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Tail and Non-Tail Memory with Applications to Random Volatility

OBJECTIVES

d APPLICATIONS: ROBUST INFERENCE
Develop tail dependence propertiesfor ...
Tail shapeinference (linear and nonlinear GARCH, stochastic vol.)

Non-parametric tail dependence inference

Develop tail-trimmed properties for...
Robust GMM, NLLS, QMLE for heavy-tailed random volatility models

(robust = asymptotically Gaussian for persistent heavy-tailed data)
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Tail and Non-Tail Memory with Applications to Random Volatility

OBJECTIVES

d THEORY

New notions of tail dependence, persistence, decay.
Tail Dependence {X.nYi} : | Xen|>bx and |y:|>by as { by, b} —>

Tall Events (x| >by)and I(]y, | > by) asb,,b, —o0

X1y

Tail Exceedances : max{in|x, |-Inb,,0} and max{n|y, |~Inb,,0
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Tail and Non-Tail Memory with Applications to Random Volatility

OBJECTIVES
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Tail and Non-Tail Memory with Applications to Random Volatility

OBJECTIVES

d THEORY

New notions of tail dependence, persistence, decay.

Tail Dependence {Xn,Yi} : | X-n|>bx and |yi|>Dby as { by, by} >

New notions of tail-trimmed dependence, persistence, decay.

Non-Tail {Xehyd :[Xen|<bc and |y |<by as { by, by} — o
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Tail and Non-Tail Memory with Applications to Random Volatility

LITERATURE
d TAIL DEPENDENCE

Joint Distribution Tail Exponents for Bivariate { X;,Y:}

PW, ., >&W,, >¢g)=¢""L,(¢) wherey e[0]]
(W

X,t1

W, .} are Unit Frechet transforms; L, (¢) Is slowly vaying
v, <1/2 (neg. dep.), y, =1/2 (indep.), ¥, >1/2 (pos. dep.)

Ledford and Tawn (1996, 1997, 2003); Heffernan and Tawn (2004)

o Must know marginal distributions; {X} and {Y;} are iid.
o ad hoc models of Ly (Welbull, Logistic,...).
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Tail and Non-Tail Memory with Applications to Random Volatility

LITERATURE
d TAIL DEPENDENCE

Joint Distribution Tail Exponents for Bivariate { X;,Y:}

PW, ., >&W,, >¢g)=¢""L,(¢) wherey e[0]]
(W

X,t1

W, .} are Unit Frechet transforms; L, (¢) Is slowly vaying
v, <1/2 (neg. dep.), y, =1/2 (indep.), ¥, >1/2 (pos. dep.)

o Assumes exponent i denotes core expression of dependence.

o lgnores bivariate dependence decay as h — oo,

o Cannot capture degenerate cases (stochastic volatility).
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Tail and Non-Tail Memory with Applications to Random Volatility

LITERATURE
d TAIL DEPENDENCE

Tail Copula

P(|X. . |>b,,lY. |>b
A= fim 0% l>b 1Y [>b)

(two - tailed)
b= JP(1 X, [>b,) x P(Y, |>b,)

Schmidt and Stadtmiiller (2006); Kltppleberg, Kuhn, Peng (2007)
|gnores memory decay; {X and {Yy} are iid, and h=0.

Cannot capture degenerate cases (stochastic volatility).
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Tail and Non-Tail Memory with Applications to Random Volatility

LITERATURE

d TRIMMING : xxI(%|< by) or TRUNCATION : xexI (x| < by) + byxI (% > by)
Inference for mean, or least squares for heavy tailed { x}

1. 11D

2. Weakly Dep. + finite variance (e.g. covariance stationary GARCH)

3. Linear distributed lags and fixed quantile trimming

4. Mean/location; Least Squares (not GMM; not heavy-tail indifferent)

Bickel (1965), Stigler (1973b), Csorgs, Horvahth and Mason (1986)
Griffin and Pruitt (1987), Hahn, Kuelbs, Weiner (1990)

Hahn and Weiner (1992)
Wau (2005), Agullo, Croux and Van Aelst (2008)
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY

{X, ys} IS a bivariate time series, X, Y; >0, sample size = n.
Tail-specific data:

