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Proof of Proposition 1.

Proposition 1 characterizes our equilibrium at date 2, which is the asset trading stage
of the model. At this stage we take the sets A = {aik ci=1,...,mpk € [O,E]} and
M = {mk 1k e [O,E]} as given. Proposition 1 generalizes the standard noisy rational
expectations equilibrium to the case in which my informed fund managers establish mutual
funds and market their private information to the uninformed households in group k. The
1th informed fund manager in group k is compensated by the proportional fee cyy.

The optimization problem of the 7th fund manager in group k is

max  —e ¢ Tk PitTouyik Pe g [e—Taik'YikX‘ Px,Y;k:] . (A—l)
Yik

Using standard properties of Gaussian random variables, it is straightforward to evaluate

the conditional expectation in (A-1) to get

E [e*TQik'YikX‘ P,, Y‘k} _ e*Taik'YikE[X|Pz7Yik]+0~572a?]¢%2kvar[X|P:E:Yz‘k]7

where

Yi - Mz b Px_px
E[X’Pzayzk] = Wz + ( - 2'U’ )+ (d2(72 )] Var(X|P967Yik)v (A—Q)
S N - I
V&I‘(X|Px,}/;;k): ;§+;2+d203 3 (A_B)

and P, = E[P,]. Solving (A-1) then produces the familiar mean-variance expression

a7 var(X| Py, Yi)’

~

Yik =

(A-4)

which corresponds to (15) in the paper. It is easy to verify that the second-order condition

for a maximum is satisfied. Using (A-2)-(A-4), note that the demand of the ith manager



in group k can be rewritten as

R pe (1 b? bP, Y; 1 b 1
Tik = S toaa)~ 3.3 T 3+ 2,2 Pa
T, \ 02  d?o02 Tapd?o2  Toao?  Toage \d?o? var(X|Yik, Pr)
= v + 1Yk + qinPr.

The jth household’s problem in group k is to choose the stock investment 6, and fund

holdings ¢;j, for i = 1,...,my, to solve

max E [—e_TWJ"“} P.]. (A-5)
Ok Aijn ik

The household’s wealth can be expressed as

Wir = 0p(X —Pp) + Z (ke (1 — cup) [P + (X — Pp)] — dujnPik)
=1
= O0p(X —P)+ Z (151 — cupe) k(X — Pp) — curdujnPi) -
=1

Recalling that the optimal strategy for fund manager ¢ in group k can be expressed as

Yik = Vik + Tk Yik + Qi Py, the household’s wealth can be rewritten as

my mg
Wi, = 0j(X —Pp) + Z i (1 — ag) (v + qiePe) (X — Pp) — Z Pk P

=1 =1
my,
+ Z Gk (1 — aup)ri(X + ) (X — Pp)
=1
mp mp
= 0jpp(X - Pp) + Z i (1 — ag) (v + i Pe + 111 P ) (X — Pp) — Z oukPujk Pk
=1 =1

my mp
+ 3 dun(l— am)rin(X = Po)? + > dun(1 — aun)rien(X — Pr).
=1 =1

Define the vector n;— = (X — Py, €1k, - - €my k), Where €1, ..., €y, denotes the signal

error terms for the mj; managers in group k. From the previous expression one can verify



that the jth household’s wealth can be expressed as

Wik = ¢ji + bjumi + 1 Ajeni,

where
mi
G = — Y oudiePin,
=1
O + > 18 duje(1 — cur) (i + @i Py + riiPr)
0
b]k; — . 5
0
St (1 — cur) i Grpplon)ruk Do (1= O )
- ) x 7
d’ljk(l;alk)rlk 0 o 0
Aj, = .
¢mkjk(1_gmkk)rmkk 0 o O

We note that bj, € R™ 1 and Aj;, € ROmat+1)x(me+1)
Using Lemma 1 in the Appendix of this Supplement, the jth household’s objective

function at the trading stage can be written as

2
_ —1/2_—7cjp—Tbl pr—Tpr T Ajpprt+ o gin | Cirgik
_|Bjk| /6 J ik J 2 9j Ikdjk

- (A-6)

E [—e ™Wik | P,]

where py, = E[ng|P,] and Vi, = var(ng|P,) denote the conditional moments of ny, and

Bj = I+ QTWCAJ']C,
-1

Cj. = Bj'WVi

git = bji+2A5,u,

where I € R™++1)x(me+1) denotes the identity matrix, and we note B, Cjp € R™F1)x(met1),

and gji € R+ Let @i € R™k denote the vector of mutual fund holdings for the jth

household.

The next Claim characterizes the solution to the jth household’s problem in (A-5).



mg

Claim 1. The optimal trading strategies for the jth household in group k, éjk and {ngk}

i=1
satisfy
A E[X|P,] — P, ~ =
0 = (ELX] 7_] ) var(X | Py) Ly TZ k(1 — Ollk)ﬁk] (A-7)
=1
my
= din(1 = i) E k| P,
=1
1 _ i . 1 _ 2 A.. 1 _ . .
i P — ( azk)rlk( TO¢ ¢ljk( azk)rlk) (A—8)

V&I‘(X‘ng)_l + 27 Z?ikl ggljkrlk(l —aq) — 7'2062 Zlnikl gﬁfjkrfk(l — Oélk)zl

Proof of Claim 1.

After multiplying (A-6) by —1, we take the natural logarithm and divide by —7 to get
the certainty equivalent wealth of the jth household in group k. Thus the optimization

problem of the jth household in group £ can be rewritten as:

Joax o M(0jk $jk) + % log(|B(¢0)]) — 29(0in. ds1) Ceji)g (O, dn).  (A-9)

[\

where

MOk, pjx) = (E[X|P]— Py) <9jk + Z(l - Oélk)éﬁljkE[’%HPx]) - Z Pk Pk,
=1

=1
ij + Z;Zkl ¢l]'k(1 - alk) [E[:ﬂk’Px] + le(E [X|Px] - Pm)]
(E[X|Py] — Py)rik(1 — a1g) b1k
90, dj) = ) !
(E [X’P:c] - Px)rmkk(l - amkk)¢mkjk
Eik|Pe] = v + quPe + riE [Yie| Py -

We note that M(-,-) : R+l — R g(.,-) : R™FL — R™FLand A(.), B(+),C(-) :
R™k — ROmk+1)x(mr+1) - For notational convenience, we have omitted in (A-9), and in the
remainder of the Claim’s proof, the group subscript k£ on the functions M, g, A, B and
C, as well as on the conditional moments p and V.



The first order conditions for the problem in (A-9) are

E[X|P,] — P, Ml
HT] = Z Cll(¢3k’)gl(0ﬂ€7¢jk’)v (A—lO)
=1
oM DA og T Y.\
+t C = —rg'C Cy, A-11
Obijk race< 8¢z‘jk> ! <8¢z’jk 9 a¢ijk> g (A-11)

where (A-11) holds for all ¢ = 1,...,my. In (A-10)-(A-11), we have used (A-65)-(A-63)
together with the definitions of the matrices B and C'. In particular, note that

oB 0A
= 27V ,
0dijk 0dijk
oC oB~1 0A 0A
= V=-Bl'2:v—Blv=-2:C C.
0dijk 0bijk ’ 0bijk T 0bijk

Next we note that % has only three non-zero elements: the (1,1) element, equal to
(1—ayg)rik; and the (1,i+1) and (i+1, 1) elements, both equal to (1 — g )r,/2. Similarly,
%Zk has only two non-zero elements: the first element, equal to (1 — a;)E[Fk|Ps] +
(E[X|Py] — Py)(1 — cvig) T, and the (i 4+ 1) element, equal to (E[X|P;] — Py)(1 — cvg) 7k

Next we define f = Cg. From the previous comment on %, we have

og T
0dijk

Cg = fil(1 = ix)E[ir| Pr] + (E[X|Pz] — Pe)(1 — cvig) 7]

+fir1 (BE[X|Py] — Pp)(1 — cvug)ran
= [i(1 — i) EFig | Pe] + (BIX|Pe] — Pp) (1 — i) ri (f1 + figr)-

