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Abstract

We present a new weak law of large numbers for dependent heterogeneous tri-
angular arrays fyn;tg with applications to tail trimming. The law follows from a
new partial sum moment bound Ej

Pn
t=1 yn;tj

p � K
Pn

t=1 Ejyn;tj
p for zero mean

Lp-mixingale arrays fyn;t;=tg, p 2 [1; 2], where =t is a �-�eld. We do not require
uniform integrability, nor restrict mixingale dependence or heterogeneity. The weak
law is applied to tail trimmed heavy tailed data, and we characterize self-scaled
laws

Pn
t=1 jyn;tj=

Pn
t=1 Ejyn;tj

p! 1 for potentially very heavy tailed data (Ejyn;tj !
1 is possible). Finally, we characterize a minimal rate of convergence for the tail
trimmed self-scaled law when distribution tails are regularly varying and possibly
non-stationary, including trending tails.

1. Introduction We present a new partial sum moment bound and weak laws of
large numbers [WLLN] for zero mean mixingale triangular arrays fyn;tg = fyn;t : 1 �
t � ngn�1. The array fyn;tg may exhibit any rate of memory decay and any degree of
heterogeneity. The primary application is to tail trimmed arrays in Sections 3 and 4.
Let f=tg be a sequence of non-decreasing �-�elds on a probability space (
;=; P ),

denote the Lp-norm jjxjjp := (Ejxjp)1=p, and let K > 0 be a �nite constant that may
change from place to place. We rule out degenerate cases by assuming

lim inf
n!1

nX
t=1

E jyn;tjp � K for some K > 0: (1)

We say fyn;t;=tg forms a zero mean Lp-mixingale triangular array, p > 1, with size �
> 0 if for some base �eld =t

kE [yn;tj=t�qn ]kp � en;t�qn and kyn;t � E [yn;tj=t+qn ]kp � en;t�qn+1; (2)

where en;t > 0 and �qn = O(q����n ) for in�nitessimal � > 0. We call fen;tg the constants;
f�qng = f�qngn�1 are the coe¢ cients where �0 = 1; and fqng = fqngn�1 is any sequence
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of positive �nite integer displacements. Notice we allow the displacement qn ! 1 as n
! 1, a central tool in this paper detailed extensively below.
McLeish [53] �rst proposed the L2-mixingale property for sequences fytg, assumed

here to have a zero mean,

kE [ytj=t�q]k2 � et#q and kyt � E [ytj=t+q]k2 � et#q+1; (20)

where q is a �xed integer displacement, et > 0 and #q =O(q����), and used (20) to deliver a
maximal inequality and strong law. Hansen [37], [38] extended that result to Lp-mixingale
sequences, p 2 (1; 2), with generalizations to weak and strong laws for arrays in Andrews
[1], Davidson [14], de Jong [19], [20], Hill [39], [40], and Yanjiao and Zhengyan [71], and
further generalizations to so-called s-weak dependence in Dedecker and Doukhan [23]. In
all cases a �xed displacement q is used to deliver a maximal inequality. The combined
mixingale cases imply

E

"
max
1�j�n

�����
jX
t=1

yn;t

�����
p#
� K

nX
t=1

epn;t

for p 2 (1; 2) with size � = 1 ([37], [38], [71]) or p = 2 with size � = 1=2 ([53]). Similar
bounds are achieved in Davydov [18], Rio [61], [62], Dedecker and Doukhan [23], and are
widely used for central limit theory ([21], [39], [40]) and HAC matrix estimation ([17],
[40]).
The large discontinuity in size requirements � = 1 if p 2 (1; 2) and � = 1=2 if p =

2 arises from the architecture of Lp-spaces. See arguments in McLeish [53] and Hansen
[37], [38].
An adapted martingale di¤erence is trivially a mixingale, and von Bahr and Esséen

[68] prove Lp-bounded martingale di¤erence sequences fyt;=tg, satisfy

E

�����
nX
t=1

yt

�����
p

� K
nX
t=1

E jytjp for p 2 [1; 2]: (3)

Hitczenko [43], [44] generalizes Rosenthal [64] and Burkholder [9] inequalities for iid and
martingale di¤erence processes. First, for any arbitrary =t-adapted nonnegative random
variables yt that are Lp-bounded, and some �nite Kp > 0:

E

 
nX
t=1

yt

!p
� Kpmax

(
nX
t=1

E [ypt ] ; E

 
nX
t=1

E [ytj=t�1]
!p)

for p > 1: (4)

Similarly, for a martingale di¤erence sequence fyt;=tg of Lp-bounded yt:

E

�����
nX
t=1

yt

�����
p

� Kpmax

8<:
nX
t=1

E jytjp ; E
 

nX
t=1

E
�
y2t j=t�1

�!p=29=; for p > 2: (5)

See de la Peña et al [22] for a sharp characterization of the scale Kp, cf. Ibragimov and
Sharakhmetov [48], [49].
Although (2) is nearly identical to (20), and mixingale arrays appear as early as An-

drews [1], (2) is decidedly di¤erent due to the allowed dependence of qn on n. Notice for
any sequence of �nite displacements fqng that satisfy qn= expfmax1�t�nfentgg ! 1, and
any tiny 0 < � < �

kE [yn;t]� E [yn;tj=t�qn ]kp �
�

en;t
ln (qn)

�
� ln (qn) �qn � Kq

����+�
n (6)

kyn;t � E [yn;tj=t+qn ]kp �
�

en;t
ln (qn)

�
� ln (qn) �qn+1 � Kq

����+�
n :

2



By displacing fast enough as sample size n!1 the measure of heterogeneity en;t is irrele-
vant: only memory captured by q����+�n matters. Ultimately this suggests an exploitable
defect in the mixingale concept itself: separating heterogeneity en;t from memory �qn is
arti�cial and meaningless from the perspective of (6). Hill [41] apparently �rst used dis-
placement sequences to deduce a property like (6) for tail trimmed Near Epoch Dependent
arrays. We exploit the idea here to prove moment bound (3) under (2), and deliver a new
WLLN.
The sequence fqng is arbitrary and controlled by the analyst, hence we can always

displace to the deep past or distant future faster than the accumulation of heterogeneous
characteristics of yn;t measured by en;t. This key quality of mixingale (2), exhibited in
(6), leads to bound (3) and therefore an improvement over Burkholder-Rosenthal type
bounds and their recent advances (4) for a massive array of dependent processes. See de
Jong [21], Hill [39], [40], [41], Leadbetter et al [51], and Rootzén [63] to name a few for
usage of displacement sequences in various settings.
In this paper we exploit qn ! 1 as n ! 1 to prove (3) in Theorem 2.1 for Lp-

mixingale arrays fyn;t;=tg, p 2 [1; 2], with any size � > 0 and any degree of heterogeneity
en;t. Bound (3) then promotes our main WLLN implied by Theorem 2.2. The bound
is potentially far sharper than bounds implied by McLeish [53] and Hansen [37] since
Ejyn;tjp may be much smaller than mixingale constants en;t. See Sections 2 and 5 for
examples.
Further, at least for asymptotic arguments (3) renders bounds like (4) irrelevant since,

up to a multiplicative scale,
Pn

t=1Ejyn;tjp is trivially better. Whether our scale K is
sharp is not considered here since this is irrelevant for a WLLN. See [22], [48], [49] and
their references.
Our proof of (3) re-vitalizes a well known decomposition of

