-6)

where µk = E[ηk|Px] and Vk = var(ηk|Px) denote the conditional moments of ηk, and

Bjk = I + 2τVkAjk,

Cjk = B−1
jk Vk,

gjk = bjk + 2Ajkµk,

where I ∈ R(mk+1)×(mk+1) denotes the identity matrix, and we note Bjk,Cjk ∈ R(mk+1)×(mk+1),
and gjk ∈ Rmk+1. Let φjk ∈ Rmk denote the vector of mutual fund holdings for the jth
household.
The next Claim characterizes the solution to the jth household’s problem in (A-5).
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Claim 1. The optimal trading strategies for the jth household in group k, θ̂jk and
{

φ̂ijk

}mk

i=1
,

satisfy

θ̂jk =
(E[X|Px]− Px)

τ

[
var(X|Px)−1 + τ

mk∑
l=1

φ̂ljk(1− αlk)rlk

]
(A-7)

−
mk∑
l=1

φ̂ljk(1− αlk)E[γ̂lk|Px],

αikPik =
(1− αik)rik(1− τσ2

ε φ̂ijk(1− αik)rik)

var(X|Px)−1 + 2τ
∑mk

l=1 φ̂ljkrlk(1− αlk)− τ2σ2
ε

∑mk
l=1 φ̂2

ljkr
2
lk(1− αlk)2

. (A-8)

Proof of Claim 1.
After multiplying (A-6) by −1, we take the natural logarithm and divide by −τ to get

the certainty equivalent wealth of the jth household in group k. Thus the optimization
problem of the jth household in group k can be rewritten as:

max
θjk,φjk

M(θjk,φjk) +
1
2τ

log(|B(φjk)|)−
τ

2
g(θjk,φjk)>C(φjk)g(θjk,φjk), (A-9)

where

M(θjk,φjk) = (E [X|Px]− Px)

(
θjk +

mk∑
l=1

(1− αlk)φljkE[γ̂lk|Px]

)
−

mk∑
l=1

αlkφljkPlk,

g(θjk,φjk) =


θjk +

∑mk
l=1 φljk(1− αlk) [E[γ̂lk|Px] + rlk(E [X|Px]− Px)]

(E [X|Px]− Px)r1k(1− α1k)φ1jk

...
(E [X|Px]− Px)rmkk(1− αmkk)φmkjk

 ,

E[γ̂lk|Px] = vlk + qlkPx + rlkE [Ylk|Px] .

We note that M(·, ·) : Rmk+1 → R, g(·, ·) : Rmk+1 → Rmk+1, and A(·),B(·),C(·) :
Rmk → R(mk+1)×(mk+1). For notational convenience, we have omitted in (A-9), and in the
remainder of the Claim’s proof, the group subscript k on the functions M , g, A, B and
C, as well as on the conditional moments µ and V .
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The first order conditions for the problem in (A-9) are

E [X|Px]− Px

τ
=

mk+1∑
l=1

C1l(φjk)gl(θjk,φjk), (A-10)

∂M

∂φijk
+ trace

(
C

∂A

∂φijk

)
= τ

(
∂g

∂φijk

>
− τg>C

∂A

∂φijk

)
Cg, (A-11)

where (A-11) holds for all i = 1, . . . ,mk. In (A-10)-(A-11), we have used (A-65)-(A-63)
together with the definitions of the matrices B and C. In particular, note that

∂B

∂φijk
= 2τV

∂A

∂φijk
,

∂C

∂φijk
=

∂B−1

∂φijk
V = −B−12τV

∂A

∂φijk
B−1V = −2τC

∂A

∂φijk
C.

Next we note that ∂A
∂φijk

has only three non-zero elements: the (1, 1) element, equal to
(1−αik)rik; and the (1, i+1) and (i+1, 1) elements, both equal to (1−αik)rik/2. Similarly,

∂g
∂φijk

has only two non-zero elements: the first element, equal to (1 − αik)E[γ̂ik|Px] +
(E[X|Px]− Px)(1− αik)rik, and the (i + 1) element, equal to (E[X|Px]− Px)(1− αik)rik.

Next we define f = Cg. From the previous comment on ∂g
∂φijk

, we have

∂g

∂φijk

>
Cg = f1[(1− αik)E[γ̂ik|Px] + (E[X|Px]− Px)(1− αik)rik]

+fi+1(E[X|Px]− Px)(1− αik)rik

= f1(1− αik)E[γ̂ik|Px] + (E[X|Px]− Px)(1− αik)rik(f1 + fi+1).

Furthermore, from the structure of ∂A
∂φijk

, we have

g>C
∂A

∂φijk
Cg = f>

∂A

∂φijk
f

= f1

(
rik(1− αik)f1 +

rik(1− αik)fi+1

2

)
+

f1fi+1rik(1− αik)
2

= f1rik(1− αik) (f1 + fi+1) .
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Noting that (A-10) implies that f1 = (E[X|Px]− Px)/τ , one obtains

∂g

∂φijk

>
Cg − τg>C

∂A

∂φijk
Cg =

(E[X|Px]− Px)
τ

(1− αik)E[γ̂ik|Px].

From the definition of M(θjk,φjk) one has

∂M

∂φijk
= (E[X|Px]− Px)(1− αik)E[γ̂ik|Px]− αikPik,

which together with the previous equation proves that (A-11) reduces to

αikPik = trace
(

C
∂A

∂φijk

)
= (1− αik)rik(C11 + C1,i+1), (A-12)

where the last equality follows from the structure of ∂A
∂φijk

.
Next we note that C = (V −1 + 2τA)−1, where V −1 + 2τA has the block structure

V −1 + 2τA =

[
D11 D12

D21 D22

]
,

where

D11 = var(X|Px)−1 + 2τ

mk∑
l=1

φljkrlk(1− αlk),

D>
12 = D21 = τ


φ1jkr1k(1− α1k)

...
φmkjkrmkk(1− αmkk)

 ,

D22 =
1
σ2

ε

Imk
.

Using (A-66) from Lemma 2 in the Appendix to this Supplement, we have

C11 =
1

var(X|Px)−1 + 2τ
∑mk

l=1 φljkrlk(1− αlk)− τ2σ2
ε

∑mk
l=1 φ2

ljkr
2
lk(1− αlk)2

,

C1,i+1 = −
τσ2

ε φijkrik(1− αik)
var(X|Px)−1 + 2τ

∑mk
l=1 φljkrlk(1− αlk)− τ2σ2

ε

∑mk
l=1 φ2

ljkr
2
lk(1− αlk)2

.
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Noting that C1,i+1 = −C11τσ2
ε φijkrik(1− αik), we have

mk+1∑
l=1

C1lgl = C11

(
θjk +

mk∑
l=1

φljk(1− αlk)E[γ̂lk|Px] + (E[X|Px]− Px)

(
mk∑
l=1

φljk(1− αlk)rlk

))

−C11(E[X|Px]− Px)

(
mk∑
k=1

r2
lk(1− αlk)2φ2

ljkτσ2
ε

)

= C11

(
θjk +

mk∑
l=1

φljk(1− αlk)E[γ̂lk|Px]

)

+C11(E[X|Px]− Px)

[
mk∑
l=1

φljk(1− αlk)rlk − τσ2
ε

mk∑
l=1

φ2
ljk(1− αlk)2r2

lk

]
.

Using the expression for C11, the first-order condition for θjk, which is equation (A-10),
reduces to

E [X|Px]− Px

τC11
= θjk +

mk∑
l=1

φljk(1− αlk)E[γ̂lk|Px]

+(E[X|Px]− Px)

[
mk∑
l=1

φljk(1− αlk)rlk − τσ2
ε

mk∑
l=1

φ2
ljk(1− αlk)2r2

lk

]
.

After substituting C11 into the above expression and cancelling terms from both sides of
the equation, (A-7) in the Claim is immediate. Likewise, using the expressions C11 and
C1,i+1 in equation (A-12) gives (A-8). The second-order conditions to the household’s
optimization problem hold (see the proof of Proposition 8 for details). This completes the
proof of the Claim. �

Given the symmetry of the household sector in group k, equation (8) in the paper, which
is the market clearing condition for the ith fund in group k, implies that φ̂ijk = 1/hk. Since
rik = 1/(τσ2

ε αik), (A-8) reduces to

Pik =

(
1

ταikσ2
ε

)[(
1− αik

αik

)
− 1

hk

(
1− αik

αik

)2
]

[
var(X|Px)−1 +

2
hk σ2

ε

mk∑
l=1

(
1− αlk

αlk

)
− 1

h2
k σ2

ε

mk∑
l=1

(
1− αlk

αlk

)2
] , (A-13)

which is equation (14) in the paper. Substituting the optimal mutual fund demands into
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(A-7) gives, after some simple manipulation, the optimal risky asset demand in equation
(16) in the paper.

We extract the price coefficients a, b, and d from the risky asset’s market clearing
condition, which is equation (7) in the paper. Recall that the optimal demand of the ith
fund manager in group k takes the form γ̂ik = vik + rikYik + qikPx, which can be written as

γ̂ik =
1

αik
(v̄ + Yikr̄ + q̄Px) ,

where

v̄ =
µx

τ

(
1
σ2

x

+
b2

d2σ2
u

)
− bP̄x

τd2σ2
u

,

r̄ =
1

τσ2
ε

,

q̄ = −1
τ

(
1
σ2

x

+
1
σ2

ε

+
b2

d2σ2
u

− b

d2σ2
u

)
.

