The Classical Model of Consumption and Production

The Classical M odel represents a primitively basic model of an economy. It is a“no-exchange economy”,
but a“pure production-economy” : one person divides time into work and leisure, and supplies work hours
in order to produce what they alone consume. That one person is therefore the sole firm. Prices are
irrelevant: there is no one to trade with or buys things from. Thisistherefore also referred to asthe’
Robinson Crusoe M odel”, or for those not familiar with that story, you can call it the “ castaway model”.

Ingredients 1 consumer, 1 firm, one unit of time T (e.g. T = 16 waking hours in a day).

Thereis no past or future; the consumer cannot save, invest, have debt. The population does not grow™.
Optimal Policy (i.e. the equilibrium): {w', ¢, L, 1", 7}, where w = wage, ¢ = consumption, L = labor
hours, | = T-L leisure hours, | = wxL = income, and = = profit. Although the consumer consumers

everything produced, sheisthe firm and therefore receives all profit from the firm

Recall that “wage” is as pay-off for work-per-hour: if you work 5 hours and can collect 10 coconuts/hour,
then the wage is 10/hour, and income is 50 coconuts.

! As opposed to a “Blue Lagoon” economy, or “Gilligan's Island” economy, where the population could expand.



1. THE CONSUMER (labor-leisure choice)
The consumer receives utility from consumption ¢ and leisure |, but work permits consumption. Since there
isonly one consumer, who is the firm, she receives all profits from production. Her total income | based on

wage labor wL and profit zis
| =wL+rx

Since there is no future nor past, al income is consumed. The time and consumption constraints are:

T=L+Il
c=wL+nx

For the sake simplicity, since the consumer takes profits as given, let’s assume they are zero for now:
Letz=0
If you are not working, you are enjoying the time off. If all time goesto leisurel = Tthenc=0.

If al time goesto labor thenc = wxT. Suppose T = 16, then

Wx 16

Along the time constraint all
timeis used for work and

— > leisure. Work L generates
consumption wXL. Theslope=w

16 |

As wage increases, consumption possibilities rise. Nothing can change the time allowance except, perhaps,
hallucinogenics, which we rule out for obvious reasons. T remains fixed.

If T=16andw= 10 increasesto w = 15, then
C

15*16 = 240




1.10PTIMAL LABOR-LEISURE CHOICE

The consumer chooses an “optimal bundle”, or “policy’, {c I’} that maximizes utility U(c,!) subject to the
time constraint:

hqu(c, I) subjectto c=wL+7zand L=T |

where wage w and profits 7 aretaken as given. Again, for simplicity assume profit iszero
=0

The optimal bundle must satisfy two conditions, an optimality condition and the time/consumption
constraints:

1

Optimality Condition: MU
u w
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Time/Consumption:c=w(T —1)

1.2 EXAM PLE (Cobb-Douglas)

Consider Cobb-Douglas preferences:
U(c,l)=c"%*

and let w = 20/hour, 7= 0, and T = 16 hours. The marginal utilities are
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s0 the optimal bundle must satisfy

Optimality Condition :I— _1

X w
Time/Consumption:c=wW(T —1)

The solution is of the two equationsin two unknownsis



3c=Ilw
(T -1)=Iw
3T-3 =I

§T=I = L=1T = C=W}T
4 4 4

The optimal amount of labor supply is simply afixed portion of time based entirely on the preference
parameter for consumption 1/4. In the Cobb-Douglas case it isinsensitive to wage, making this utility
model unrealistic but simple to use.

Plugging in the values that we know, we get

Therest of the solution is
"=16-L =16-4=12
c =wlL =20x4=80=1

Therefore{c’,I'} ={80, 12}.
If we plot the time and consumption constraint, the optimal choices satisfy.
1.3 EXAMPLE (general Cobb-Douglas)

The general Cobb-Douglas utility function is
U@h=c1” 0<a,B<1l a+p=1

The solution is (verify this yourself)

L'=al, I'=0T, ¢ =awT

Ifa=1/2, f=12,w=20,7=0,and T = 15 then c = .5x20x16 = 160 and | = .5x16 = 8. Notice the
consumption preference parameter 1/2 istwice as large as Example 1.2, and consumption is now twice as
large. The leisure parameter is smaller, and now the person works more with less leisure.

Cob-Douglas preferences implies the individual works the same number of hours, irrespective of the wage.
This means labor supply is vertical:

w

Labor supply line

aT L



14 EXAMPLE (tractable utility function)

A nice utility function that implies for a more realistic labor supply and a simple competitive equilibrium
(see Part 3, below) isthe following.

The utility is
U(c,l)=c—;(T—I)2

Itis“linear in consumption”. The margina utilitiesand MU’s are

MU, =1 MU =T-1 = ——C=_=_

MU, 1
MU, T-I

Notice marginal utility with respect to consumption is positive (more is better), but constant: this utility
function assumes the person does not experience diminishing marginal returns.

Notice marginal utility respect to leisureis positive since T > |, and decreasing as el sure increases.