Furthermore, from the structure of 8‘3—‘_4%, we have
ij

9A T 0A
= fi (Tikz(l — ) fi+ k(1 — Oéik)fi—‘rl) n fifirarie(1 — agg)

g'C

2 2

Jirie(1 — cug) (f1 + fiv1) -



Noting that (A-10) implies that f; = (E[X|P;] — Pz)/7, one obtains

dg ' T, 0A (E[X|P,] — P,) .
Cg—19'C Cg = 1 — ai)E[ik| Py
Dot g—T1g Dour g . (1 — i) E[ir | P

From the definition of M (6, ¢;i) one has

oM
Oijk

= (E[X|P;] — Pr)(1 — cvir) E[Yir | P] — i Pigc,

which together with the previous equation proves that (A-11) reduces to

0A
a; Py, = trace <08¢- k> = (I — a)rir(C11 + Criq1), (A-12)
ij

where the last equality follows from the structure of %.
i
Next we note that C = (V! +27A)~1, where V! + 27 A has the block structure

D D
ViyorA= M 2 ;
D31 Doy
where
my
Dy = var(X|P,) ' 42r Z Gk (1l — agr),
=1

d1jerik(l — ax)

D), = Dy=r1 ; :
1
DQQ - ﬁImk

Using (A-66) from Lemma 2 in the Appendix to this Supplement, we have

1
Var(X‘ng)_l + 27 Z?ikl qﬁljkrlk(l —aq) — T2U€2 erikl ¢l2jk:rl2k(1 — ozlk)27
_ To2¢ijkrin(1 — k)
var(X|Pp) = + 27 35 dijrrie (1 — up) — 7202 350 67 (1 — aug)?

Cn =

Chit



Noting that Cl,i—i—l = _CllTagﬁbijkrik(l - aik), we have

mg+1 mi mp
> Cug = Cn <9jk + Y bl — aw)EFu|Ps] + (B[X|Py] — P) (Z Pujn(1 — alk)rlk))
=1 =1 =1

~Cn (E[X|Py] — Py) (Z ri(1 - azk)%%jkwf?)

k=1

my,
= (i <9jk + Z Pk (1 — alk)E[:Ylk‘Pm]>
=1

mi mp
+CN(EIX|Py] — Po) | Y el — au)re — 702> i (1 — o) ?ri
=1 =1
Using the expression for C1i, the first-order condition for 6, which is equation (A-10),
reduces to
E[X|P,] — P, i )
_— 0; (1 — E[~k| P,
Ci ik +;¢l3k( ok ) B[ in| Py
+(E[X|P:] — Z Puji(1 — aug)rs — 7o Z i (1 — aur) TZk] -

After substituting C'; into the above expression and cancelling terms from both sides of
the equation, (A-7) in the Claim is immediate. Likewise, using the expressions C7; and
C1,i+1 in equation (A-12) gives (A-8). The second-order conditions to the household’s
optimization problem hold (see the proof of Proposition 8 for details). This completes the
proof of the Claim. [J

Given the symmetry of the household sector in group k, equation (8) in the paper, which
is the market clearing condition for the ith fund in group &, implies that qgl-jk = 1/hy. Since
ri = 1/(10%ait), (A-8) reduces to

1 1 — ayp _irl—%kQ
TLo2 ik hy QL

Py = > (A_13)

o ) BT

AL

which is equation (14) in the paper. Substituting the optimal mutual fund demands into



(A-7) gives, after some simple manipulation, the optimal risky asset demand in equation
(16) in the paper.

We extract the price coefficients a, b, and d from the risky asset’s market clearing
condition, which is equation (7) in the paper. Recall that the optimal demand of the ith
fund manager in group k takes the form ;5 = vk + ik Yik + ¢ir Pr, which can be written as

. 1 o
Vi = — (U + Yig + qP%) ,
Ak

where

o 11+1+b2 b
7 = T \0o2 02 d?c2 d?0%)

x €

Similarly, from (A-7), the optimal stock market demand for the jth household in group k
is of the form éjk = s + tpP,. To compute s; and t; explicitly, note that

Eik| Pyl = Elvip + rixYire + qixPr| Py
= v + rikE[Yig| Pe] + qirPr

1
= — (0+TE[X|P,] + qFx).
Qi

Using this expression and qgijk =1/hk, (A-7) is
mi

E[X|P] — P, E[X|P] - (1 — ag)
0., =
7k Tvar(X|P.) * T02hy Z Qg

=1

_(T} +77E[X|Px] + qu) Z (1 - alk)
(&)

h
k =1
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Tvar(X|P,) Tazhk — g
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From this expression it follows that
mp
Mg 1 b? v 1 — alk
kT 7 (U% * d?c2 Td20'2 hy Z;

1({1 b2 b 1 - 1—alk
e = 7'<J§+dzagd20§+h ( >Z )

Aggregating over all households in group k£ we have

h,k mp

Ha bE[Px] = (1 - alk)
E O, = h — _ E
— i ¥ [Tvar(X|Px) Td%02 ! —~

P, |0 L —p (L 4q gi(l_a”“)
Mo rd202 T rvar(X|Py) "\ 102 1 ag

=1

Aggregating over all fund managers in group k we have

my my, v
E:%k:FEZa%*_ (U +qP:) 224*
=1 =1

Qi

Thus the aggregate demand of the managers and households in group k£ can be expressed

as

Y nP,
ZQJk—I—Z’Ylk:T k+nl_)—r<var(X|Px) 5 2) 227
T d O¢ — lalk

Ak

Aggregating over all groups and equating the aggregate demand to the random supply U,

we get

E [ hk my,
/ S O+ Aw | dk=U
j=1 =1

0

Using the law of large numbers, we get

k k
P, b P,
_ _ 1 _ T -1 z ~—1
rX/O oy dk +7v — - (V&T(X|Px) - 2) — 2/0 a, dk =U,

U TO¢




where a; ! = 3™ a;,! and k = 1/n. Thus it follows that

= ]_67—1 = PCC -1 b 1 E——l
’f'X OO[k dk‘i"U—U:T VaI'(X’Px) _dTO'%—i_ﬁ OOék dk .

€

Using the conjectured price function P, = a +bX — dU, we obtain the following system of

equations for the price coefficients a, b and d:

- _ a -1 _ b 1 ]2771
vo= 7_(vaur(X|ng) d203+02/0 a, dk |,

k
r/ ay'dk =
0

b 1R
V&I‘(X|Px) - m + ; o ay dk s
u

€

b 1R
V&I‘(X|Px) —W‘i‘; 0 Q. dk | .

€

S| o

REESY

These three conditions are solved uniquely to obtain the expressions for a, b, and d given
in equations (12)-(13) in the paper. This confirms the conjectured form for P, in equation

(1) in the paper and it completes the proof of Proposition 1. [

Proof of Proposition 2.

Proposition 2 characterizes our equilibrium at date 1, which is the fund formation stage
of the model. At this stage we take the set M = {mk 1k e [0, E] } as given and we solve for
the set of optimal fees, A = {éeik ci=1,...,mgk € [0, E] } In part (i) of the proposition
we characterize a fee setting equilibrium in which my varies with k£, but every manager in
group k chooses the same contingent fee, &;x = dy, for all i = 1,...,myg. In part (ii) of the
proposition we specialize our fee setting equilibrium to the case in which m; = m. Thus
all groups are identical in part (ii).

According to Definition 2 in the paper, the optimal fee of the ith manager in group k

is given by

Qup, = argmax U, (mi, {aur b5 M, Ak) |40 4 (A-14)
(273 — ik

where Ay, = {Giy i =1,...,mp; k' € [0,k] K # k} and G¥; is the set {dy,}"% with the
ith element omitted. Due to the form of U, the problem in (A-14) reduces to the following

10



optimization problem

1 1— 1 /1—ay\?
To? Qg hy, Qg
- 2 51— ay 1—ap\2]’
X|P,) !
var(X|Py) ™" + hy o? lz; < o ) h2 062 P ( oL

where we have used (A-13). Letting pjx = (1 — ayx)/(auphi) and noting that oy and pi

are monotonically related, the ¢th manager’s problem can be written as

i, (piks — )

max aikfjik = 2 (A—15)
. m
Pk T0? [R + &M o — oz plk]
where R = var(X|P,)~!. The first order condition is
9 my mg
ol (1= 2pu) R+ —5 Zﬁ - szk] = 2pi (1 — pur)”, (A-16)
E =1 E =1

where we have used the fact that R depends only on fol dlzldkz and not on any individual
manager’s contingent fee.