Similarly, from (A-7), the optimal stock market demand for the jth household in group k

is of the form θ̂jk = sk + tkPx. To compute sk and tk explicitly, note that

E[γ̂ik|Px] = E[vik + rikYik + qikPx|Px]

= vik + rikE[Yik|Px] + qikPx

=
1

αik
(v̄ + r̄E[X|Px] + q̄Px) .

Using this expression and φ̂ijk = 1/hk, (A-7) is

θjk =
E[X|Px]− Px

τvar(X|Px)
+

E[X|Px]− Px

τσ2
ε hk

mk∑
l=1

(1− αlk)
αlk

−(v̄ + r̄E[X|Px] + q̄Px)
hk

mk∑
l=1

(1− αlk)
αlk

=
E[X|Px]− Px

τvar(X|Px)
− Px

τσ2
ε hk

mk∑
l=1

(1− αlk)
αlk

−(v̄ + q̄Px)
hk

mk∑
l=1

(1− αlk)
αlk

.
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From this expression it follows that

sk =
µx

τ

(
1
σ2

x

+
b2

d2σ2
u

)
− bE[Px]

τd2σ2
u

− v̄

hk

mk∑
l=1

(1− αlk)
αlk

,

tk = −1
τ

(
1
σ2

x

+
b2

d2σ2
u

− b

d2σ2
u

+
1
hk

(
1
σ2

ε

+ q̄τ

) mk∑
l=1

(1− αlk)
αlk

)
.

Aggregating over all households in group k we have

hk∑
j=1

θjk = hk

[
µx

τvar(X|Px)
− bE[Px]

τd2σ2
u

]
− v̄

mk∑
l=1

(1− αlk)
αlk

+hkPx

[
b

τd2σ2
u

− 1
τvar(X|Px)

]
− Px

(
1

τσ2
ε

+ q̄

) mk∑
l=1

(1− αlk)
αlk

.

Aggregating over all fund managers in group k we have

mk∑
l=1

γ̂lk = r̄

mk∑
l=1

Ylk

αlk
+ (v̄ + q̄Px)

mk∑
l=1

1
αlk

.

Thus the aggregate demand of the managers and households in group k can be expressed
as

hk∑
j=1

θjk +
mk∑
l=1

γ̂lk = r̄

mk∑
l=1

Ylk

αlk
+ nv̄ − nPx

τ

(
var(X|Px)−1 − b

d2σ2
u

)
− Px

τσ2
ε

mk∑
l=1

1
αlk

.

Aggregating over all groups and equating the aggregate demand to the random supply U ,
we get ∫ k̄

0

 hk∑
j=1

θjk +
mk∑
l=1

γ̂lk

 dk = U.

Using the law of large numbers, we get

r̄X

∫ k̄

0
ᾱ−1

k dk + v̄ − Px

τ

(
var(X|Px)−1 − b

d2σ2
u

)
− Px

τσ2
ε

∫ k̄

0
ᾱ−1

k dk = U,
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where ᾱ−1
k =

∑mk
l=1 α−1

lk and k̄ = 1/n. Thus it follows that

r̄X

∫ k̄

0
ᾱ−1

k dk + v̄ − U =
Px

τ

(
var(X|Px)−1 − b

d2σ2
u

+
1
σ2

ε

∫ k̄

0
ᾱ−1

k dk

)
.

Using the conjectured price function Px = a + bX − dU , we obtain the following system of
equations for the price coefficients a, b and d:

v̄ =
a

τ

(
var(X|Px)−1 − b

d2σ2
u

+
1
σ2

ε

∫ k̄

0
ᾱ−1

k dk

)
,

r̄

∫ k̄

0
ᾱ−1

k dk =
b

τ

(
var(X|Px)−1 − b

d2σ2
u

+
1
σ2

ε

∫ k̄

0
ᾱ−1

k dk

)
,

1 =
d

τ

(
var(X|Px)−1 − b

d2σ2
u

+
1
σ2

ε

∫ k̄

0
ᾱ−1

k dk

)
.

These three conditions are solved uniquely to obtain the expressions for a, b, and d given
in equations (12)-(13) in the paper. This confirms the conjectured form for Px in equation
(1) in the paper and it completes the proof of Proposition 1. �

Proof of Proposition 2.

Proposition 2 characterizes our equilibrium at date 1, which is the fund formation stage
of the model. At this stage we take the setM =

{
mk : k ∈

[
0, k̄
]}

as given and we solve for
the set of optimal fees, Â =

{
α̂ik : i = 1, . . . ,mk; k ∈

[
0, k̄
]}

. In part (i) of the proposition
we characterize a fee setting equilibrium in which mk varies with k, but every manager in
group k chooses the same contingent fee, α̂ik = α̂k for all i = 1, . . . ,mk. In part (ii) of the
proposition we specialize our fee setting equilibrium to the case in which mk = m. Thus
all groups are identical in part (ii).

According to Definition 2 in the paper, the optimal fee of the ith manager in group k

is given by
α̂ik = arg max

αik

Uik(mk, {αlk}mk
l=1;Mk,Ak)

∣∣
α̂k
−i,Âk

, (A-14)

where Âk =
{
α̂ik′ : i = 1, . . . ,mk′ ; k′ ∈

[
0, k̄
]
, k′ 6= k

}
and α̂k

−i is the set {α̂lk}mk
l=1 with the

ith element omitted. Due to the form of Uik, the problem in (A-14) reduces to the following
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optimization problem

max
αik

αikPik =

(
1

τσ2
ε

)[(
1− αik

αik

)
− 1

hk

(
1− αik

αik

)2
]

[
var(X|Px)−1 +

2
hk σ2

ε

mk∑
l=1

(
1− αlk

αlk

)
− 1

h2
k σ2

ε

mk∑
l=1

(
1− αlk

αlk

)2
] ,

where we have used (A-13). Letting ρik = (1 − αik)/(αikhk) and noting that αik and ρik

are monotonically related, the ith manager’s problem can be written as

max
ρik

αikPik =
hk

(
ρik − ρ2

ik

)
τσ2

ε

[
R+ 2

σ2
ε

∑mk
l=1 ρlk − 1

σ2
ε

∑mk
l=1 ρ2

lk

] , (A-15)

where R = var(X|Px)−1. The first order condition is

σ2
ε (1− 2ρ̂ik)

[
R+

2
σ2

ε

mk∑
l=1

ρ̂lk −
1
σ2

ε

mk∑
l=1

ρ̂2
lk

]
= 2ρ̂ik (1− ρ̂ik)

2 , (A-16)

where we have used the fact that R depends only on
∫ 1
0 ᾱ−1

k dk and not on any individual
manager’s contingent fee.

Substituting ρ̂ik = ρ̂k for all i into (A-16), which imposes symmetry within group k,
(A-16) becomes

2(mk − 1)ρ̂3
k + (4− 5mk)ρ̂2

k + 2(mk − 1− σ2
εR)ρ̂k + σ2

εR = 0, (A-17)

which coincides with the cubic equation in (17) in the paper. To be precise, we have
ρ̂k = ρ̂(mk,R), where the function ρ̂(m, r) is given in (17) in the paper.

Now define the function g(ρ̂k) as

g(ρ̂k) = 2(mk − 1)ρ̂3
k + (4− 5mk)ρ̂2

k + 2(mk − 1− σ2
εR)ρ̂k + σ2

εR. (A-18)

Since g(0) = σ2
εR > 0 and g(1/2) = −1/4 < 0, it must be the case that either one root or

all three roots of (A-17) lie in the interval (0, 1/2). We show the latter case does not occur.
First, suppose mk > 1. In this case the leading term that multiplies ρ̂3

k in (A-18) is positive
so g(ρ̂k) → ∞ as ρ̂k → ∞. Thus there is a root in the interval (1/2,∞), which precludes
more than one root in (0, 1/2). Second, suppose mk = 1. In this case (A-17) reduces to a

11



quadratic equation with a positive root in (0, 1/2), while the other root is negative. Thus
the solution of (A-17) that lies in the interval (0, 1/2) is unique. Since ρ̂k = (1−α̂k)/(α̂khk)
and ρ̂k ∈ (0, 1/2), we have α̂k = 1/(1 + hkρ̂k) and thus α̂k ∈ (1/(1 + 0.5hk), 1).

Having established that ρ̂ik ∈ (0, 1/2), we return to (A-15) to examine the second order
condition. The second order condition reduces to

−2σ2
ε

[
R+

1
σ2

ε

mk∑
l=1

ρlk(2− ρlk)

]
+ 2(1− 2ρik)(1− ρik)− 2(1− ρik)2 + 4ρik(1− ρik)

= −2σ2
εR− 2

mk∑
l=1

ρlk(2− ρlk) + 2ρik(1− ρik) < 0,

which verifies that (A-16) characterizes the optimal solution to the manager’s problem.
We have characterized the managers’ optimal fees in group k in terms of R > 0. For

the equilibrium in Proposition 1,

R = var(X|Px)−1

=
1
σ2

x

+
(

b

d

)2 1
σ2

u

=
1
σ2

x

+

(
1

τσ2
ε

∫ k̄

0
ᾱ−1

k dk

)2
1
σ2

u

=
1
σ2

x

+
1
σ2

u

(
1

τσ2
ε

)2
(∫ k̄

0
(1 + hkρ̂(mk,R))mkdk

)2

. (A-19)

We now identify the equilibrium level ofR by showing that there is a fixed point to equation
(A-19). Applying the implicit function theorem to (A-17), one has

∂ρk

∂R
= − σ2

ε (1− 2ρk)
6(mk − 1)ρ2

k + 2(4− 5mk)ρk + 2(mk − 1− σ2
εR)

.