Two Tailed: |x,|

Left Tailed: - x. x1 (X <0)

Right Tailed: x x1(x >0)
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY

Extreme value within sasmple{x},, : X, > b,, — =«

ko, = number of extremes : k, > o and k,/n—>0 as n — .
ben — o is the k,/n"™ upper quantile of X :

K
n

P()g > bx,n) — 0

L eadbetter, Rootzen, Lindgren (1983), Resnick (1987),
Embrechts, KlUppleberg, Mikosch (2003)
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Estimable

O Coefficient of Tail Dependence:

Joint / marginal tail probability discrepancy :
n
() = - POy > B Y > b)) = POx, > b ) < POy, > by )

[ xyh X,n 1 yn) B P(bxn)xp (byn)]

limr, (h) €[0,1]
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Estimable

O Coefficient of Tail Dependence: r. (h) = kL[PX,y,h(bx,n,by,n) -B.(b,,)P, (b, )]

n

P(Xt—h > bx,n ’ yt > by,n) .
P(Xt—h > bx,n) X P(yt > by,n)

Local tail dep. : kirn (h) ~ 150

P(Xt—h > bx,n’ yt > by,n)
JPO ., > b, )x Py, >b, )

Distant tail dep.: r.(h) ~ A(h) =

Tail index & copula: distant tail dependence.

Stochastic Volatility : local tail dependent.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Estimable

d Coefficient of Tail Dependence:

Easy to estimate :

A 1 n kn
o) = =21 (X > X Ve > Yigen) =

n t=1 4
Order Statistics X, > X, 2.2 X,

Asymptotic theory requires more abstract notions of tail dependence.

Do not want to restrict joint tail, non-extremes, extremal dependence.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

d Tail Dependence Definitions

Extreme events x > by, can be predicted using information from

"near epoch' of {¢,, ,....&}, wherel, — o as n — .

Example: x. = logreturnsto NASDAQ

gt = vector of market specific news/innovations.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

1 Extremal Lo-Approximability [Lo-E-APP] (=~ PO6tscher and Prucha 1991)

{x} is L,-E-APP if there exists a function h{’ of {g_ ,...&}:

(% >b,, )~ hiy

As n —» oo, extremes [x| > b, can be perfectly predicted from &.

Says nothing about joint distribution, non-extremes, density smoothness.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

1 Coverage and Applications

Lo-E-APP : Lo-APP, Near Epoch Dependence, mixingale, mixing.
. GARCH, IGARCH, Explosive GARCH, stochastic volatility

. linear and nonlinear GARCH, Threshold AR’s

Lo-E-APP implies: Asymptotically normal tail shape estimator.

Asymptotically normal tall dependence estimator.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical
GARCH(1,1)
iid
x.=he, ¢ ~ (01, Elg]=0, ht2 =05+,3Xt2_1+m2_1, a>0, B,y=20

Tails are regularly varying: P(\xt\ >e) = e*L(e) (Basrak et al 2006)

{x} IsL,-E-APP for al a+ <1 and many a +>1.
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

GARCH(L,1)

id

x,=he, & ~ (01, Elg]=0, ht2:a+:8)(t2—1+m2—1’ a>0, B,y=20

Tails are regularly varying: P(\xt\ >e) = e*L(e) (Basrak et al 2006)
d
B.Hill's (1975) : \Jk {#, —x} — N(0O,V?)

Coeff.of Tail Dep. : k, {f,(h) - r (h)} 5 N(0,v;)

P
Both cases : kernel variance estimators V2, — v’
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

Lo-E-APP in general (nonlinear GARCH; regime switching; ...)
d
Jko{#, =1} > N(O,v})

d
Ji A6, () = r ()} > NO,V2)
Do not need joint tail specification.

Do not need to restrict non-extremes.

Extremes allowed substantial dependence and heterogeneity.