Pn
t=1 yn;t into an in�nite

series of a martingale di¤erence. We use qn ! 1 as n ! 1 to support a �nite se-
ries approximation that eliminates mixingale size and heterogeneity restrictions. Consult
Section 2 for an intuitive explanation behind the proof of (3) and why the use of �xed
displacements q fails to promote (3).
Andrews [1] and Davidson [14] deliver laws of large numbers for uniformly integrable

L1-mixingale arrays fyn;t;=tg of any size, provided heterogeneity is bounded:
Pn

t=1 en;t =
O(n). Yanjiao and Zhengyan [71] tackle non-uniformly integrable Lp-mixingales fyt;=tg
with size 1 and bounded heterogeneity:

P1
t=1 e

p
t =b

p
t < 1 for monotone fbtg, bt ! 1 as

t ! 1. We allow any size �, any degree of heterogeneity since we never bound en;t, and
non-uniform integrability, and we do not require uniform Lp-boundedness for any p > 0.
For example, Ejyn;tjp ! 1 is possible for small 0 < p � 1 when yn;t is a tail trimmed
version of heavy tailed random variable yt.
Related inequalities for mixing sequences, martingales and sums of martingale dif-

ferences date to Burkholder [9], Davydov [18], Doob [25], Ibragimov [46], Marcinkiewicz
and Zygmund [52], Rosenthal [64], von Bahr and Esséen [68], and Yokoyama [72], with
recent contributions for associated, mixing or weakly dependent sequences by Birkel [5],
Boucheron et al [6], Dedecker and Doukhan [23], Doukhan and Louhichi [27], Doukhan and
Neumann [28] and Rio [61], [62]. Subsequent improvements for martingales predominately
concern the constant Kp in (4): see [22], [23], and [58].
Our method of proof evidently precludes a maximal inequality E[max1�j�n j

Pj
t=1fyn;t

� E[yn;t]gjp] � K
Pn

t=1E jyn;tj
p. We therefore do not provide a strong law of large num-

bers (e.g. [37], [53]). Nevertheless, we gain substantial generality for weak laws since
Ejyn;tjp may be much smaller than epn;t, while all mixingale inequalities require at least �
� 1=2 and/or summable powers of en;t, e¤ectively restricting hyperbolic memory and/or
non-stationarity.
Our WLLN covers martingale di¤erences, �-, �-, �- and �-mixing, and geometrically
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ergodic arrays, and Near Epoch Dependent and mixingale arrays, allowing stochastic
trend, nonlinear distributed lags, AR-GARCH, and nonlinear GARCH. See Sections 5
and 6 for veri�cation of the major assumptions and examples.
Laws of large numbers for dependent heterogeneous data are now well established. A

small subset includes Andrews [1], Arcones [2], Chandra and Ghosal [10], Davidson [14],
de Jong [19], [20], Doukhan and Wintenberger [29], Hansen [37], McLeish [53], Shao [65],
and Teicher [67]. See de Jong [19] for what appears to be the lightest available restrictions
on mixingale heterogeneity, to date. Marcinkiewicz-Zygmund moment bounds result in
maximal inequalities for stationary uniformly integrable �-mixing sequences, from which
strong laws are derived ([2], [24], [62]). Bounds are imposed that replicate mixingale
coe¢ cient summability and uniform integrability.
In Sections 3 and 4 we apply the main results to tail trimmed arrays fyn;tg of a possibly

non-integrable sequences fytg. In the case of tail trimming Ejyn;tjs ! 1 as n ! 1 is
possible for some s > 0. We therefore characterize so-called self-scaled laws of the formPn

t=1 jyn;tj
sPn

t=1E jyn;tj
s = 1 + op(1) for any s > 0; (7)

and explicitly characterize the rate of convergence in (7) when the untrimmed sequence
fytg has stationary or non-stationary regularly varying distribution tails. Scaling byPn

t=1E jyn;tj
s implies the rate of convergence of

Pn
t=1 jyn;tj

s itself need not be known.
Limit theory for trimmed sums of iid data has a deep history, dating at least to

Newcomb [56], cf. Stigler [66]. Very few extensions to non-iid data exist ([35], [69]), and
apparently none allow general dependence, heterogeneity and heavy tails together (e.g.
Csörg½o et al [13], Gri¢ n and Qazi [33], Hahn et al [36], Pruitt [59]).

Throughout K denotes a positive �nite constant whose value may change from line to
line. � > 0 is a tiny number that may change with the context. fang = fangn�1. an � bn
signi�es an=bn ! 1.

p! denotes convergence in probability. L(x) is a slowly varying [s.v.]

function, the value or rate of which may change with the context1 . �t
iid� (0; 1) implies �t

is iid with zero mean and unit variance. Summations
Pb

a = 0 if b < a.

2. Weak Laws of Large Numbers In this section we develop the moment bound
and WLLN for a generic Lp-bounded mixingale array fyn;t;=tg.

Assumption 1. The random variables yn;t are zero mean Lp-bounded p 2 [1; 2]
for each 1 � t � n and n � 1, such that non-degeneracy (1) holds. Further, fyn;t;=tg
forms an Lp-mixingale array (2) with monotonic coe¢ cients �qn & 0 as qn ! 1 of any
size � > 0.

Remark 1: Monotonic decay does not reduce generality and merely sharpens no-
tation in the proof of Theorem 2.1, below.
Remark 2: The mixingale base =t does not need to be explicitly de�ned here. It

su¢ ces merely to impose (2), where Lp-boundedness for p 2 [1; 2] su¢ ces for a version
E[yn;tj=s] to exist for any s 2 Z by the Radon-Nikodym theorem.

Theorem 2.1 (Partial Sum Moment Bound). Under Assumption 1 Ej
Pn

t=1 yn;tjp
� K

Pn
t=1Ejyn;tjp.

Apply Markov�s inequality and Theorem 2.1 to deduce P (j
Pn

t=1 yn;tj> ") =O(
Pn

t=1E jyn;tj
p
)

for any " > 0. This leads to the second main result of this paper.

1Recall L(�x)=L(x) ! 1 as x ! 1, 8� > 0, where products and powers of L(x) are slowly varying,
cf Resnick [59].
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Theorem 2.2 (Partial Sum Probability Bound). Under Assumption 1

1

(
Pn

t=1Ejyn;tjp)
1=p

nX
t=1

yn;t = Op (1) :

Remark 1: Although Assumption 1 presumes Lp-boundedness for each t and n,
Theorem 2.2 does not require uniform integrability. In particular Ejyn;tjp ! 1 as n !
1 is allowed.
Remark 2: Theorem 2.2 implies a WLLN: for any L(n) ! 1 as n ! 1

1

(
Pn

t=1E jyn;tj
p
)
1=p L(n)

nX
t=1

yn;t
p! 0:

2.1 Intuition Behind Theorem 2.1

In order to understand how displacements qn ! 1 as n ! 1 can alleviate size and
heterogeneity restrictions, recall a standard martingale di¤erence decomposition for Lp-
mixingales p 2 (1; 2] (e.g. [37], [38], [53], [54]):

nX
t=1

yn;t =
1X

q=�1

nX
t=1

fE[yn;tj=t+q]� E[yn;tj=t+q�1]g =:
1X

q=�1
Yn;q a:s: (8)

Since we are only interested in a partial sum moment bound, for simplicity assume here
fyn;t;=tg is an L2-mixingale with size � = 1. In the spirit of McLeish [53] and Hansen
[37] observe






nX
t=1

yn;t







2

�
1X

q=�1
kYn;qk2 (9)

�
1X

q=�1

 
nX
t=1

E (E[yn;tj=t+q]� E[yn;tj=t+q�1])2
!1=2

�
1X

q=�1

 
nX
t=1

e2n;t�
2
q

!1=2
=

1X
q=�1

�q �
 

nX
t=1

e2n;t

!1=2
:

The �rst inequality follows from (8) and Minkowski�s inequality; the second from the
martingale di¤erence property of E[yn;tj=t+q] � E[yn;tj=t+q�1]; and the third from the
mixingale property (2). See Hansen [37], [38] for the Lp-mixingale case for p 2 (1; 2), and
the proof of Theorem 2.1, below, for greater detail and generality. Clearly E(

Pn
t=1 yn;t)

2

� K
Pn

t=1 e
2
n;t since size � = 1 ensures coe¢ cient summability

P1
q=�1 �q = K < 1.