12



The denominator of the above expression is negative, which can be seen by noting that

ρ̂k

(
6(mk − 1)ρ̂2

k + 2(4− 5mk)ρ̂k + 2(mk − 1− σ2
εR)

)
= 6(mk − 1)ρ̂3

k + 2(4− 5mk)ρ̂2
k + 2(mk − 1− σ2

εR)ρ̂k

= 2(mk − 1)ρ̂3
k + (4− 5mk)ρ̂2

k + 2(mk − 1− σ2
εR)ρ̂k + 4(mk − 1)ρ̂3

k + (4− 5mk)ρ̂2
k

= −σ2
εR+ 4(mk − 1)ρ̂2

k(ρ̂k − 1)−mkρ̂
2
k < 0,

where we used (A-17) in the last equality and the fact that ρ̂k ∈ (0, 1/2). Thus we have
established that ∂ρ(mk,R)/∂R > 0. Since ρ(mk,R) ∈ (0, 1/2), the right-hand side of
(A-19), as a function of R, is bounded from above, whereas the left-hand side is not.
Furthermore, the right-hand side of (A-19) is bounded away from zero as R ↓ 0, whereas
the left-hand size tends to zero. Thus there always exists a fixed point to (A-19).

To verify part (ii) of the Proposition, we note that if all groups have mk = m managers
and all managers choose the same fee α̂ik = α̂(m) for all i and k, then

R =
1
σ2

x

+
1
σ2

u

(
1

τσ2
ε

)2
(∫ k̄

0
(1 + hkρ̂(mk,R))mkdk

)2

=
1
σ2

x

+
(

m

nτσ2
ε α̂(m)

)2 1
σ2

u

. (A-20)

After substituting (A-20) for R in (A-17) and rewriting the cubic equation in terms of
α̂(m) by letting ρ̂k = (1 − α̂(m))/(hα̂(m)), one obtains equation (19) in the paper. This
completes the proof. �

Proof of Proposition 3.
Proposition 3 characterizes our equilibrium at date 0, which is the information acqui-

sition stage of the model. At this stage we solve for a set M =
{
mk : k ∈

[
0, k̄
]}

such
that none of the mk informed agents in group k is better off being uninformed and none of
the n −mk uninformed agents is better off being informed. As we mention in the paper,
multiple equilibria can arise at the information acquisition stage of our model. Proposition
3 focuses on the case in which there are at most two types of groups, where the two types
differ only with respect to the number of informed agents mk.

To prove Proposition 3, we need the ex ante expected utilities of the managers and the
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households. To get the ith manager’s ex ante utility, let

χik =
E(X|Yik, Px)− Px

var(X|Yik, Px)
. (A-21)

Upon substituting the manager’s optimal trading strategy (A-4) into the manager’s condi-
tional expected utility (A-1) we get an expression that includes

E
[
−e−ταikγ̂ik(X−Px)

∣∣∣Px, Yik

]
= E

[
−e−χik(X−Px)

∣∣∣Px, Yik

]
= −e−χikE[X−Px|Yik,Px]+

χ2
ik
2

var(X−Px|Yik,Px)

= −e−χik(E[X−Px|Yik,Px]−χik
2

var(X−Px|Yik,Px))

= −e−
χ2

ikvar(X|Yik,Px)

2 .

Next we note that

E[χik] = E
[

E(X|Yik, Px)− Px

var(X|Yik, Px)

]
=

µx − E[Px]
var(X|Yik, Px)

,

var(χik) = var
(

E(X|Yik, Px)− Px

var(X|Yik, Px)

)
=

1
var(X|Yik, Px)2

var (E(X|Yik, Px)− Px)

=
1

var(X|Yik, Px)2
(var(X − Px)− var(X − Px|Yik, Px)) ,

where we have used the variance decomposition formula var(Z) = var(E[Z|Ω])+E[var(Z|Ω)]
(where Z is an arbitrary random variable and Ω is an information set) and the fact that
var(X|Yik, Px) is non-random.

Applying Lemma 1 from the Appendix we get

E
[
−e−

χ2
ikvar(X|Yik,Px)

2

]
= −|1 + var(X|Yik, Px)var(χik)|−1/2 e

− E[χik]2var(X|Yik,Px)

2
+

var(X|Yik,Px)2E[χik]2var(χik)

2(1+var(X|Yik,Px)var(χik))

= −

√
var(X|Yik, Px)
var(X − Px)

e
− (µx−E[Px])2

2var(X−Px) ,
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where in the last equality we use

1 + var(X|Yik, Px)var(χik) = 1 +
1

var(X|Yik, Px)
(var(X − Px)− var(X − Px|Yik, Px))

=
var(X − Px)

var(X|Yik, Px)
.

This gives the expression in the paper for the ith manager’s ex ante utility,

E
[
−e−τα̂ik(Pik+γ̂ik(X−Px))+τc

]
= −e−τ(α̂ikPik−c)− (µx−E[Px])2

2Λ

√
1

FΛ
, (A-22)

where F = var(X|Px, Yik)−1 and Λ = var(X − Px) = d2σ2
u + (b− 1)2 σ2

x.
Since the managers in group k choose identical contingent fees, the ith manager’s

certainty equivalent wealth, Uk, is given by expression (21) in the paper,

Uk(mk, α̂k(mk);Mk, Âk) =
1
2τ

log(R+ 1/σ2
ε ) + f(mk,R)− c + H, (A-23)

where H is

H =
(µx − E[Px])2

2τΛ
+

1
2τ

log(Λ) (A-24)

and f : R2 → R is defined in the statement of the Proposition.
We now turn to the jth household’s ex ante expected utility. From Proposition 1, we

know the conditional expected utility for the jth household can be expressed as in (A-6).
We will rewrite (A-6) in a simpler form before calculating the jth household’s ex ante
expected utility. Given that each fund manager in group k chooses the same proportional
fee, we have α̂ik = α̂k so that ρ̂ik = ρ̂k = (1− α̂k)/ (hkα̂k) and rik = 1/(τα̂kσ

2
ε ). Thus we

can write Ajk as

Ajk =

(
mkρ̂k/(τσ2

ε ) ρ̂k/(2τσ2
ε )1

>

ρ̂k/(2τσ2
ε )1 0

)
,

where 1 is a vector of 1’s and 0 is a matrix of 0’s.
Applying (A-67) in the Appendix to the matrix

C−1
jk = V −1

jk + 2τAjk =

(
var(X|Px)−1 + 2mkρ̂k/σ2

ε ρ̂k/(σ2
ε )1

>

ρ̂k/(σ2
ε )1 (1/σ2

ε )I

)
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we get

|V −1
jk + 2τAjk| =

1
σ2mk

ε

(
var(X|Px)−1 + 2

mk

σ2
ε

ρ̂k −
mk

σ2
ε

ρ̂2
k

)
=

1
σ2mk

ε

(R+ Q(mk,R)) ,

where Q : R2 → R is defined in the statement of the Proposition. This implies

|Bjk| = |I + 2τVjkAjk|

= |Vjk||V −1
jk + 2τAjk|

= σ2mk
ε var(X|Px)

1
σ2mk

ε

(
var(X|Px)−1 + 2

mk

σ2
ε

ρ̂k −
mk

σ2
ε

ρ̂2
k

)
= var(X|Px) (R+ Q(mk,R)) .

Using (A-66) in the Appendix, we have

Cjk =

(
c11 −ρ̂kc111>

−ρ̂kc111 σ2
ε I + ρ̂2

kc1111>

)
,

where 1 denotes a mk-vector of 1’s and

c11 =
(

var(X|Px)−1 + 2
mk

σ2
ε

ρ̂k −
mk

σ2
ε

ρ̂2
k

)−1

.

Noting that

θ̂jk =
E[X|Px]− Px

τvar(X|Px)
−

(
mk∑
l=1

ρ̂lk

)(
Px

τσ2
ε

+ v̄ + q̄Px

)
and using the definition of ρ̂ik and the previous expressions for vlk, qlk and rlk, we obtain

θ̂jk +
mk∑
l=1

φ̂ljk(1− α̂lk)(vlk + qlkPx + rlkPx) =
E[X|Px]− Px

τvar(X|Px)
.

Thus using the notation from Proposition 1,

gjk =
E[X|Px]− Px

τ

[
var(X|Px)−1 + 2mkρ̂k/σ2

ε

ρ̂k/σ2
ε1

]
.
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Some algebra shows that

g>jkCjkgjk =
(E[X|Px]− Px)2

τ2

[(
var(X|Px)−1 + 2mkρ̂k/σ2

ε

)2
c11

]
−(E[X|Px]− Px)2

τ2

[
2(var(X|Px)−1 + 2mkρ̂k/σ2

ε )
ρ̂2

kmk

σ2
ε

c11

]
+

(E[X|Px]− Px)2

τ2

[
ρ̂2

kmk

σ2
ε

(
1 +

ρ̂2
kmk

σ2
ε

c11

)]
=

(E[X|Px]− Px)2

τ2

[
c11

(
var(X|Px)−1 +

2mkρ̂k

σ2
ε

−
ρ̂2

kmk

σ2
ε

)2

+
ρ̂2

kmk

σ2
ε

]

=
(E[X|Px]− Px)2

τ2

[
c−1
11 +

ρ̂2
kmk

σ2
ε

]
=

(E[X|Px]− Px)2

τ2

[
var(X|Px)−1 +

2mkρ̂k

σ2
ε

]
.

