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Abstract

We develop a new consistent conditional moment test of functional form based on nuisance
parameter indexed sample moments first presented in Bierens (1982, 1990). We reduce the nui-
sance parameter space to known countable sets, which leads to a weighted average conditional
moment test in the spirit of Bierens and Ploberger’s (1997) Integrated Conditional Moment test.
The weights are possibly stochastic in an arbitrary way, integer-indexed and flexible enough to
cover a range of tests from average to higher quantile to maximum tests. The limit distribution
under the null and local alternative belong to the same class as the ICM statistic, hence our test is
admissible if the errors are Gaussian, and a flat weight leads to the greatest weighted average local
power.

*We thank two anonymous referees for their careful reading and feedback, and Editor Bruce
Mizrach for helpful recommendations.
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1 Introduction

In this paper we propose a consistent Conditional Moment [CM] test of regression model
function form in the spirit of the Integrated Conditional Moment [ICM] test of Bierens (1982)
and Bierens and Ploberger (1997). We tackle the nuisance parameter problem by reducing
the space to integers, effectively reducing the ICM statistic to a weighted average. We show
a max-test is a special case, while an optimal version of the test in the sense of Andrews and
Ploberger (1994) is based on a flat weight.

Let {y;,7;} € R x RF be iid random variables with non-degenerate continuous
marginal distributions and finite variances. Define the regressor set

ze = (1,2, Spi=o0(xy), S = 0(UezSy),
and let f(zs,¢) denote a known response function f : RF*1 x & — R with ® a compact
Euclidean subset of R¥t1. The regression model is

(1) Ye = f(w1,¢0) + &
where ¢, is the unique solution to

b = arginf E(y; — f(x¢,6))?, an interior point of ®.
PP

We want to test whether f(z, ¢y) is a version of E[y:|x:] against a general alternative:

Hy : P (f(ws,¢0) = Elys|a¢]) = 1 against H; : Zlelgp(f(xhd)) = Elys|as]) < 1.

An extension to weakly dependent data is straightforward. See de Jong (1996) and Hill
(2008a,b), and their references.

Parametric CM tests based on a finite number of Ls-orthogonality conditions are
known in general not to be consistent against every alternative (e.g. Ramsey 1969, White
1982, and Newey 1985). Consistency in this class was first established by Bierens (1982, 1990)
by introducing an exponential weight exp (v'z;) indexed by a smooth nuisance parameter ~
€ R* producing uncountably many moment conditions. Bierens’ (1990) celebrated Lemma
1, for example, sharpens results in Bierens (1982) by showing if Z; is bounded and H; holds,
then for F(u) = exp{u}, any compact set I' C R**! with positive Lebesgue measure, and
some countable subset S C I’

(2) EletF (v'x)] #0 Yy eT/S.

That is, exp{y'x:} reveals model mis-specification expect possibly on a set S C I' with
Lebesgue measure zero. If x; is not bounded then any Borel measurable one-to-one bonded
mapping ® : R¥*! — R**! may be used instead (Bierens 1990).

Stinchcombe and White (1998) provide the only detailed explanation for Bierens’
seminal result by proving (2) for any real analytic! non-polynomial F(u), where ~v'z; is
affine (i.e. a constant term must be included) and Z; is bounded. Included weights are

'Recall a real analytic function is infinitely differentiable and therefore has an infinite order
Taylor expansion.
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therefore Bierens’ exp{u}, the logistic [1 + exp{u}]~! explored in Hornik et al (1989) and
Lee et al (1993), and trigonometric weights. See also White (1989), Bierens (1994), de
Jong and Bierens (1994), Boning and Sowell (1999), Dette (1999), Li et al (2003) and Hill
(2008a,b) for related methods. Nonparametric and semiparametric techniques are developed
in Yatchew (1992), Hong and White (1995), Zheng (1996), Stute (1997), Koul and Stute
(1999), Fan and Li (1996) and Stute and Zhu (2005) amongst many others. Hill (2012)
delivers a robust asymptotic power one CM test for heavy tailed time series.

The nuisance parameter « can be handled by randomly selecting it (e.g. Lee et al 1993,
Bierens 1990), or computing test functionals like the supremum or average (Davies 1977,
Bierens 1990, Hill 2008a,b). Alternatively, Bierens (1982) and Bierens and Ploberger (1997)
integrate a scaled sample version of (E[e;F(7'x;)])? over T' for the ICM test. See Section
2, below, for the construction. Extensions of the ICM to simulated ICM for conditional
distributions is treated in Bierens and Wang (2011) who also treat optimal selection of the
parameter space I

Following Bierens (1982) we derive multinomial weights that reveal mis-specification
for integer-valued nuisance parameters. Although exp{+'x;} is real analytic with affine 7'z,
an equally useful interpretation follows directly from Bierens’ (1982) and forms the basis of
our test. Let G¢(u) denote a reveal-valued multinomial mapping for u,£ € R*:

k
Ge(u) == Hi:l ufl provided each ufl is well defined.

Thus if u; € R then we restrict §; € N, and if u; € (0,00) then £, € R. Bierens (1982:
Theorem 2) shows if #; is bounded then under H; there exists an integer m € N* such that

®) Bl = o ][, 2] #0.

Replace €; with ¢ Hle ;" and iterate to deduce (3) holds for infinitely many m € N*. Since
any one-to-one bounded Borel function ¥(Z;) generates the same o-field as &, it follows

(4) Hi : E [eGn(¥(i4))] # 0 for infinitely many m € N¥.
Similarly, if ¥;(u) € [0,00) then for any § € R* with non-zero components
(5) Hi : E [6tG5om(¥(i4))] # 0 for infinitely many m € N,

Simply put ¥; (Z;) = exp{Z;+} to achieve another version of (2): E[e; exp{vy'z:}] # 0 for
ucountably infinitely v = § o m, where the revealing m’s intrinsically depend on the choice
of §.

Properties (4) and (5) provide an alternative explanation for why (2) works, where
infinite differentiability of exp{y'z;}, ¥ on compact T', and affine v'z; do not play any
role. The constant term is immaterial for a multinomial like G,,,(¥(Z:)), ¥;(u) need not
be smooth, and the set of revealing m’s is countable and therefore has Lebesgue measure
zero (while I'/S has positive Lebesgue measure), all contrary to Stinchcombe and White’s
(1998) classification.

In Section 2 we use G,,(u) to construct a discretized version of the ICM statistic by
generating a weighted sum of a sample version of (E[e; Gy, (¥ (Z4))])? over an integer nuisance
parameter space. The summation weights are very general allowing for flat weighting, or
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stochastic weighting with special cases where very large sample moments are favored, hence
a max-test is feasible.

Asymptotic theory is dealt with in Section 3, including a deeper treatment of optimal
summation weights. The limit distribution of the proposed statistic belongs to the same class
as the ICM statistic, so all the properties of the ICM statistic apply including consistency,
admissibility if €; is Gaussian, and critical value upper bounds. A Monte Carlo study follows
in Section 4 where we show a variety of mappings ¥ and test summation weights lead to a
sharp test.