We necessarily arrive at E(
Pn

t=1 yn;t)
2 � K

Pn
t=1 e

2
n;t because the mixingale prop-

erty is quanti�ed over all integer displacements q. This is precisely what occurs at
the third inequality: we are literally stuck with

Pn
t=1 e

2
n;t because E(fE[yn;tj=t+q] �

E[yn;tj=t+q�1]g)2 � e2n;t�
2
q is evaluated at every t and q. Since decomposition (8) in-

volves every integer lag q 2 Z we are faced with the in�nite series
P1

q=�1 �q in (9). The
right-hand-side of the equality in (9) is �nite only if the coe¢ cients �q have a size 1.
Although far more sophisticated arguments exist, in all cases a conclusion like (9) is

reached: by decomposing
Pn

t=1 yn;t with E[yn;tj=t+q] � E[yn;tj=t+q�1] for every q 2 Z
the �nal bound involves every fen;tgnt=1 and f�qgq2Z. This classic approach implies a very
strong cost to pay: memory must be restricted and the bound is in terms of unknown
en;t.
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We solve the size restriction necessity associated with the in�nite summation
P1

q=�1
and the heterogeneity restriction associated with the constants en;t by spreading out the
information used in Yn;q. Rather than summing over every E[yn;tj=t+q] � E[yn;tj=t+q�1],
we show for some sequences of �nite positive integers fgn; rng

lim
n!1







nX
t=1

yn;t �
nX
t=1

rnX
q=�rn

�
E[yn;tj=gn(t+q)]� E[yn;tj=gn(t+q�1)]

	





2

= 0:

This follows since we are free to choose gn ! 1 as n ! 1 so fast that the terms
E[yn;tj=gn(t+rn)] ! yn;t and E[yn;tj=gn(t�rn�1)] ! 0 in L2-norm as fast as we choose by
appealing to mixingale property (6). Precisely how fast gn ! 1 will be made clear in
the proof, below.
We then showE(

Pn
t=1

Prn
q=�rnfE[yn;tj=gn(t+q)]� E[yn;tj=gn(t+q�1)]g)

2 �K
Pn

t=1E[y
2
n;t]

by exploiting three facts. First, property (6) implies limn!1 jjE[yn;tj=gn(t+q)]� E[yn;tj=gn(t+q�1)]jj2
= 0 for all q =2 f�t;�t + 1g, where convergence occurs as fast as we choose by set-
ting gn ! 1 su¢ ciently fast. Second, for the remaining q 2 f�t;�t + 1g the terms
jjE[yn;tj=gn(t+q)]�E[yn;tj=gn(t+q�1)]jj2 � 2jjyn;tjj2 by Jensen�s inequality. Third,

Prn
q=�rn

always sums over �nitely many E[yn;tj=gn(t+q)] � E[yn;tj=gn(t+q�1)], freeing us from
mixingale size restrictions.

2.2 Proof of Theorem 2.1

The case p = 1 is trivial, so we prove the claim for any p 2 (1; 2] by modifying
arguments in [37], [38], and [53].
Since the displacements qn are arbitrary put

qn = q � gn where q 2 Z;

for some sequence fgng of positive integers gn 2 N, lim infn!1 gn � 1, gn <1 if n <1.
Write Em[�] := E[�j=m] and de�ne

Sn :=
nX
t=1

yn;;t and Y�n;q :=
nX
t=1

�
Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]

	
:

Let frng be a sequence of positive integers that satis�es 1 + 3n � rn <1. We �rst derive
the decomposition

Sn =
rnX

q=�rn

Y�n;q +Rn =
rnX

q=�rn

Y�n;q + op

 
g��n r��n

nX
t=1

en;t

!
(10)

where fRng is a zero mean stochastic sequence, for each n bounded and measurable. We
then use rn < 1 to escape any mixingale size requirements, and gn ! 1 to promote the
desired bound (3) itself.

Step 1 (�nite series decomposition): De�ne

E1;n :=
nX
t=1

�
yn;t � Egn(t+rn)[yn;t]

	
and E2;n :=

nX
t=1

Egn(t�rn�1) [yn;t] :

Clearly for any n

rnX
q=�rn

�
Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]

	
= Egn(t+rn) [yn;t]� E�gn(rn+1�t)[yn;t]
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hence

Sn =
rnX

q=�rn

Y�n;q + E1;n + E2;n:

Note the identity
Egn(t+rn)[yn;t] = E

�
yn;tj=t+(gn�1)t+gnrn

�
where (gn � 1)t + gnrn � gnrn holds for each n � 1, 1 � t � n, and gn � 1. Similarly

E�gn(rn+1�t) [yn;t] = E
�
yn;tj=t+(gn�1)t�gn(rn+1)

�
where (gn � 1)t � gn(rn + 1) < �[gnrn=2] for all n � 1 and 1 � t � n since we assume
rn � 3n + 1. Now apply Assumption 1 with monotonic mixingale coe¢ cients, E[yn;t] =
0 and Minkowski�s inequality to deduce

kE1;nkp �
nX
t=1



yn;t � Egn(t+rn)[yn;t]

p
� K

nX
t=1

kyn;t � Et+gnrn [yn;t]kp = o

 
g��n r��n

nX
t=1

en;t

!

kE2;nkp �
nX
t=1



E�gn(rn+1�t)[yn;t]

p
� K

nX
t=1



Et�[gnrn=2][yn;t]

p = o

 
g��n r��n

nX
t=1

en;t

!
:

But this implies by Minkowski�s inequality




Sn �
rnX

q=�rn

Y�n;q







p

� kE1;nkp + kE2;nkp = o

 
g��n r��n

nX
t=1

en;t

!
:

An appeal to Markov�s inequality leads to (10) with Rn = E1;n + E2;n, hence

kRnkp = o

 
g��n r��n

nX
t=1

en;t

!
: (11)

Step 2 (moment bound): Use the �nite series decomposition (10) to deduce by
Minkowski�s inequality

kSnkp �







rnX
q=�rn

Y�n;q







p

+ kRnkp : (12)

If lim supn!1
Pn

t=1 en;t � K then (11) and rn > n imply jjRnjjp ! 0 for any gn
! 1. Otherwise choose any sequence of positive �nite integers fgng that satis�es
gn(
Pn

t=1 en;t)
�1=� ! 1 to force

kRnkp ! 0 hence kSnkp �







rnX
q=�rn

Y�n;q







p

+ o (1) . (13)

In order to bound jj
Prn

q=�rn Y
�
n;qjjp, de�ne

Xn;t;q := Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]
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such that

Y�n;q =
nX
t=1

Xn;t;q:

Note fXn;t;q;=gn(t+q) : 1 � t � ngn�1 forms for every q a martingale di¤erence array:

E
�
Xn;t;qj=gn(t�1+q)

�
= E

�
E[yn;tj=gn(t+q)]� E[yn;tj=gn(t+q�1)] j=gn(t�1+q)

�
= 0:

De�ne s = p=(p � 1) for p 2 (1; 2]. Any sequence of non-zero real numbers faqg1q=�1,P1
q=�1 a

s=p
q < 1, satis�es by Hölder�s inequality (cf. [54])

E

�����
rnX

q=�rn

Y�n;q

�����
p

= E

�����
rnX

q=�rn

a1=pq a�1=pq Y�n;q

�����
p

(14)

�
 

rnX
q=�rn

as=pq

!p=s
�

rnX
q=�rn

a�1q E
��Y�n;q��p � K rnX

q=�rn

a�1q E
��Y�n;q��p :

Now set a0 = 1 and a�q = aq = q�p=s�� such that
P1

q=�1 a
s=p
q =

P1
q=�1 q�1��(s=p)

< 1, and de�ne
Zn;l := yn;t � El[yn;t] for l 2 Z:

We require the following bounds by Minkowski�s inequality:

(15)

E
��Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]��p � �

Egn(t+q)[yn;t]

p + 

Egn(t+q�1)[yn;t]

p�p

E
��Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]��p � �

Zn;gn(t+q)

p + 

Zn;gn(t+q�1)

p�p :

Then
Prn

q=�rn a
�1
q E

��Y�n;q��p is bounded from above:

rnX
q=�rn

a�1q E
��Y�n;q��p =

rnX
q=�rn

a�1q E

�����
nX
t=1

Xn;t;q

�����
p

� K
rnX

q=�rn

a�1q

nX
t=1

E jXn;t;qjp (16)

= K
nX
t=1

rnX
q=�rn

a�1q E
��Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]��p

� K
nX
t=1

�t�1X
q=�rn

a�1q

�

Egn(t+q)[yn;t]

p + 

Egn(t+q�1)[yn;t]

p�p
+K

nX
t=1

rnX
q=�t+2

a�1q

�

Zn;gn(t+q)

p + 

Zn;gn(t+q�1)

p�p
+K

nX
t=1

�t+1X
q=�t

a�1q E
��Egn(t+q)[yn;t]� Egn(t+q�1)[yn;t]��p

= A1;n +A2;n +A3n:

The �rst inequality follows from a generalization of the van Bahr-Esséen inequality to
Lp-bounded martingale di¤erence arrays fXn;t;q;=gn(t+q) : 1 � t � ngn�1 for p 2 (1; 2]
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(see Theorem 2 of [68]) The second inequality follows from Minkowski�s inequality and
(15), and an obvious decomposition of the summation

Prn
q=�rn . Re-write the summations

over q in A1;n and A2;n using aq = a�q:

A1;n = K
nX
t=1

rn�tX
q=1

a�1q+t

�
kE�gnq[yn;t]kp +



E�gn(q+1)[yn;t]

p�p

A2;n = K
nX
t=1

rn+tX
q=2

a�1q�t

�
kZn;gnqkp +



Zn;gn(q�1)

p�p :
Apply the Assumption 1 mixingale property with monotonicity of coe¢ cients, and aq

> 0, to obtain

A1;n � K
nX
t=1

rnX
q=1

a�1q+t

�
kE�gnq[yn;t]kp +



E�gn(q+1)[yn;t]

p�p

� K
nX
t=1

rnX
q=1

a�1q+te
p
n;t�

p
gnq � Kg

�p�
n

nX
t=1

epn;t

rnX
q=1

a�1q+tq
�p�:

Notice 0 <
Prn

q=1 a
�1
q+tq

�p� < 1 by construction for each rn < 1 hence for each n < 1.
Since fgng are arbitrary �nite integers we can always choose them to satisfy (13) and

A1;n � Kg�p�n

nX
t=1

epn;t

rnX
q=1

a�1q+tq
�p� ! 0: (17)

By an identical argument and the fact that t � n < rn, we can choose fgng to satisfy
(13), (17) and

A2;n � K
nX
t=1

2rnX
q=2

a�1q�t

�
kZn;gnqkp +



Zn;gn(q�1)

p�p (18)

� Kg�p�n

nX
t=1

epn;t

2rnX
q=2

a�1q�tq
�p� ! 0:

Finally, apply Minkowski and Jensen inequalities, and a0 = 1 and a�q = aq = q�p=s��,
to deduce

A3n � K
nX
t=1

�t+1X
q=�t

a�1q E jyn;tjp � K
nX
t=1

E jyn;tjp : (19)

Combine (12)-(14) with (16)-(19) and non-degeneracy (1) to obtain

kSnkp �







rnX
q=�rn

Y�n;q







p

+ kRnkp � K
 

nX
t=1

E jyn;tjp
!1=p

+ o (1) � K
 

nX
t=1

E jyn;tjp
!1=p

:

This completes the proof. QED.
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3. Tail trimmed Arrays and Self-Scaled Laws An interesting application of
Theorem 2.2 is to tail trimmed arrays fyn;tg of a heavy tailed stochastic process fytgt2Z.
Assume yt is measurable on the probability space (
;G; P ), and uniformly Lp-bounded
for some p 2 (0; 2) with in�nite variance

inf
t2Z

E
�
y2t
�
=1:

Let fytgnt=1 be the sample path with size n � 1, and let fcn;tg = fcn;t : 1 � t � ngn�1
be a triangular array of positive constants, cn;t !1 as n!1 for all t. The tail trimmed
version is

yn;t := ytI (jytj � cn;t) , (20)

where I(A) = 1 if A is true, and 0 otherwise. The thresholds fcn;tg are determined by an
intermediate order sequence fmng:

n

mn
P (jytj > cn;t)! 1 where mn !1 and mn = o(n): (21)

Thus cn;t approximates the mn=n ! 0 two-tailed quantile of yt. Asymmetric trimming is
a simple extension with only added notation.
Central order trimming mn=n ! (0; 1) implies yn;t is uniformly bounded. This case

is implicitly covered in the mixingale literature (e.g. [1], [14], [20]). Conversely, if yt is
non-integrable then extreme order trimming mn ! m, a �nite integer, results in too little
trimming for a WLLN to be deduced from Theorem 2.2. See Remarks 1 and 3 of Theorem
3.3, below, and see Leadbetter et al [51] for seminal order statistic theory.
In�nite variance precludes such simple non-stationary cases as uniformly distributed

yt taking values in f�t�; t�g for some � > 0. See, e.g., Davidson [14]. Examples covering
(20)-(21) are detailed below.
Trivially yn;t is L2-bounded for each t and n, while inft2ZE[y2t ] = 1 ensures non-

degeneracy (1) since under tail trimming

lim inf
c!1

inf
t2Z

E[y2t I (jytj � c)] > 0:

Theorem 2.2 applies as long as fyn;t;=tg is a mixingale array.

Assumption 2. Let fyn;tg be the tail trimmed array de�ned by (20)-(21), and
assume fyn;t;=tg forms an L2-mixingale array with monotonic coe¢ cients �qn & 0 as
qn ! 1 of any size � > 0.

Theorem 3.1 (Tail Trimmed Partial Sum Probability Bound). Under As-
sumption 2

Pn
t=1fyn;t � E[yn;t]g = Op((

Pn
t=1E[y

2
n;t])

1=2).