Finally, we note that

−τµk
>Ajkµk +

τ2

2
gjk

>Cjkgjk

= −(E[X|Px]− Px)2mkρ̂k

σ2
ε

+
(E[X|Px]− Px)2

2

[
var(X|Px)−1 +

2mkρ̂k

σ2
ε

]
=

(E[X|Px]− Px)2

2var(X|Px)
,

so (A-6) reduces to the simpler expression

E
[
−e−τŴjk |Px

]
= −

√
1

var(X|Px) (R+ Q(mk,R))
e
− (E[X|Px]−Px)2

2var(X|Px)
+ τ

hk

Pmk
l=1 α̂lkPlk . (A-25)

Now let
χh =

E(X|Px)− Px

var(X|Px)
. (A-26)
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As in the case of the informed agents, we have

E[χh] = E
[

E(X|Px)− Px

var(X|Px)

]
=

µx − E[Px]
var(X|Px)

,

var(χh) = var
(

E(X|Px)− Px

var(X|Px)

)
=

1
var(X|Px)2

var (E(X|Px)− Px)

=
1

var(X|Px)2
(var(X − Px)− var(X − Px|Px)) .

Applying Lemma 1 in the Appendix we get

E
[
−e

− (E[X|Px]−Px)2

2var(X|Px)

]
= E

[
−e−

χ2
hvar(X|Px)

2

]
= −|1 + var(X|Px)var(χh)|−1/2 e

− E[χh]2var(X|Px)

2
+

var(X|Px)2E[χh]2var(χh)

2(1+var(X|Px)var(χh))

= −

√
var(X|Px)

var(X − Px)
e
− (µx−E[Px])2

2var(X−Px) ,

where in the last equality we use

1 + var(X|Px)var(χh) = 1 +
1

var(X|Px)
(var(X − Px)− var(X − Px|Px))

=
var(X − Px)
var(X|Px)

.

Using this in (A-25) gives equation (35) in the paper,

E
[
−e−τŴjk

]
= −

√
1

DΛ
e
− (µx−E[Px])2

2Λ
+ τ

hk

Pmk
l=1 α̂lkPlk , (A-27)

where D = R+ Q(mk,R).
Since the households in group k are identical, the jth household’s certainty equivalent

wealth, Vk, is given by

Vk(mk, α̂k(mk);Mk, Âk) =
1
2τ

log(R+ Q(mk,R))− mk

n−mk
f(mk,R) + H, (A-28)
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where H is given by (A-24).
Now suppose that mk = m for all k. In this case, R is given by (20) in the paper.

After substituting this expression for R into (A-23) and (A-28), the equilibrium conditions
(10)-(11) in the paper can be written as c ≤ c̄(m) and c ≥ c(m), where c̄(m) and c(m) are
defined in the statement of the Proposition.

Recall from Definition 3 in the paper that only condition (10) in the paper must hold if
there are n informed agents in a group. Thus if c ≤ c̄(n), there exists an equilibrium with
identical groups where mk = n for all k. This proves part (iii) of the proposition. Likewise,
recall from Definition 3 in the paper that only condition (11) in the paper must hold if
there are no informed agents in a group. Thus if c ≥ c(0), there exists an equilibrium with
identical groups where mk = 0 for all k. This proves part (iv) of the proposition.

To prove part (i), let 1 ≤ m ≤ n− 1. We first show that c̄(m) ≥ c(m), i.e., the interval
[c(m), c̄(m)] is non-empty. Using the definitions of c̄(m) and c(m), we have

c̄(m)− c(m) =
1
2τ

log
(

R+ Q(m,R)
R+ Q(m− 1,R)

)
+ f(m,R)− f(m + 1,R) (A-29)

+
(

m− 1
n−m + 1

)
f(m− 1,R)−

(
m

n−m

)
f(m,R),

where R = R(m). Using the definition of Q in the statement of the Proposition, we have

∂Q(mk,R)
∂mk

=
1
σ2

ε

[
ρ̂k(2− ρ̂k) + 2mk(1− ρ̂k)

∂ρ̂k

∂mk

]
,

where ρ̂k = ρ̂(mk,R). Applying the implicit function theorem to (A-17), we have

∂ρ̂k

∂mk
= − ρ̂k(1− 2ρ̂k)(2− ρ̂k)

6(mk − 1)ρ̂2
k + 2(4− 5mk)ρ̂k + 2(mk − 1− σ2

εR)
.

Using the same argument as when signing ∂ρ̂k/∂R (see the proof of Proposition 2), we
conclude that ∂ρ̂k/∂mk > 0. This shows that ∂Q/∂mk > 0 and thus the log term on the
right-hand side of (A-29) is positive. To show that the terms involving f on the right-hand
side of (A-29) are positive, let g(x) = (1 − 2x)/(2τ(1 − x)). Note that g(x) > 0 and
g′(x) < 0 if x ∈ (0, 1/2). Using (33) in the paper, f(m,R) can be written as

f(m,R) =
(n−m)

2τ

(
1− 2ρ̂(m,R)
1− ρ̂(m,R)

)
= (n−m)g(ρ̂(m,R)).
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Thus the terms involving f in (A-29) can be written as

(n−m− 1) [g (ρ̂(m,R))− g (ρ̂(m + 1,R))] + (m− 1) [g (ρ̂(m− 1,R))− g (ρ̂(m,R))] .

Since n ≥ 2, 1 ≤ m ≤ n − 1, g′(x) < 0, and ∂ρ̂/∂mk > 0, this expression is greater than
or equal to zero. This shows [c(m), c̄(m)] is non-empty. Thus if c ∈ [c(m̂), c̄(m̂)] for some
m̂ ∈ {1, 2, . . . , n− 1}, the equilibrium conditions (10)-(11) in the paper are satisfied. In
this case there exists an equilibrium with identical groups where mk = m̂ for all k. This
proves part (i) of the proposition.

To prove part (ii), define c̄(m,λ) as

c̄(m,λ) =
1
2τ

log
(

R(m,λ) + 1/σ2
ε

R(m,λ) + Q(m− 1,R(m,λ))

)
+ f(m,R(m,λ))

+
(m− 1)

(n−m + 1)
f(m− 1,R(m,λ)),

where R(m,λ) is given by

R(m,λ) =
1
σ2

x

+
1
σ2

u

(
1

nτσ2
ε

)2( λm

α̂k(m)
+

(1− λ)(m− 1)
α̂k(m− 1)

)2

. (A-30)

In (A-30), α̂k(m) = 1/(1+(n−m)ρ̂(m,R)) and α̂k(m−1) = 1/(1+(n−m+1)ρ̂(m−1,R)),
where ρ̂(m,R) and ρ̂(m− 1,R) solve the pair of cubic equations that arise from part (i) of
Proposition 2 in the paper. Note that (A-30) is the price informativeness when there are
two types of groups; a fraction λ of the groups has m fund managers and a fraction 1− λ

has m− 1 fund managers.
If c ∈ (c̄(m), c(m− 1)) for some m, an equilibrium with identical groups does not exist

since conditions (10)-(11) in the paper fail to hold. However, in this case an equilibrium
with two types of groups does exist; a fraction λ of the groups has m managers and a fraction
1 − λ of the groups has m − 1 managers. To see this, note that c̄(m,λ) is continuous in
λ, where c̄(m, 1) = c̄(m) and c̄(m, 0) = c(m − 1). Thus if c ∈ (c̄(m̂), c(m̂− 1)) for some
m̂ ∈ {1, 2, . . . , n}, there exists λ ∈ (0, 1) that solves c = c̄(m̂, λ). For the groups with
m̂ managers, condition (10) in the paper holds as an equality while condition (11) in the
paper holds as an inequality. Likewise, for the groups with m̂−1 managers, condition (10)
in the paper holds as an inequality while condition (11) in the paper holds as an equality.
Thus conditions (10)-(11) in the paper are satisfied for both types of groups, which proves
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part (ii). This completes the proof of the proposition. �

Proof of Proposition 4.
Proposition 4 characterizes our model when the group size n is large. For large n, we

show that the number of fund managers in each group grows at a rate that is proportional
to
√

n. We let ξn and Rn denote the equity risk premium and the price informativeness,
respectively, when the group size is n. For large n, we show ξn < ξ1 and Rn > R1, where
ξ1 and R1 correspond to the standard rational expectations model without mutual funds.
Thus Proposition 4 gives a sufficient condition (namely, large n) such that our model with
mutual funds produces a lower equity risk premium and a higher price informativeness
relative to the standard model without mutual funds.

Fix a finite cost c > 0. We first argue that for n sufficiently large, cases (iii) and (iv)
from Proposition 3 cannot arise. First note that

c(0) =
1
2τ

log
(

1/σ2
x + 1/σ2

ε

1/σ2
x

)
+

(n− 1)ζ(1− ζ)
τ(σ2

ε /σ2
x + ζ(2− ζ))

,

where ζ = ρ̂(1, 1/σ2
x) = (σ2

ε /σ2
x)(
√

1 + σ2
x/σ2

ε − 1) is obtained from Proposition 2. It is
immediate from the above expression that limn↑∞ c(0) > c, which rules out case (iv) of
Proposition 3. Second, note that

c̄(n) =
1
2τ

log
(

R(n) + 1/σ2
ε

R(n) + Q(n− 1,R(n))

)
+ f(n,R(n)) + (n− 1)f(n− 1,R(n))

=
1
2τ

log
(

R(n) + 1/σ2
ε

R(n) + Q(n− 1,R(n))

)
+ (n− 1)

ρ̂(1− ρ̂)
τσ2

ε (R(n) + Q(n− 1,R(n)))
.

