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In Section C.1 we validate Hansen’s (1996) bootstrapped p-value method for test functionals. In
Section C.2 we complete the proof of Theorem 2.2 for the slow plug-in case P2 under Hy. In Section
C.3 we prove Lemmas B.1-B.7. Finally, in Section C.4 we present all simulation results. All citations
are presented in a bibliography at the end.

Recall the equation and covariance constructions

M:L,t(ﬁfy) = [ n t (6 7) n t(ﬁ)]/ S RT+1

Z E [{1itn,s(B) = Elimn,s(B)]} x {1in,¢(8) — Eltivn(B)]}']

s,t=1

n

&, (8:7) = D B [{M.(8,7) = BIM; (8,7} x {M; 1(8,7) = BIM;, (8,71} |

s,t=1

and threshold and fractile representations

Cz n( ) max {lz n ) uz,n(')} and kj,n = ma*x{kj,e,na kj,l,nv sy kj,q,'n} .

Recall if {A,(7,)Bn(7)}n>1 are sequences of functions of vy we write A,(y) ~ By(7y) uniformly on

I' when sup.cp |An( )/Bn(7)] — 1, and when sup.cp [An(7)/Bn(7)| 21 we write An(y) X Bn(v)
uniformly on T.

For ease of reference we first present all assumptions. Recall f.d.d. denotes finite dimensional
distributions.

F1 (fractiles). a. kj.,/In(n) — oo; b. if ke € (0,1) then kj o, /n>3 =5/ 2=k — o0,

F2 (non-degenerate trimmed variance). liminf,, . infgep rer{S2(B,v)/n} > 0 and
suPgep yer{nos(8,7)/S5(8,7)} = O(1).

I1 (identification by m;, ,(v)). Under the null sup. cp [0S, ' (v)E[m;, , (7)]| — 0.

K1 (kernel and bandwzdth) w() is integrable, cmd a member of the class {w: R — [—1,1] | w(0)
=1, w(@) = w(-z)Vz € R, [ |w(z)|dx < oo, [Z_[|9(§)|dE < oo, w(-) is continuous at O and all but
a finite number of points}, where 19( )= (2m)~ [, w( Yel*¥dx < co. Further > et lw((s = 1)/bn)
= o(n?), maxigocn | Sy (5 — 1)/b)| = o(n) and by, = ofn)
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P1 (fast (non)linear plug-ins). f/nl/z(Bn — %) = 0,(1) and Sup, e V(1) VY| — 0.

P2 (slow linear plug-ins). &;(y) ewists for each n, specifically sup,cr||6)(7)|| < oo and
liminf, o infyer Amin (8} (7)) > 0. Further:

a. ‘2,}/2(371 - BO) = Op(l) and Vn ~ K(’Y)Vn(’)/)a K:T'e quq’ inf“/er )\min(IC(’}/)) > 0.

b. VJ”(BH - 8% = A4, S s — Elg ]} x (1 + 0,(1)) 4+ o0, (1) where non-stochastic A, €
RI%" has full column rank and A,S; Al — I,.

c. The f.d.d. of &% (y) /2 {M;, 1 (v) — EIM;, ()]} belong to the same domain of attraction as the
fd.d. of S;H({m,,(v) — Elmy, (1)}

P3 (orthogonal equations and (non)linear plug-ins). v,/ B, — 8% = Op(1) and
lim SUP;, 00 Sup’\/EF ||‘/ILJ_ (7)‘/7;1” < 0.

R1 (response). f(-,B) is for each 8 € B a Borel measurable function, continuous and differentiable
on B with Borel measurable gradient g:(8) := (0/98)f(x+, B).

R2 (moments). Ely;| < oo, and E(SUPBGB |f(z¢,8)|") < oo and E(SUPBGB [(0/0B;) f(xt, B)]") < o0
for each i and some tiny ¢ > 0.

R3 (distribution).

a. The finite dimensional distributions of {y:,x+} are strictly stationary, non-degenerate and absolutely
continuous. The density function of e(B) is uniformly bounded supgepsup,er{(9/Jda)P(e:(B) < a)}
< 0.

b. Define k. (B) := argsup,, - o{FE|e:(8)|* < oo} € (0,00], write ke = k() and let Ba . denote the set
of B such that variance is infinite k() < 2. If ke(B) < 2 then P(|e:(8)] > ¢) = d(B)e *P)(1 + o(1))
where infgep, , d(B) > 0 and o(1) is not a function of 3, hence lim, Supﬁegh{d(,@)_le”e(ﬁ)P(kt(ﬁﬂ
>c)} =1

R4 (mixing). {y:, z:} are geometrically B-mizing: SUP 4cgfor E|P(A|St ) — P(A)| = o(p!) for p €
(0,1).