Substituting p;x = pi for all ¢ into (A-16), which imposes symmetry within group k,
(A-16) becomes

2(mg — 1)p3 + (4 — 5mp)pr + 2(my, — 1 — 02R)pr + 02R = 0, (A-17)

which coincides with the cubic equation in (17) in the paper. To be precise, we have
pr = p(mi, R), where the function p(m,r) is given in (17) in the paper.
Now define the function g(py) as

9(pr) = 2(mg — 1)p3 + (4 — 5my)pr + 2(my, — 1 — 02R)pr + 02 R. (A-18)

Since g(0) = 0?R > 0 and g(1/2) = —1/4 < 0, it must be the case that either one root or
all three roots of (A-17) lie in the interval (0,1/2). We show the latter case does not occur.
First, suppose my > 1. In this case the leading term that multiplies p3 in (A-18) is positive
so g(pr) — oo as pr — oo. Thus there is a root in the interval (1/2,00), which precludes

more than one root in (0,1/2). Second, suppose my = 1. In this case (A-17) reduces to a

11



quadratic equation with a positive root in (0,1/2), while the other root is negative. Thus
the solution of (A-17) that lies in the interval (0, 1/2) is unique. Since pr = (1—dx)/(Grhy)
and py, € (0,1/2), we have &y = 1/(1 + hypy) and thus & € (1/(1+ 0.5h),1).

Having established that p;; € (0,1/2), we return to (A-15) to examine the second order
condition. The second order condition reduces to

1 &
—207 | R+ ) D k(2 = o) | + 21 = 200) (1 = pir) = 2(1 = pir)* + 4pir(1 — pir)
€ i=1

my
= —202R -2 pi(2 = pix) + 20ik(1 — pir) <0,
=1

which verifies that (A-16) characterizes the optimal solution to the manager’s problem.
We have characterized the managers’ optimal fees in group k in terms of R > 0. For

the equilibrium in Proposition 1,

R = var(X|P,)"!

11 1\ [F ’
= o'%—i_O'g(TO'Q) /0(1+hkp(mk,7€))mkdk . (A—lg)

We now identify the equilibrium level of R by showing that there is a fixed point to equation
(A-19). Applying the implicit function theorem to (A-17), one has
Opr _ al(1—2py)

OR — 6(mg — 1)p? +2(4 — 5mg)pg +2(my — 1 — 02R)’

12



The denominator of the above expression is negative, which can be seen by noting that

pr (6(my, — 1)p + 2(4 — 5mg)p + 2(my, — 1 — 02R))
= 6(mp — 1)p; + 2(4 — 5mp)ps + 2(mp — 1 — 02R) .
= 2(my — 1)p3 + (4 — 5my)ps + 2(my, — 1 — 02R) i + 4(my — 1)ps + (4 — 5my) ps
= —0lR+4(mx — V)P (pr — 1) — mupj, <0,

where we used (A-17) in the last equality and the fact that pr € (0,1/2). Thus we have
established that dp(my,R)/OR > 0. Since p(my, R) € (0,1/2), the right-hand side of
(A-19), as a function of R, is bounded from above, whereas the left-hand side is not.
Furthermore, the right-hand side of (A-19) is bounded away from zero as R | 0, whereas
the left-hand size tends to zero. Thus there always exists a fixed point to (A-19).

To verify part (ii) of the Proposition, we note that if all groups have mj = m managers

and all managers choose the same fee &;;, = &(m) for all ¢ and k, then

1 1/ 1\?[ [* ?
= == 1+ hpp dk
R o2 + o2 (7.0.2) /0 ( + kp(mkaR))mk

1 m 21
S ST (N C— A-20
o2 + (nwﬂd(m)) o2 ( )

€

After substituting (A-20) for R in (A-17) and rewriting the cubic equation in terms of
&(m) by letting pr = (1 — &(m))/(hé(m)), one obtains equation (19) in the paper. This
completes the proof. [

Proof of Proposition 3.

Proposition 3 characterizes our equilibrium at date 0, which is the information acqui-
sition stage of the model. At this stage we solve for a set M = {mk ke [O, l%]} such
that none of the my informed agents in group k is better off being uninformed and none of
the n — my uninformed agents is better off being informed. As we mention in the paper,
multiple equilibria can arise at the information acquisition stage of our model. Proposition
3 focuses on the case in which there are at most two types of groups, where the two types
differ only with respect to the number of informed agents my.

To prove Proposition 3, we need the ex ante expected utilities of the managers and the

13



households. To get the ¢th manager’s ex ante utility, let

Xk = " ar (X [Yig, Pr)

(A-21)

Upon substituting the manager’s optimal trading strategy (A-4) into the manager’s condi-

tional expected utility (A-1) we get an expression that includes

E | —e—TikYik(X—Px)

Px;}/ik} _ E|:_e*Xik(X*Pac)

Pr, Y

2
— e XikE[X—Pu|Yig, Pe]+ ik var(X — Py|Yik, Pr)

_efxﬂc (]E[Xfpzl}/ikzpz]fxz.k Var(Xfpz‘YVikvpz))

2

X3 var(X |y, Px)
= —e 2

Next we note that

E(X|Y;., Py) — P,
Fhal = E{ (var|<X|Y;-k,) P,) ]
Ha _E[Px]
var(X|Yig, Pr)’
E(X|Yik, Pr) — P
( var(X|Yik, Pr) >

var(x) =

1
- var(X |Yig, P, )2"3“1" (E(X|Yik, Pr) — Py)
1R x
1
= X e (X~ Pr) —var(X — PufYi Pr)),
Ky X

where we have used the variance decomposition formula var(Z) = var(E[Z|Q])+E[var(Z|Q)]
(where Z is an arbitrary random variable and € is an information set) and the fact that
var(X|Yik, P.) is non-random.

Applying Lemma 1 from the Appendix we get

X3 var(X |y, Pa)
E|—e 2

+ var(X | Yy, Pe) *Elxg ) var ()
2(1+var(X[Y;k, Po)var(x;g))

[x;) 2 var (X |Yip, Pe)
2

E
= —[1+var(X|Yig, Po)var(xa) |2 e

_ _ frerX[Yin, Pr) - ecelr
var(X — Py) ’

14



where in the last equality we use

1
1+ var(X|Yig, Pp)var(xi) = 1+ var(X[YVir, Po) (var(X — P;) — var(X — Py|Yi, Pr))
var(X — Py)

var(X|Yig, Pr)’
This gives the expression in the paper for the ith manager’s ex ante utility,

_ 2
)_(Mz QE/[\PI]) L (A—22)

E | — e~k (PietYir (X —FPr))+7c
¢ FA’

— _e—T(dikPik—C
where F = var(X|Py, Yip) "t and A = var(X — P,) = d202 4+ (b—1)*02.
Since the managers in group k choose identical contingent fees, the ith manager’s

certainty equivalent wealth, Uy, is given by expression (21) in the paper,
) A 1
Ui (i, g (mye); My, Ax) = 5 1og(R + 1/02) + f(my, R) — ¢+ H, (A-23)

where H is

_ 2
H = W + % log(A) (A-24)

and f : R? — R is defined in the statement of the Proposition.

We now turn to the jth household’s ex ante expected utility. From Proposition 1, we
know the conditional expected utility for the jth household can be expressed as in (A-6).
We will rewrite (A-6) in a simpler form before calculating the jth household’s ex ante
expected utility. Given that each fund manager in group k& chooses the same proportional
fee, we have &;;, = &y, so that pi = pr = (1 — &)/ (hxés) and ry = 1/(1é02). Thus we
can write Ajj as

Ay o < mip/(ro2) i/ (27021 ) |
pr/(2T02)1 0
where 1 is a vector of 1’s and 0 is a matrix of 0’s.