Since Q(n − 1,R(n)) grows with n but R(n) is bounded, it follows that limn↑∞ c̄(n) < c.
This rules out case (iii) from Proposition 3. Thus either case (i) or case (ii) of Proposition
3 must hold for sufficiently large n.

Now suppose that limn↑∞ m̂n−β = ν for some ν > 0 and β ∈ (0, 1) which are constants
to be determined. Using this conjecture in (A-17) we have

lim
n↑∞

ρ̂k =
1
2
.

21



Furthermore,

lim
n↑∞

Q(m̂,R(m̂))n−β = lim
n↑∞

m̂ρ̂k(2− ρ̂k)
σ2

ε

n−β =
3ν

4σ2
ε

,

lim
n↑∞

m̂

n1+βα̂(m̂)
=

ν

2
,

lim
n↑∞

R(m̂)n−2β =
ν2

4τ2σ2
uσ4

ε

,

where the last limit applies to both of the price informativeness functions in (A-20) and
(A-30). Given the asymptotic behavior of Q(m̂,R) and R, we conclude that

lim
n↑∞

log
[

R(m̂) + 1/σ2
ε

R(m̂) + Q(m̂,R(m̂))

]
= 0.

Thus c(m̂) and c̄(m̂), which are given in the statement of Proposition 3, depend only on
the total fee f when n is large.

We now consider three cases for β. In each case, we evaluate the total fee f when n is
large, where the total fee is given in Proposition 3 in the paper. First suppose β > 1/2.
In this case, using the above limits, limn↑∞ f(m̂,R(m̂)) = 0, which implies c(m̂) → 0 and
c̄(m̂) → 0 as n →∞. Since c > 0, β > 1/2 cannot be an equilibrium growth rate for m̂.

Next suppose β < 1/2. In this case, limn↑∞ f(m̂,R(m̂)) = ∞, which implies c(m̂) →∞
and c̄(m̂) →∞ as n →∞. Since c is finite, β < 1/2 cannot be an equilibrium growth rate
for m̂.

Lastly, suppose β = 1/2. In this case,

lim
n↑∞

f(m̂,R(m̂)) =
τσ2

uσ2
ε

ν2
,

which implies c(m̂) and c̄(m̂) both converge to τσ2
uσ2

ε /ν2 as n →∞. Since an equilibrium
always exists in our model, c(m̂) and c̄(m̂) must be in the neighborhood of c for large n,
so ν =

√
(τσ2

uσ2
ε )/c.

The equity premium in the model is given by equation (24) in the paper, namely

µx − E [Px] = ξn =
τµu

Rn + τbn/dn
, (A-31)

where bn and dn are the equilibrium price coefficients and Rn is the price informativeness
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when the group size is n. The asymptotic behavior of Rn, discussed above, shows that
limn↑∞Rn(m̂)/n is finite when β = 1/2. Furthermore, limn↑∞(bn/dn)n−1/2 is also finite.
We conclude that limn↑∞ ξn = 0. Thus the equity risk premium is lower and the price
informativeness is higher in an economy with mutual funds relative to the standard economy
without mutual funds. This completes the proof. �

Proof of Proposition 5.
Proposition 5 extends our model to the case in which fund managers are allowed to use

affine compensation contracts. The ith fund manager in group k charges a fixed account
fee δik in addition to the proportional fee αik. Taking the set M =

{
mk : k ∈

[
0, k̄
]}

as
given, Proposition 5 characterizes the optimal fees α̂ik and δ̂ik for the ith manager in group
k. Our results in Proposition 5 show that efficient risk sharing is attained, α̂ik = 1/(1+hk).
This is because the ith manager uses the fixed fee δ̂ik to extract consumer surplus without
distorting risk sharing when choosing α̂ik.

We proceed as follows. First note that the ith informed agent in group k is always better
off choosing αik and δik such that φijk > 0 for all j = 1, . . . , hk. Since the households are
symmetric within each group, if αik and δik are chosen such that φijk = 0 for some j, then
all households in group k hold zero units of the fund. In this case, the ith manager’s profit
is zero. But by choosing αik < 1 and δik > 0 small enough such that φijk > 0 for all
j = 1, . . . , hk, the ith manager can achieve a positive profit and is better off.

By the same arguments that we used in Propositions 1-3, the ex ante certainty equiv-
alent wealth for the ith fund manager in group k is

Uik(mk, {αlk, δlk}mk
l=1 ;Mk,Ak) =

1
2τ

log
(
R+ 1/σ2

ε

)
+ αikPik + hkδik − c + H, (A-32)

where Ak =
{
αik′ , δik′ : i = 1, . . . ,mk′ ; k′ ∈

[
0, k̄
]
, k′ 6= k

}
and where H is given by (A-24).

Likewise, the certainty equivalent wealth for the jth household in group k is

Vjk(mk, {αlk, δlk}mk
l=1 ;Mk,Ak) =

1
2τ

log

(
R+

1
σ2

ε

mk∑
l=1

(
2ρlk − ρ2

lk

))
(A-33)

−
mk∑
l=1

(
αlkPlk

hk
+ δlk

)
+ H,

where ρik = (1− αik)/(αikhk).
Taking the optimal actions of the other agents as given, the ith manager chooses αik
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and δik to maximize (A-32). The optimal δik is given by the fee that makes each household
indifferent between buying and not buying the ith fund. If the jth household buys all mk

funds except the ith fund, the household’s certainty equivalent wealth is

Wjk(mk, {αlk, δlk}mk
l=1 ;Mk,Ak) =

1
2τ

log

R+
1
σ2

ε

mk∑
l=1
l 6=i

(
2ρlk − ρ2

lk

) (A-34)

−
mk∑
l=1
l 6=i

(
αlkPlk

hk
+ δlk

)
+ H.

Comparing (A-33) and (A-34), the optimal fixed fee δ̂ik that makes the jth household
indifferent is

δ̂ik =
1
2τ

log

(
R+ 1

σ2
ε

∑mk
l=1

(
2ρlk − ρ2

lk

)
R+ 1

σ2
ε

∑mk
l=1,l 6=i

(
2ρlk − ρ2

lk

))− αikPik

hk
. (A-35)

We note that (A-35) is a function of the contingent fee αik, which shows up in the last
term and in the variable ρik. Thus we substitute (A-35) back into (A-32) and maximize
over ρik to get ρ̂ik = 1, which reduces to (25) in the paper. The second order condition
for a maximum is easily verified. We note that when ρ̂ik = 1, (A-15) implies the fund
price is Pik = 0. We then substitute the optimal contingent fee α̂ik into (A-35) to get
equation (26) in the paper. Lastly, we construct the equilibrium price informativeness R
by substituting the equilibrium contingent fees into (A-19), which yields the expression for
R in the Proposition. This completes the proof. �

Proof of Proposition 6.
Proposition 6 characterizes our equilibrium at the information acquisition stage (i.e.,

at date 0) for the case in which fund managers are allowed to use affine compensation
contracts. The optimal affine contract is given in Proposition 5, which characterizes the
optimal fixed fee δ̂ik and the optimal proportional fee α̂ik for the ith manager in group k.
Taking these optimal fees as given, we solve for a set M =

{
mk : k ∈

[
0, k̄
]}

in Proposition
6 such that none of the mk informed agents in group k is better off being uninformed and
none of the n−mk uninformed agents is better off being informed. As we mention in the
paper, multiple equilibria can arise at the information acquisition stage of our model. Thus
we focus on the case in which there are at most two types of groups, where the two types
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differ only with respect to the number of informed agents mk. This mirrors our approach
in Proposition 3.

Our proof is constructive and follows the arguments used in Proposition 3. Upon
substituting α̂ik and δ̂ik from Proposition 5 into expressions (A-32) and (A-33), and using
the fact that Proposition 5 implies Pik = 0, we get

Uk(mk, β̂k(mk);Mk, Âk) =
log
(
R+ 1/σ2

ε

)
2τ

+
n−mk

2τ
log
[

R+ mk/σ2
ε

R+ (mk − 1) /σ2
ε

]
− c + H,

Vk(mk, β̂k(mk);Mk, Âk) =
log
(
R+ mk/σ2

ε

)
2τ

− mk

2τ
log
[

R+ mk/σ2
ε

R+ (mk − 1) /σ2
ε

]
+ H,

where β̂k(mk) =
{

α̂k(mk), δ̂k(mk)
}

are the optimal fees for each manager in group k. Note
that the above expressions for Uk and Vk coincide with those in the paper that immediately
precede the statement of Proposition 6.

Now suppose mk = m for all k ∈ [0, k̄]. In this case it is easy to verify that R =
var(X|Px)−1 is given in the Proposition statement. As before, the inequalities that define
an equilibrium at the information acquisition stage, (10)-(11) in the paper, can be written
as c ≤ c̄(m) and c ≥ c(m), where the functions c̄(m) and c(m) are given in the statement
of Proposition 6. The two corner solutions mk = n and mk = 0 provide parts (iii) and (iv)
of the proposition.