The ICM test construction and limit properties have become fundamental tools for
composing or understanding mis-specification tests. Boning and Sowell (1999) show the ICM
with an exponential weight F'(u) and uniform measure has the greatest weighted average
local power (cf. Andrews and Ploberger 1994). Fan and Li (2000) show nonparametric
tests by Hérdle and Mammen (1993), Zhang (1996) and Li and Wang (1998) all have ICM
representations with exponential weight F'(u). In Section 3 we show Boning and Sowell’s
(1999) results carry over to our weighted average test.

Throughout % and <, denote convergence in probability and finite dimensional dis-
tributions, and = denotes weak convergence on a metric space. |z, := (E;ZlEle |2 4 [P) /P
for x € R™**; | .| = | - |2; and for stochastic matrices ||z||, = (Zi;E|zi;[P)/P. Ij is a
k-dimensional identity matrix and 1j a k-vector of ones. [z] is the integer part of z. p is
always a number in (0, 1) whose value may be different in different places.

2 Stochastically Weighted Average Test
The +/n-local and global alternatives are
HlL Yt = f(:l?t,(i)o) + Ut/\/ﬁ+ €+ and HlG Yt = f(xt,(ﬁo) + Uy + €,

where E[e|z:] = 0, and u; is S¢-measurable, independent and governed by a non-degenerate
distribution. Under Hy we have u; = 0 a.s. See Assumption C in Appendix A for all DGP
assumptions, including restrictions on u;. The following asymptotic properties are easily
verified from Assumption C.

Define the regression residual & := y; — f (act,&) for some plug-in &, and a scaled
sample moment

é(m) = % ZétGm (g(jt)) .
t=1

All that follows carries over to Ggom(¥(%;)) for any § € R* with non-zero components,
provided each ¥,;(Z;) > 0 a.s.

A variety of plug-ins are possible, including NLLS (Bierens 1990, de Jong 1996,
Hill 2008a) and GMM (Hill 2008b). For the sake of simplicity we ignore over-identifying
restrictions and use NLLS:

& = argmin {Z@t - f(xt,¢>>>2} .

Pe® =1

By the mean-value-theorem and the construction of éﬁ, standard arguments reveal under H{

(6) 5(m) = % S euglon,m) + % S wg(we, m) + 0p(1) = 2a(m) + 0y(1),
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say, where z,(m) = 1/y/n Z;L:l erg(ze,m),

gz m) = G (B(E)) — b<m,¢o>'A<¢o>-1a% (21, )60

= plim — Z 90 flxe, 0 ,f(xt,(i))

n—oo T (i)

b(m, @) = plim ~ ZGm (@) % 55 F(a0)

Thus, the appropriate estimator of F(%(m))? under the null is 4(m) = 1/n 31, &gz, m)?,
with
1 0

Q(xt, m) =Gn (\Il(jjt)) - B(mv &50) ((2)0) ¢

Z 38(25 f(@e, 9)

f(xtv d)O)

:IH

1<~ 0
:Ez::a— Tt, ¢ d)/f(xta(b)-

Since m € N* is unbounded we must control for the fact that if |¥;(%;)| > 1
with positive probability for each i then |G, (¥(#))| & oo as |m| — oo is possible.
Consistency, however, requires we compute 2(m) for infinitely many m € N¥ while the
ratio 2(m)/ 4(m)'/? need not be well-defined as m — oo. Thus, we do not consider test
functionals like sup,,{2(m)?/4(m)}, cf. Davies (1977) and Bierens (1990). Instead, we
operate directly on Z(m) a la Bierens (1982) and Bierens and Ploberger (1997).

The proposed test is based on the Stochastically Weighted Average Conditional
Moment [SWACM] statistic:

Nn Nn

T z 2 s 2

T, = E Z(m) Wn,m = E Z(m) Wn,m
m=1 meNFk:m=1

where Zgil denotes Z%@Nk:m:p {N,} is an increasing sequence of integers, the weights
{wn,m} are defined below, and we write

Notice the summation starts at integers m € N*¥ with m = 1: since m = 0 for positive
integers implies m = 0, and Go (¥(Z;)) = 1 by construction, the sample moment Z(0) cannot
reveal mis-specification. Thus A, is not in general the number of m’s, but the maximum
sum m = Zle m;. The total number of integer vectors m in the SWACM sum is denoted

M.
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The SWACM statistic is a discreet analogue to the ICM statistic:

n 2
(7) j-\n = AGF (%;QF (’y/@(xt))) d:u(’)/)

where ® is a bounded one-to-one Borel function on R*¥*! and () is a non-stochastic
absolutely continuous probability measure on compact I' € R¥*!. Examples of y are the
truncated normal (e.g. Fan and Li 2000) or uniform (Boning and Sowell 1999, Bierens and
Wang 2011).

In order to ensure 7}, has a well defined limit we require a limiting version z(m)2wy,
of 2(m)?wy m to be mean summable Y~ E(z(m)?)w,, < co. In general if G,,(¥(Z;)) =
0, (a(1m)) for some non-random a : N — [0, 00), and Wy, ,, 2> Wy, a non-random limit, then we
must have Y > a(m)?w,, < co. The following two assumptions, while not unique, ensure
such summability.

ASSUMPTION A. Gm(¥(3t)) = O,(p™) for some p € (0,1) and any m € NF,

Remark: Gm(U(4)) = Op(p™)) forces us to restrict ¥ : RF — (=1,1)%. Valid
components W;(Z;) include sign(z;:) x exp{—|zit|}, [l + exp{zi+}] 7!, and sign(z;)[1 +
|ziel] ™"

AssuMPTION B. {No}tn>1 denotes a sequence of increasing integers Nyt > N, > 1.
{Wn,m tmenk s a sequence of possibly stochastic real numbers where Iiminf, oo P(wp m >
0) = 1 for all m, with strict inequality for some m, and

Nn
lim sup P (Z P W < K> =1 for some K < oo.

n21 m=1

Similarly, {wm tmenk 18 the unique non-stochastic sequence, wy, > 0 Vm, wy, > 0 for some
m, and Y o, pMwy, < oo, that satisfies wym L for every m. In particular ZQ{T‘ZI pm
X |W'n,m - W'm| = Op(l)'

Remark 1: By using moment condition (4), a consistent test is assured if
liminf,,>1 P(wpm > 0) = 1 for all m, but that is not necessary. We show below that
a max-test is a special case of the SWACM T, placing all weight on one m, say m* =
arg maxmen{ |E[utg(zt, m)]|}, with summation weights wy,» = 1 and w,, = 0 Ym # m*.

Remark 2: If all liminf,>1 P(wn,m > 0) = 1 then {wpm,wm} need not be
summable, as long as {p"™wy, m, p"wm, } are summable in probability for any n > 1.