Applying (A-67) in the Appendix to the matrix

CleVt2:A, = ( var(X|Py) ™t + 2mypr /o pr/(02)17 )
ik = Vik ik =

pi/(02)1 (1/o2)I

15



we get

_ 1 _ mg . myg .
|ij1 + 27 Aji | 2y <VaT(X|Px) 1+ 2?% -2 P%)
€ €

— o (R+Q(mi,R)),

€

where @ : R? — R is defined in the statement of the Proposition. This implies

|Bjr| = |I+27VjAjl
= ViV ' + 27 Ayl

1 mg . m .
= o?Mevar(X|Py) —— oI <var(XPm) + 2—2kpk ;d)
O¢

= var(X|Py) (R+Q(mg,R)) .

Using (A-66) in the Appendix, we have

11 —prennl’
Cjr = - 2 A2 T |
—prennl oI + prcinll
where 1 denotes a my-vector of 1’s and

-1
_ My . Mg,
c = <var(X]Px) 1y QFpk g pi) .

; _ EX|P] -
i = Tvar X]P Zplk TO —|—1)+qP

and using the definition of p;; and the previous expressions for vy, g and 7, we obtain

Noting that

E[X|P] —

mg
i S (1—a Py+rpPy) = —— 2 L
ik + > bkl — u) (Vik + quPe + 11 Pr) rvar(X|P,)

=1

Thus using the notation from Proposition 1,

E[X|P,] — P, | var(X|P;)~! + 2mypr/o?

L=
7 T pr/o?1
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Some algebra shows that

A2
PrpMk

E[X|P,] — P,)? - R 2
ngijkgjk = (ELX] 7]2 ) [(va,r(X|Px) Yy 2mypr /o) 011}
(EX|Py] — Py)?
_ 5

[2(var(X|Px)_1+2mk[)k/J€2) 2 011}
€

E(X|P,] — P,)? [ p2m 2m
+( [ |:v]2 ) [Pk k<1+l)1;2kcn>:|
€ €

2

T g
E[X|P,]| — P,)? | omupn e\’ Pl
— ( [ ’ I]z x) c11 <V&I‘(X|Px)1+ ml;pk . ka;Lk> +pk7;Lk
T 0-6 0-6 UE
B (E[X|Py] _Px)2 [ —1+ﬁimk
- 72 ‘11 o2
E[X|P,] — P,)2 [ 2myp
e )
T2 i o?
Finally, we note that
T 72 T
—Thr Ajit + gk Cirgi
E[X|P,] — Py)?mup E[X|P,] — P,)? 2myp
_ R P BV BP p o 2
(J'6 Ue
_ (BIX|P] — P)?
2var(X|P;)

so (A-6) reduces to the simpler expression

_e—TW]'k — 1 6_
= [ |PI} \/V&I’(X‘Px) (R+ Q(mi,R))

Now let
_ E(X|P£E) - Px

X = var(X | Py)

17

(E[X|Py]—Pg)?
2var(X|Pz)

+ﬁ Zln;kl dlkPlk‘ (A—25)

(A-26)



As in the case of the informed agents, we have

_ _[E(X|P,) - P,
Elxa] = E |:Var()(|13x):|
_ Ha BB
var(X|P,)’
E(X|P,) — P,
var(yp) = var <var(X]Px)>
1
= Wv&r (E(X|P;) — Py)
1
= W XEy (var(X — P,) — var(X — Py|Py)).

Applying Lemma 1 in the Appendix we get

_(E[XPQ:]—PN]

X%var(X|ch)
E|—e  2var(XIP2) S B

= E |:—e 2

) _ E[xp)?var(X|Pz) | var(X|Pz)?E[x;]3var(x,)
= |1+ var(X|Py)var(xn)| "2 e 2 2(hvar(X [Py )var(x,)

| var(X|Py) 6_%
var(X — Py) ’

where in the last equality we use

1
1+ var(X|Py)var(yy) = 1+ (X[, (var(X — Py) — var(X — Py|Py))

var(X — Py)
var(X|P,)

Using this in (A-25) gives equation (35) in the paper,

e )

_ 2 - my .
o [_e_Tij:| _ l)lA _ (pz ;E/[\Pz]) +ﬁzl:k1 &pPix (A-Q?)

where D =R + Q(my, R).
Since the households in group k are identical, the jth household’s certainty equivalent

wealth, Vj, is given by

Vil o (im); M, Ag) = o 1og(R + Qg R)) =~ flany, R) + H,  (A-25)
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where H is given by (A-24).

Now suppose that my = m for all k. In this case, R is given by (20) in the paper.
After substituting this expression for R into (A-23) and (A-28), the equilibrium conditions
(10)-(11) in the paper can be written as ¢ < ¢(m) and ¢ > ¢(m), where ¢(m) and ¢(m) are
defined in the statement of the Proposition.

Recall from Definition 3 in the paper that only condition (10) in the paper must hold if
there are n informed agents in a group. Thus if ¢ < é(n), there exists an equilibrium with
identical groups where my = n for all k. This proves part (iii) of the proposition. Likewise,
recall from Definition 3 in the paper that only condition (11) in the paper must hold if
there are no informed agents in a group. Thus if ¢ > ¢(0), there exists an equilibrium with
identical groups where my = 0 for all k. This proves part (iv) of the proposition.

To prove part (i), let 1 < m < n —1. We first show that ¢(m) > ¢(m), i.e., the interval

[c(m), ¢(m)] is non-empty. Using the definitions of ¢(m) and ¢(m), we have

¢(m) — c(m) Elog <R+Q(m—17R)

(e (=)

where R = R(m). Using the definition of @ in the statement of the Proposition, we have

Opy ]

> + f(m,R)— f(m+1,R) (A-29)

9Q(mi, R) _ % [ﬁk(Q — pe) + 2mi(1 — )

€

omy, omy,

where pr = p(my, R). Applying the implicit function theorem to (A-17), we have

o Pr(1 —2p1)(2 — pr)

Omi  6(my — 1)p2 4+ 2(4 — 5my)py + 2(my, — 1 — 02R)’
Using the same argument as when signing 9px/OR (see the proof of Proposition 2), we
conclude that dpy/dmy > 0. This shows that 0Q/dmy; > 0 and thus the log term on the
right-hand side of (A-29) is positive. To show that the terms involving f on the right-hand
side of (A-29) are positive, let g(z) = (1 — 2x)/(27(1 — z)). Note that g(x) > 0 and
g (z) <0if z € (0,1/2). Using (33) in the paper, f(m,R) can be written as

flm ) = 5 (A2 ) — (g )
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Thus the terms involving f in (A-29) can be written as

(n—=m—=1)[g(p(m,R)) = g (p(m + 1, R))] + (m = 1) [g (p(m = 1,R)) — g (p(m, R))].

Sincen > 2,1 <m <n-1, ¢(z) <0, and 9p/0my, > 0, this expression is greater than
or equal to zero. This shows [c(m), é(m)] is non-empty. Thus if ¢ € [¢(m), ()] for some
m € {1,2,...,n — 1}, the equilibrium conditions (10)-(11) in the paper are satisfied. In
this case there exists an equilibrium with identical groups where m; = m for all k. This
proves part (i) of the proposition.

To prove part (ii), define ¢(m, A) as

_ 1 R(m, \) +1/0?
cmA) = 5-log <7z(m, N+ Q(m —1,R(m, )\))> + f(m, R(m, A)

(m—1)

mf(m — 1L, R(m, A)),

where R(m, \) is given by

S

In (A-30), ax(m) =1/(1+(n—m)p(m,R)) and ax(m—1) = 1/(1+(n—m+1)p(m—1,R)),
where p(m,R) and p(m — 1, R) solve the pair of cubic equations that arise from part (i) of
Proposition 2 in the paper. Note that (A-30) is the price informativeness when there are
two types of groups; a fraction A of the groups has m fund managers and a fraction 1 — A
has m — 1 fund managers.