Since L2-mixingales form Lp-mixingales for any p 2 (1; 2] by Lyapunov�s inequality,
apply Theorems 2.1 and 3.1 to deduce for tiny � > 0

nX
t=1

fyn;t � E[yn;t]g = Op

0@ nX
t=1

E jyn;tj1+�
!1=(1+�)1A : (22)

Thus if yt is uniformly L1+�-bounded then 1=n
Pn

t=1fyn;t � E[yn;t]g = Op(n
��), hence a

WLLN applies. Since this case is implicitly covered elsewhere, in the sequel we focus on
non-integrable cases.

Corollary 3.2 (Tail Trimmed Mean WLLN). Assume fytg is uniformly
L1+�-bounded. Under Assumption 2 1=n

Pn
t=1fyn;t � E[yn;t]g

p! 0.
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Far greater re�nement is available under a regular variation property. Assume for each
t and slowly varying [s.v.] Lt(y)

P (jytj > y) = y��tLt(y), where �t 2 (0; 2], Lt(y) > 0 for each t 2 Z and y 2 R: (23)

In the case of stationary tails

Lt(y) = L(y) and �t = �, hence the thresholds are cn;t = cn: (24)

Class (23)-(24) coincides with the maximum domain of attraction of a Type II extreme
value distribution, and the domain of attraction of a stable law if � < 2, it naturally
characterizes stochastic recurrence equations like GARCH data, and has been used to
model asset returns, urban growth, network data, insurance claims, and meteorological
events. See Basrak et al [3], Bingham et al [4], Hill [40], [41], Kesten [50], Resnick [60],
and their citations.
De�ne a signed power transform

y<s>n;t := sign(yt)� jyn;tjs for s > 0:

A direct appeal to Karamata�s Theorem under stationary regular variation (23)-(24) gives
the well known trimmed moment formula (e.g. Theorem 0.6 of Resnick [60]):

E jyn;tjs � KcsnP (jytj > cn) � Kcs��n L (cn) as cn !1 8s > � (25)

E jyn;tj� � L (cn) for s.v. L (�) . (250)

We can assume L(�) in (25) and (250) are the same up to a multiplicative constant. Simply
extend Theorem 3.1 to fjyn;tjs; y<s>n;t g to deduce the following self-scaled laws. See the
appendix for a proof.

Theorem 3.3 (Self-Scaled Tail Trimmed WLLN). Let trimming properties
(20) and (21) hold, assume tail property (23) under stationarity (24), choose any s � �
and assume lim infn!1fE jyn;tjsg > 0.

a: If jyn;tjs satis�es Assumption 2 then 1=n
Pn

t=1 jyn;tjs=Ejyn;tjs = 1 +Op(1=m
1=2
n );

b: If y<s>n;t satis�es Assumption 2 then 1=n
Pn

t=1 y
<s>
n;t = E[y<s>n;t ] +Op((n=mn)

s=��1+�L (n) =n�)
for some s.v. L(n) and tiny � > 0.

Remark 1: The proof only exploits the property (21) implication cn ! 1, and
technically does not require mn ! 1. But extreme order trimming mn ! m implies
1=n

Pn
t=1 jyn;tjs=Ejyn;tjs = 1+Op(1) so a WLLN cannot be deduced for higher moments

s � �.
Remark 2: Under intermediate order trimming the minimum rate of convergence

m
1=2
n ! 1 is optimized by maximal trimming, hence a minimal threshold rate cn ! 1.

Consider mn = n=L(n) for s.v. L(n) ! 1:

n1=2

L (n)

 
1

n

nX
t=1

jyn;tjs

E jyn;tjs
� 1
!
= Op(1):

Remark 3: Self-scaling under tail stationarity (23)-(24) provides an elegant av-
enue for characterizing a minimal rate since by Karamata�s Theorem both Ejyn;tjs and
(
Pn

t=1Ejyn;tj2s)1=2 are proportional to the same functions of n for any s � �.
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The non-stationary tail case similarly follows from Theorem 3.1. Consider for brevity
a Paretian tail

P (jytj > y) = dty
��t (1 + o(1)) ; 8t 0 < dt <1 and �t 2 (0; 2]: (26)

Use threshold construction (21) and Karamata�s Theorem to deduce for any s�maxt2Nf�tg

cn;t = d
1=�t
t (n=mn)

1=�t and E [jytjs I (jytj � cn;t)] � Kds=�tt (n=mn)
s=�t�1 : (27)

Non-degeneracy lim infn!1 inft2ZE jyn;tj2s > 0 implies we can always write

1�Pn
t=1E jyn;tj

2s
�1=2 nX

t=1

fjyn;tjs � E jyn;tjsg =
Pn

t=1E jyn;tj
s�Pn

t=1E jyn;tj
2s
�1=2 � Pn

t=1 jyn;tj
sPn

t=1E jyn;tj
s � 1

�

where threshold and moment formulae (27) lead toPn
t=1E jyn;tj

s�Pn
t=1E jyn;tj

2s
�1=2 � K

Pn
t=1 d

s=�t
t (n=mn)

s=�t�1�Pn
t=1 d

2s=�t
t (n=mn)

2s=�t�1
�1=2

= K

Pn
t=1 d

s=�t
t (n=mn)

s=�t�Pn
t=1 d

2s=�t
t (n=mn)

2s=�t
�1=2 � �mn

n

�1=2
= Dn �

�mn

n

�1=2
;

say. It is easy to con�rm under tail-stationarity dt = d and �t = � that Dn = Kn1=2,
hence Dn(mn=n)

1=2 = Km
1=2
n as in Theorem 3.3. Theorem 3.1 and the above relations

prove the next result.

Theorem 3.4. Let trimming properties (20) and (21), and power-law tail (26)
hold, and let fjyn;tjsg satisfy Assumption 2 for s � maxt2Nf�tg. Then:

Dn �
�mn

n

�1=2
�
� Pn

t=1 jyn;tj
sPn

t=1E jyn;tj
s � 1

�
= Op (1) : (28)

Notice (27) does not guarantee a WLLN since Dn(mn=n)
1=2 ! 0 is evidently possible

in some non-stationary cases. If the probability tails have a constant index �t = � and
are trending in scale then a WLLN does exist.

EXAMPLE 1 (Trending Scale): Assume yt has tail (26) with indices �t = � and
scales dt = d � t� for some � � 0 and �nite d > 0. Then cn;t = Kt�=�(n=mn)

1=�. If � =
0 then Dn = n1=2, and otherwise

Dn =
Pn

t=1 t
�s=��Pn

t=1 t
2�s=�

�1=2 � Kns=�+1

n(2s=�+1)=2
= Kn1=2:

If jyn;tjs for some s > 0 satis�es mixingale Assumption 2, then by Theorem 3.4Pn
t=1 jytj

s
I
�
jytj � t1=�(n=mn)

�Pn
t=1E

�
jytjs I

�
jytj � t1=�(n=mn)

�� = 1 +Op �1=m1=2
n

�
:

The scale properties of power-law tails (26) imply trend in tail scale has no impact on the
minimum rate of convergence.
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EXAMPLE 2 (Stochastic Trend): Let f�tg be an iid process with stationary
power-law tail

P (j�tj > �) = d��� (1 + o(1)) ; d > 0; � > 0; (29)

and de�ne a stochastic trend yt :=
Pt

i=0 �t�i. Then yt has tail (26) with constant index �t
= � and trending scale dt = d � t (see, e.g., [8]), hence cn;t = Kt1=�(n=mn)

1=�. Note for
any s > 0 and every n � 1 there exists a su¢ ciently large q 2 N that

max
1�t�n

E (E jyn;tjs � E[jyn;tjs j=t�q])
2
= 0 and max

1�t�n
E (jyn;tjs � E[jyn;tjs j=t+q])

2
= 0;

so mixingale Assumption 2 holds. Therefore fytg satis�es the conditions of Example 1.

