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Abstract

We present a new weak law of large numbers for dependent heterogeneous tri-
angular arrays {yn,:} with applications to tail trimming. The law follows from a
new partial sum moment bound E|> 7 yn? < K> 1| Elyn,|P for zero mean
L,-mixingale arrays {yn, ¢}, p € [1,2], where S is a o-field. We do not require
uniform integrability, nor restrict mixingale dependence or heterogeneity. The weak
law is applied to tail trimmed heavy tailed data, and we characterize self-scaled
laws 37 [Yn.tl/ o1y Elyn.e| 2 1 for potentially very heavy tailed data (E|yn,:| —
oo is possible). Finally, we characterize a minimal rate of convergence for the tail
trimmed self-scaled law when distribution tails are regularly varying and possibly
non-stationary, including trending tails.

1. Introduction We present a new partial sum moment bound and weak laws of
large numbers [WLLN] for zero mean mixingale triangular arrays {yn:} = {ynt : 1 <
t < n}y>1. The array {y,.} may exhibit any rate of memory decay and any degree of
heterogeneity. The primary application is to tail trimmed arrays in Sections 3 and 4.

Let {34} be a sequence of non-decreasing o-fields on a probability space (€2, <, P),
denote the L,-norm ||z||, := (E|z[’)'/P, and let K > 0 be a finite constant that may
change from place to place. We rule out degenerate cases by assuming

linniio%fZE lyns|” > K for some K > 0. (1)
t=1

We say {yn,i, S¢} forms a zero mean L,-mixingale triangular array, p > 1, with size A
> 0 if for some base field 3¢

HE [Z/n,t

St—g.lll, < €nitCq, and |yns = Eynt|Strq,]ll, < €nitCq, 11 (2)

where e, ; >0 and ¢, = O(g,; ") for infinitessimal « > 0. We call {en,+} the constants;

{Cq. } = {Cy, tn>1 are the coefficients where ¢ = 1; and {gn} = {gn}n>1 is any sequence
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of positive finite integer displacements. Notice we allow the displacement ¢, — oo as n
— 00, a central tool in this paper detailed extensively below.

McLeish [53] first proposed the Lo-mixingale property for sequences {y:}, assumed
here to have a zero mean,

1B [ye|Si—qllly < edg and ly: — Eye|Seqg]lly < erdgra, 2)

where ¢ is a fixed integer displacement, e, > 0 and ¥, = O(q~*~*), and used (2) to deliver a
maximal inequality and strong law. Hansen [37], [38] extended that result to L,-mixingale
sequences, p € (1,2), with generalizations to weak and strong laws for arrays in Andrews
[1], Davidson [14], de Jong [19], [20], Hill [39], [40], and Yanjiao and Zhengyan [71], and
further generalizations to so-called s-weak dependence in Dedecker and Doukhan [23]. In
all cases a fixed displacement ¢ is used to deliver a maximal inequality. The combined
mixingale cases imply

E

J P n
max n <K)» €
for p € (1,2) with size A = 1 ([37], [38], [T1]) or p = 2 with size A = 1/2 ([53]). Similar
bounds are achieved in Davydov [18], Rio [61], [62], Dedecker and Doukhan [23], and are
widely used for central limit theory ([21], [39], [40]) and HAC matrix estimation ([17],
[40)).

The large discontinuity in size requirements A = 1 if p € (1,2) and A = 1/2 if p =
2 arises from the architecture of L,-spaces. See arguments in McLeish [53] and Hansen
[37], [38].

An adapted martingale difference is trivially a mixingale, and von Bahr and Esséen
[68] prove L,-bounded martingale difference sequences {y:, 3}, satisfy

p n

<KDY Elyl forpe(l,2]. (3)
t=1

n

Zyt

t=1

Hitczenko [43], [44] generalizes Rosenthal [64] and Burkholder [9] inequalities for iid and
martingale difference processes. First, for any arbitrary &i-adapted nonnegative random
variables y; that are L,-bounded, and some finite K, > 0:

E (Z yt> < K, max {ZE '), E (ZE [yt|st_1]> } for p > 1. (4)
t=1 t=1

t=1

E

Similarly, for a martingale difference sequence {y;, 3;} of L,-bounded y,:

n p

>

t=1

n n p/2
E < K, max ZE lye”, E <ZE [yt2|%t1]> for p > 2. (5)
t=1

t=1

See de la Pefia et al [22] for a sharp characterization of the scale K, cf. Ibragimov and
Sharakhmetov [48], [49].

Although (2) is nearly identical to (2'), and mixingale arrays appear as early as An-
drews [1], (2) is decidedly different due to the allowed dependence of g, on n. Notice for
any sequence of finite displacements {g, } that satisty ¢,/ exp{maxi<¢<n{ent}} — 00, and
any tiny 0 < § < ¢

|E [yn,t] —FE [yn,t|%tfqn]

En,t —A—1+6
< 1 <K

€n,t —A—1+46
pg{l }xln(qn)(q,'ﬁlg[(qn t+o,

— F 1S3
”yn,t [yn,t|\5t+qn] 1 (gn)



By displacing fast enough as sample size n — oo the measure of heterogeneity e,, ; is irrele-
vant: only memory captured by g,; A=t+0 matters. Ultimately this suggests an exploitable
defect in the mixingale concept itself: separating heterogeneity e, ; from memory ¢, is
artificial and meaningless from the perspective of (6). Hill [41] apparently first used dis-
placement sequences to deduce a property like (6) for tail trimmed Near Epoch Dependent
arrays. We exploit the idea here to prove moment bound (3) under (2), and deliver a new
WLLN.

The sequence {gq,} is arbitrary and controlled by the analyst, hence we can always
displace to the deep past or distant future faster than the accumulation of heterogeneous
characteristics of y, ¢+ measured by e, ;. This key quality of mixingale (2), exhibited in
(6), leads to bound (3) and therefore an improvement over Burkholder-Rosenthal type
bounds and their recent advances (4) for a massive array of dependent processes. See de
Jong [21], Hill [39], [40], [41], Leadbetter et al [51], and Rootzén [63] to name a few for
usage of displacement sequences in various settings.

In this paper we exploit ¢, — 0o as n — oo to prove (3) in Theorem 2.1 for L,-
mixingale arrays {yn.+, ¢}, p € [1, 2], with any size A > 0 and any degree of heterogeneity
én,t. Bound (3) then promotes our main WLLN implied by Theorem 2.2. The bound
is potentially far sharper than bounds implied by McLeish [53] and Hansen [37] since
E|yn,|P may be much smaller than mixingale constants e, ;. See Sections 2 and 5 for
examples.

Further, at least for asymptotic arguments (3) renders bounds like (4) irrelevant since,
up to a multiplicative scale, >, | Ely, [P is trivially better. Whether our scale K is
sharp is not considered here since this is irrelevant for a WLLN. See [22], [48], [49] and
their references.