If ¢ € (¢(m),c(m — 1)) for some m, an equilibrium with identical groups does not exist
since conditions (10)-(11) in the paper fail to hold. However, in this case an equilibrium
with two types of groups does exist; a fraction A of the groups has m managers and a fraction
1 — X of the groups has m — 1 managers. To see this, note that ¢(m, \) is continuous in
A, where ¢(m,1) = ¢(m) and é(m,0) = ¢(m — 1). Thus if ¢ € (&(/),c(m — 1)) for some
m € {1,2,...,n}, there exists A € (0,1) that solves ¢ = ¢&(m, ). For the groups with
m managers, condition (10) in the paper holds as an equality while condition (11) in the
paper holds as an inequality. Likewise, for the groups with i — 1 managers, condition (10)
in the paper holds as an inequality while condition (11) in the paper holds as an equality.

Thus conditions (10)-(11) in the paper are satisfied for both types of groups, which proves
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part (ii). This completes the proof of the proposition. [

Proof of Proposition 4.

Proposition 4 characterizes our model when the group size n is large. For large n, we
show that the number of fund managers in each group grows at a rate that is proportional
to v/n. We let &, and R,, denote the equity risk premium and the price informativeness,
respectively, when the group size is n. For large n, we show &, < & and R,, > R, where
& and R correspond to the standard rational expectations model without mutual funds.
Thus Proposition 4 gives a sufficient condition (namely, large n) such that our model with
mutual funds produces a lower equity risk premium and a higher price informativeness
relative to the standard model without mutual funds.

Fix a finite cost ¢ > 0. We first argue that for n sufficiently large, cases (iii) and (iv)

from Proposition 3 cannot arise. First note that

o2 o2 n — —
1 log<1/ it/ e)+7(( 1)¢(1 - ¢)

c(0) = 5= 1/02 02/o2 +((2 ()’

where ¢ = p(1,1/02) = (02/02)(\/1+ 02/02 — 1) is obtained from Proposition 2. It is
immediate from the above expression that lim,j ¢(0) > ¢, which rules out case (iv) of

Proposition 3. Second, note that

D R(n) +1/o? n R + (n— 1) F(n — 1. R(n
) = 5 tog (o T Y 4 (R + (1= )50 - LR)

_ Ly R(n) +1/0? . 51— p)
= 58 <R<n> Q- 1,R<n>>> T DR M) + Qln - LR

Since Q(n —1,R(n)) grows with n but R(n) is bounded, it follows that lim, 1o ¢(n) < c.
This rules out case (iii) from Proposition 3. Thus either case (i) or case (ii) of Proposition
3 must hold for sufficiently large n.

Now suppose that lim,, 1o mn~" = v for some v > 0 and 8 € (0,1) which are constants
to be determined. Using this conjecture in (A-17) we have

lim p L
1m = —.
nloo Pk 2
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Furthermore,

: . ANV . Mpr(2 = pr) 3v
1 R A= lim RE PR B 27
lim QR R(1h))n i T g

. m v

im ——— = —

nToo TLH_ﬁd(m) 2’

23 V2
lim R(m)n~ = —
oo (1) 4120208’

where the last limit applies to both of the price informativeness functions in (A-20) and
(A-30). Given the asymptotic behavior of Q (1, R) and R, we conclude that

. R(m) + 1/02
w8 | R ) + Qi R ()

Thus ¢(m) and ¢(7), which are given in the statement of Proposition 3, depend only on
the total fee f when n is large.

We now consider three cases for 5. In each case, we evaluate the total fee f when n is
large, where the total fee is given in Proposition 3 in the paper. First suppose § > 1/2.
In this case, using the above limits, limyto f(, R()) = 0, which implies ¢(1) — 0 and
¢(m) — 0 as n — oo. Since ¢ > 0, § > 1/2 cannot be an equilibrium growth rate for m.

Next suppose § < 1/2. In this case, limy1o f(2, R(112)) = oo, which implies ¢(1) — oo
and ¢(7) — oo as n — oo. Since c is finite, § < 1/2 cannot be an equilibrium growth rate
for m.

Lastly, suppose = 1/2. In this case,

Tolo?

lim £ (1, R(1i)) = “227°.

14

[\

which implies (1) and ¢(7i2) both converge to 70202 /v? as n — oo. Since an equilibrium
always exists in our model, ¢(7) and ¢(rm) must be in the neighborhood of ¢ for large n,
so v =+/(ro202)/c.

The equity premium in the model is given by equation (24) in the paper, namely

Ty
+—E[P]=¢=—""t" A-31

where b, and d, are the equilibrium price coefficients and R,, is the price informativeness
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when the group size is n. The asymptotic behavior of R,, discussed above, shows that
lim,, oo R (172) /0 is finite when 8 = 1/2. Furthermore, limy,oo (by/dpn)n ™12 is also finite.
We conclude that lim, 10§, = 0. Thus the equity risk premium is lower and the price
informativeness is higher in an economy with mutual funds relative to the standard economy

without mutual funds. This completes the proof. [

Proof of Proposition 5.

Proposition 5 extends our model to the case in which fund managers are allowed to use
affine compensation contracts. The ith fund manager in group k charges a fixed account
fee §;; in addition to the proportional fee ;. Taking the set M = {mk ke [O, l;:]} as
given, Proposition 5 characterizes the optimal fees &;; and b for the ith manager in group
k. Our results in Proposition 5 show that efficient risk sharing is attained, &, = 1/(14hy).
This is because the ith manager uses the fixed fee bk to extract consumer surplus without
distorting risk sharing when choosing d&;y.

We proceed as follows. First note that the ith informed agent in group k is always better
off choosing «;), and d;;, such that ¢;;, > 0 for all j = 1,..., h;. Since the households are
symmetric within each group, if a3, and d;;, are chosen such that ¢;;, = 0 for some j, then
all households in group k hold zero units of the fund. In this case, the ith manager’s profit
is zero. But by choosing a;; < 1 and d;; > 0 small enough such that ¢;;, > 0 for all
j=1,..., hg, the ith manager can achieve a positive profit and is better off.

By the same arguments that we used in Propositions 1-3, the ex ante certainty equiv-

alent wealth for the ith fund manager in group k is
1
Uik(mk, {alk; (5lk}£k1 ;Mk, .Ak) = E log (R + 1/052) + aikf)ik + hkéik —c+ H, (A—32)

where Ay = {aik/, Oipr 1 =1,...,mp; k' € [O, ]_C] Sk k‘} and where H is given by (A-24).
Likewise, the certainty equivalent wealth for the jth household in group k is

m 1 S
Vi (mu, {oar, o} s My, Ag) = Elog ( 6221 200 — Piy ) (A-33)

P
_Z <Oélk ke | k) +H,

where pi, = (1 — aix) /(cihy).
Taking the optimal actions of the other agents as given, the ith manager chooses «;
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and d;;, to maximize (A-32). The optimal d;; is given by the fee that makes each household
indifferent between buying and not buying the ith fund. If the jth household buys all m

funds except the ith fund, the household’s certainty equivalent wealth is

m 1 1 & )
ij(mk, {alk, 5lk}l:k1 ;Mk, Ak) = E log R+ 0'762 ; (2plk - plk) (A'34)
I#i
s (. Pi,
—Z <+5lk> + H.
g

=1

1%

Comparing (A-33) and (A-34), the optimal fixed fee d;;, that makes the jth household
indifferent is | wm )
i1, [ Rtadia (20 — pii,) i Pin
ik = — Og — .
' R+ % DI 1t (2o — P ha,

2T
We note that (A-35) is a function of the contingent fee a;j, which shows up in the last

(A-35)

term and in the variable p;;. Thus we substitute (A-35) back into (A-32) and maximize
over p;r to get pir = 1, which reduces to (25) in the paper. The second order condition
for a maximum is easily verified. We note that when p;z = 1, (A-15) implies the fund
price is Py, = 0. We then substitute the optimal contingent fee &;; into (A-35) to get
equation (26) in the paper. Lastly, we construct the equilibrium price informativeness R
by substituting the equilibrium contingent fees into (A-19), which yields the expression for
R in the Proposition. This completes the proof. [J

Proof of Proposition 6.