4. Weak Laws under Stochastic Trimming Let fyn;tg be the tail-trimmed ar-
ray in (20), and assume tail-stationarity for brevity: cn;t = cn. In practice a stochastic
plug-in will be used for the threshold cn, so de�ne y

(a)
t := jytj, and construct two-tailed

order statistics y(a)(1) � y
(a)
(2) � � � � y

(a)
(n) and a stochastically trimmed array fŷn;tg,

ŷn;t = ytI
�
jytj � y(a)(mn+1)

�
:

Clearly y(a)(mn+1)
estimates cn. The literature on the sharpness of the approximation for iid

and mixing data is substantial (cf. [45], [51]), with few results under general dependence
and heterogeneity. See [39], [40], [41, [45], [63] and their references.
In order to characterize

Pn
t=1fŷn;t � yn;tg we must bound the threshold approxima-

tion rate (21), and memory in the tail-event �In;t(u) = I(jytj > cne
u). The following

assumptions are veri�ed for a variety of processes in Sections 5 and 6.

Assumption 3 (Extremal-NED). f�In;t(u)g is L2-Near Epoch Dependent on
f=tg with size 1=2: jj�In;t(u) � E[ �In;t(u)j=t+qnt�qn ]jj2 � e�n;t(u)�

�
qn where e

�
n;t(u) is Lebesgue

integrable on R+, max1�t�n supu�0fe�n;t(u)g=K(mn=n)
1=2, ��qn = o(q

�1=2
n ) and lim infn!1 qn

� q 2 N.

Assumption 4 (Tail Order). (n=mn)P (jytj > cn) = 1 + o(1=m
1=2
n ).

Remark : The Extremal-NED property Assumption 3 was �rst explored in Hill [39],
[40], [41] as a way to characterize tail memory for asymptotic theory for tail estimators.
Together Assumptions 3 and 4 with a base �-�eld =t induced by an �-mixing process f�tg
ensure consistency and asymptotic normality of an intermediate order statistic y(a)(mn+1)

,
and tail index and tail dependence estimators under general dependence conditions. We
use the assumptions here to exploit y(a)(mn+1)

=cn = 1 + Op(1=m
1=2
n ) for a large class of

dependent sequences fytg.

Lemma 4.1. Under (20), tail-stationarity and Assumptions 2-4
Pn

t=1fŷn;t � yn;tg
= Op(cn).

Lemma 4.1 and partial sum probability bound Theorem 3.1 together suggest we need
only bound the thresholds cn to characterize a minimum rate of convergence.

Assumption 5 (Threshold Bound). cn = O(n1=2jjyn;tjj2).

Remark : The property characterizes a sequence of �xed point bounds

cn � Kn1=2
�
E
�
y2t I (jytj � cn)

��1=2
:
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Such a sequences fcng trivially exists under non-degeneracy lim infc!1 jjytI(jytj � c)jj2
> 0 since any cn ! 1 with cn � Kn1=2 satis�es the bound. Further, cn � Kn1=2jjyn;tjj2
automatically holds when yt has Paretian tail (29). See Section 6.

The next result follows instantly from Theorem 3.1 and Lemma 4.1.

Theorem 4.2. Under tail-stationarity and Assumptions 2-5

1

n1=2 kyn;tk2

nX
t=1

fŷn;t � E [yn;t]g = Op (1) :

Similarly, Corollary 3.2 and Lemma 4.1 deliver a WLLN for stochastically tail-trimmed
arrays fŷn;tg.

Corollary 4.3. Let fytgbe uniformly L1+�-bounded and tail-stationary. Under
Assumptions 2-5 1=n

Pn
t=1fŷn;t � E[yn;t]g

p! 0.

5. Mixingale Arrays: Assumptions 2-3 We verify all assumptions imposed for
tail trimming in Sections 3 and 4. We begin with dependence assumptions here, and
tackle tail order and threshold assumptions in Section 6.
In general mixingale sequences fyt;=tg satisfy tail trimmed mixingale Assumption 2,

and both mixingale Assumption 2 and NED tail array Assumption 3 apply to Lp-Near
Epoch Dependent and �-mixing sequences fytg. Consult Hill [39], [40], [41] for related
theory for tail and tail trimmed arrays. De�ne the tail trimmed array fyn;tg as in (20)-
(21).

5.1 Mixingale

If fyt;=tg is an Lp-mixingale, p > 0 then an argument identical to Corollary 3.5 in
Hill [41] shows the tail trimmed fyn;t;=tg forms an L2-mixingale array.

Lemma 5.1. If fyt;=tg forms an Lp-mixingale, p > 0, then Assumption 2 holds.

A trivial example of an Lp-mixingale is an adapted martingale di¤erence sequence
fyt;=tg (McLeish [53]).

EXAMPLE 3 (GARCH): De�ne a strong-GARCH(p; q) process yt = ht�t, where
the error �t is iid with zero mean and unit variance, and h2t = ! +

Pp
i=1 �iy

2
t�i +Pq

i=1 �ih
2
t�i, ! > 0, �i; �i � 0. Each yt and ytyt�h for h � 1 satisfy Lemma 5.1 with =t

:= �(y� : � � t).
If
Pp

i=1 �i +
Pq

i=1 �i � 1 then yt is stationary, and if �t has a positive density on R
and at least one �i or �i is strictly positive then power-law tail (29) holds with index �
> 2. See, e.g., Theorem 3.1 in Basrak et al [3]. The same methods based on results in
Kesten [50] coupled with convolution tail theory in Cline [11] su¢ ce to show ytyt�h for h
� 1 has tail (29) with index �=2. See Cline [12] for similar arguments.
Tail trimmed versions of yt and ytyt�h for any h � 1 therefore satisfy a WLLN by

Theorem 3.1 and Lemma 5.1. De�ne Yt;h := ytyt�h, and a trimmed version Yn;t;h :=
Yt;hI(jYt;hj � cn;h) where fcn;h;mng satisfy (n=mn)P (jYt;hj > cn;h) ! 1. Then

1

n1=2 kYn;t;hk

nX
t=1

fYn;t;h � E [Yn;t;h]g = Op (1) :

If yt is uniformly L2+�-bounded then the sample tail trimmed covariance is consistent by
Corollary 3.2 and Lemma 5.1: 1=n

Pn
t=1fYn;t;h � E[Yn;t;h]g

p! 0.

5.2 Near Epoch Dependence
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Recall fytg is Lp-Near Epoch Dependent on f=tg or on f�tg with size � > 0 if there
exist positive real sequences fdtg and f qg such that dt < 1 for each t,  q = O(q����)
for tiny � > 0, and 

yt � E �ytj=t+qt�q

�


p
� dt q:

The NED property dates in some form to Ibragimov and Linnik [47] and McLeish [53],
[54], and was coined in Gallant and White [31]. See Davidson [15], Nze and Doukhan [57]
and Hill [41] for historical notes. Both NED and mixingale properties are relaxed versions
of Lp-Weak Dependence ([70]) and related to s-weak dependence ([23]). The idea is yt
may be perfectly predicted in Lp-norm by the near-epoch f��gt+qt�q as q ! 1.
Similarly, f�tg is �-mixing or strong mixing with coe¢ cients �q of size � > 0 if

�q := sup
t2Z

sup
A�=t�q�1;B�=

+1
t

jP (A \B)� P (A)P (B)j = O(q����):

The property applies to �-mixing, �-mixing, �-mixing, and geometrically ergodic se-
quences, as well as a variety of weak dependence properties ([23], [26], [27]. [47]).