Our proof of (3) re-vitalizes a well known decomposition of > ;- y,; into an infinite
series of a martingale difference. We use ¢, — 00 as n — oo to support a finite se-
ries approximation that eliminates mixingale size and heterogeneity restrictions. Consult
Section 2 for an intuitive explanation behind the proof of (3) and why the use of fixed
displacements ¢ fails to promote (3).

Andrews [1] and Davidson [14] deliver laws of large numbers for uniformly integrable
L;-mixingale arrays {y, ¢, ¢} of any size, provided heterogeneity is bounded: >°}' | e, =
O(n). Yanjiao and Zhengyan [71] tackle non-uniformly integrable L,-mixingales {y;, 3}
with size 1 and bounded heterogeneity: Y .=, e /b} < co for monotone {b;}, by — oo as
t — oo. We allow any size ), any degree of heterogeneity since we never bound e,, ;, and
non-uniform integrability, and we do not require uniform L,-boundedness for any p > 0.
For example, E|y, |’ — oo is possible for small 0 < p < 1 when y,,; is a tail trimmed
version of heavy tailed random variable y;.

Related inequalities for mixing sequences, martingales and sums of martingale dif-
ferences date to Burkholder [9], Davydov [18], Doob [25], Ibragimov [46], Marcinkiewicz
and Zygmund [52], Rosenthal [64], von Bahr and Esséen [68], and Yokoyama [72], with
recent contributions for associated, mixing or weakly dependent sequences by Birkel [5],
Boucheron et al [6], Dedecker and Doukhan [23], Doukhan and Louhichi [27], Doukhan and
Neumann [28] and Rio [61], [62]. Subsequent improvements for martingales predominately
concern the constant K, in (4): see [22], [23], and [58].

Our method of proof evidently precludes a maximal inequality Flmaxi<j<n | > 71— {ynt
— Elyn ) }P] < K >0 | E|yn|". We therefore do not provide a strong law of large num-
bers (e.g. [37], [563]). Nevertheless, we gain substantial generality for weak laws since
E|yn,¢|P may be much smaller than ef’L,t, while all mixingale inequalities require at least A
> 1/2 and/or summable powers of e,, ¢, effectively restricting hyperbolic memory and/or
non-stationarity.

Our WLLN covers martingale differences, a-, 8-, ¢- and p-mixing, and geometrically



ergodic arrays, and Near Epoch Dependent and mixingale arrays, allowing stochastic
trend, nonlinear distributed lags, AR-GARCH, and nonlinear GARCH. See Sections 5
and 6 for verification of the major assumptions and examples.

Laws of large numbers for dependent heterogeneous data are now well established. A
small subset includes Andrews [1], Arcones [2], Chandra and Ghosal [10], Davidson [14],
de Jong [19], [20], Doukhan and Wintenberger [29], Hansen [37], McLeish [53], Shao [65],
and Teicher [67]. See de Jong [19] for what appears to be the lightest available restrictions
on mixingale heterogeneity, to date. Marcinkiewicz-Zygmund moment bounds result in
maximal inequalities for stationary uniformly integrable S-mixing sequences, from which
strong laws are derived ([2], [24], [62]). Bounds are imposed that replicate mixingale
coefficient summability and uniform integrability.

In Sections 3 and 4 we apply the main results to tail trimmed arrays {y, ¢} of a possibly
non-integrable sequences {y;}. In the case of tail trimming E|y, |®* — co as n — oo is
possible for some s > 0. We therefore characterize so-called self-scaled laws of the form

Z;L:1 |yn,tls
Z?:l E |yl

and explicitly characterize the rate of convergence in (7) when the untrimmed sequence
{y+} has stationary or non-stationary regularly varying distribution tails. Scaling by
i1 Elyn,.|” implies the rate of convergence of Y 7' | |yn¢|” itself need not be known.

Limit theory for trimmed sums of iid data has a deep history, dating at least to
Newcomb [56], cf. Stigler [66]. Very few extensions to non-iid data exist ([35], [69]), and
apparently none allow general dependence, heterogeneity and heavy tails together (e.g.
Csorgd et al [13], Griffin and Qazi [33], Hahn et al [36], Pruitt [59]).

=1+ 0,(1) for any s > 0, (1)

Throughout K denotes a positive finite constant whose value may change from line to
line. ¢ > 0 is a tiny number that may change with the context. {a,} = {an}n>1. an ~ by
signifies a,, /b, — 1. = denotes convergence in probability. L(x) is a slowly varying [s.v.]
function, the value or rate of which may change with the context®. ¢ by (0,1) implies ¢;
is iid with zero mean and unit variance. Summations ZZ =0if b < a.

2. Weak Laws of Large Numbers In this section we develop the moment bound
and WLLN for a generic L,-bounded mixingale array {yn. ¢, ¢}

ASSUMPTION 1. The random variables y,; are zero mean Ly-bounded p € [1,2]
for each 1 <t < mn and n > 1, such that non-degeneracy (1) holds. Further, {yn.i, St}
forms an Ly,-mizingale array (2) with monotonic coefficients ¢, \, 0 as g, — oo of any
size A > 0.

Remark 1: Monotonic decay does not reduce generality and merely sharpens no-
tation in the proof of Theorem 2.1, below.
Remark 2: The mixingale base $; does not need to be explicitly defined here. It

suffices merely to impose (2), where L,-boundedness for p € [1,2] suffices for a version
Elyn,|Ss] to exist for any s € Z by the Radon-Nikodym theorem.

THEOREM 2.1 (PARTIAL SUM MOMENT BOUND). Under Assumption 1 E| >} | yn ¢/
< K32 ElynlP.

Apply Markov’s inequality and Theorem 2.1 to deduce P(| Y.} ynt| >€) = O 11 E [yn,i[")
for any € > 0. This leads to the second main result of this paper.

IRecall L(A\z)/L(xz) — 1 as * — oo, VA > 0, where products and powers of L(z) are slowly varying,
cf Resnick [59].



THEOREM 2.2 (PARTIAL SUM PROBABILITY BOUND). Under Assumption 1

1
1/pzynf

(Xt Elyn.il?)

Remark 1: Although Assumption 1 presumes L,-boundedness for each ¢ and n,
Theorem 2.2 does not require uniform integrability. In particular E|y, |? — co as n —
oo is allowed.