Valid test weights under Assumptions A and B include
8) w™ =1 and w9 =p

n? n7

77

Lo _ O Em) /YR

TSN sm)] /v

™I (|2(m) /] < Z, () F Zh(ra)) X L (12(m) /0] 2 21, (7))
L+ 12(m)/v/n| x I (|2(m)/v/n] < 2k, (rs)))

W) (1) = p™™ x I (|2(m) /v/n] < 2, (ma))) + I (|200) /0] = 21 (ma))) -
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Note w'"), () and w!) () contain tuning parameters 1, w3 > 0; Z(;) are the order statistics
of |2(m)//n| where 21y > 2y > ... > Za,); and {ky (72)} is a sequence of integers, 0
< kp (m2) < M,,. As long as {y:, ¥+ } have absolutely continuous marginal distributions we
may assume for any n (cf. Assumption C in Appendix A)

2(1) > 2(2) > 0> 2( n) @.S.

Recall there are M,L usable m's and hence M,, possible order statistics Zy- By conventlon
we therefore use "Z(g)" to denote any value greater than the largest |2(m)|/y/n, e.g. Zq)

1, in order to allow a non-binding threshold: I(|2(m)/n/2| < %)) = 1 for each sample m.

The flat w&“}n = 1 and geometric w&% =p"

the ICM measure p(y). The flat or uniform w&?n is not summable, forcing some form of

Assumption A to apply to G,,,(¥(Z:)), while the geometric w%’?n = pm

Assumption A to just G, (¥(Z;)) = Op(1).
Under Hy and H lL the next two weights wgf ),,L,wgf ,Bn () 2, p™ as n — oo for all m
due to the easily shown relation under (6):

are the only ones above comparable to

implies we may relax

9) ZQQ Ty, m) + Op(l/\/_) = 0.

Both exploit 2(m)/+/n to augment weight placed on large sample moments, while ensuring
|wn.m — wWm| 2> 0 for some bounded, positive non-stochastic sequence {w,, }. By comparison
wm% (m) favors, but places flat weight, on large values.

The weight w% augments large sample moments under H in a simple way since

2(m)/v/n 2 Eluig(xs,m)] # 0, hence

BORER p" + | E [urg(zs, m)]]
T T Y e 1B furg (e, m)]|

is large when |E [urg(z, m)]| is large.

The last two weights {wﬁ% (m), wim) ‘m ()} are inspired by Huber’s (1977) theory of
robust estimation. In that context large observations are given less weight or are trimmed
or truncated as a robustness technique. We invert the premise to give more weight to
large [2(m)|/v/n > Z(, (r,)) Which is tuned by 71 and m. A value m; > 0 gives flat or
depressed weight p™ "™ on small sample moments |Z(m)/v/n| < Zk, (r,)), While T > 0 tunes
the threshold 2, (r,)) above which sample moments are consadered "large". Under Hy and

under HY

HF since 2(m)/y/n 2 0 uniformly in m we have |w5l}f,2n () — p™™ £ 0. Thus m; < oo
for wﬁf ,),L () must be satisfied to ensure a well defined test statistic with non-trivial power
asymptotically.

Valid choices of sequences {k, (w2)} include central order [r2M,,] where 72 € (0,1);
intermediate order like [M72] with mo € (0,1) or [maM,,/In(M,,)] with w5 € (0,1]; and
extreme order [mg] with mo > 1, ¢f. Leadbetter et al (1983). Notice if 71 = 0 and k,(72) =
0 then w'™), (1) = 1 is just the flat weight wi'y.

The above examples have an intuitive appeal based on their relation to the ICM
measure p and how they use information from large Z(m). Certainly other possibilities
exist, including replacing p™ with the hyperbolic m~® for some a > 0 with an appropriate
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restriction on G,, (¥ (%)) a la Assumption A. We treat the possibility of an optimal weight
Wy, m in Section 3.
The following examples reveal how wﬁ}‘ Bn, wﬁf '2n (7) and wm,)L (7) permit great flexibility

ranging from average to max-tests. Write
n(m) == E[urg(ze, m)] .

EXAMPLE 1 (average): Trivially Zﬁ{"zl é(m)Qw%% = Zﬁ{ll 2(m)? mimics a flat
weighted Crameér-von Mises or ICM statistic. The statistic is well defined for weights
Gm(¥(Z;)) = O(p™) under Assumption A because 2(m) = O,(p™), and it achieves the

highest weighted average local power as shown in Section 3.2.

EXAMPLE 2 (upper quantile): Consider w%h,)n (m) with a central order sequence
kn (m2) = [m2Ny], m2 € (0,1), and let n,, be the upper m2-quantile of |5 (m) |. Then sample

moments from the largest to a central value are given the greatest weight. Since by (6) we

have 2k, (n5)) = Mr, + Op(1/4/n) under HY, it follows wsl}f,?n (r) & wi) () where

W (1) = e, 3 |7 (m)| =0y,
————— x p™™ otherwise.
1+ [n(m)]|
Now let m(;) be the unique integer, with probability one, that satisfies Z(;y = 2, , . If, for
example, 71 = 100 and 75 = 1/2 then p™™ ~ 0 hence

Tn 2 X x 2% ) + X 22, X .
(N /2D) ; (” Z()) > (” (i) 1+|z(m(i))/\/ﬁ}>

i=[Np/2]+1
Nn/2]
= 2([/\&/2]) X Z (n X 2(%)) +7"n(’/T1),
=1

where 7,(71) = 0, placing equal and nearly all weight on those |Z(m)| above the median
2(2[ N /2))" Notice 7, (1) never vanishes for 0 < 7; < oo although it can be made arbitrarily
close to zero for any n, in probability, by setting m; large.

EXAMPLE 3 (near-max): Consider wﬁf Bn(ﬂ') again, this time with the extreme tail
order k, (m2) = [m2] > 1: the greatest weight is given to the largest [m2] sample moments.
If 5 = 1 then the maximum moment is given the largest weight, hence under H{

Wi () = max 5 (m)| if [ (m)| = max |n(m)|
meNF meNF
S S X p™™ otherwise
L+ [n(m)| '

If 71 = 100 then Tn works like an adaptive "near" max-test: for some r,(m1) = 0 for any n,
T, = maXlS'ﬁzSNn{|2(m)|3/n1/2} + rn(m1).

It is tempting to force 7,(m1) — 0 a.s. by taking m; — oo, but the re-
sulting statistic max,.<m<n;, {|2(m)]® /nt/2} is degenerate under Hy and HE since

maxm<men;, {|2(m)]/n'/?} 5 0 by (9).
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EXAMPLE 4 (max):  The remaining weight w'/s) (), however, places flat weight on
large values. Put mo = 1 to obtain

N No
~ ~ ~ T ~ ~ 2
E z(m)zwgﬁzl () =n x 2(21) + E Z(Z,L-)npmm(z) —n X 2(21) = Joex {z (m) } a.s.
m=1 i=2 SMSNp

as mp — 00, thus the SWACM structure allows for a max-test. The ICM statistic, however,
places zero weight p(dy) on any particular point v € T" because p is absolutely continuous.