1

Optimality Condition: — =
Tl w

Time/Consumption:c=wWT —I) + 7

The solution here is painfully simple: we only need to use the optimality condition and recall T-1=L:

Optimality Condition: Tll = 1 >w=T-l=L
-ow

So, optimal labor supply isL =w, asimple linear increasing function in wages. More wage = more labor.
Of course, labor hours cannot be greater than T:

Optimal Labor Supply: L =w




2. THE FIRM (profit maximization)

Y ou aready know this story from the lecture notes on consumer and producer theory. Since priceis
irrelevant? the firm’s profit maximization problem looks like

| 2=AxFK, - I

whereK’ isthe fixed short-run level of capital.
Thefirst order condition is

0
—

0
L)=0 Ax—F(K',L)-w=0
L D=0 = Ax—-FK Lkw

= MR =w

Notice M P_ gives us a Demand for Labor D, which itself tells us the firms Willingness-to- Pay: the firmis
willing to pay no more than w for each unit of labor L based on labor’s productivity:

Demand for Labor

P*M PL
Valueof Marginal Product

L 611 16 21 26 31 3 41 46 51 5 6L 66 71 76 BL 8 91 %
Labor Input L
If workers are more productive (e.g. human capital improves, or on-the-job training improves), then they

can produce more faster, which trandates to lower costs to the firm. Hence profit increases, output is
therefore increased requiring more labor inputs: the demand for labor shifts up:

2«Price” simply has no meaning in a pure production economy (i.e. Tom Hanks alone with a volleyball). Notice we are only thinking
of “consumption” in the abstract, so the firm will produce whatever it isthat is consumed (e.g. Soylent Green: great 1970's movie
about green chips produced for mass consumption). We effectively fix P = 1: the price of your entire day of consumption is your
entire day of income: 1 day of ¢ has aprice of 1 day of work.



MP' > MP dueto slong-run increasein productivity

D, =PxMP;

D, =PxMP,

21 EXAMPLE
Fix capital at K = 1, and assume w = 10, A= 100, and
Y = AxF(L) =100x L*'®
Then the profit maximization problem reduces to
MR =w

100><§L3—1,5=10 = #7=L = L=1007937

Thefirm’s profit maximizing level of labor is 10.08 units (e.g. individuals/day, hours, etc., whatever the
unitsare). The resulting level of output and profit are

Y = Ax F(L) = 100x 10.079372'° = 251.9842

m =251.9842-10x10.07937 =151.1898

Notice we can represent and plot profit as a function of labor:

7(L) =100x *¥'° —10x L



Output and Profit
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The demand equation for labor is simply characterized by the Value Margina Product of Labor, which
itself isthe most afirm will pay in wages to the labor:
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3. COMPETITIVE EQUILIBRIUM (optimal consumption, labor supply and production)
In the equilibrium, there exists a unique wage W that clearsthelabor market: at w the consumers
quantity supplied of labor hours equalsthe firm’ quantity demanded of |abor hours The result is an

equmbrlum number of labor hoursL"; the consumer’ sequmbnum consumptlon c =w L +x andleisure
timeT- L"; and the firm’ sequilibrium level of output Y and profitm =Y - w L.

Sincec’'=w' L+ andn  =Y-w L’ the consumer simply consumes all output:
C=wWL+7" =wL +Y -wL =Y
Thisisnot surprising: there is no past and future, so all output is consumed.

So, the equilibrium condition is

| wsuchthatl,=L =L and ¢ =Y" |

3.1 COBB-DOUGLASPRODUCTION AND LINEAR-IN-CONSUMPTION UTILITY

Let’s go back to previous consumer and firm examples, and stitch them together. Assume the consumer
time allotment isT = 16, and has linear-in-consumption utility

1
U, l)=c-=(16-1)
2
and assume the firm'’s production function is of the Cobb-Douglas form

Y = Ax F(L) =100x L*'®

Recall the consumer’ s optimality condition implies her supply of labor is

LL=w
Recall the firm’s optimal conditions imply
MR =w
100x §|_15 =W = (3\?)5/3 =L,
T



Graphically
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The equilibrium wagew’ solves

Li=L
207"
i
'
W3 = 4053
w = 40"® =10.03

Therefore, at w = 10.03/hour the consumer supplies 10.03 hours, thereby optimizing utility, and the firm
maximizes profit by employing 10.03 labor hours.
Output is

Y =100x(L f'° = 100x (10.03F'® = 251.48
hence consumption is
¢ =Y =25148

The output and profit functions are
Y(L)=100x L*®

(L) =100x L?/5 -10.03x L
Notice profit is zero when
7(L)=100x L?’® -10.03x L =0

5/3
L= (lOOj =46.18
10.03

But labor hours can be no greater than T = 16 hours, so profit is never negative in the present economy.

Graphically,
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3.2CHANGESIN FUNDAMENTALS

If the firm’ stotal factor productivity decreases (e.g. medical servicesin New Orleans post-Katrina)

then it takes more labor to accomplish the same level of prior output. This means that labor isless valuable
and therefore the firm demands less of it at any wage. This depresses the equilibrium wage, the equilibrium
guantity labor demanded and supplied fall, output falls, etc.

The result is displayed in the figure below.
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