Remark 2: Theorem 2.2 implies a WLLN: for any £(n) — oo as n — o0

! Zynt_’o

(S B PP L(n)
2.1 Intuition Behind Theorem 2.1

In order to understand how displacements ¢, — oo as n — oo can alleviate size and
heterogeneity restrictions, recall a standard martingale difference decomposition for L,-
mixingales p € (1,2] (e.g. [37], [38], [53], [54]):

Zyn’t = Z Z{E[yn,ﬂswq] = Elynt[Sttq-1]} = Z Vn,g a.5. (8)

t=1 q=—o00 t=1 q=—00

Since we are only interested in a partial sum moment bound, for simplicity assume here
{yn,t, St} is an Lo-mixingale with size A = 1. In the spirit of McLeish [53] and Hansen
[37] observe

Zyn,t < Z [ Vn.qlly (9)
t=1 2 q=—00
1/2
S (zE s el — | _1>2)
q=—00
<

> (Sad) - Soe(re)

g=—00 g=—00

The first inequality follows from (8) and Minkowski’s inequality; the second from the
martingale difference property of E[y, ¢|Si+q] — ElYn,t|St+q—1]; and the third from the
mixingale property (2). See Hansen [37], [38] for the L,-mixingale case for p € (1,2), and
the proof of Theorem 2.1, below, for greater detail and generality. Clearly E(>";" | Yn.t)?
< K, ep; since size A = 1 ensures coefficient summab1hty S =K < oo.
We necessarily arrive at E(3 ), yn,¢)®> < K Y.;_ €7, because the mixingale prop-
erty is quantified over all integer displacements q. This is precisely what occurs at
the third inequality: we are literally stuck with Y2 €2 ; because E({E[yn,|Si1q] —

g=—o0 Cq

Elyn t|St1q9-1]})? < e%’tcg is evaluated at every t and g. Since decomposition (8) in-
volves every integer lag ¢ € Z we are faced with the infinite series Z;ifoo ¢y in (9). The
right-hand-side of the equality in (9) is finite only if the coefficients ¢, have a size 1.

Although far more sophisticated arguments exist, in all cases a conclusion like (9) is
reached: by decomposing Y ;| ynt With Elyn, ¢|Sitq] — Elyn,t|Sitq—1] for every g € Z
the final bound involves every {ey ;}7—; and {(,}4ez. This classic approach implies a very
strong cost to pay: memory must be restricted and the bound is in terms of unknown
En,t-



We solve the size restriction necessity associated with the infinite summation Z;’iim

and the heterogeneity restriction associated with the constants e, ; by spreading out the
information used in ), ,. Rather than summing over every E[yn ¢|Si+q] — Elyn,t|St+q—1]
we show for some sequences of finite positive integers {g,,, }

Tn

Zyn,t - Z Z {E[yn,t

t=1q=—rn

=0.
2

7}1—{20 %gn(t+q)] - E[yn,t|%gn(t+q*1)]}

This follows since we are free to choose g, — oo as n — oo so fast that the terms
Eyn ¢S, (t4r)] = Yn,t and Elyn |y, (t=r,—1)] — 0 in La-norm as fast as we choose by
appealing to mixingale property (6). Precisely how fast g, — oo will be made clear in
the proof, below.

We then show E(320, Y20, {E[YntSy, (t+0)] = Elyn.itl Sy, t1q-1)]1)? < K X0, Elyn
by exploiting three facts. First, property (6) implies lim,, oo || E[yn,t|Sq, (t+0)] = EYn,t|Sg, t+q—1)]ll2
=0 for all ¢ ¢ {—t,—t + 1}, where convergence occurs as fast as we choose by set-
ting g, — oo sufficiently fast. Second, for the remaining ¢ € {—t,—t + 1} the terms
E[Yn,t|Sg, (t+0)) = ElUn.t| S, t4q-1)]|12 < 2|[yn,¢||2 by Jensen’s inequality. Third, "

a=—rn
always sums over finitely many Ely,.¢|Sg, t+q)] — ElYn,t|Sg, (t+q-1)], freeing us from
mixingale size restrictions.

2.2 Proof of Theorem 2.1

The case p = 1 is trivial, so we prove the claim for any p € (1,2] by modifying
arguments in [37], [38], and [53].
Since the displacements g¢,, are arbitrary put

qn = q X g where q € Z,

for some sequence {g,} of positive integers g, € N, liminf,, o g, > 1, g < 00 if n < 0.
Write Ep,[] := E[|S] and define

Sy = Zyn,,t and yﬁ,q = Z {E n (t4q) [yn,t] - Egn(t+q71)[yn,t]} .
t=1

t=1

Let {r,} be a sequence of positive integers that satisfies 1 + 3n < r, < co. We first derive
the decomposition

Sy = i: VngtRn= zn: Vig t0p (gn’\rnA Ze”’t> (10)
t=1

q=—Tn q=—Tn

where {R,,} is a zero mean stochastic sequence, for each n bounded and measurable. We
then use r,, < oo to escape any mixingale size requirements, and g, — oo to promote the
desired bound (3) itself.

Step 1 (finite series decomposition): Define

n

gl,n = Z {yn,t - Egn(t—i-v‘n)[yn,t]} and 82,71 = Z E n(t—ry,—1) [yn,t] .

t=1 t=1

Clearly for any n

Z {Ey, t+o)lUn.t] = Eg, (t4q—1)Untl} = Eg, (tr,) Wnt]l = E—g,, (rn+1—1)[Un.1]

q=—Tn



hence .
> Vit Ein+Ean.
a=—rn
Note the identity
Egn(t-l-rn)[yn,t] =F [yn,t|%t+(gn—1)t+gnrn]
where (g, — 1)t + gnrn > gnry holds for each n > 1,1 < ¢ < n, and g, > 1. Similarly

E—gn(’r'n-‘rl—t) [yn,t] =K [yn,t|%t+(.‘ln—l)t—gn(7-n+1)]

where (g, — 1)t — gn(rn, + 1) < —[gnrn/2] for alln > 1 and 1 < ¢t < n since we assume
rn > 3n + 1. Now apply Assumption 1 with monotonic mixingale coefficients, E[y, ;] =
0 and Minkowski’s inequality to deduce

Hgl,n”p < Z Hyn,t - Egn(t+rn)[yn,t]‘|p

t=1
n n
< KZ [Ynt = Ettg,r, [Un,t] Hp =0 (g;Ar;A Z enﬂf)
t=1 t=1
n
[E2,nll, < Z||E—gn(rn+1—t)[yn,t]“p

< Z 1Bt -1goro /2 [l ], = (g?r;* 3 en,t> .
t=1 t=1

But this implies by Minkowski’s inequality

Z Vgl S NEnll, + €21, =0 (9?7“? Z@m) :

q=—"n =

An appeal to Markov’s inequality leads to (10) with R,, = &1, + &2, hence

IRall, 0( AZem) (11)

Step 2 (moment bound): Use the finite series decomposition (10) to deduce by
Minkowski’s inequality

Tn

Z ynq

q=—rn

[Snll, < + IRnll, - (12)

If imsup, .o > 1y €nt < K then (11) and r, > n imply ||R,||, — 0 for any g,
— o00. Otherwise choose any sequence of positive finite integers {g,} that satisfies
9n (301, ent) /A — o0 to force

[Rnll, — 0 hence [Synll, <

Zy,q

q=—Tn

+o(1). (13)

In order to bound || Y27 Vr ||, define

q=—"Tn

X t,q 1= Eng(t+q) [yn,t] - Egn(tJrqfl)[yn,t]



such that N
y’rt,q = Z Xn,t,q-
t=1

Note {Xn ¢4, Sy, (t4q) : 1 <t < n}y>1 forms for every ¢ a martingale difference array:

E [Xn-,t7q|ggn(t—1+q)] =E (E[yn,tﬁgn(tﬂ)] - E[yn,t|ggn(t+q—1)] |%gn(t—1+q)) = 0.