Proposition 6 characterizes our equilibrium at the information acquisition stage (i.e.,
at date 0) for the case in which fund managers are allowed to use affine compensation
contracts. The optimal affine contract is given in Proposition 5, which characterizes the
optimal fixed fee bix and the optimal proportional fee ¢&;;, for the ith manager in group k.
Taking these optimal fees as given, we solve for a set M = {mk ke [0, l?:] } in Proposition
6 such that none of the m; informed agents in group k is better off being uninformed and
none of the n — my uninformed agents is better off being informed. As we mention in the
paper, multiple equilibria can arise at the information acquisition stage of our model. Thus

we focus on the case in which there are at most two types of groups, where the two types
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differ only with respect to the number of informed agents my. This mirrors our approach
in Proposition 3.

Our proof is constructive and follows the arguments used in Proposition 3. Upon
substituting d;, and 0z, from Proposition 5 into expressions (A-32) and (A-33), and using
the fact that Proposition 5 implies P;; = 0, we get

. . log(R+1/0%) n—m R+ my/o?
T o7 o) T {R—F(mk f/l)/aJ Teti

5 7 log (R +my/02)  m R+ my/o?
Vi(mie, B (mie); M Ax) - = ( 2 / )_ZTklOg [R+(mkf/1)/02}+H’

where Bk(mk) = {dk(mk), Sk(mk)} are the optimal fees for each manager in group k. Note
that the above expressions for Uy and V. coincide with those in the paper that immediately
precede the statement of Proposition 6.

Now suppose my = m for all k € [0,k]. In this case it is easy to verify that R =
var(X|P,)~! is given in the Proposition statement. As before, the inequalities that define
an equilibrium at the information acquisition stage, (10)-(11) in the paper, can be written
as ¢ < ¢(m) and ¢ > ¢(m), where the functions ¢(m) and ¢(m) are given in the statement
of Proposition 6. The two corner solutions my = n and my, = 0 provide parts (iii) and (iv)
of the proposition.

To prove part (i), we need to show that [c(m),é(m)] is a non-empty interval for m €
{1,...,n —1}. Define

o = g htam) e e (e
el (r +r<:ﬁ/f)3/az>

where r > 0. By construction, J(R(m),m) = ¢(m) and J(R(m),m + 1) = ¢(m). To show

[c(m), ¢(m)] is non-empty, it is sufficient to show 9.J(r,m)/0m < 0. Direct computation
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shows that

S = e () - ()

2r
‘27102 <r+ <m1— 1>/az> i (nzzzl) <r+ <m1— Djo?  r+ <m1— 2>/oz>

n (n—m) 1 B 1
2102 \r+mj/o2 r+(m-1)/c2)"
Clearly the sum of the non-logarithmic terms above are negative, and further
—log (R +m/o?) + 2log (R + (m —1)/o?) —log (R + (m —2)/0?) <0

due to the concavity of the log function. This shows [¢(m),¢(m)] is a non-empty interval.
Thus if ¢ € [¢(mn), é(m)] for some m € {1,...,n — 1}, conditions (10)-(11) in the paper are
satisfied and there exists an equilibrium where all groups have mj, = m managers.

To see part (ii) of Proposition 6, let

_ 1 R(m, A) + 1/a?
cm,A) = 57 lo <R(m, N+ (m—1) /ag> (A-36)
(m—=1)  (R(m, )+ (m— 1)/
e (R(m N + (m = 2)/ag>

(n —m) R(m, \) +m/o?
gy loe (R(m,)\) + (m — 1)/UZ> ’

where

Rim.\) = % N % (Am(l +n—m)+ (1 - )\)(n;— DA 4+n—(m-— 1)))2' (A7)
o2 o2 nTo?

Equation (A-37) corresponds to the price informativeness when a fraction A of the groups
has m managers and a fraction 1 — A has m — 1 managers. Note that ¢(m,\) in (A-
36) is continuous in A and satisfies ¢(m,0) = ¢(m — 1) and é(m,1) = é(m). Thus if
c € (¢(m),c(m — 1)) for some 7 € {1,...,n}, there exists A € (0,1) such that ¢ = ¢(1n, A).
The equilibrium conditions (10)-(11) from Definition 3 in the paper are satisfied for both the
groups with my = m managers and the groups with my = /m — 1 managers. In particular,
for the groups with m managers, condition (10) in the paper holds as an equality while

condition (11) in the paper holds as an inequality. Likewise, for the groups with m — 1
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managers, condition (10) in the paper holds as an inequality while condition (11) in the

paper holds as an equality. This completes the proof of the proposition. [

Proof of Proposition 7.

Proposition 7 characterizes our model when the group size n is large and fund managers
are allowed to use affine compensation contracts. For large n, we show that the number
of fund managers in each group grows at a rate that is proportional to y/n. Proposition
7 gives a sufficient condition (namely, large n) such that our mutual fund model with
affine compensation contracts produces a lower equity risk premium and a higher price
informativeness relative to the standard model without mutual funds. This mirrors our
result in Proposition 4 where only a proportional fee is allowed.

The proof is similar to that of Proposition 4, with the exception that ¢(m) and ¢(m)

are now given in Proposition 6. Fix a finite cost ¢ > 0. Using Proposition 6 we have

and thus limy,o ¢(0) > ¢, which rules out part (iv) of Proposition 6 for large n. Similarly,

using Proposition 6, note that

! o (R (1) (B D)

&(n) = 5_lo n) + (n—1)/o?2 27 R(n) + (n—2)/02

and thus lim,t ¢(n) < ¢, which rules out part (iii) of Proposition 6 for large n. Thus it
must be the case that part (i) or part (ii) holds for sufficiently large n.

Now suppose lim,, 1o, mn~? = v for some v > 0 and 3 € (0,1) to be determined. If
B > 1/2, limpgee c() = 0 and lim,jo0 () = 0. Since ¢ > 0, f > 1/2 cannot be an
equilibrium growth rate for 7. Next suppose § < 1/2. In this case, lim, o ¢(112) = 0o and
limy,1o0 €(1m) = oo. Since ¢ is finite, § < 1/2 cannot be an equilibrium growth rate for 7.
Lastly, suppose 8 = 1/2. In this case, one can verify that
uoe

TO, O

li n) = lim ¢(m) = ——==
Yim (i) = lim e(m) = 5,3

Since an equilibrium always exists in our model, ¢() and ¢é(m) must be in the neighbor-

hood of ¢ for large n, so v = \/(70202)/2c. Lastly, note that R, (1), which is the price
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informativeness when the group size is n, satisfies

. Rau(m) 1
lim =
nfoo M 2102¢

when 3 = 1/2. Also note that lim, o (bn/d,)n~'/? is finite. Using (A-31) and the asymp-
totic behavior for R,, and b, /d,, we conclude that for sufficiently large n, the equity risk
premium is lower and the price informativeness is higher in our economy with mutual funds

relative to the standard economy without mutual funds. This completes the proof. [

Proof of Proposition 8.

Proposition 8 characterizes some features of our equilibrium at dates 1 and 2 when
agents and groups are heterogeneous. We allow for different group sizes, where ny is
the size of group k. We also allow the households to have heterogeneous risk aversion
parameters, where 7, is the risk aversion parameter of the jth household in group k.
Lastly, we allow the fund managers to have heterogeneous risk aversion parameters and
heterogeneous signal variances; the ith fund manager in group k has risk aversion parameter
;% and signal variance U?k. Taking the set {nk,mk ke [0, ]_f]} as given, Proposition 8
extends Propositions 1 and 2 to the heterogeneous case.