Jonathan B. Hill, Dept. of Economics, University of North Carolina— Chapel Hill
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

NASDAQ Daily Log Returns and Upper 5th percentile: n = 1044
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“Tail” events and exceedances cluster : how long?
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Tail and Non-Tail Memory with Applications to Random Volatility

TAIL MEMORY : Theoretical

r(h)= ki[ Beyn (00 0y0) =B, )P, (b, )]

NASDAQ Median Two Tailed Serial

Tail Dependence Coefficient r(h) and 95% Band
0.20

“Long” serial extrema memory.
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY

d TAIL-TRIMMED PROCESS
X&) = xx1(x | <b,)

Inherently bounded with infinitely many moments:

X <b < for dl p>0.

and E[X(|"

xX,n

Jonathan B. Hill, Dept. of Economics, University of North Carolina— Chapel Hill
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY
d POPULATION AND TAIL-TRIMMED MEMORY

If {x%} Is Lo—Approximable (Potscher and Prucha 1991)

‘xt - gt(')‘—>0 in probabiliy as| — «

for some function g\’ of near eoch{c,,....&,}

then tail -trimmed X\P = x, x1(|x | < b,) satisfies LLN and CLT.
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY

d Lo-APP : Near Epoch Dependence, mixingale, mixing.
. GARCH, IGARCH, Explosive GARCH, stochastic volatility

- linear and nonlinear GARCH, Threshold AR’s

Tail -trimmed X P = x, x (] % | < b,) satisfies CLT.

Tall-trimming ensures standard asymptotics for NLLS, GMM, OMLE.
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY

d EXAMPLE : Tail-Trimmed GMM (Hill and Renault)

GARCH(@1,1) : x, =o,¢,, & ~iid, o’=a+ px’,+yc’, : 0=[a,B,7]

m (@)= (X’ —a-px2,—yoc’)xz:, 22, =[L X, 07 ,..]

1 N—1

Identification : E[m,(6)] = 0 iff =4,

M (0) = m (0) x | (M@ (0) < m? , (6)) : where m®(9) = [m(0)]
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY

d EXAMPLE : Tail-Trimmed GMM (Hill and Renault)

GARCH(1,1) : x, =o,¢,, & ~iid, o’=a+ px>, +yc?, : 0=[a,B,7]

M () = m,(6) x 1 (m®(8) < M, (6)) : where m® (@) = |m,(6)]

6" solves min{ Zm(") (0)'xQ x = Zm(”) (9)} . Q> Q (pd)
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Tail and Non-Tail Memory with Applications to Random Volatility

NON-TAIL (TAIL-TRIMMED) MEMORY

d EXAMPLE: Tail-Trimmed GMM (Hill and Renault)
GARCH(1,1) : x, =0,&,, & ~iid, o =a+pX ,+y0’,
Atr - 1S (tr) o 13 (tr)
0" solves mins=> m{Y (0)xQ2x=> m" (0)
nio | N |

) d
V20" -0,) — N(O,1,) for some matrix V_ e R>°

Rate of convergence < n*”.

Jonathan B. Hill, Dept. of Economics, University of North Carolina— Chapel Hill
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Tail and Non-Tail Memory with Applications to Random Volatility

EXAMPLE : Tail-Trimmed Least Squares: AR(1)

id

X =9%X_,+¢& . & ~Paeto (¢ =1.75), trim k_ ~n°, § (0,1

.20

18
16 -
14
12 A

\« . KS1%=.061 /

06 |-
.04 -
.02

10
.08

.00

Tail rimmed Least Squares:
Kolmogorov Smirnov Tests of Normality

X =0X_,+¢&, n=500, rep=500

L east Squares 0 KS=.108

.00 .09 19 .29 .39 49 .99 .69 79 .89

d: k(n) =n"d
Jonathan B. Hill, Dept. of Economics, University of North Carolina— Chapel Hill
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Tail and Non-Tail Memory with Applications to Random Volatility

SUMMARY
Aslong as x, Is predictab in somesenseusing near epoch{¢, ,...,&}:
0 Extreme value estimators are asymptotically normal :
Do need joint tail specification.

JK (R, -} 5 N(O, v?)

Non-extremes can be anything.

d
\/E i, (h) = r (h)} > N(O,v2) Extremes can be highly dependent.
O  Tail Trimmed estimator(s) are asymptotically normal (GMM)

O Covers linear and nonlinear GARCH, linear and nonlinear ARFIMA....
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