Define s = p/(p — 1) for p € (1,2]. Any sequence of non-zero real numbers {a,}o .,
> aZ/p < 00, satisfies by Holder’s inequality (cf. [54])

g=—00
T p T p
E| Y v, = E|Y allratyr, (14)
q=—rn q=—"n
Tn p/s T Tn
< (Z /> x > al BV M<K Y e B[
4=""Tn q=—Tn q=—rn

Now set ag = 1 and a_, = a, = ¢~?/*7* such that Y02 all? = Sl e/
< o0, and define
Znt = Ynt — Eilyn,] for l € Z.

We require the following bounds by Minkowski’s inequality:
(15)
P
E |Eq, 1) [tnd] = Egueran Wndl " < (1Busa il + | Eoucrg—nmall,)

p

E |E n (t+4q) [y’rb,t] - Egn(t‘qul)[ynvt”p S (’|Z”x9n(t+q) ||p + ||Zn7gn(t+qfl) ||p)

Then y°." . a;'E D};)q}p is bounded from above:

Tn Tn

> Bl = X '

q=—Tn q=—Tn

n

Z Xn,t,q

t=1

Tn n

p
S K Z (1;1 ZE |Xn,t,q|p (16)
t=1

q=—Tn

T'n

= KZ Z “JlE ‘E n(t4q) [yn,t} - Egn(t+q—1)[yn,t]|p

t=1qg=—rn

n —t—1

p
KZ Z aq_l (HE n(t+q) [yn,tmp + HE n(t+q71)[yn,t]Hp)

t=1qg=—rn

n T »
+53 S a0 ([1Zngaeroll, + 1 Znguesanll,)

t=1 q=—t+2
n —t+1

+KZ Z a;'E|Ey, (t4q)[Un.t] — Eg(t+a—1)[n.t]|”

t=1g=—t

IA

= Al,n + A2,n + A3n~

The first inequality follows from a generalization of the van Bahr-Esséen inequality to
L,-bounded martingale difference arrays {Xy, 1.4, Sy, (14q) : 1 <t < nlpxy for p € (1,2]



(see Theorem 2 of [68]) The second inequality follows from Minkowski’s inequality and
(15), and an obvious decomposition of the summation Zgiﬂﬂn. Re-write the summations
over g in A, ,, and Az, using ag = a_g:

n rp—t

p
= K33 gty (1B gualvmdlll, + | B-g.iaenlomalll, )

t=1 q=1

n rp+t

p
AQ,TL = KZ Z aq_—lt (”Zn,ynq”p + “vag'rt(q71)|‘p)

t=1 q=2

Apply the Assumption 1 mixingale property with monotonicity of coeflicients, and aq
> 0, to obtain

n T »
Aw < K03 agh (1E-gualtmelll, + 1By, in ol )
t=1 g=1
n Tn T
< Kzzaq-i-ten thnq < Kgn p/\Z €n tzaq+tq p)\.
t=1 gq=1

Notice 0 < Zq 1 aqu ~PA < o0 by construction for each r, < oo hence for each n < co.
Since {g,} are arbitrary finite integers we can always choose them to satisfy (13) and

n T
A < Kg, P Z en Z aq_jtq_m — 0. (17)

t=1 q=1

By an identical argument and the fact that ¢t < n < r,, we can choose {g,} to satisfy

(13), (17) and

n 2ry,

K3 0t (120l

t=1 gq=2

A2,n

IN

p
+ | Zugnanll,) (18)

27,

A A
< Kgnp Zentzaq t4d =0

Finally, apply Minkowski and Jensen inequalities, and ap = 1 and a_q = a4 = q P/

to deduce
n —t+1

Adnngza 1E‘ynt‘p<KzE‘ynt| (19)

t=1g=—t

Combine (12)-(14) with (16)-(19) and non-degeneracy (1) to obtain

1/p n 1/p

t=1

>

q=—"n

P

This completes the proof. QED.



3. Tail trimmed Arrays and Self-Scaled Laws An interesting application of
Theorem 2.2 is to tail trimmed arrays {y, } of a heavy tailed stochastic process {y; }icz-
Assume 1y, is measurable on the probability space (€2,G, P), and uniformly L,-bounded
for some p € (0,2) with infinite variance

fFE =
;gz [v7]

Let {y:}7- be the sample path with size n > 1, and let {c, 1} = {cne: 1 <t <n}p>1
be a triangular array of positive constants, ¢, + — 0o as n — oo for all t. The tail trimmed
version is

Yn,t = yed (|yt| < Cn,t) , (20)

where I(A) = 1if A is true, and 0 otherwise. The thresholds {¢,,;} are determined by an
intermediate order sequence {m, }:
miP (lye| > ent) = 1 where m,, — oo and m,, = o(n). (21)
n
Thus ¢, approximates the m,,/n — 0 two-tailed quantile of y;. Asymmetric trimming is
a simple extension with only added notation.

Central order trimming m,,/n — (0,1) implies y,, ¢ is uniformly bounded. This case
is implicitly covered in the mixingale literature (e.g. [1], [14], [20]). Conversely, if y; is
non-integrable then extreme order trimming m,, — m, a finite integer, results in too little
trimming for a WLLN to be deduced from Theorem 2.2. See Remarks 1 and 3 of Theorem
3.3, below, and see Leadbetter et al [51] for seminal order statistic theory.

Infinite variance precludes such simple non-stationary cases as uniformly distributed
y; taking values in {—#¢,¢¢} for some & > 0. See, e.g., Davidson [14]. Examples covering
(20)-(21) are detailed below.

Trivially v, ¢ is Lo-bounded for each ¢ and n, while inf;cz Ey?] = co ensures non-
degeneracy (1) since under tail trimming

lim inf inf E[yt (lye] < )] > 0.

c—0oo te

Theorem 2.2 applies as long as {yn,i, S¢} is a mixingale array.

ASSUMPTION 2. Let {yn} be the tail trimmed array defined by (20)-(21), and
assume {yn.t, St} forms an La-mizingale array with monotonic coefficients Cgn \ 0 as
qn — 00 of any size A > 0.

THEOREM 3.1 (TAIL TRIMMED PARTIAL SUM PROBABILITY BOUND). Under As-
sumption 2 370" {yn.s — Elynel} = Op((Ci2; Elya)'?).
Since Lo-mixingales form L,-mixingales for any p € (1,2] by Lyapunov’s inequality,
apply Theorems 2.1 and 3.1 to deduce for tiny ¢ > 0
1/(1+e)
”L> : (22)

Z {yn t yn t } O (
Thus if y; is uniformly L;4,-bounded then 1/n Y7 {yn+ — Elyns]} = Op(n™"), hence a
WLLN applies. Since this case is implicitly covered elsewhere, in the sequel we focus on
non-integrable cases.

