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OBJECTIVES

APPLICATIONS : ROBUST INFERENCE

Develop tail dependence properties for …

Tail shape inference (linear and nonlinear GARCH, stochastic vol.)

Non-parametric tail dependence inference

Develop tail-trimmed properties for…

Robust GMM, NLLS, QMLE for heavy-tailed random volatility models

(robust = asymptotically Gaussian for persistent heavy-tailed data)
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OBJECTIVES

THEORY

New notions of tail dependence, persistence, decay.

Tail Dependence {xt-h,yt} : | xt-h | > bx and | yt | > by as { bx, by} 
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OBJECTIVES

NASDAQ Daily Log Returns and Upper 5th percentile : n = 1044
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“Tail” events and exceedances cluster : how long? why?
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OBJECTIVES

THEORY

New notions of tail dependence, persistence, decay.

Tail Dependence {xt-h,yt} : | xt-h | > bx and | yt | > by as { bx, by} 

New notions of tail-trimmed dependence, persistence, decay.

Non-Tail {xt-h,yt} : | xt-h | bx and | yt | by as { bx, by} 
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LITERATURE

TAIL DEPENDENCE

Joint Distribution Tail Exponents for Bivariate {Xt,Yt}
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Ledford and Tawn (1996, 1997, 2003); Heffernan and Tawn (2004)

o Must know marginal distributions; {Xt} and {Yt } are iid.

o ad hoc models of Lh (Weibull, Logistic,…).
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LITERATURE

TAIL DEPENDENCE

Joint Distribution Tail Exponents for Bivariate {Xt,Yt}
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o Assumes exponent h denotes core expression of dependence.

o Ignores bivariate dependence decay as h  .

o Cannot capture degenerate cases (stochastic volatility).
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LITERATURE

TAIL DEPENDENCE

Tail Copula
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Schmidt and Stadtmüller (2006); Klüppleberg, Kuhn, Peng (2007)

Ignores memory decay; {Xt} and {Yt} are iid, and h = 0.

Cannot capture degenerate cases (stochastic volatility).
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LITERATURE

TRIMMING : xtI(|xt| bx) or TRUNCATION : xtI(|xt| bx) + bxI(|xt| > bx)

Inference for mean, or least squares for heavy tailed {xt}

1. IID

2. Weakly Dep. + finite variance (e.g. covariance stationary GARCH)

3. Linear distributed lags and fixed quantile trimming

4. Mean/location; Least Squares (not GMM; not heavy-tail indifferent)

Bickel (1965), Stigler (1973b), Csörgő, Horváhth and Mason (1986)
Griffin and Pruitt (1987), Hahn, Kuelbs, Weiner (1990)

Hahn and Weiner (1992)

Wu (2005), Agulló, Croux and Van Aelst (2008)
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TAIL MEMORY

{xt, yt} is a bivariate time series, xt , yt > 0, sample size = n.

Tail-specific data:
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TAIL MEMORY

.:}{samplewithin ,1  nxt
n
tt bxxvalueExtreme

kn = number of extremes : kn   and kn /n  0 as n .

bx,n   is the kn /nth upper quantile of xt :
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n
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Leadbetter, Rootzen, Lindgren (1983), Resnick (1987),

Embrechts, Klüppleberg, Mikosch (2003)
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TAIL MEMORY : Estimable

Coefficient of Tail Dependence:

Joint / marginal tail probability discrepancy :
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TAIL MEMORY : Estimable

Coefficient of Tail Dependence:
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Tail index & copula: distant tail dependence.

Stochastic Volatility : local tail dependent.
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TAIL MEMORY : Estimable

Coefficient of Tail Dependence:

Easy to estimate :
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Asymptotic theory requires more abstract notions of tail dependence.

Do not want to restrict joint tail, non-extremes, extremal dependence.
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TAIL MEMORY : Theoretical

Tail Dependence Definitions

Extreme events xt > bx,n can be predicted using information from

.aswhere,},...,{of""  nlepochnear ntlt n


Example : xt = log returns to NASDAQ

t = vector of market specific news/innovations.
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TAIL MEMORY : Theoretical

Extremal L0-Approximability [L0-E-APP] (Pötscher and Prucha 1991)
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As n  , extremes |xt| > bn can be perfectly predicted from t.

Says nothing about joint distribution, non-extremes, density smoothness.
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TAIL MEMORY : Theoretical

Coverage and Applications

L0-E-APP : L0-APP, Near Epoch Dependence, mixingale, mixing.

: GARCH, IGARCH, Explosive GARCH, stochastic volatility

: linear and nonlinear GARCH, Threshold AR’s

L0-E-APP implies : Asymptotically normal tail shape estimator.

Asymptotically normal tail dependence estimator.
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TAIL MEMORY : Theoretical

GARCH(1,1)
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TAIL MEMORY : Theoretical

GARCH(1,1)
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TAIL MEMORY : Theoretical

L0-E-APP in general (nonlinear GARCH; regime switching; …)
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Do not need joint tail specification.

Do not need to restrict non-extremes.

Extremes allowed substantial dependence and heterogeneity.
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TAIL MEMORY : Theoretical

NASDAQ Daily Log Returns and Upper 5th percentile : n = 1044
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“Tail” events and exceedances cluster : how long?
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TAIL MEMORY : Theoretical
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NASDAQ Median Two Tailed Serial
Tail Dependence Coefficient r(h) and 95% Band
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“Long” serial extremal memory.
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NON-TAIL (TAIL-TRIMMED) MEMORY

TAIL-TRIMMED PROCESS
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NON-TAIL (TAIL-TRIMMED) MEMORY

POPULATION AND TAIL-TRIMMED MEMORY

If {xt} is L0 – Approximable (Pötscher and Prucha 1991)
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NON-TAIL (TAIL-TRIMMED) MEMORY

L0-APP : Near Epoch Dependence, mixingale, mixing.

: GARCH, IGARCH, Explosive GARCH, stochastic volatility

: linear and nonlinear GARCH, Threshold AR’s

.satisfies)|(|:)(
, CLTtrimmed-Tail ntt
tr
tn bxIxX 

Tail-trimming ensures standard asymptotics for NLLS, GMM, QMLE.
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NON-TAIL (TAIL-TRIMMED) MEMORY

EXAMPLE : Tail-Trimmed GMM (Hill and Renault)
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NON-TAIL (TAIL-TRIMMED) MEMORY

EXAMPLE : Tail-Trimmed GMM (Hill and Renault)
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NON-TAIL (TAIL-TRIMMED) MEMORY

EXAMPLE : Tail-Trimmed GMM (Hill and Renault)
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EXAMPLE : Tail-Trimmed Least Squares : AR(1)
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Tail rimmed Least Squares :
Kolmogorov Smirnov Tests of Normality
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d : k(n) = n^d
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SUMMARY
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o Extreme value estimators are asymptotically normal :

),0(}ˆ{ 2
1vNk

d

nn 

  )0()()(̂ 2
2v,Nhrhrk

d

nnn 

o Tail Trimmed estimator(s) are asymptotically normal (GMM)

o Covers linear and nonlinear GARCH, linear and nonlinear ARFIMA…

Do need joint tail specification.

Non-extremes can be anything.

Extremes can be highly dependent.