Thus, supver(n_l/2 v &F (v/®(z4)))? cannot arise as a version of Z,.

3 Asymptotic Theory

We present the main asymptotic results, discuss critical value computation, and end this
section by characterizing optimal test weights wy, ;.

3.1 Main Results

In order to derive the limit distribution of 7}, we require the weak limit of 2(m)
= 1/V/nd> &G (¥(Z¢)). It is easier to work with a general functional 2(¢) =
1/vnY i &Ge(¥(Z;)) indexed by real-valued & € [0,00)", and therefore with a strictly
positive bounded one-to-one mapping ¥ : R¥ — (0, K]* and some K > 0. This does not
reduce generality since the main results carry over to one-to-one sign{W;(%;)} x |¥,(&;)|%:.
We exploit a tightness argument due to Bierens and Ploberger (1997: Lemma A.1) which
relies on Lipschitz continuity for G¢(¥(%;)). Differentiability with respect to & € R¥ ensures
Lipschitz continuity, while (0/08)Ge¢(¥(Z:)) = Ge(¥(Z¢)) x InW¥(Zy) is well defined if W :
R* — (0, K]*.

We need to show z,(£) converges weakly to some Gaussian element z(€) of C[0, 00)*.
This requires convergence with respect to finite dimensional distributions and uniform tight-
ness. Cf. Billingsley (1999), Bickel and Wichura (1971) and Neuhaus (1971). Assumption
C is presented in Appendix A, and proofs are relegated to Appendix B.

LEMMA  3.1. Let ¥ : RF —  (0,K]% Under  Assumption C
and HE  there exists a Gaussian law  z(€) with mean  function 1(&)
= plim, ,1/n>0"  wg(z,§)  and  covariance  function  T'(&,§,) =

plim, ,  1/n>"} efg(xt,fl)g(xtlg) such that z,(§) 7i ~z(§) in finite dimensional
distributions. Further n(&) = O(pt) and T'(£,,&,) = O(p&11€2)) under Assumption A.

LEMMA 3.2. Let U : RF — (0,K]*. Under Assumption C {2,(£)} is uniformly tight
on [0, 00)F.

Use the limit process {z(£)} from Lemma 3.1 to define the distribution

o

T = Z z(m)zwm.

m=1

THEOREM 3.3. Let U : R¥ — (0, K|F. Under HE and Assumptions A-C T, = Ty.

Characterizing the limiting distribution 77 closely follows Bierens and Ploberger
(1997). Let {\;} be the eigenvalues of I'(my,ms) defined in Lemma 3.1, let {¢;(m)}2,
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denote an orthonormal sequence

(o]
2191 m)wm =0o0r 1 ifi#j ori=j,

m=1
and define

n; = Z n(m)d;(m)w,, where n(m) := plim — Zutg Zp,M).

n—oo

THEOREM 3.4.  Let HE, U : R¥ — (0, K]* and Assumptions A-C hold. There exists
a sequence {(;}5°, of iid standard normal random variables, and an orthonormal sequence
{0:(m)}2, that solves the eigenvalue problem

F(ml,mg)ﬂi(mg)wmz = )\i’l%(ml), le S Nk, = 1,2, ey
1

[M]¢

ma
. oo 1/2 2
such that Ty = .~ (A7 +n;)7.

Remark:  The limit distribution Ty = 32°° (¢;A)? + 1,)? under HE is identical
in form to the limit distribution of Bierens and Ploberger’s (1997: Theorem 3) ICM statistic
fn. All of the implied properties of i’n therefore carry over to T,,. This includes convergence
under null

Hy:Th % T, _Zg \i where E [Ty] = Z,\
=1
If all w,, > 0 then we achieve consistency under the global alternative since by (4) infinitely
many n(m) # 0, hence R
HE : T;, — 0o with probability one.

Similarly T,, is consistent under ”large” local alternatives, and asymptotically admissible for
normally distributed e;.

Although the limit laws of T,, and fn belong to the same class T, the SWACM
statistic has a flexibility advantage because w,, », are possibly stochastic, discretely indexed,
may be zero or positive asymptotically, and need not be summable as long as the limiting
terms E(z(m)?)w,, are. The following corollaries explore two cases although many more are
feasible. Throughout ¥ : R¥ — (0, K.

Counsider testing for linearity in y; = ¢y + ¢ox¢ + € for scalar iid x; € [0, K] a.s.,
E[2?] =1, and Ele?] = 1. Use a flat summation weight, least squares (b and exponential test

weight:
Nn

T, = mzz:l (% é (yt - (251 - (252%) exp {—mxt}> .

Assumptions A-C are easily verified. Since the following is a simple case of Theorem 3.4 we
omit the proof.

COROLLARY 3.5 (uniform, exponential). The null distribution 350, (I N\; has
eigenvalues \; that satisfy Y _y Elg(we, m1)g(e, me)]di(me) = Aidi(ma) where g(x;, m)
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= exp{—ma;} — Elziexp{—ma;}] X x;. Under HE it follows T), <, Z;’il(fi)\,}m +
S, Elerexp{—ma;}]9;(m))? where infinitely many Ele; exp{—maz;}] # 0.

Now consider the max-test in Example 4. Since maxi<m<n, {2 (m)*} has a SWACM
representation a straightforward alteration of Theorem 3.4 applies.

COROLLARY 3.6 (max-test). Define m* = argmax{m € N¥ : |E[u;g(z;, m)]|}.
Under the conditions of Theorem 3.4 if HE is true then maxi<m<ns, {2 (m)?} LT o=

(¢, T(m*, m*)Y2 + n(m*))? where ¢; % N(0,1), hence Ty /T(m*,m*) is noncentral x*(1)
with noncentrality n(m*)?/T(m*, m*). Further, if HF is true then maxi<m<n;, {2 (m)*} &

Q.

m)*} % x2(1) x T (m*, m"*).

Remark: Under H, we therefore have max; <<, {2 (
)% /4(m)} because it may be

Recall we cannot in general work with maxi<m<ar, {Z(m
degenerate asymptotically.

Hansen’s (1996) bootstrap method applies for computing the p-value for 7),. Al-
ternately, Bierens and Ploberger (1997) deliver case-independent upper bounds on the as-
ymptotic critical values of the ICM test. Their argument carries over in its entirety to the
SWACM test by virtue of their versatile Lemma 7 and Theorem 7, and the fact that the null
limit distributions of both Tn and Z,, belong to the same class Ty = Zfil C?)\l under the
null.

In particular, under the conditions of Theorem 3.4 and Hy (Bierens and Ploberger
1997: eq. (40))

Ny
(10) lim P (T > [3.23, 4.26, 6.81]' Z wn,m> <[.10, .05, .01],
m

n—oo

where 4(m) = 1/nY 1, &g(x:,m)?. For example, we reject the null hypothesis at a
maximum asymptotic 5% level if T}, / Z%"Zl F(m)wn,m > 4.26.