COROLLARY 3.2 (TAmw TrIMMED MEAN WLLN). Assume {y.} is uniformly
Li4,-bounded. Under Assumption 2 1/n> 1 {ynt — Elynl} 20.

10



Far greater refinement is available under a regular variation property. Assume for each
t and slowly varying [s.v.] L:(y)

P(lye] > y) =y~ " L(y), where s € (0,2], Ly(y) > 0 for each t € Z and y € R.  (23)
In the case of stationary tails
L,(y) = L(y) and k; = k, hence the thresholds are ¢, ; = ¢, (24)

Class (23)-(24) coincides with the maximum domain of attraction of a Type II extreme
value distribution, and the domain of attraction of a stable law if k < 2, it naturally
characterizes stochastic recurrence equations like GARCH data, and has been used to
model asset returns, urban growth, network data, insurance claims, and meteorological
events. See Basrak et al [3], Bingham et al [4], Hill [40], [41], Kesten [50], Resnick [60],
and their citations.

Define a signed power transform

<s>

Yt = sign(y:) for s > 0.

A direct appeal to Karamata’s Theorem under stationary regular variation (23)-(24) gives
the well known trimmed moment formula (e.g. Theorem 0.6 of Resnick [60]):

Elynt|” ~ K P (|ye] > cn) ~ Kc& "L (cy) as ¢, — o0 Vs > K (25)

E|ynt|” ~ L(cy) fors.v. L(-). (25')

We can assume L(-) in (25) and (25') are the same up to a multiplicative constant. Simply
extend Theorem 3.1 to {[yn|*,ys 7"} to deduce the following self-scaled laws. See the
appendix for a proof.

THEOREM 3.3 (SELF-SCALED TAIL TRIMMED WLLN). Let trimming properties
(20) and (21) hold, assume tail property (23) under stationarity (24), choose any s > K
and assume liminf, oo {F |yn+|’} > 0.

a. If |yn|® satisfies Assumption 2 then 1/nY ;i [ynt|*/Elynel® = 1+ Op(l/m,l/z);
b. If yni” satisfies Assumption 2 then 1/n Y0 ys3” = Elyyi7] + O, ((n/my,)*/ "1+ L (n) /n*)

n,t n,t

for some s.v. L(n) and tiny ¢ > 0.

Remark 1: The proof only exploits the property (21) implication ¢, — oo, and
technically does not require m, — oo. But extreme order trimming m, — m implies
1/ny0 # =14 0,(1) so a WLLN cannot be deduced for higher moments
S > K.

Remark 2: Under intermediate order trimming the minimum rate of convergence
m,l/ — 00 is optimized by maximal trimming, hence a minimal threshold rate ¢, — oc.
Consider m,, = n/L(n) for s.v. L(n) — oo:

ynt| _
( ZE|ym| )‘O"“)'

Remark 3: Self-scaling under tail stationarity (23)-(24) provides an elegant av-
enue for characterizing a minimal rate since by Karamata’s Theorem both Ely, ;|° and
(31, Elyn.|?*)'/? are proportional to the same functions of n for any s > .

11



The non-stationary tail case similarly follows from Theorem 3.1. Consider for brevity
a Paretian tail

P(lys] >y) =diy "™ (14 0(1)), Vt 0 < d; < 0o and &, € (0,2]. (26)
Use threshold construction (21) and Karamata’s Theorem to deduce for any s > maxsen{x:}
ene = di/" (nfma) /5t and Bllye" T (jwn] < en0)] ~ K™ (n/ma)*™ 74 (20)
Non-degeneracy liminf, ., inficz E \yn,t\zs > 0 implies we can always write

1 - ] ; "Byl " s
1/2 {|yn,t| -E |yn,t| } = t=1 |yn’f| 7 {ZzntlEymA |S . 1}
(Z?:1 E |yn,t|28) t=1 (Z?Zl E \yn7t|25) t=1 4 Yn,t

where threshold and moment formulae (27) lead to

n s n S/ K¢ s/ke—1
Zt:l E ‘yn,t| ~ K Zt:l dt/ (n/mn) /
n 2s 1/2 n 2s/Kt 2s/ke—1
Y1 Elyn.il > im1 dy (n/mny)

1/2

= K

n s/ kKt s/ Kt 1/2 1/2
Zt:l d,/™ (n/mn) y (mn> —D, x (mn) ,
n

1/2 T
(Z?:l & (n/mn)%m> "

say. It is easy to confirm under tail-stationarity d; = d and k; = « that D, = K nt/2,
hence D,,(m.,/n)'/? = Kmb/? as in Theorem 3.3. Theorem 3.1 and the above relations

prove the next result.

THEOREM 3.4. Let trimming properties (20) and (21), and power-law tail (26)
hold, and let {|yn+|°} satisfy Assumption 2 for s > maxien{r:}. Then:

N2 [ lyl® }
D, x [ — xQZ=LEm 10 =0, (1). 28
(%) {zt_lmyn,ﬁ p (1 (28)

Notice (27) does not guarantee a WLLN since D,,(m,, /n)'/? — 0 is evidently possible
in some non-stationary cases. If the probability tails have a constant index x; = x and
are trending in scale then a WLLN does exist.

EXAMPLE 1 (Trending Scale): Assume y; has tail (26) with indices x; = k and
scales d; = d x t¢ for some £ > 0 and finite d > 0. Then ¢, ; = th/”(n/mn)l/“. If ¢ =
0 then D,, = n'/2, and otherwise

Z::l t&s/n Kns/nJrl
(o p26s/m) 12 nCS R
t=1

D, = = Kn'/2,

If |yp,.|® for some s > 0 satisfies mixingale Assumption 2, then by Theorem 3.4

Sl I (] < /% (nfm,))
B [ 1 (] < 87 (n/m))]

=140, (1/m}/2) )

The scale properties of power-law tails (26) imply trend in tail scale has no impact on the
minimum rate of convergence.
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EXAMPLE 2 (Stochastic Trend): Let {e:} be an iid process with stationary
power-law tail
P(le:] >€)=de " (14 0(1)), d>0, k>0, (29)

and define a stochastic trend y; := Z:zo €:—i. Then y; has tail (26) with constant index k¢
= r and trending scale d; = d x t (see, e.g., [8]), hence ¢, ; = Kt'/*(n/m,)"/*. Note for
any s > 0 and every n > 1 there exists a sufficiently large ¢ € N that

E(E ) S, ])? = E ) S S, =
ax B (B [yn.q| [ynel” [Se=q)” = 0 and max B (Jyn.q| ([Ynel” [St+q])” =0,

so mixingale Assumption 2 holds. Therefore {y;} satisfies the conditions of Example 1.