To prove part (i), we need to show that [c(m), c̄(m)] is a non-empty interval for m ∈
{1, . . . , n− 1}. Define

J(r, m) =
1
2τ

log
(

r + 1/σ2
ε

r + (m− 1)/σ2
ε

)
+

(m− 1)
2τ

log
(

r + (m− 1)/σ2
ε

r + (m− 2)/σ2
ε

)
+

(n−m)
2τ

log
(

r + m/σ2
ε

r + (m− 1)/σ2
ε

)
where r > 0. By construction, J(R(m),m) = c̄(m) and J(R(m),m + 1) = c(m). To show
[c(m), c̄(m)] is non-empty, it is sufficient to show ∂J(r, m)/∂m < 0. Direct computation
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shows that

∂J(r, m)
∂m

=
1
2τ

log
(

r + (m− 1)/σ2
ε

r + (m− 2)/σ2
ε

)
− 1

2τ
log
(

r + m/σ2
ε

r + (m− 1)/σ2
ε

)
− 1

2τσ2
ε

(
1

r + (m− 1)/σ2
ε

)
+

(m− 1)
2τσ2

ε

(
1

r + (m− 1)/σ2
ε

− 1
r + (m− 2)/σ2

ε

)
+

(n−m)
2τσ2

ε

(
1

r + m/σ2
ε

− 1
r + (m− 1)/σ2

ε

)
.

Clearly the sum of the non-logarithmic terms above are negative, and further

− log
(
R+ m/σ2

ε

)
+ 2 log

(
R+ (m− 1)/σ2

ε

)
− log

(
R+ (m− 2)/σ2

ε

)
< 0

due to the concavity of the log function. This shows [c(m), c̄(m)] is a non-empty interval.
Thus if c ∈ [c(m̂), c̄(m̂)] for some m̂ ∈ {1, . . . , n− 1}, conditions (10)-(11) in the paper are
satisfied and there exists an equilibrium where all groups have mk = m̂ managers.

To see part (ii) of Proposition 6, let

c̄(m,λ) =
1
2τ

log
(

R(m,λ) + 1/σ2
ε

R(m,λ) + (m− 1)/σ2
ε

)
(A-36)

+
(m− 1)

2τ
log
(
R(m,λ) + (m− 1)/σ2

ε

R(m,λ) + (m− 2)/σ2
ε

)
+

(n−m)
2τ

log
(

R(m,λ) + m/σ2
ε

R(m,λ) + (m− 1)/σ2
ε

)
,

where

R(m,λ) =
1
σ2

x

+
1
σ2

u

(
λm(1 + n−m) + (1− λ)(m− 1)(1 + n− (m− 1))

nτσ2
ε

)2

. (A-37)

Equation (A-37) corresponds to the price informativeness when a fraction λ of the groups
has m managers and a fraction 1 − λ has m − 1 managers. Note that c̄(m,λ) in (A-
36) is continuous in λ and satisfies c̄(m, 0) = c(m − 1) and c̄(m, 1) = c̄(m). Thus if
c ∈ (c̄(m̂), c(m̂− 1)) for some m̂ ∈ {1, . . . , n}, there exists λ ∈ (0, 1) such that c = c̄(m̂, λ).
The equilibrium conditions (10)-(11) from Definition 3 in the paper are satisfied for both the
groups with mk = m̂ managers and the groups with mk = m̂− 1 managers. In particular,
for the groups with m̂ managers, condition (10) in the paper holds as an equality while
condition (11) in the paper holds as an inequality. Likewise, for the groups with m̂ − 1
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managers, condition (10) in the paper holds as an inequality while condition (11) in the
paper holds as an equality. This completes the proof of the proposition. �

Proof of Proposition 7.
Proposition 7 characterizes our model when the group size n is large and fund managers

are allowed to use affine compensation contracts. For large n, we show that the number
of fund managers in each group grows at a rate that is proportional to

√
n. Proposition

7 gives a sufficient condition (namely, large n) such that our mutual fund model with
affine compensation contracts produces a lower equity risk premium and a higher price
informativeness relative to the standard model without mutual funds. This mirrors our
result in Proposition 4 where only a proportional fee is allowed.

The proof is similar to that of Proposition 4, with the exception that c(m) and c̄(m)
are now given in Proposition 6. Fix a finite cost c > 0. Using Proposition 6 we have

c(0) =
n

2τ
log
(

σ2
x + σ2

ε

σ2
ε

)
and thus limn↑∞ c(0) > c, which rules out part (iv) of Proposition 6 for large n. Similarly,
using Proposition 6, note that

c̄(n) =
1
2τ

log
(

R(n) + 1/σ2
ε

R(n) + (n− 1)/σ2
ε

)
+

(n− 1)
2τ

log
(
R(n) + (n− 1)/σ2

ε

R(n) + (n− 2)/σ2
ε

)
and thus limn↑∞ c̄(n) < c, which rules out part (iii) of Proposition 6 for large n. Thus it
must be the case that part (i) or part (ii) holds for sufficiently large n.

Now suppose limn↑∞ m̂n−β = ν for some ν > 0 and β ∈ (0, 1) to be determined. If
β > 1/2, limn↑∞ c(m̂) = 0 and limn↑∞ c̄(m̂) = 0. Since c > 0, β > 1/2 cannot be an
equilibrium growth rate for m̂. Next suppose β < 1/2. In this case, limn↑∞ c(m̂) = ∞ and
limn↑∞ c̄(m̂) = ∞. Since c is finite, β < 1/2 cannot be an equilibrium growth rate for m̂.
Lastly, suppose β = 1/2. In this case, one can verify that

lim
n↑∞

c(m̂) = lim
n↑∞

c̄(m̂) =
τσ2

uσ2
ε

2ν2
.

Since an equilibrium always exists in our model, c(m̂) and c̄(m̂) must be in the neighbor-
hood of c for large n, so ν =

√
(τσ2

uσ2
ε )/2c. Lastly, note that Rn(m̂), which is the price
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informativeness when the group size is n, satisfies

lim
n↑∞

Rn(m̂)
n

=
1

2τσ2
ε c

when β = 1/2. Also note that limn↑∞(bn/dn)n−1/2 is finite. Using (A-31) and the asymp-
totic behavior for Rn and bn/dn, we conclude that for sufficiently large n, the equity risk
premium is lower and the price informativeness is higher in our economy with mutual funds
relative to the standard economy without mutual funds. This completes the proof. �

Proof of Proposition 8.
Proposition 8 characterizes some features of our equilibrium at dates 1 and 2 when

agents and groups are heterogeneous. We allow for different group sizes, where nk is
the size of group k. We also allow the households to have heterogeneous risk aversion
parameters, where τjk is the risk aversion parameter of the jth household in group k.
Lastly, we allow the fund managers to have heterogeneous risk aversion parameters and
heterogeneous signal variances; the ith fund manager in group k has risk aversion parameter
τik and signal variance σ2

ik. Taking the set
{
nk,mk : k ∈

[
0, k̄
]}

as given, Proposition 8
extends Propositions 1 and 2 to the heterogeneous case.

The optimal demand of the ith manager in group k is given by the usual mean-variance
form

γ̂ik =
E [X|Px, Yik]− Px

αikτik var(X|Px, Yik)
, (A-38)

where τik is the manager’s risk aversion parameter. For the jth household in group k, we
evaluate the household’s conditional expected utility using Lemma 1 to get

Ujk ≡ E
[
−e−τjkWjk

∣∣Px

]
= −

√
1

Bjkvar(X|Px)
e
Cjk+

D2
jk

2Bjk , (A-39)
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where

Bjk = var(X|Px)−1 + 2τjk

mk∑
l=1

φljkωlk − τ2
jk

mk∑
l=1

φ2
ljkσ

2
lkω

2
lk, (A-40)

Cjk = −(E [X|Px])2

2var(X|Px)
+ τjkθjkPx + τjk

mk∑
l=1

φljkαlkPlk (A-41)

+τjkPx

mk∑
l=1

φljkAlk(1− αlk) +
P 2

x τ2
jk

2

mk∑
l=1

φ2
ljkσ

2
lkω

2
lk,

Djk =
E [X|Px]
var(X|Px)

− τjkθjk − τjk

mk∑
l=1

φljkAlk(1− αlk) (A-42)

+Pxτjk

mk∑
l=1

φljkωlk − Pxτ2
jk

mk∑
l=1

φ2
ljkσ

2
lkω

2
lk,

Aik =
1

αikτik

[
(µx − Px)

(
1
σ2

x

+
1

σ2
ik

+
b2

d2σ2
u

)
+

b
(
Px − P̄x

)
d2σ2

u

− µx

σ2
ik

]
,

ωik =
1− αik

αikτikσ
2
ik

. (A-43)

We remark that (A-39)-(A-43) is the counterpart to (A-6) for the case in which households
and fund managers are heterogeneous. It is straightforward, but somewhat tedious, to
verify that (A-39)-(A-43) coincides with (A-6) in the special case of τik = τjk = τ and
σ2

ik = σ2
ε for all i, j, k.