The optimal demand of the ith manager in group k is given by the usual mean-variance
form

~ E[X|Px7Y;Lk]_Px

L A-38
ik aikTik var(X | Py, Yi)’ ( )

where 7;;, is the manager’s risk aversion parameter. For the jth household in group k, we

evaluate the household’s conditional expected utility using Lemma 1 to get
D2

1 Cjk+2Bjjlj€

- e ,
Bjkvar(Xfpx)

Upp =E [—e *Wir| P,] = — (A-39)
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where

m mp
Bj, = var(X|P,) "t + 27 Z Prjkwik — Tj2k Z ¢l2jk0l2kwl2ka (A-40)
=1 =1
(E[X|P))° S
Cir = —QVar(w+Tjk0jkpx+7'jk;¢ljkalkplk (A-41)
S PwQTij 2 o 9
+71 Py ; i A (1 — agx) + 5 ; Pk ikWik
E[X]| P S
Dy = —AEl e P AR(1 — A-42
= B Sttt o

mp my
2 2 92 2
+PyTjk Z bijpwik — PuTiy, Z Pk ik Wik»
=1

=1
1 11 b? b(Py—P) s
Ay = —P)| =+ — - —
ik QG Tik [(,uz ) ((792C * o2 * d205> i d*o2 o2 |’
1— .
Wik = 706”; . (A'43)
QikTikO

We remark that (A-39)-(A-43) is the counterpart to (A-6) for the case in which households
and fund managers are heterogeneous. It is straightforward, but somewhat tedious, to
verify that (A-39)-(A-43) coincides with (A-6) in the special case of 7, = 7;, = 7 and
0'2-2k =02 for all i, j, k.

The first order condition for the household’s investment in the risky asset is

D

-1 mi A] 2 mig 792 2 92 = PI’ (A_44)
var(X|[Py) = 4 2755 3 300 dupwin — T, 2012 Ok0i Wik
where
R E[X|P . o .
Dj, = ‘m[(XHPf;]) — Tk — Tjk Z Gjn A (1 — agx)

=1

mig mp

7 2 2 2 2

+ Py Tk Z Gijpwik — PoTiy, Z PLikO Ik Wiks
=1 =1
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while the first order condition for the household’s investment in the ith fund is

Wik, — Tjk¢ijkaz?kwi2k
— N 2
var(X | Pp) =1 + 2755 30008 dujpwik — 7o, D1 ¢z]k0lkw1k

aikpik ) (A_45)

fori=1,...,mg.

In Proposition 1 we used the fact that the households were homogeneous within a
group to obtain ggijk = 1/hy. Since now the households have heterogeneous risk aversion
parameters, this argument no longer works. Thus we solve the first order conditions directly
to obtain the optimal mutual fund demands. Using (A-45), the first order condition for

¢iji can be rewritten as

aix Py = By [wik - Tjkéijko'?sz?k] ; (A-46)
where Bjk is
mi m
By, = var(X|Py) ™! + 275 Z Prjrwik — szk Z clejkalewfk.
= =1
If we sum (A-46) over all funds in group k, we get
mi mp mpg
Z a Py = B! szk — Tjk Z PijkOTRw, | - (A-47)
1=1 =1 1=1
Solving for Bjk and substituting into (A-46) gives

n 2 2

aiP Wik = TjkPijkT Wik
Mk = m mg ] 2,2 "
Zl:l Oélk]jlk; Zl:kl Wik — Tjk Zl:kl ¢ljkglkwlk

(A-48)

Next we solve (A-48) for éijk to get

my
bin = 1 wip 1 { kP } ot i Pig Ginor?
ijk = o 92 Y. T —_ E Ik mk E : LjkO1kYik (-
oqwi | ik Tie [0 cr P Dok i Py, —
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Now apply the market clearing condition Z?i 1 g%ijk =1 to get

h
02 w2 _ Z L _ Zk i |: Oészzk :| Zwlk
ik"%ik ] Zl : alk-Plk

1 Tik st Tjk
mp hk

ik P 2 2 2

+ [ka o D } Z Z¢ljk OUWik
1=1 Xkl Ik =1 \j=1

mg
Wik Tt %_1[ i Pik :|Zwlk+[ ik P ]ZU w2
kT — T | ~=mr — 5 Wik
Sk ou P, Yok o P,

where Z il Tjk =T, L Solving the last expression for o P gives
ik Pik = r—my Z our P, (A-49)
[21:1 Wik — Tk Zz Ulkwlk: =1
Now use (A-47) to substitute for Y% oy Py in (A-49) to get
p Wi, — TROJWH, [Z Z ) B (A-50)
Qi = ™ Wik — Tjk lykffzkwl -
[Zl:kl Wik = Th D1 Ulk:wlk =1

Comparing (A-46) and (A-50) shows that Tjk(f;ijk = 7y, for all i. We can rearrange this to
get gZ;ijk = Tj/Tjk, which verifies part (ii) of Proposition 8 in the paper. Substituting q@ijk
back into (A-50) gives the equilibrium price of fund i in group k

2
1 1—qy = 1—ay
, o { {W} Tk {m} } (A-51)
ik = 2 _
var(X | Pp) L 4 27 S [ ool } -7 [ s }

Tk kO, TIkX KOk

To get part (i) of Proposition 8, we use (A-38) and (A-44) along with the risky asset’s
market clearing condition, which is given by equation (7) in the paper. Note that the
market clearing condition gives three equations: one for the constant terms, one for the

terms that multiply X, and one for the terms that multiply U. The equation for the terms
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that multiply X gives

fo i (nkalkafk) dk + d2 7 (fok ok + fo leldk)
fo = (lealkglk> dk+ (7% * W) (fo dk+ fo leldk)

while the equation for the terms that multiply U gives

b=

Lo gt (o 7tk + [y S k)
fo il (W) dk + (g + m) ( - _71dk‘ + fo leldk)
Thus the ratio b/d is
b fo i <lealkalk) dk + de ( ' 7 tdk + fo leldk)
g (J rtak + fy leldk> ’

which can be simplified to give

kmk
5 )
lealkalk

This proves part (i) of Proposition 8 in the paper. To get part (iii) of the proposition, the

1th fund manager in group k solves
max g Py,
(6773
where Py is given by (A-51). The first order condition can be written as

[N _ ~ 2
2T Wik (1 - TkO'kaik)
var(X|Py) !+ 27 30 @ — 7 200 of o

1 — 27402 Qi = (A-52)
where @, = (1 — dux) / (éziknka?k). Expressing @;; in terms of @, gives the expression
Qi = 1/ (1 + Tikaizkd}ik).

Since there are mj managers in group k, the first order condition in (A-52) holds for
each manager ¢ = 1,...,my. Thus there are m; equations that must be solved jointly to

obtain the optimal fees ¢y, Qo .. ., G- This system of equations for group k is given
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by equation (28) in the paper, which coincides with (A-52).
To see that d; € ((1+4 0.5(rk/7%)) "', 1), we analyze the ith manager’s first order

condition in (A-52) by taking the other mj — 1 managers’ optimal fees as given. Let

mg mg
F¥ = var(X|P) ' 427 Y G — T > 07D (A-53)
i 7

Then (A-52) can be written as

2T Wik (1 — %kagk@ik)2

k A 2.2 20
FE + 2Tpwip, — Tjojwi,

1-— 27_-k0'i2kd)ik =

and some algebra gives
— (7o%) @h — 2 (FoBF",) G+ FY, =0, (A-54)

which is a quadratic function of &;;. Assuming F*, > 0, which we verify to be true in
equilibrium, (A-54) has one negative root, which is not meaningful economically, and one

positive root. Defining the function g(x) as
g(x) = — (f,gafk) 2 -2 (?kako’_“i) T+ F’f, ;

note that g(0) = F*, > 0 and g (1/ (27x0%,)) < 0. Thus the positive root of (A-54) lies in
the interval (O, 1/ (kaafk)). Since @i, = (1 — dug) /(QirTiko?,) and @iy € (O, 1/ (Q?kafk)),
it is clear that dy, € ((14 0.5(7ik/7%)) 1, 1), as claimed.

To verify that F ]f@ > 0 in equilibrium, note that our argument above implies that
Wy, € (0, 1/ (Q%ka?k,)) foralll =1,...,mg. From (A-53), a sufficient condition for F'_‘“'Z >0
is

27 — TRopWf, > 0
for all [. This sufficient condition is satisfied when Wy, € (0, 1/ (Q%kafk)) for all [.
Given the above results, we now go back and verify the second order condition to the

ith fund manager’s problem max,,, o, Pi;. Using the first order condition in (A-52), the
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second order condition can be written as

o [var(X|Py) ™" + 27 D0 o — 72 D 03 0f, — Tk (Dik — TRO.0%,)]

_27:160-7,16 1 _ mp A —9 mE 9 ~272
[Var(X]Px) + 275 > 0 e — T D221 Jlkwlk]

The expression in the numerator can be rewritten as

my my
V&I‘(X|Pw)_1 + 27 Zd)lk — 7_']3 Z U?kdjlzk + Trwir = Ffz + Trwir > 0.
=1 =1
I#i I#i

Thus the second order condition for a maximum is verified.