3.2 Optimal Weights
Boning and Sowell [BS] (1999) construct a weighted average test statistic C7, := > oo, A7 7,2

7 n, [
where \; are eigenvalues of a covariance function, and 7, ; are smoothed versions of Blerens
(1990) scaled sample moment 1/n'/2 37" | & exp{y'®(z;)} over I'. See below for details. BS
(1999) prove CT,, is optimal in the sense that it has the greatest weighted average local
power (cf. Andrews and Ploberger 1994), and is identically the ICM with exponential test
weight and flat measure fﬂ/er(n’l/2 S & exp{y'®(z1)})3dy.

It is easy to extend BS’s environment with revealing weight exp{~y'®(x;)} on Ly(T) to
ours with multinomial G,,(¥(Z;)) on La(NF). As above let {0;(m)}$2, be an orthonormal
basis of Ly(N¥), the space of square integrable functions on N¥ with covariance function
I' (mq,ms) defined in Lemma 3.1, and inner product

o

(@, y)p = Z x(my)T (my, ma) y(mz) where z,y € Lo(N¥).

my,ma=1

By construction every z € Lo(N¥) can be written z(m) = Zool (@, Vi) ¥3(m). Define as

1=
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in BS (1999) a test statistic

Toi={en idpa = Y A(ma)T (ma,ma) " 9i(ma).
mi,mo=1
The eigenvalues A; of the covariance function I' (my,ms) satisfy A; = (¥;,9;). Now define
a single test statistic CT,, = Y oo; A7T2,.

replication of BS’s (1999: p. 713) argument

o0 o0 o0 2
SNNTL = YN (A;l > )\ixé(ml)I‘(ml,mg)lﬂi(mg)>
=1 =1

The statistic is well defined since by a direct

mi,mo=1
o0 o0 2 o0
= DX (A;122<m>m(m>> =D &m)p,
i=1 m=1 m=1

which is identically the flat weight SWACM. Note that the second equality follows by the

construction of the orthonomal basis {#;(m)}$2,, and the third by Parseval’s Theorem. Since
S, 2(m)? is well defined under Assumptions A and C, so is CT .

BS (1999: p. 715-717) crucially exploit the revealing properties of exp{y'®(z;)} to
prove optimality of the class CT n =Yooy )\12’]',121 Since other weight functions and other
nuisance parameter spaces lead to revealing moments and the appropriate weak limit theory,
their argument instantly extends to G,,(¥(%;)) on Ly(N¥). We omit a proof because it

simply mimics BS (1999: Sections 3 and 4.3). See especially their equations (3)-(6).

THEOREM 3.7 (optimal SWACM). Let W : Rk — (0, K|*. Under Assumptions A
and C the flat weighted SWACM ZN” 2(m)? obtains asymptotically the highest weighted

m=1

average power against HE (cf. Andrews and Ploberger 199/).

Remark: Optimality aligns with the flat weight wslu ,),L = 1. The more flexible
weight wﬁ}j},{ (7) therefore achieves optimality with 7; = 0 and k&, (72) = 0.

4 Monte Carlo Study

In this final section a Monte Carlo study is performed. We draw 10,000 samples {e;, w; }}-
of iid standard normal random variables ¢; and w; € R, for n € {100, 500, 1000}. For each
sample we use k regressors &y = [wi ¢, ..., Wy,¢]' to construct the dependent variable y;, where
k is uniformly randomly selected from {1, ...,10}. The models of y; are

Linear: Yr = d1Ts + €

Switching: y: = ¢ @t + dhze X I (x14 > 0) + €
Bilinear:  y; = ¢z + Bx1sTos + €

Quadratic: y; = ¢jxs + ’yx%,t + €t

Logistic: 1y = ¢jxy + 3 [1 + eXp{¢'2$t}] 4 €t.

We randomly select all parameters for each sample: ¢; is uniformly randomly selected from
[-.9,.9]%, and 8 and v are uniformly randomized on [0, 10] and [—.9,.9] respectively.
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We estimate a linear regression model y; = ¢'w; + ¢; using all regressors w; by least
squares. We then test the residuals & for omitted nonlinearity by computing the SWACM

statistic with m taken from a subset of N* described below. The test weights G = Gm(\I'S))
are based on one of two arguments \Ifg') that satisfy Assumption A:

Exponential \IlgEl) = exp{—|ws,i|} % sign(w ;)

Logistic U5 = [1+ exp{—w;;}] ™"

We use the five summation weights wg?m defined in Section 2. The Huber-type

w%h?n (m) is computed with 71 = 1 and central order &, (72) = [.05A,,] which favors and places

large weight on the top 5"-percentile of 2(m)?. Similarly w&mnl (7) is computed with 3 = 1
and extreme order mo = 2 which favors but places flat weight on the first and second largest
|2(m)|. We find that substantially depressing the weight on the smaller sample moments (e.g.
w1 = 100) decreases empirical power by damping usable information from those moments.
In particular, although we find a max-test performs well based on simulations not reported
here, it obtains the least power when compared with other SWACM statistics. This is not
surprising since the highest average power is obtained by the flat wgﬂ)n =1 Vm as we discuss
below, whereas a max-test puts zero weight on all but one |Z(m)|.

The statistic T}, = Y omen, 2(m)?wy, ;, is computed over an increasing integer set of
integers M,, C N* constructed as follows. Let {J,} be a sequence of scalar integers to be

defined below, J, — oo as n — oo, and let ji(k) be a k-vector with the value j for the *"

component and the value k in all other components. For example, 2§0) =10,0,2,0,...,0]" and
2?) = [2,2,..,2]". Let N, be a set with [(Inn)'/?] integer vectors randomly selected from
{10,...,0], ..., [[ 71L/2]’ .| ,1/2]']}. Let N, be the set of all integers in the hypercube {[1, ..., 0],
o [[Jrll/s], o [Jﬁ/S]]’}. Finally, let N,, denote the set of all simple integers {{z’§°>}£i51/2]}§:1
and {1(11),2(12), e [Jﬁ/z][l‘]’}‘m]}. Then

N, := N,, UN,, UN,,.

Thus 9, contains integer vectors ranging from [1,0, ...,0] to [[Jrll/z], . [Jrll/z]]' hence m €
{1,..,5 x [J'*]}, and M, — N°.

Theorems 3.3 and 3.4 do not provide a basis for choosing J,, since in theory any J,
— oo is allowed. We find, however, that J, = o(n) leads to superlative test performance
where faster convergence rates are associated with poor size. We therefore use .J,, = In(n).