4. Weak Laws under Stochastic Trimming Let {y, .} be the tail-trimmed ar-
ray in (20), and assume tail-stationarity for brevity: ¢, ; = ¢,. In practice a stochastic
plug-in will be used for the threshold ¢,, so define y,ﬁ“) := |y¢|, and construct two-tailed

order statistics yé?)) > ygg)) > ygzg and a stochastically trimmed array {g,.},

gn,t = ytI (|yt| < yEfrB,,,—i—l)) :

Clearly ygfrzn 1) estimates ¢,,. The literature on the sharpness of the approximation for iid
and mixing data is substantial (cf. [45], [51]), with few results under general dependence
and heterogeneity. See [39], [40], [41, [45], [63] and their references.

In order to characterize Y., {Un+ — Yn,+} we must bound the threshold approxima-
tion rate (21), and memory in the tail-event I,,;(u) = I(Jys| > cne®). The following
assumptions are verified for a variety of processes in Sections 5 and 6.

AsSUMPTION 3 (EXTREMAL-NED). {I,+(u)} is La-Near Epoch Dependent on
{S¢} with size 1/2: ||I, 1(w) — B[l (u) %ifg:]ﬂg < e, (u)C,, where ey (u) is Lebesgue
integrable on Ry, maxi<i<n sup,sofe;, (u)} = K(my,/n)'/?, ¢y = o(q;1/2) and liminf,, o g,
>qge N

AsSumMPTION 4 (TAIL ORDER). (n/mp)P(lye] > ¢n) =1+ 0(1/m}/2).

Remark: The Extremal-NED property Assumption 3 was first explored in Hill [39],
[40], [41] as a way to characterize tail memory for asymptotic theory for tail estimators.
Together Assumptions 3 and 4 with a base o-field S induced by an a-mixing process {e; }
ensure consistency and asymptotic normality of an intermediate order statistic y&) 41y
and tail index and tail dependence esti(g;ators under general dependence conditions. We

(m

use the assumptions here to exploit y +1)/cn =1+ Op(l/m,}lm) for a large class of

dependent sequences {y:}.

LEMMA 4.1. Under (20), tail-stationarity and Assumptions 2-4 %y {0nt — Yn,t}
= Op(cn).

Lemma 4.1 and partial sum probability bound Theorem 3.1 together suggest we need
only bound the thresholds ¢, to characterize a minimum rate of convergence.

ASSUMPTION 5 (THRESHOLD BOUND). cn = O 2||yn.t||2)-

Remark: The property characterizes a sequence of fixed point bounds

en < KnV/2 (B [y (jy:] < e)]) .
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Such a sequences {c,} trivially exists under non-degeneracy liminf._, o ||y:I(|y:] < ¢)||2
> 0 since any ¢, — oo with ¢, < Kn'/? satisfies the bound. Further, ¢, < Kn1/2\|yn,t| 2
automatically holds when y; has Paretian tail (29). See Section 6.

The next result follows instantly from Theorem 3.1 and Lemma 4.1.

THEOREM 4.2. Under tail-stationarity and Assumptions 2-5

Z{ym Elynsl} = 0, (1).

12 lyn el IIyn tlla =

Similarly, Corollary 3.2 and Lemma 4.1 deliver a WLLN for stochastically tail-trimmed
arrays {Gn).

COROLLARY 4.3. Let {y:}be uniformly Lqy,-bounded and tail-stationary. Under
Assumptions 2-5 1/n 37 {Gn: — Elynt]} 2 0.

5. Mixingale Arrays: Assumptions 2-3 We verify all assumptions imposed for
tail trimming in Sections 3 and 4. We begin with dependence assumptions here, and
tackle tail order and threshold assumptions in Section 6.

In general mixingale sequences {y:, S} satisfy tail trimmed mixingale Assumption 2,
and both mixingale Assumption 2 and NED tail array Assumption 3 apply to L,-Near
Epoch Dependent and a-mixing sequences {y:}. Consult Hill [39], [40], [41] for related
theory for tail and tail trimmed arrays. Define the tail trimmed array {y, .} as in (20)-
(21).

5.1 Mixingale

If {y;, 3} is an L,-mixingale, p > 0 then an argument identical to Corollary 3.5 in
Hill [41] shows the tail trimmed {y,+, S, } forms an Lo-mixingale array.

LEMMA 5.1. If {yt, St} forms an Ly-mizingale, p > 0, then Assumption 2 holds.

A trivial example of an L,-mixingale is an adapted martingale difference sequence
{y, St} (McLeish [53]).

EXAMPLE 3 (GARCH): Define a strong-GARCH(p, q) process y; = hi€;, where
the error € is iid with zero mean and unit variance, and h} = w + >0, auy? ; +

1 Bih?i, w >0, a;, 3; > 0. Each y; and y,y;—p, for b > 1 satisfy Lemma 5.1 with Sy
= J(y.r cT < 1)

If >F a; + Y7, B; <1 then y, is stationary, and if ¢ has a positive density on R
and at least one a; or 3, is strictly positive then power-law tail (29) holds with index k
> 2. See, e.g., Theorem 3.1 in Basrak et al [3]. The same methods based on results in
Kesten [50] coupled with convolution tail theory in Cline [11] suffice to show y:y;_p, for h
> 1 has tail (29) with index /2. See Cline [12] for similar arguments.

Tail trimmed versions of y; and y;y;_p for any h > 1 therefore satisfy a WLLN by
Theorem 3.1 and Lemma 5.1. Define Y;p, := y:y+—p, and a trimmed version Y, ;5 =
Yt,hl(‘}/t,h| < C’n,h) where {C7L,/L7m7z} batlbfy (n/mn)P(|Yt,h| > Cn,h) — 1. Then

2|V onll ||Yn el = Z{Yn on = E¥nenlt = 0p (1)

If y; is uniformly Loy,-bounded then the sample tail trimmed covariance is consistent by
Corollary 3.2 and Lemma 5.1: 1/n 3 {Vnin — E[Ynin]} = 0.

5.2 Near Epoch Dependence
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Recall {y;} is L,-Near Epoch Dependent on {3} or on {e;} with size A > 0 if there
exist positive real sequences {d;} and {1, } such that d; < oo for each ¢, ¢, = O(g*™")
for tiny ¢ > 0, and

¢
lye = E [5IS 53], < detoy

The NED property dates in some form to Ibragimov and Linnik [47] and McLeish [53],
[54], and was coined in Gallant and White [31]. See Davidson [15], Nze and Doukhan [57]
and Hill [41] for historical notes. Both NED and mixingale properties are relaxed versions
of L,-Weak Dependence ([70]) and related to s-weak dependence ([23]). The idea is y,
may be perfectly predicted in L,-norm by the near-epoch {eT}ifg as ¢ — oo.

Similarly, {€;} is a-mixing or strong mixing with coefficients oy of size § > 0 if

Qg = sup sup |P(ANB) — P(A)P(B)| = O(¢~ ™).

t— +
€2 ACS' 1, BCS,™

The property applies to S-mixing, ¢-mixing, p-mixing, and geometrically ergodic se-
quences, as well as a variety of weak dependence properties ([23], [26], [27]. [47]).