We have shown that in the case of heterogeneous managers and households, a;;, = 1
is never optimal for the ith manager. To understand this result, note that if oy = 1, the
fund’s price is Py, = 0. But given dy; € (0,1) for [ # 4, there always exist 0 < & < 1 so
that P;; > 0 and the ith manager has positive profits.

Now we return to the household’s optimization problem and we verify the second order
conditions for a maximum. The expected utility of the jth household in group k is given
by (A-39). The first order condition for the household’s investment in the risky asset can

be written as

OUj 0Cik | Dix 0 ﬂ =0, (A-55)

— U,
90, {aajk "B,y 90,4
where Uj, is from (A-39) and Bji, Cji, and Djj are from (A-40)-(A-42). Likewise, the

first order condition for the household’s investment in the 7th fund can be written as

ou; 9C;x Dy 0Dy 1( 1 D3\ 0B,
dors = Ut o0t B gy o\ Bt B ) 90 | =0 (A-56)
OPiji 0¢ijk ~ Bjk 0bijr 2 \ Bj B3, OBy

fori=1,...,my.

To check the second order conditions for a (local) maximum, we need to show that the
Hessian matrix, which is a symmetric matrix of second derivatives, is negative definite.
First note that

2
PUsk _ Us <3Dﬂc>2 _ U (A-57)

90%, ~ By \ 90 By

where we have used the first order condition in (A-55) and the fact that the second deriva-

tives of U1, and Djj, with respect to 6, are zero. Since Uj;, < 0 and Bj;, > 0, the expression
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in (A-57) is negative. Next, using (A-56), we have

82Ujk 9 o2 w2 9 ot 2 E[X‘P]—P 2
— U'k’7'< k™ ik +92 (akpk) + ik™ik T T 7 (A—58)
0%, M| Bk e By | var(X|Py)
for i = 1,...,my. Furthermore, using (A-55) and (A-56), we have
9?U; 2wir, [E[X|Py] — P,
It 8 Tk [ X1 E w} (A-59)
90,1004k Bj | var(X|P)
and
32Ujk 9 o2 wiroiwi [E [X| P, — Py 2
I = Uyt | 20 Pgouy Py + —E——1k A-60
Bqﬁl-jka@jk gk ! ! Bj V&I‘(X‘P;B) ( )
The (my + 1) x (my + 1) Hessian matrix is
[ 9%Un PUy Uk ]
‘99]2% 001,001k 00;1,00m,_ jk
02Uy, 02Uy, :
H — 89]'ka¢ljk 8¢%]k : . (A—61)
_O%Ujk .. Ujk
| 99jk0bmyjk 8¢fnkjk

Let H, denote the upper left r x r square sub-matrix of H. It is well known that H is
negative definite if and only if (—1)" |H,| > 0 for r = 1,2,...,my + 1, where |H,| is the

determinant of H,. For r = 1 we have

where we have used the fact that (A-57) is negative. For r = 2 we have

02Uy, 02Uy,

2
2 862 001,001 1 82Ujk 82Ujk 82Ujk
COMER = | g e | = g aer — \sea0 ) (A-62)
90,1011, 8¢%jk ik 15k J J
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Using (A-57)-(A-59), we can evaluate the right-hand side of (A-62) to get

(~1)? | Hy| =

2 4 2 2
Uik Tjk [Jlkwlk

2 (a1 Pig)? .
Bj Bj + (Oélk 1k)]>0

For r > 2, we apply (A-68) to |H,| by letting

b 92U,
11 = 9
902,
D _ DT _ [ 82Ujk 62Ujk . 82Ujk :|
12="Ha = 00,0015k 00;10¢2;k 005100, 1 jk
[ 2Un PUpe . PUp ]
8¢%jk 011002,k 0¢1;x0Pr—1,jk
82(ij aQUJk .
Dy, = 091;k002jk 9931
_ PUp .. Uji
| 991K00r 1,5k aqsg—l,jk

We note that the matrix Doy — DngﬁlDlg takes the form

-1 -1
Uy, [ 9%Uy U \? Uy, [ 02U 02U, 02Uy,
aqﬁjk 89J2_k 00,001k 00110025k 86]2.k 001,001 1 00,0021
—1 ~1
Uy (02U 02U 02U Uy [ 92Uy 22Uy \2
0b1j1k002;k 905, 0051001k 00;10¢2;k 5 i 907, 00;,0b2; 1

Using (A-58)-(A-60), we can rewrite the above as
Dy — Doy Dy Do = 75,U;1,S + 275,U;3 T,

where S is the diagonal matrix

- 9 o -
91kY1k 0 L. 0
Bj
2 2
0 92kY2k
S = Bik
2 2
0 . ar—l,kwr—l,k
L Bjy i
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and 7T is the matrix

(a1 Pix)? (a1xPrix) (a2 Por) -+ (carPux) (11 Pr1k)
T — (0 Pig) (oo Por,) (agk Poy)? ;
| (a1kPrik) (@16 Pr—1k) e (a1 xPro1s)?

Thus we have
| Doy — Doy D' Dyo| = |73US + 273U T| = Uy eV |8 + 27

Noting that S is a positive definite matrix and 7' is a positive semi-definite matrix, we have
|S +2T| > 0. Thus for r > 2 we have

(—1)"[Hy| = (=1)"|D11| | D22 — D21 Di;' D1s|
277

= (-1) aaé];’“

Jk

UtV s 4 27

Substituting (A-57) we get

_1 r
(1) |H,| = (B-Z UL |S + 2T > 0,
J

which follows since Uj; < 0. We have shown that (—1)"|H,| > 0 for r =1,2,...,my + 1,
which proves that H in (A-61) is a negative definite matrix. This verifies the household’s

second order condition for a (local) maximum. This completes the proof of Proposition 8.
O

Appendix

The following result is well known in the probability literature and will be used in the
proofs. For a proof of Lemma 1 in the special case of g = 0, see Marin and Rahi, 1999,

Speculative Securities, Fconomic Theory, 14, p. 653—668.

Lemma 1. Suppose X ~ N(u,X) is an n-dimensional Gaussian random vector, 3 is

positive definite, b € R™ is a vector, and A € R™ ™ is a symmetric matriz. Then
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E [ebTXJFXTAX} is well defined if and only if I — 23 A is positive definite. In this case,

E [ebTXJrXTAX} —|I- QEAH/Q b pART Apt L (b+2A0) T (I-28A) 'S (b+2Ap)

The facts stated in the following lemma are well known results from matrix algebra
and the calculus of matrix-valued functions. See, for example, the book Mathematics for
Econometrics, by Phoebus J. Dhrymes, Springer-Verlag, 1978 (in particular Propositions
30 and 32, as well as Corollaries 28, 30 and 38).

Lemma 2.

(a) If f(x) is a vector, x a scalar, and D a constant symmetric matriz, then

0f(@) ' Df(z) _,0f(x)"

5 5. Df). (A-63)

For a matriz D(x), where x is a scalar variable:

OD(z)™' _,0D(x) _
—on = P, D@) (A-64)
E?log(g)g(:cﬂ) = trace (D(af)l 81;56)) : (A-65)

(b) If D is a conformably partitioned block matriz, then

~1
D1 Do _ Fy' —F;,' Dy D3} (A-66)
Dy Do —Dy,' Dy Fiy' F,!
where
Fiy = Dy — D32Dy' Dy = (I + D15F,,' Dy D) 'Dyy

Fyy = Dy — Doy D|'!Dyy = (I + Dy F;' D12D5;' ) ' Das.
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Moreover,

= |Da||D11 — D12Dj3, Dy | (A-67)

D1 Day
Dy Doy

= |Dy1||Da2 — D21D1_11D12‘ (A-68)
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