Lemma 5.2. Let fytg be Lr-NED, r > 0, on f=tg with any size � > 0, and
�-mixing base f�tg of any size � > 0. Then y<s>n;t and jyn;tjs for any s > 0 satisfy
Assumption 2 with mixingale constants en;t = csn;t, and Assumption 3.

Remark 1: The mixingale constants csn;t for y
<s>
n;t and jyn;tjs may be much larger

than (Ejyn;tj2s)1=2. Consider power-law tail (26): if s > �t=2 then Ejyn;tj2s �Kc2sn;t(mn=n)
is dominated by csn;t under tail trimming mn=n! 0. Theorem 2.1 is important for deduc-
ing a "minimal" scale

Pn
t=1Ejyn;tj2s <

Pn
t=1 e

2
n;t for convergence. Clearly if it is possible

to characterize constants en;t that are smaller than csn;t this conclusion may no longer be
valid. The problem is precisely that computing mixingale constants under mixing or NED
assumptions typically requires higher moments and some form of bounding argument. In
our setting then en;t > (Ejyn;tj2s)1=2 is hardly surprising. See especially Theorem 17.5 of
Davidson [15] and Corollary 3.5 of Hill [41].
Remark 2: Product convolutions y2t or ytyt�h are Lr=2-NED if yt is Lr-NED by

a straightforward generalization of Theorem 17.9 of Davidson [15]2 . Thus Lemma 5.2
extends to tail trimmed higher moments.

Since any yt is NED on itself, the next claim follows from Lemma 5.2 by setting �t =
yt.

Corollary 5.3. If fytg is Lp-bounded for any p > 0 and �-mixing with any size
then Assumptions 2 and 3 hold.

EXAMPLE 4 (Non-Stationary Distributed Lag): Let f�tg be a uniformly Lp-
bounded process, p > 0, and de�ne the distributed lag

yt :=
1X
i=0

 t;i�t�i:

Assume  0;i = 1, and assume  t;i are Lp-bounded jj t;ijjp = $ (t) i�� for some p > 0,
� > 1=minf1; pg and some mapping $ : N ! R+, 0 � $(t) < 1 for each t. Further,
f t;i; �tg are �-mixing with �-�eld

=t = �
��
 �;i; ��

	
: 0 � i � t; �1 < � � t

�
:

2Davidson ([54]: p. 268) uses triangle and Cauchy-Schwartz inequalities to prove the claim for r = 2.
Replace the triangle inequality with Loève�s inequality to deduce the claim for any r > 0.
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If p � 2 use Minkowski and Cauchy-Schwartz inequalities to deduce for any q 2 N



yt � E �ytj=t+qt�q
�


p=2
�

1X
i=q+1



 t;i

p k�tkp � sup
t2Z
k�tkp

1X
i=q+1

$(t)q�� � K$(t)q��:

If p < 2 then by � > 1=p and Loève�s and Cauchy-Schwartz inequalities



yt � E[ytj=t+qt�q]



p=2
�

0@ 1X
i=q+1

�
E
�� t;i��p � sup

t2Z
E j�tjp

�1=21A2=p

� K$(t)q��:

Hence fytg is Lp=2-NED on f=tg with size � = � � � and constants dt = K$(t).

EXAMPLE 5 (Distributed Lag): Assume yt =
P1

i=0  t;i�t�i where �t is iid with
stationary regularly varying tail (23)-(24) and index � > 0. Assume  t;i is independent
of �t and

P1
i=0Ej t;ij� < 1. Then yt is a special case of Example 4, and since Ej t;ij�

< 1 it follows  t;i�t has tail (23)-(24) with index � > 0, and by independence yt has tail
(23) with index � (see [7] and [8]).

EXAMPLE 6 (ARFIMA): Let yt be ARFIMA(p; d; q) with di¤erence d = 1 � �
for some � > 1=minf1; pg. If the innovations �t are uniformly Lp-bounded �-mixing then
Example 4 applies.

EXAMPLE 7 (Threshold AR(1)-GARCH(1,1)): Assume yt is a stationary �rst-
order threshold autoregression

yt = �yt�1I (yt�1 � a) + �t, j�j < 1

�t = htut, ut � (0; 1) , h2t = ! + ��2t�1 + �h
2
t�1, ! > 0, �; � � 0:

Stationarity is assured by E[ln(��2t + �)] < 0, hence fyt; �tg are geometrically �-mixing.
The same applies if the binary switching indicator I(�) is replaced with any uniformly
bounded g : R ! R: yt = �yt�1g(yt�1) + �t, j�j < 1. See Meitz and Saikkonen [55].
Smooth Transition AR models, for example, are based on either g(yt) = expf�
(yt �
c)2g or g(yt) = [1 + expf�
(yt � c)g]�1 with threshold c 2 R and rate of transition

 � 0.

EXAMPLE 8 (AR(1)-QARCH(1,1)): Let yt = �yt�1 + �t and �t = htut, where

ut
iid� (0; 1) and j�j 2 (0; 1), with Quadratic-ARCH volatility ht = j� + �yt�1j, � > 0 and

� 2 (0; 1]. Then �t is geometrically ergodic with stationary tail (29). See, e.g., Cline [12].

EXAMPLE 9 (Hyperbolic-GARCH): Davidson [16] proposed a hyperbolic mem-
ory GARCH(p; q) model that escapes discontinuities and memory perversions of the FI-

GARCH class. Let yt = ht�t, �t
iid� (0; 1), and �(L)h2t = ! + �(L)y2t , ! > 0, where the

lag polynomials are �(L) =
Pp

i=1 �iL
i and �(L) =

Pq
i=1 �iL

i with �i; �i � 0 De�ne �(L)
= �(L) + �(L) and assume the roots of �(L) lie outside he unit circle. Since h2t has the
form ! + �(L)y2t , Davidson [16] suggests the Hyperbolic-GARCH model

�(L) = 1� �(L)

�(L)

"
1� 


� (1 + d)

1X
i=0

i�1�dLi

#
; d > 0; 
 � 0;

where �(�) is the Riemann zeta function. The index d > 0 governs the degree of hyperbolic
memory. As long as 
 2 [0; 1) then yt is L2-bounded L1-NED on f�tg with size � = d �
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� (Theorem 3.1 of Davidson [16]).

EXAMPLE 10 (Stochastic Volatility): Consider a univariate Log-Autoregressive
Stochastic Volatility process yt = ht�t where lnh�t = ! + � lnh�t�1 + ut; and j�j < 1.

Assume �t is �-mixing with regularly varying tail (15)-(16), and ut
iid� N(0; 1). Then fytg

satis�es (23)-(24) and is geometrically Lp-NED on f�tg. See Hill [42].

6. Tail Order and Threshold Bounds: Assumptions 4-5 Finally, we verify
tail order Assumption 4 and threshold bound Assumption 5. Assume tail stationarity
throughout.

Assumption 4 (tail order): Assumption 4 holds for smooth distributions, and under
second order regular variation properties like slow variation with remainder, including
Pareto-type tails (21). See Goldie and Smith [32] and Haeusler and Teugels [34] for
numerous examples.