4.1 ICM and Most Powerful Tests

Finally, we compute ICM and Most Powerful [MP] test statistics. Since the ICM is applied
elsewhere (Fan and Li 2000, Bierens and Wang 2011) we limit our scope, in particular since
our data are iid Gaussian and therefore do not deviate from previous studies. We compute
the ICM Z,, on T' = [—1, 1], with flat measure u(dvy) = 1 in lieu of optimality (Boning and
Sowell 1999), weight F(u) = exp{u} or [1 + exp{u}]~!, and argument ®;(z;) = arctan((z;
— 1/n>"1 wit)/s;) where s? = 1/n> ¢ (w4 — 1/nd 7 x;+)? as in Bierens (1990) and
Bierens and Wang (2011). Critical value upper bounds are identically (10), cf. Bierens and
Ploberger (1997: eq. (40)).
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Finally, the MP statistic is easily deduced. Since the parameters ¢,, 8, and § and
regressor dimension k are known within the simulation, each model can be written as y:(¢;) =
¢'2(7) + €, where y(¢;) = yi— @2+ and ¢’ 2(7) is some model specific parametric function.
In the switching model ¢’2¢(7) = ¢oxI(z14 > 0), s = ¢o; bilinear ¢'2z:(7) = By 1224, s = B;
quadratic ¢’z (7) = va3 ;, ¢ = 7; and logistic ¢'z(1) = B[l + exp{dpa;}]™', ¢ = fand 7 =
¢5. Since the errors are iid standard normal, an appeal to a generalization of the Neyman-
Pearson lemma leads to the MP statistic W,,(7) = y(¢,) 2(7) [2(7) 2(7)] " 2(7)'y(¢,). Tt is

easy to show W, (1) 4, x%(J) under Hy for any point 7, where .J is the dimension of .
4.2 Simulation Results

Empirical size and power of the SWACM and ICM statistics are presented in Tables 1-4. We
only report power for MP tests in Table 5 since empirical size is near the nominal size. In
simulation experiments not reported here we find Hansen’s (1996) p-value method leads to
similar results?.

Table 1 - SWACM Test Sizes®
Weight \ n [ | 100 | 500 | 1000
| ] 10%, 5%, 1% | 10%, 5%, 1% | 10%, 5%, 1%

L? | .08, .05, .01¢ | .07,.04,.01 | .09,.05,.01
Wi E | .08 .05 .01 | .07,.04,.01 | .09,.05,.01
L | .11,.06, .02 | .09,.05,.01 | .10, .05, .01
w9, E | .07, .04 .01 | .04, .02,.00 | .06,.03, .01
L | .08,.06 .03 | .11,.06,.02 | .09, .04, .01
W), E | .05 .03,.01 | .04,.02,.01 | .03,.02, .01
L | .08, .04 01 | .09,.05 01 | .06,.03, 00
Wi, E | .04,.02,.00 | .02,.01,.00 | .00, .00, .00
L | .07,.03 .01 | .09, .04,.00 | .09,.05, .01
W) E | .01,.01,.00 | .04,.02,.01 | .05,.03,.01

a. Critical value upper bounds are taken from (10) in Section 3.1.

b. The SWACM moment condition weight G,,,(V;) is based on a logistic (L) or
exponential (E) argument Wy,

c. Rejection frequencies at the 10%, 5% and 1% levels.

The SWACM test generates reasonable empirical size at the nominal 5% level
considering the rejection rates have 99% bounds .05 & .0195. Thus, Bierens and Ploberger’s
(1997) critical value bounds work exceptionally well here. Although in all cases power is large
once n > 500, the sharpest size and highest power occurs with the flat weighted SWACM

with logistic G% ),

2The data are iid Gaussian and the nuisance parameter space is countable, hence it is easy to
show Hansen’s approximate p-value is consistent (cf. de Jong 1996, Hill 2008a).

13
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Table 2 - SWACM Test Power (weights w%u%l,w%g%,wgfh
Weight | Model \ n | | 100 | 500 | 1000
| | | 10%, 5%, 1% | 10%, 5%, 1% | 10%, 5%, 1%

L | 59, .51, 40 | .83, .80,.75 | .93, 91, 85
Switching | E | .58, .51, .41 | .84, .81,.75 | .94, .92, .85

L | .71, .67, 59 | .74, 68, 59 | .81, .76, .67

w, | Bilinear | E | .69, .64, 57 | .69, .65, .57 | .80,.74, .65
L | .85, 82,.76 | .91,.90, 88 | .94, 92, 91

Quadratic | E .85, .82, .77 .90, .90, .88 .93, .93, .91

L | 56, .51, .46 | .87, 85, .80 | .93, 89, 85

Logistic | E | .66,.51, .48 | .80,.79,.76 | .92, .88, .85

L | .56, .46, 41 | .81, .73, .66 | .86, .84, .77

Switching | E | .43,.32,.17 | .69, .63, .54 | .81,.77,.70

L | 44 44, 32 | 47, 45, 36 | .52, 52, 47

w@, | Bilnear | E| .64, .58, 46 | .78,.74, 59 | .89, .85, .71
L | .82, .79, 71 | .94, .90, 84 | .97, .96, 94

Quadratic | E .74, .68, .64 .86, .82, .80 .96, .95, .93

L | .64, .56, 48 | .81,.77, .74 | .93, .91, .90

Logistic | E | .51,.41,.21 | .76,.71,.68 | .91, .89, .80

L | 52, 47, 31 | .80,.78,.70 | .89, 88, .85

Switching | E | .41,.32,.20 | .77, .68, .64 | .86, .84,.76

L | 48, 45, 34 | 52, 48, 40 | .69, 58, 49

w) | Bilnear | E| .68, .61,. .44 | .72, .64, 50 | .81,.71, .62
L | .80, .76, .73 | .93, .91, 89 | .95, .95, 04

Quadratic | E .75, .70, .64 .90, .89, .87 .94, .92, .89

L | 51, .41, 34 | 87, 82, .79 | .93, .90, 88

Logistic | E | .37,.31,.17 | .79,.77,.74 | .90, .89, .86

The flat weighted SWACM and ICM with uniform weight perform similarly. In
some cases either may perform better, but the improvement is mild and not across cases.
This verifies the ICM concept successfully extends to other nuisance parameter spaces and
other test weight classes, and shows great promise and flexibility beyond the original scope
presented in Bierens (1982) and Bierens and Ploberger (1997).

Finally, as a separate experiment we compute the logistic SWACM and MP statistics
for quadratic and logistic models and sample sizes n = 20, 40, ...,500. See Figure 1 in
Appendix C for empirical powers at the 5% level. In the quadratic case SWACM power
nearly matches MP power for n > 400, and is nearly identical to MP power for all n > 100
in the logistic case.

5 Conclusion

We exploit seminal results in Bierens (1982, 1990) and Bierens and Ploberger (1997) to create
a class of multinomial tests weights and orthogonality conditions with an integer nuisance
parameter for testing regression model specifications. We use the weights to create discretely
spaced sample moments, and a test statistic that is a stochastically weighted average of those
sample moments squared. The stochastic weights are flexible enough to cover a range of
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statistics from average to max statistics, including statistics that favor any subset of ranked
sample moments. The statistic has asymptotic properties identical to the ICM, including
the null distribution, consistency, admissibility for Gaussian errors, and optimality with a
flat weight. In a controlled experiment the flat weighted SWACM obtained the sharpest size

and highest power.