LEMMA 5.2. Let {y:} be L.-NED, r > 0, on {S:} with any size X > 0, and
a-mizing base {€;} of any size 8 > 0. Then y3~ and |yn|* for any s > 0 satisfy

Assumption 2 with mizingale constants e, = c;, ,, and Assumption 3.

Remark 1: The mixingale constants c;, ; for y,f? and |yn +|® may be much larger

than (E|yn,:|**)/2. Consider power-law tail (26): if s > r;/2 then Ely, +|** ~ Kc2°,(my, /n)
is dominated by c;, , under tail trimming m,,/n — 0. Theorem 2.1 is important for deduc-
ing a "minimal" scale Y_," | Elyn|** < Y_;_, er ; for convergence. Clearly if it is possible
to characterize constants e, ; that are smaller than c;, , this conclusion may no longer be
valid. The problem is precisely that computing mixingale constants under mixing or NED
assumptions typically requires higher moments and some form of bounding argument. In
our setting then e, ; > (E|yn¢|?>*)'/? is hardly surprising. See especially Theorem 17.5 of
Davidson [15] and Corollary 3.5 of Hill [41].

Remark 2: Product convolutions y? or yy;—p are L, s2-NED if y; is L,.-NED by
a straightforward generalization of Theorem 17.9 of Davidson [15]>. Thus Lemma 5.2
extends to tail trimmed higher moments.

Since any y; is NED on itself, the next claim follows from Lemma 5.2 by setting e¢; =
Yt-

COROLLARY 5.3. If {y:} is Lp-bounded for any p > 0 and a-mizing with any size
then Assumptions 2 and 3 hold.

EXAMPLE 4 (Non-Stationary Distributed Lag): Let {€;} be a uniformly L,-
bounded process, p > 0, and define the distributed lag

o0
Yt 1= E wt,iﬁtﬂ‘-
i=0

Assume v, ; = 1, and assume 1, ; are L,-bounded ||¢); ;||, = @ (t)i™* for some p > 0,
u > 1/min{l,p} and some mapping w : N — Ry, 0 < w(t) < oo for each t. Further,
{ty i, €+} are a-mixing with o-field

St=0{¢,ne}:0<i<t, —co<T<H).

2Davidson ([54]: p. 268) uses triangle and Cauchy-Schwartz inequalities to prove the claim for r = 2.
Replace the triangle inequality with Loéve’s inequality to deduce the claim for any » > 0.
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If p > 2 use Minkowski and Cauchy-Schwartz inequalities to deduce for any ¢ € N

o0 oo
lve — E [l S5 ||p/2 <> [l Neell, < sup flecll, > @w(t)g " < Kw(t)g ™.
i=qt1 tezZ i—q+1

If p < 2 then by p > 1/p and Loéve’s and Cauchy-Schwartz inequalities

2/p
o0

1/2
[y = E[yt‘gitg]upﬂ <| > <E [¥e]” x i‘éIZ)E th> < Kw(t)g "
1=q+1

Hence {y;} is L,/2-NED on {3y} with size A = u — ¢ and constants d; = Kw(t).

EXAMPLE 5 (Distributed Lag): Assume y, = Y71, €, Where € is iid with
stationary regularly varying tail (23)-(24) and index x > 0. Assume 1, ; is independent
of € and Y % Eli, ;|* < oo. Then y, is a special case of Example 4, and since Elt), ,|*
< oo it follows 1, ;¢; has tail (23)-(24) with index x > 0, and by independence y; has tail
(23) with index & (see [7] and [8]).

EXAMPLE 6 (ARFIMA): Let y; be ARFIMA(p, d, q) with difference d =1 — p
for some p > 1/ min{1, p}. If the innovations ¢; are uniformly L,-bounded a-mixing then
Example 4 applies.

EXAMPLE 7 (Threshold AR(1)-GARCH(1,1)): Assume y; is a stationary first-
order threshold autoregression

v = yr—1l (ye—1 <a) +e&, |9 <1

€ = hgug, up ~ (Oa 1)7 h% = UJ+O¢€%_1 +Bh%—1v w>0,a,82>0.

Stationarity is assured by E[ln(ae? + 3)] < 0, hence {y:, ¢;} are geometrically a-mixing.
The same applies if the binary switching indicator I(-) is replaced with any uniformly
bounded g : R — R: y = dyr—19(y1—1) + €, |¢] < 1. See Meitz and Saikkonen [55].
Smooth Transition AR models, for example, are based on either g(y;) = exp{—7y(y: —
¢)?} or g(y:) = [1 + exp{—7(y+ — ¢)}]~* with threshold ¢ € R and rate of transition
v 2 0.

EXAMPLE 8 (AR(1)-QARCH(1,1)):  Let y; = éws_1 + ¢ and ¢; = hyuz, where
up (0,1) and |¢| € (0, 1), with Quadratic-ARCH volatility hs = |a + Bys—1], @ > 0 and
B € (0,1]. Then ¢ is geometrically ergodic with stationary tail (29). See, e.g., Cline [12].

EXAMPLE 9 (Hyperbolic-GARCH): Davidson [16] proposed a hyperbolic mem-
ory GARCH(p, ¢) model that escapes discontinuities and memory perversions of the FI-
GARCH class. Let y; = hiey, € i (0,1), and B(L)h? = w + a(L)y?, w > 0, where the
lag polynomials are (L) = -7, a;L* and B(L) = Y.7_, B, L" with «;, 8; > 0 Define §(L)
= a(L) + B(L) and assume the roots of 5(L) lie outside he unit circle. Since h? has the
form w + 7(L)y?, Davidson [16] suggests the Hyperbolic-GARCH model

- o(L) Y Oo-——di
W(L)—l—B(L) 1—<(1+d);z =dpil d>0,v>0,

where ((+) is the Riemann zeta function. The index d > 0 governs the degree of hyperbolic
memory. As long as vy € [0,1) then y; is Ly-bounded L;-NED on {¢;} with size A = d —
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¢t (Theorem 3.1 of Davidson [16]).

EXAMPLE 10 (Stochastic Volatility): Consider a univariate Log-Autoregressive
Stochastic Volatility process y; = hte; where Inhf = w + ¢lnhf | + wu, and |@| < 1.
Assume ¢, is a-mixing with regularly varying tail (15)-(16), and wu i N(0,1). Then {y:}
satisfies (23)-(24) and is geometrically L,-NED on {e;}. See Hill [42].

6. Tail Order and Threshold Bounds: Assumptions 4-5 Finally, we verify
tail order Assumption 4 and threshold bound Assumption 5. Assume tail stationarity
throughout.

Assumption 4 (tail order): Assumption 4 holds for smooth distributions, and under
second order regular variation properties like slow variation with remainder, including
Pareto-type tails (21). See Goldie and Smith [32] and Haeusler and Teugels [34] for
numerous examples.