The first order condition for the household’s investment in the risky asset is

D̂jk

var(X|Px)−1 + 2τjk
∑mk

l=1 φ̂ljkωlk − τ2
jk

∑mk
l=1 φ̂2

ljkσ
2
lkω

2
lk

= Px, (A-44)

where

D̂jk =
E [X|Px]
var(X|Px)

− τjkθ̂jk − τjk

mk∑
l=1

φ̂ljkAlk(1− αlk)

+Pxτjk

mk∑
l=1

φ̂ljkωlk − Pxτ2
jk

mk∑
l=1

φ̂2
ljkσ

2
lkω

2
lk,
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while the first order condition for the household’s investment in the ith fund is

ωik − τjkφ̂ijkσ
2
ikω

2
ik

var(X|Px)−1 + 2τjk
∑mk

l=1 φ̂ljkωlk − τ2
jk

∑mk
l=1 φ̂2

ljkσ
2
lkω

2
lk

= αikPik, (A-45)

for i = 1, . . . ,mk.
In Proposition 1 we used the fact that the households were homogeneous within a

group to obtain φ̂ijk = 1/hk. Since now the households have heterogeneous risk aversion
parameters, this argument no longer works. Thus we solve the first order conditions directly
to obtain the optimal mutual fund demands. Using (A-45), the first order condition for
φijk can be rewritten as

αikPik = B̂−1
jk

[
ωik − τjkφ̂ijkσ

2
ikω

2
ik

]
, (A-46)

where B̂jk is

B̂jk = var(X|Px)−1 + 2τjk

mk∑
l=1

φ̂ljkωlk − τ2
jk

mk∑
l=1

φ̂2
ljkσ

2
lkω

2
lk.

If we sum (A-46) over all funds in group k, we get

mk∑
l=1

αlkPlk = B̂−1
jk

[
mk∑
l=1

ωlk − τjk

mk∑
l=1

φ̂ljkσ
2
lkω

2
lk

]
. (A-47)

Solving for B̂jk and substituting into (A-46) gives

αikPik∑mk
l=1 αlkPlk

=
ωik − τjkφ̂ijkσ

2
ikω

2
ik∑mk

l=1 ωlk − τjk
∑mk

l=1 φ̂ljkσ
2
lkω

2
lk

. (A-48)

Next we solve (A-48) for φ̂ijk to get

φ̂ijk =
1

σ2
ikω

2
ik

{
ωik

τjk
− 1

τjk

[
αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

ωlk +
[

αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

φ̂ljkσ
2
lkω

2
lk

}
.
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Now apply the market clearing condition
∑hk

j=1 φ̂ijk = 1 to get

σ2
ikω

2
ik = ωik

 hk∑
j=1

1
τjk

−
 hk∑

j=1

1
τjk

[ αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

ωlk

+
[

αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

 hk∑
j=1

φ̂ljk

σ2
lkω

2
lk

= ωikτ̄
−1
k − τ̄−1

k

[
αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

ωlk +
[

αikPik∑mk
l=1 αlkPlk

] mk∑
l=1

σ2
lkω

2
lk,

where
∑hk

j=1
1

τjk
= τ̄−1

k . Solving the last expression for αikPik gives

αikPik =
ωik − τ̄kσ

2
ikω

2
ik[∑mk

l=1 ωlk − τ̄k
∑mk

l=1 σ2
lkω

2
lk

] [mk∑
l=1

αlkPlk

]
. (A-49)

Now use (A-47) to substitute for
∑mk

l=1 αlkPlk in (A-49) to get

αikPik =
ωik − τ̄kσ

2
ikω

2
ik[∑mk

l=1 ωlk − τ̄k
∑mk

l=1 σ2
lkω

2
lk

] [mk∑
l=1

ωlk − τjk

mk∑
l=1

φ̂ljkσ
2
lkω

2
lk

]
B̂−1

jk . (A-50)

Comparing (A-46) and (A-50) shows that τjkφ̂ijk = τ̄k for all i. We can rearrange this to
get φ̂ijk = τ̄k/τjk, which verifies part (ii) of Proposition 8 in the paper. Substituting φ̂ijk

back into (A-50) gives the equilibrium price of fund i in group k

Pik =

1
αik

{[
1−αik

τikαikσ2
ik

]
− τ̄k

[
1−αik

τikαikσik

]2}
var(X|Px)−1 + 2τ̄k

∑mk
l=1

[
1−αlk

τlkαlkσ2
lk

]
− τ̄2

k

∑mk
l=1

[
1−αlk

τlkαlkσlk

]2 . (A-51)

To get part (i) of Proposition 8, we use (A-38) and (A-44) along with the risky asset’s
market clearing condition, which is given by equation (7) in the paper. Note that the
market clearing condition gives three equations: one for the constant terms, one for the
terms that multiply X, and one for the terms that multiply U . The equation for the terms

31



that multiply X gives

b =

∫ k̄
0

∑mk
l=1

(
1

τlkαlkσ2
lk

)
dk + b2

d2σ2
u

(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
)

∫ k̄
0

∑mk
l=1

(
1

τlkαlkσ2
lk

)
dk +

(
1
σ2

x
+ b2

d2σ2
u

)(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
) ,

while the equation for the terms that multiply U gives

d =
1 + b

dσ2
u

(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
)

∫ k̄
0

∑mk
l=1

(
1

τlkαlkσ2
lk

)
dk +

(
1
σ2

x
+ b2

d2σ2
u

)(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
) .

Thus the ratio b/d is

b

d
=

∫ k̄
0

∑mk
l=1

(
1

τlkαlkσ2
lk

)
dk + b2

d2σ2
u

(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
)

1 + b
dσ2

u

(∫ k̄
0 τ̄−1

k dk +
∫ k̄
0

∑mk
l=1 τ−1

lk dk
) ,

which can be simplified to give

b

d
=
∫ k̄

0

mk∑
l=1

(
1

τlkαlkσ
2
lk

)
dk.

This proves part (i) of Proposition 8 in the paper. To get part (iii) of the proposition, the
ith fund manager in group k solves

max
αik

αikPik,

where Pik is given by (A-51). The first order condition can be written as

1− 2τ̄kσ
2
ikω̂ik =

2τ̄kω̂ik

(
1− τ̄kσ

2
ikω̂ik

)2
var(X|Px)−1 + 2τ̄k

∑mk
l=1 ω̂lk − τ̄2

k

∑mk
l=1 σ2

lkω̂
2
lk

, (A-52)

where ω̂ik = (1− α̂ik) /
(
α̂ikτikσ

2
ik

)
. Expressing α̂ik in terms of ω̂ik gives the expression

α̂ik = 1/
(
1 + τikσ

2
ikω̂ik

)
.

Since there are mk managers in group k, the first order condition in (A-52) holds for
each manager i = 1, . . . ,mk. Thus there are mk equations that must be solved jointly to
obtain the optimal fees α̂1k, α̂2k, . . . , α̂mkk. This system of equations for group k is given
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by equation (28) in the paper, which coincides with (A-52).
To see that α̂ik ∈

(
(1 + 0.5(τik/τ̄k))−1, 1

)
, we analyze the ith manager’s first order

condition in (A-52) by taking the other mk − 1 managers’ optimal fees as given. Let

F k
−i = var(X|Px)−1 + 2τ̄k

mk∑
l=1
l 6=i

ω̂lk − τ̄2
k

mk∑
l=1
l 6=i

σ2
lkω̂

2
lk. (A-53)

Then (A-52) can be written as

1− 2τ̄kσ
2
ikω̂ik =

2τ̄kω̂ik

(
1− τ̄kσ

2
ikω̂ik

)2
F k
−i + 2τ̄kω̂ik − τ̄2

kσ2
ikω̂

2
ik

,

and some algebra gives

−
(
τ̄2
kσ2

ik

)
ω̂2

ik − 2
(
τ̄kσ

2
ikF

k
−i

)
ω̂ik + F k

−i = 0, (A-54)

which is a quadratic function of ω̂ik. Assuming F k
−i > 0, which we verify to be true in

equilibrium, (A-54) has one negative root, which is not meaningful economically, and one
positive root. Defining the function g(x) as

g(x) = −
(
τ̄2
kσ2

ik

)
x2 − 2

(
τ̄kσ

2
ikF

k
−i

)
x + F k

−i ,

note that g(0) = F k
−i > 0 and g

(
1/
(
2τ̄kσ

2
ik

))
< 0. Thus the positive root of (A-54) lies in

the interval
(
0, 1/

(
2τ̄kσ

2
ik

))
. Since ω̂ik = (1− α̂ik) /(α̂ikτikσ

2
ik) and ω̂ik ∈

(
0, 1/

(
2τ̄kσ

2
ik

))
,

it is clear that α̂ik ∈
(
(1 + 0.5(τik/τ̄k))−1, 1

)
, as claimed.

To verify that F k
−i > 0 in equilibrium, note that our argument above implies that

ω̂lk ∈
(
0, 1/

(
2τ̄kσ

2
lk

))
for all l = 1, . . . ,mk. From (A-53), a sufficient condition for F k

−i > 0
is

2τ̄kω̂lk − τ̄2
kσ2

lkω̂
2
lk > 0

for all l. This sufficient condition is satisfied when ω̂lk ∈
(
0, 1/

(
2τ̄kσ

2
lk

))
for all l.

Given the above results, we now go back and verify the second order condition to the
ith fund manager’s problem maxαik

αikPik. Using the first order condition in (A-52), the
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second order condition can be written as

−2τ̄kσ
2
ik

[
var(X|Px)−1 + 2τ̄k

∑mk
l=1 ω̂lk − τ̄2

k

∑mk
l=1 σ2

lkω̂
2
lk − τ̄k

(
ω̂ik − τ̄kσ

2
ikω̂

2
ik

)][
var(X|Px)−1 + 2τ̄k

∑mk
l=1 ω̂lk − τ̄2

k

∑mk
l=1 σ2

lkω̂
2
lk

]2 .

The expression in the numerator can be rewritten as

var(X|Px)−1 + 2τ̄k

mk∑
l=1
l 6=i

ω̂lk − τ̄2
k

mk∑
l=1
l 6=i

σ2
lkω̂

2
lk + τ̄kω̂ik = F k

−i + τ̄kω̂ik > 0.