Table 3 - SWACM Test Power (weight wgﬁ,)“wsff 2”)
Weight | Model \ n | | 100 | 500 | 1000
| | | 10%, 5%, 1% | 10%, 5%, 1% | 10%, 5%, 1%
L [ .57,.48, .35 | .83,.81,.73 | .89, .88, .82
Switching | E | .40, .28, .15 | .80,.72, .68 | .88, .86, .79
L | .63,.57,.50 | .70,.65, .61 | .76, .70, .74
wim), Bilinear E | .76,.75,.69 | .83,.80,.75 | .89, .85, .78
L | 78,77, 71 | .92,.91, .91 | .95 .95 .94
Quadratic | E | .75,.67,.63 | .91,.90, .85 | .95, .93, .92
L | .60,.51,.49 | .85,.83,.78 | .92, .90, .88
Logistic | E | .52,.42,.24 | .82,.77,.74 | .90, .86, .81
L [ .60,.51,.34 | .86,.83,.73 | .86, .85, .83
Switching | E | .36,.25,.12 | .73,.64, .54 | .82, .78, .69
L | .66,.62, .57 | .70, .64, .56 | .75, .70, .62
wi, | Bilinear | E | 80,.75,.63 | .82, .80,.74 | .83, .82, .77
L | .79,.76, .71 | .92,.90, .87 | .93,.92, .90
Quadratic | E | .70, .68,.60 | .86,.83,.82 | .90, .87, .86
L | 61,54, 41 | .88,.86,.80 | .92,.90, .89
Logistic | E | .41,.33,.18 | .75,.72, .67 | .84, .81,.79
Table 4 - ICM® Test Size and Power®
Model \ n [ | 100 | 500 | 1000
| [ 10%, 5%, 1% [ 10%, 5%, 1% | 10%, 5%, 1%
L | .09,.04,.01 [ .11,.06,.01 | .10, .05, .01
Linear E | .09,.03,.01 | .11,.06,.01 | .10,.05, .01
L [ .56,.47,.35 | .86,.84,.75 | .90, .89, .81
Switching | E | .56, .46, .35 | .86,.84,.75 | .91, .89, .80
L | .68,.62,.53 | .74,.67,.55 | .80, .72, .61
Bilinear | E | .62,.57,.50 | .63,.59,.51 | .74, .68, .59
L | .78,.75, .68 | .92,.90, .88 | .95, .93, .91
Quadratic | E | .78,.75,.68 | .91,.89, .87 | .94,.93,.90
L | .67,.59, .47 | .86,.85,.77 | .92,.90, .84
Logistic | E | .67,.59,.47 | .87,.85,.77 | .91, .89, .84

a. The argument ®;(x¢) is the arctan of standardized x; ¢; the measure is u(dy) = d;

and the parameter space is I' = [—1, 1].
b. Critical value upper bounds are taken from (10) in Section 3.1.

15
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Table 5 - Most Powerful Test Power
Model \ n | 100 | 500 | 1000
| 10%, 5%, 1% | 10%, 5%, 1% | 10%, 5%, 1%

Switching .97, .96, .96 .99, .99, .99 .99, .99, .99
Bilinear .98, .98, .98 .99, .99, .99 1.0, 1.0, 1.0
Quadratic .94, .93, .91 .95, .95, .94 .97, .96, .96
Logistic .74, .67, .55 .83, .81, .77 .94, .92, .85

Appendix A: Assumption C

AssuMPTION C1: {y;,%;} € R x RF is an iid process with non-degenerate absolutely
continuous marginal distributions and finite variances. The parameter space ® is a compact
subset of RFTL. ¢ = arginfyee E(yr — f(xr, ¢))? € interior{®}. f(-,$) is for each ¢ Borel
measurable, and twice continuously differentiable on ®.

AssuMPTION C2: Let A,(¢) = (1/n) > 1 ,(0/0¢) f(xt,9)(0/0¢) f(xr, }), then An(¢) —
A(¢p) uniformly on ®, where A(¢) is a non-stochastic positive definite matriz. The NLLS
estimator ¢ = arg minges Y oy (Yr — f(z1,0))? satisfies

ﬁ(&‘%) = (Z f&ﬁ f(xe, ¢0) + Zutaad) xm%)) + 0p(1).

ASSUMPTION C3: Write b(m, ¢) = (1/n) Y7_, Gm (U (3:))(0/0¢) f (1, ¢) € NF x &, where
Gon(U(Z)) = Op(p™). Then b(m,$) — b(m, $) uniformly on N¥ x ® where b(m,¢) is a
non-stochastic function satisfying sup,cqe ment |0(m, ¢)| < oo.

AssumMmPTION C4:

i (1/n)> 1, EleZ(0/09) f(xt, $)(0/0¢") f(z+, )] — As, a finite non-stochastic matriz.

ii. w is governed by a mon-generate distribution, and plim,_,(1/n)> 7 u? ex-
ists and is constant and finite.  There ewists a mapping n : N¥ — R such that
plim,_,(1/n) >0 wg(ze,m) = lim, o (1/n) > 1 Elurg(ze,m)] = n(m) uniformly on
NEIf Gr(2(24)) = Op(g(m)) for some q : N* — R then n(m) = O(q(m)).

iii. There exists a matriz functional T'(my,mz) on NF** such that (1/n) > 7 {E[e?|z;] x
glze,ma)g(ze, m2)} — T(ma, ma), plim, . (1/n) 370 {efg(we, m1)g (e, ma)} — P(mh 2)
and (1/n) 377, Ele?g(zi,m1)g(we, ma)] — T(ma,mg) pointwise on N¥*F. If G, (V(Z)) =
Op(q(m)) for some ¢ : N* — R then T'(mi,ma) = O(q(m1) x q(mz)).

iv. Let G¢(V) € Hg(\p)' For each & € RF, {e?g(xt,€)?} is uniformly integrable and
liminf,>1 1/nY 0 €2g(xs,&)? > o for some v > 0. Moreover, limsup,,_, . (1/n) Y"1, E[e}
X SUDP¢c[o,u]t [(0/0€)g(x+,&)]] < oo for each u € [0, 00).
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Appendix B: Proofs of Main Results

PROOF OF LEMMA 3.1. Recall from (6) z,(m) =1/y/n Y 1, €rg(xs, m), and define
g(x1,6,7) = S mig(wy, &;) for arbitrary 7 € RE, 7w = 1, ¢; € RF+! and [ > 1. Assumption
C, Cramér’s Theorem, and the Lindeberg central limit theorem guarantee

l n n
;'/Tizn( = T; etg(zt, &, ) %Zutg(xtyfﬁ
4N (phm Zutg x¢, &, ), plim — Zetg e, &, ) )

n—oo n—oo

The claim follows by invoking the Cramér-Wold Theorem. The bounds
plim,, . 1/n Y0 wg(z,€) = O(p*) and plim,  1/nY7 efg(x, &) % g(w, &)
= O(p'&11€2)) follow from Assumptions A and C. QED.