Absolute Continuity: If y; has a distribution F(y) := P(y: < y) absolutely contin-
uous with respect to Lebesgue measure on R-a.e. then there exists of a probability density
fly) := (0/0y)F(y) on R-a.e. Continuity ensures arbitrarily many threshold sequences
{cn} can be found to satisfy [ f(y)dy = 1 — m,/n for any chosen intermediate order
{my}, hence Assumption 4 holds: (n/my)P(|y:| > ¢n) = 1.

Second Order Power-Law: If P(lye] > y) = dy="(1 + O(y™®)), o,k > 0, then it
is easy to show (n/ma)P(Jye] > cn) = 1 + o(1/ms/?) holds for ¢, = d/*(n/m,)*/* and
any intermediate order sequence {m,} with m,, = o(n2®/(atr)),

Assumption 5 (threshold bound): We demonstrate a restricted version of As-
sumption 5 in general, and exactly Assumption 5 for power-law tails.

Sharp Bound: If liminf. o [|y:I(Jy:] < ¢)|l2 > 0 then ¢, < Kn'/2||y, > auto-
matically holds for any ¢, — oo and ¢, < Kn'/2. There is a potential cost to pay for such
a tight bound. Consider if y; has stationary tail (29) then ¢, = K(n/m,)'/* < Kn'/?
always holds if & > 2, and otherwise only for fractiles lim inf,, o, {m, /n'~*/?} > K. This
threshold bound is achieved only if sufficiently many observations are trimmed.

Power-Law: In order to exploit ||y, ¢||2 — oo for non-square integrable y; and any
threshold ¢, — oo it helps to assume y; has tail (29). If variance is finite £ > 2 then
(n/mp)Y" < (n/my)Y/? < n'/? hence ¢, < Kn'/? = O(n'/?||yn¢||2) so Assumption 5
holds.

Conversely, if variance is infinite £ € (0, 2) then by Karamata’s Theorem, cf. (25),

E [y71 (lye] < ea)] ~ K¢, (mn/n) = K (n/my)**~ (1+0(1)),

and if K = 2 then E[y?I(|y:| < ¢,)] ~ L(cy) for s.v. L(c,). Now since n/m,, < n under
tail trimming it follows ¢, < K(n/m,)'/* < Kn'/?(n/m,)*/*=/2 for any x € (0,2), and
cn < K(n/my)'/? < n'/?L(c,) if k = 2 since by tail trimming m,, = o(n). Therefore,
cn = O(n'?||yn+|l2) for any intermediate order sequence {m,}, so again Assumption 5
holds.

Appendix A: Proofs

PrROOF OF THEOREM 3.3.
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Claim (a): By trimmed moment formula (25) it follows for any s > & and s.v. L(u),
L(u) > 0 Vu € R,

nE [yl ney L) _ n'2L(e)"? (30)
nl/2 <E|yn,t|25)1/2 nl/QCi"‘/QL(Cn)l/Q ?

Further, regular variation and tail stationarity (23)-(24) imply by construction ¢,, satisfies
the fixed point identity ¢, = (n/my)"*L(c,)*/* where L(c,) is the same s.v. function in
(30). Hence

nt/2], (Cn>1/2 nl/2], (Cn)1/2 12

62/2 (n/mn) 2L (cy) 12 my (31)

Combine (30) and (31) and invoke tail-stationarity and Theorem 3.1 to deduce as claimed

1/2 ﬂgf) 1 ”HS) ﬁ 1
M ON ~ 72\ ()
Hn nl/2 (E |yn,t|28) L
_ n ~(s) s
- n 92 1/2 (Mn _IU"E“L)>
(Zis Blynal™)

1 n
= {‘ynﬂ‘/
=1

N 172
(Zt:l E |yn,t|2 ) t=

P =Byt =0, (1).

The case s = & is identical since E|y, ¢|* ~ L (c,) and Ely, ¢|** ~ ?L (cn)l/z, where
L(-) are the same s.v. functions up to a multiplicative constant. This implies (30) with
Kn'/?L (cn)l/2 /02/2 for some s.v. L(-).

Claim (b): We require L(c,) ~ L(n), where s.v. L(-) may be different in different
places. This follows from the construction of ¢, and properties of regular variation (15)-
(16). Observe for any a > 0

an
1«

n - K
P (el > can) ~ =P (el > ™/ un)
n

n

hence we can assume cq, = a'/%c,. Since this implies by slow variation L(can)/Licy) =

L(a'’*¢,)/L(c,) — 1, we may write L(c,) ~ L(n) for some s.v. L(n).
By the same argument as claim (a), and L(c,) ~ L(n), for any s > k (case s = k is
similar) and tiny ¢ > 0

(Z E |yn,t
t=1

where ¢ := /(1 + §) > 0 is tiny. Now invoke consequence (22) of Theorem 3.1 to deduce
the claim. QED.

)

1/(1+6)
s(1+6)> ~ nl/(1+5)cs—5/(1+5)L(Cn)l/(1+5) ~ Kn1—L(n/mn)s/n—1+LL (n)l_‘

PROOF OF LEMMA 4.1. Define I, ; := I(|y¢| < ¢p), Ingy =1 — I, and IAmt = I(|y
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< y(a) ). By construction and the triangle inequality

(mn+1)
n . no
tz:; {gn,t - yn,t} < 121%)(”{‘% {In,t - In,t}‘} X tz:; In,t - In,t
< e ([ 0= B 22 1))
t=1 n

Ap x (Bn +Cy) .

Notice C,, = O(m}/ 2) is implied by threshold Assumption 4.
Use Lemma 3.3.1 of Hill [39], c¢f. Lemma 3 of Hill [40], to deduce A,, < 2cn\yg:2n+1)/cn

— 1| =0,(cy/ my %). Further, Extremal-NED Assumption 3 and variance bound Theorem

2.1 imply E[B,,/my/*] < 1/my Y7, E [I,;] < K hence B, = O,(m)/*) by Chebyshev’s

inequality. Therefore A,, x (B, + O(m}/Q)) = Op(cnm,flmm:ﬂ) = Op(cy,) as required.

QED.

PrROOF OF LEMMA 5.2.

Assumption 2: Under the L,-NED supposition {|y,¢|*/c;, ;} is, for any s > 0, Lo-
NED on {3} by Corollary 3.5 of Hill [41] . Since the base is a-mixing and |y, ¢|°/c5 , < 1,

n,t —

apply Theorem 17.5 of Davidson [15] to deduce {|yn +|®/c3 ;, St} is an Lo-mixingale array

n,t’
with bounded constants K, hence {|yn|®, St} is an Lo-mixingale array with constants

K¢}, ;. An identical argument applies to y5;5”.

Assumption 3: The L,-NED supposition implies {I(|y:| > c,e“)} is Lo-NED on {3}
with constants e, ,(u) = K (m,/n)/2e=*/2 and coefficients 9,, = olgn'?)

2.1 of Hill [41]. QED.

by Theorem
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