Thus the second order condition for a maximum is verified.
We have shown that in the case of heterogeneous managers and households, αik = 1

is never optimal for the ith manager. To understand this result, note that if αik = 1, the
fund’s price is Pik = 0. But given α̂lk ∈ (0, 1) for l 6= i, there always exist 0 < α̂ik < 1 so
that Pik > 0 and the ith manager has positive profits.

Now we return to the household’s optimization problem and we verify the second order
conditions for a maximum. The expected utility of the jth household in group k is given
by (A-39). The first order condition for the household’s investment in the risky asset can
be written as

∂Ujk

∂θjk
= Ujk

[
∂Cjk

∂θjk
+

Djk

Bjk

∂Djk

∂θjk

]
= 0, (A-55)

where Ujk is from (A-39) and Bjk, Cjk, and Djk are from (A-40)-(A-42). Likewise, the
first order condition for the household’s investment in the ith fund can be written as

∂Ujk

∂φijk
= Ujk

[
∂Cjk

∂φijk
+

Djk

Bjk

∂Djk

∂φijk
− 1

2

(
1

Bjk
+

D2
jk

B2
jk

)
∂Bjk

∂φijk

]
= 0, (A-56)

for i = 1, . . . ,mk.
To check the second order conditions for a (local) maximum, we need to show that the

Hessian matrix, which is a symmetric matrix of second derivatives, is negative definite.
First note that

∂2Ujk

∂θ2
jk

=
Ujk

Bjk

(
∂Djk

∂θjk

)2

=
Ujkτ

2
jk

Bjk
, (A-57)

where we have used the first order condition in (A-55) and the fact that the second deriva-
tives of Cjk and Djk with respect to θjk are zero. Since Ujk < 0 and Bjk > 0, the expression
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in (A-57) is negative. Next, using (A-56), we have

∂2Ujk

∂φ2
ijk

= Ujkτ
2
jk

[
σ2

ikω
2
ik

Bjk
+ 2 (αikPik)

2 +
σ4

ikω
2
ik

Bjk

[
E [X|Px]− Px

var(X|Px)

]2
]

, (A-58)

for i = 1, . . . ,mk. Furthermore, using (A-55) and (A-56), we have

∂2Ujk

∂θjk∂φijk
= Ujkτ

2
jk

σ2
ikωik

Bjk

[
E [X|Px]− Px

var(X|Px)

]
(A-59)

and

∂2Ujk

∂φijk∂φljk
= Ujkτ

2
jk

[
2αikPikαlkPlk +

σ2
ikωikσ

2
lkωlk

Bjk

[
E [X|Px]− Px

var(X|Px)

]2
]

. (A-60)

The (mk + 1)× (mk + 1) Hessian matrix is

H =



∂2Ujk

∂θ2
jk

∂2Ujk

∂θjk∂φ1jk
· · · ∂2Ujk

∂θjk∂φmkjk

∂2Ujk

∂θjk∂φ1jk

∂2Ujk

∂φ2
1jk

...
...

. . .
∂2Ujk

∂θjk∂φmkjk
· · · ∂2Ujk

∂φ2
mkjk


. (A-61)

Let Hr denote the upper left r × r square sub-matrix of H. It is well known that H is
negative definite if and only if (−1)r |Hr| > 0 for r = 1, 2, . . . ,mk + 1, where |Hr| is the
determinant of Hr. For r = 1 we have

− |H1| = −
∂2Ujk

∂θ2
jk

= −
Ujkτ

2
jk

Bjk
> 0,

where we have used the fact that (A-57) is negative. For r = 2 we have

(−1)2 |H2| =

∣∣∣∣∣∣
∂2Ujk

∂θ2
jk

∂2Ujk

∂θjk∂φ1jk

∂2Ujk

∂θjk∂φ1jk

∂2Ujk

∂φ2
1jk

∣∣∣∣∣∣ = ∂2Ujk

∂θ2
jk

∂2Ujk

∂φ2
1jk

−
(

∂2Ujk

∂θjk∂φ1jk

)2

. (A-62)
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Using (A-57)-(A-59), we can evaluate the right-hand side of (A-62) to get

(−1)2 |H2| =
U2

jkτ
4
jk

Bjk

[
σ2

1kω
2
1k

Bjk
+ 2 (α1kP1k)

2

]
> 0.

For r > 2, we apply (A-68) to |Hr| by letting

D11 =
∂2Ujk

∂θ2
jk

,

D12 = D>
21 =

[
∂2Ujk

∂θjk∂φ1jk

∂2Ujk

∂θjk∂φ2jk
· · · ∂2Ujk

∂θjk∂φr−1,jk

]
,

D22 =



∂2Ujk

∂φ2
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∂2Ujk
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· · · ∂2Ujk
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∂φ1jk∂φ2jk

∂2Ujk

∂φ2
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...
...

. . .
∂2Ujk

∂φ1jk∂φr−1,jk
· · · ∂2Ujk

∂φ2
r−1,jk


.

We note that the matrix D22 −D21D
−1
11 D12 takes the form

∂2Ujk

∂φ2
1jk
−
(

∂2Ujk

∂θ2
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)−1 (
∂2Ujk

∂θjk∂φ1jk

)2 ∂2Ujk
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)
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−
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)−1 (
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−
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)−1 (
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...
...

. . .

 .

Using (A-58)-(A-60), we can rewrite the above as

D22 −D21D
−1
11 D12 = τ2

jkUjkS + 2τ2
jkUjkT,

where S is the diagonal matrix

S =



σ2
1kω2

1k
Bjk

0 · · · 0

0 σ2
2kω2

2k
Bjk

...
...

. . .

0 · · · σ2
r−1,kω2

r−1,k

Bjk


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and T is the matrix

T =


(α1kP1k)

2 (α1kP1k) (α2kP2k) · · · (α1kP1k) (αr−1,kPr−1,k)

(α1kP1k) (α2kP2k) (α2kP2k)
2 ...

...
. . .

(α1kP1k) (αr−1,kPr−1,k) · · · (αr−1,kPr−1,k)
2

 .

Thus we have

∣∣D22 −D21D
−1
11 D12

∣∣ = ∣∣τ2
jkUjkS + 2τ2

jkUjkT
∣∣ = U r−1

jk τ
2(r−1)
jk |S + 2T | .

Noting that S is a positive definite matrix and T is a positive semi-definite matrix, we have
|S + 2T | > 0. Thus for r > 2 we have

(−1)r |Hr| = (−1)r |D11|
∣∣D22 −D21D

−1
11 D12

∣∣
= (−1)r ∂2Ujk

∂θ2
jk

U r−1
jk τ

2(r−1)
jk |S + 2T | .

Substituting (A-57) we get

(−1)r |Hr| =
(−1)r

Bjk
U r

jkτ
2r
jk |S + 2T | > 0,

which follows since Ujk < 0. We have shown that (−1)r |Hr| > 0 for r = 1, 2, . . . ,mk + 1,
which proves that H in (A-61) is a negative definite matrix. This verifies the household’s
second order condition for a (local) maximum. This completes the proof of Proposition 8.
�

Appendix

The following result is well known in the probability literature and will be used in the
proofs. For a proof of Lemma 1 in the special case of µ = 0, see Maŕın and Rahi, 1999,
Speculative Securities, Economic Theory, 14, p. 653–668.

Lemma 1. Suppose X ∼ N (µ,Σ) is an n-dimensional Gaussian random vector, Σ is
positive definite, b ∈ Rn is a vector, and A ∈ Rn×n is a symmetric matrix. Then
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E
[
eb>X+X>AX

]
is well defined if and only if I − 2ΣA is positive definite. In this case,

E
[
eb>X+X>AX

]
= |I − 2ΣA|−1/2 eb>µ+µ>Aµ+ 1

2
(b+2Aµ)>(I−2ΣA)−1Σ(b+2Aµ).

The facts stated in the following lemma are well known results from matrix algebra
and the calculus of matrix-valued functions. See, for example, the book Mathematics for
Econometrics, by Phoebus J. Dhrymes, Springer-Verlag, 1978 (in particular Propositions
30 and 32, as well as Corollaries 28, 30 and 38).

Lemma 2.

(a) If f(x) is a vector, x a scalar, and D a constant symmetric matrix, then

∂f(x)>Df(x)
∂x

= 2
∂f(x)

∂x

>
Df(x). (A-63)

For a matrix D(x), where x is a scalar variable:

∂D(x)−1

∂x
= −D(x)−1 ∂D(x)

∂x
D(x)−1, (A-64)

∂ log(|D(x)|)
∂x

= trace
(

D(x)−1 ∂D(x)
∂x

)
. (A-65)

(b) If D is a conformably partitioned block matrix, then[
D11 D12

D21 D22

]−1

=

[
F−1

11 −F−1
11 D12D

−1
22

−D−1
22 D21F

−1
11 F−1

22

]
(A-66)

where

F11 = D11 −D12D
−1
22 D21 = (I + D12F

−1
22 D21D

−1
11 )−1D11

F22 = D22 −D21D
−1
11 D12 = (I + D21F

−1
11 D12D

−1
22 )−1D22.
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Moreover, ∣∣∣∣∣ D11 D12

D21 D22

∣∣∣∣∣ = |D22|
∣∣D11 −D12D

−1
22 D21

∣∣ (A-67)

= |D11|
∣∣D22 −D21D

−1
11 D12

∣∣ (A-68)
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