PROOF OF LEMMA 3.2. It suffices to show {1/v/n > i erg(we, €)}-; is uniformly
tight on [0,w]* for each @ > 0 by straightforward extensions of results in Bickel and
Wichura (1971) and Neuhaus (1971). We will apply Lemma A.1 of Bierens and Ploberger
(1997). The functional g(z4,&) must satisfy a Lipschitz continuity condition on [0, w]* for
arbitrary w:

lg(2t,&1) — g(x4,89)| < K x |67 — & a.s.

for every &;,&, € [0,w]*, and for some K; measurable with respect to Sy that satisfies
limsup,, ., 1/n>"1_, E[efK}] < co. Finally, we need

lim sup — ZE [€7g(z,&y)] < o0,

for one arbitrary &, € [0,]*. All requirements are met under Assumption C by choosing K;
= SUP¢c[o,wo] [(0/0€)g(x+,€)|. Since (0/0E)Gm(¥(Z1)) = G (P(Z4)) X InT(Z4) is bounded
J-a.e. by construction of Gy, (-) under Assumption A and ¥ : R* — (0, K], it follows

IN

(G (W(@)| + [b(m, ¢) A(g) T 0f (24, 60)]) x |In ()]

= 0y (b x ImW(@)]) = O, (p%). QED.

‘%g(ﬁﬂt,f)‘

PROOF OF THEOREM 3.3. Using the non-stochastic limiting sequence {w, }, apply
expansion (6), Lemmas 3.1 and 3.2, and the continuous mapping theorem to verify under
Assumption C

o

Z wm = Z wm

m=1 m=1

17
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By (6) it therefore suffices to prove |Zg’;1 20 (M)2Wnm — Yooy 2n(m)?wm| = op(1). By
the triangle inequality and w,, > 0

Nn o0 Nn S
Z 20 (M)W — Z Zn(m)?wm,| < Z 20 (m)* {wnm — wm}| + Z Zn(m)%wim
m=1 m=1 m=1 m=~Np+1

= Al,n + A2,1r

Assumptions A-C and N,, — oo imply

[ee] oo
ElA,)= Y Elam]en<K > pMw, <Kp'r -0,
m=N,+1 m=Nn+1

hence by Chebyshev’s inequality As 20.
For A; ,, observe

N Na ) Nn )
Z Zn(m)2 {wnym —wm}| < Z p_mzn(m)z X p" |wn,m —Wm| = Bin X B .
m=1 m=1 m=1

Assumption B states B, 2. 0. By Lemmas 3.1 and 3.2 Bin = > _ p~™z(m)? where
S p ™E[z(m)?] < KY.o°_ p™ < oco. Therefore A, 2 0 which completes the proof.
QED.

PROOF OF THEOREM 3.4. Denote by H = (H,|| - ||w) the inner product space
of sequences y = {y(£;)}2; of continuous functions y(£) € C[0,00)* with bound y(§) =
O(p), metrized with [yl = (X, y(m)wn) 2. Let (@,y), = Yoo, w(m)y(mw,,
be the supporting inner product. Then H is separable and complete®, hence a separable
Hilbert space. Separable inner product spaces have countably infinite orthonormal basis,
say {0:(m)}21, > mens Yi(m)0j(m)wm = Li—; (e.g. Giles, 2000: Theorem 3.27).
Now define Fourier coefficients
(11) w; =Y 2(m)di(m)wn.

m=1

Then 2z € ‘H admits a coordinate-wise expansion
[ee]

(12) z(m) = Zﬂi(m)wi.
i=1

Because I'(mi,m2) = plim, . 1/n> 1 €2g(xs, m1)g(xe, ma) is a symmetric positive-
semi-definite O(p(™*+™2))-bounded function under Lemma 3.1, it follows that I' =
(F(m1,m2))m, moenk is a linear compact self-adjoint operator (Giles, 2000: §15). By the
spectral theorem for compact self-adjoint operators on a Hilbert space there exists an or-
thonormal basis of H consisting of eigenfunctions of I', where each eigenvalue JA; is real and

31t is straightforward to show Davidson’s (1994: Theorem 5:15) argument carries over to H due
to boundedness y(£) = O(27%) of every y € H.
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non-negative (Giles, 2000: Theorem 20.4.1). Tt is immediate that {;(m)}$2; denotes the

eigenfunctions of T,
o0

Z T'(mq, me)di(m2)wm, = \idi(ma),

mo=1

and I'(my,msy) obtains the series representation I'(my,mo) = > "2, N;(mq)d;(m2). Use
Parseval’s identity, (11) and (12) and orthonormality to get

oo oo
T = Z 2(m)?wp, = wa
m=1 i=1

Each z(m) under H¥ is mean zero Gaussian by Lemma 3.1, therefore each Fourier coefficient
w; = Y 2(m)¥;(m)w,, is Gaussian, completely characterized by means 7, = Elw;] =
Sy n(m)d;(m)wy, and pair-wise covariances

(Z [2(m) —n(m)] 9; (m)wm> (Z [2(m) —n(m)] ﬁj(m)wmﬂ

m=1 m=1

Z Z m17m2)19 (ml)ﬁj (mZ)Wmlwmg =\ I—J

Thus w; N(n;, A;) which completes the proof. QED.

PROOF OF COROLLARY 3.6. Since the argument simply mimics the proof of
Theorem 3.4, we only present a sketch. Write wy, = w't” (7).

Exploit wy, = I(|n(m)| > 7)) to deduce the following. First, > ¥i(m)d;(m)wn,
= ¥;(m*)Y;(m*) = 1 if ¢ = j and 0 otherwise; hence ¥;(m*) = 1 and 9J;(m*) = 0 Vi > 2;
hence the Fourier coefficients w; = >~ _, z(m)J;(m)w,, are wy := z(m*) and w; = 0 a.s.
Vi > 2.

Second, I'(my, m*)9;(m*) = A\;j¥;(mq), hence Ay = T'(m*,m*) and \; =0 Vi > 2.

Third, use Parseval’s identity and orthonormality to obtain the trivial identity 77 =
S z(m)2wy, = >0 w? = z(m*)? = max,, e {2(m)%}.

Fourth, the Fourier coefficients w; = > ">, z(m)d;(m)w,, are Gaussian, completely
characterized by means 7, = Elw;] = > o n(m)d;(m)wm, = n(m*)9;(m*) = n(m*) ifi = 1
and 0 Vi > 2, and pair-wise covariances that reduce to I'(m*, m*)9;(m*)d;(m*) = 0 if i # j,
i =7 # 1 and A1 otherwise.

Therefore w; id N(n(m*), 1) and w; = 0 a.s. Vi > 2. Coupled with Ty = Zfil w?
this completes the proof under HY. Under HE we have 2(m)/n'/?> £ n(m) hence by (4)

max<m<n, {2(m)?} 2 co. QED.
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Appendix C
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