Absolute Continuity: If yt has a distribution F (y) := P (yt � y) absolutely contin-
uous with respect to Lebesgue measure on R-a:e: then there exists of a probability density
f(y) := (@=@y)F (y) on R-a:e: Continuity ensures arbitrarily many threshold sequences
fcng can be found to satisfy s cn�cn f(y)dy = 1 � mn=n for any chosen intermediate order
fmng, hence Assumption 4 holds: (n=mn)P (jytj > cn) = 1.

Second Order Power-Law : If P (jytj > y) = dy��(1 + O(y��)), �; � > 0, then it
is easy to show (n=mn)P (jytj > cn) = 1 + o(1=m

1=2
n ) holds for cn = d1=�(n=mn)

1=� and
any intermediate order sequence fmng with mn = o(n2�=(2�+�)).

Assumption 5 (threshold bound): We demonstrate a restricted version of As-
sumption 5 in general, and exactly Assumption 5 for power-law tails.

Sharp Bound : If lim infc!1 jjytI(jytj � c)jj2 > 0 then cn � Kn1=2jjyn;tjj2 auto-
matically holds for any cn !1 and cn � Kn1=2. There is a potential cost to pay for such
a tight bound. Consider if yt has stationary tail (29) then cn = K(n=mn)

1=� � Kn1=2

always holds if � � 2, and otherwise only for fractiles lim infn!1fmn=n
1��=2g � K. This

threshold bound is achieved only if su¢ ciently many observations are trimmed.

Power-Law : In order to exploit jjyn;tjj2 !1 for non-square integrable yt and any
threshold cn ! 1 it helps to assume yt has tail (29). If variance is �nite � > 2 then
(n=mn)

1=� � (n=mn)
1=2 � n1=2, hence cn � Kn1=2 = O(n1=2jjyn;tjj2) so Assumption 5

holds.
Conversely, if variance is in�nite � 2 (0; 2) then by Karamata�s Theorem, cf. (25),

E
�
y2t I (jytj � cn)

�
� Kc2n(mn=n) = K(n=mn)

2=��1 (1 + o(1)) ;

and if � = 2 then E[y2t I(jytj � cn)] � L(cn) for s.v. L(cn). Now since n=mn � n under
tail trimming it follows cn � K(n=mn)

1=� � Kn1=2(n=mn)
1=��1=2 for any � 2 (0; 2), and

cn � K(n=mn)
1=2 � n1=2L(cn) if � = 2 since by tail trimming mn = o(n). Therefore,

cn = O(n1=2jjyn;tjj2) for any intermediate order sequence fmng, so again Assumption 5
holds.

Appendix A: Proofs

Proof of Theorem 3.3.
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Claim (a): By trimmed moment formula (25) it follows for any s > � and s.v. L(u),
L(u) > 0 8u 2 R,

nE jyn;tjs

n1=2
�
E jyn;tj2s

�1=2 � ncs��n L (cn)

n1=2c
s��=2
n L (cn)

1=2
=
n1=2L (cn)

1=2

c
�=2
n

: (30)

Further, regular variation and tail stationarity (23)-(24) imply by construction cn satis�es
the �xed point identity cn = (n=mn)

1=�L(cn)
1=� where L(cn) is the same s.v. function in

(30). Hence
n1=2L (cn)

1=2

c
�=2
n

=
n1=2L (cn)

1=2

(n=mn)1=2L(cn)1=2
= m1=2

n : (31)

Combine (30) and (31) and invoke tail-stationarity and Theorem 3.1 to deduce as claimed

m1=2
n

 
�̂(s)n

�
(s)
n

� 1
!
� n�

(s)
n

n1=2
�
E jyn;tj2s

�1=2
 
�̂(s)n

�
(s)
n

� 1
!

=
n�Pn

t=1E jyn;tj
2s
�1=2 ��̂(s)n � �(s)n �

=
1�Pn

t=1E jyn;tj
2s
�1=2 nX

t=1

fjyn;tjs � E jyn;tjsg = Op (1) :

The case s = � is identical since Ejyn;tj� � L (cn) and Ejyn;tj2� � c�=2n L (cn)
1=2, where

L(�) are the same s.v. functions up to a multiplicative constant. This implies (30) with
Kn1=2L (cn)

1=2
=c
�=2
n for some s.v. L(�).

Claim (b): We require L(cn) � L(n), where s.v. L(�) may be di¤erent in di¤erent
places. This follows from the construction of cn and properties of regular variation (15)-
(16). Observe for any a > 0

1 an

mn
P (jytj > can) �

n

mn
P
�
jytj > a�1=�can

�
;

hence we can assume can = a1=�cn. Since this implies by slow variation L(can)=L(cn) =
L(a1=�cn)=L(cn) ! 1, we may write L(cn) � L(n) for some s.v. L(n).
By the same argument as claim (a), and L(cn) � L(n), for any s > � (case s = � is

similar) and tiny � > 0 
nX
t=1

E jyn;tjs(1+�)
!1=(1+�)

� n1=(1+�)cs��=(1+�)n L (cn)
1=(1+�) � Kn1��(n=mn)

s=��1+�L (n)
1��

;

where � := �=(1 + �) > 0 is tiny. Now invoke consequence (22) of Theorem 3.1 to deduce
the claim. QED:

Proof of Lemma 4.1. De�ne In;t := I(jytj � cn), �In;t := 1 � In;t and În;t := I(jytj
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� y
(a)
(mn+1)

). By construction and the triangle inequality�����
nX
t=1

fŷn;t � yn;tg
����� � max

1�t�n

n���yt nÎn;t � In;to���o� nX
t=1

���În;t � In;t���
� K

���y(a)(mn+1)
� cn

���� �����
nX
t=1

�
�In;t � E

�
�In;t
�	�����+mn

���� nmn
E
�
�In;t
�
� 1
����
!

= An � (Bn + Cn) :

Notice Cn = O(m
1=2
n ) is implied by threshold Assumption 4.

Use Lemma 3.3.1 of Hill [39], cf. Lemma 3 of Hill [40], to deduce An � 2cnjy(a)(mn+1)
=cn

� 1j = Op(cn=m
1=2
n ). Further, Extremal-NED Assumption 3 and variance bound Theorem

2.1 imply E[Bn=m1=2
n ] � 1=mn

Pn
t=1E

�
�In;t
�
� K hence Bn = Op(m

1=2
n ) by Chebyshev�s

inequality. Therefore An � (Bn + O(m
1=2
n )) = Op(cnm

�1=2
n m

1=2
n ) = Op(cn) as required.

QED.

Proof of Lemma 5.2.

Assumption 2: Under the Lr-NED supposition fjyn;tjs=csn;tg is, for any s > 0, L2-
NED on f=tg by Corollary 3.5 of Hill [41] . Since the base is �-mixing and jyn;tjs=csn;t � 1,
apply Theorem 17.5 of Davidson [15] to deduce fjyn;tjs=csn;t;=tg is an L2-mixingale array
with bounded constants K, hence fjyn;tjs;=tg is an L2-mixingale array with constants
Kcsn;t. An identical argument applies to y

<s>
n;t .

Assumption 3: The Lr-NED supposition implies fI(jytj> cne
u)g is L2-NED on f=tg

with constants e�n;t(u) = K(mn=n)
1=2e�u=2 and coe¢ cients #qn = o(q

�1=2
n ) by Theorem

2.1 of Hill [41]. QED.
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