W1 (weight).

a. F : R — R s Borel measurable, analytic and non-polynomial on some open interval Ry C R
containing 0.

b. sup, ey |[F(u)| < K and inf,cy |F(u)| > 0 on any compact subset U C Sp, with Sg the support of F.

Write the kernel function compactly as
Wnost i=w((s—1)/by).

C1 TEST FUNCTIONAL AND BOOTSTRAPPED P-VALUE We only treat Tn(v)
under plug-in cases P1 or P2 for brevity since 7'+ (v) under P3 follows similarly. Define S := o(yr, 2,41

:7<1). Let b : R — R be continuous on R-a.e. By Theorem 2.2 under the null 2(7}, (7)) = h(z2(7)),

and if h is strictly monotonically increasing then h(7}, (7)) 2 oo under Hy. The standard transforms

are sup.er T, () and Jr T (7)pu(dy) for any measure g on T', absolutely continuous with respect to
Lebesgue measure (cf. Davies 1977). In non-trivial cases h(z%(7)) is non-standard, hence we must
approximate the p-value. This is all well known, but under trimming a wild bootstrap as in Hansen



3

(1996) is problematic since it involves an iid simulator and a martingale difference error under the null
hypothesis. .

Recall the construction of Hansen’s (1996) approximate p-value. Let h,, := h(T, (7)) be the test
functional with the limit h, = h® under Hy and distribution F°(z) := P(h® < z) , and operate on
pn =1 — F°(h,) the "asymptotic p-value". Under the null p, Ly [0,1] a uniform distribution, and

under the global alternative p,, - 0 as long as h is monotonic increasing, cf. Theorem 2.2. Now operate
conditionally on the sample {zy, y; }7;, simulate a sequence {e;}?_; of iid N(0, 1) random variables &,

compute
2
hn =h Etm m’Y )
52(B,0,7) (Bnm (Z )

and define p,, := 1 — F, (hn) where F, is the conditional distribution of h,,.
There is a rather sharp hurdle concerning the wild bootstrap under tail-trimming. Notice S2(3,,,7)

is the original HAC estimator and sup,cp 152(3,,7)/S2(7) — 1| & 0 by Lemma B.5, while Z,(7)
= Y4y eemy, () conditional on {z,y;}j~; is a draw from a normal distribution with covariance

kernel proportional to K, (v,7) & 31, my, (v)my, +(7), cf. Lemma B.2 in Appendix B. Under the null
S2(7)/Kn(v,7) & 1 can be verified only if

>

E (ZWLM)) =nE [m;%(7)] x (1 +o(1)).

The latter is trivial if €; is iid and symmetric under Hy and symmetrically trimmed, and holds if ¢; is a
martingale difference with respect to 3; and e/ ,, + becomes a martingale sufficiently fast in the sense

1/2
(m) E[Etle,n,t|%t,1] — 0. (1)

n,t

The martingale difference property Ele;|3¢—1] = 0 ensures by dominated convergence Ele;lc p ¢|St—1]
— 0, but the stronger condition (1) implies for each i =1,...,n — 1

n
m X E [e1Iena€itrlenitr X Ign 1 F(Y V1) i1 F(Y9;41)] — 0,

n,t

hence

n 2 el . -
v (Z mi,t(7)> nk [m;%(7)] (1 + % S (1 —ifn) 22 B mia ) nym(W])
=1

E [m;ft (’7)]
= 0B [mZ ()] x (1+0(1)).

In general, as long as F[e;] = 0 under either hypothesis then €; need only be iid (and possibly asymmetric)
under Hy and symmetrically trimmed with re-centering since under Hy

E [mn t (VS 1] = Ig,th('YIT/Jt) (E [etle,n,t] -FE [etleﬂz,t]) =0.

See Section 3 in the main paper.

LEMMA C.1. Let F1-F2, 11, Ki, P1 or P2, RI-R4 and WI1.b hold.  Further, assume
E(Ci mi (1) = 2, Blmi% ()] x (1 + o(1). Then |pn — pa| = 0.
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PROOF. Hansen (1996) requires S-mixing with at least a finite fourth moment, and a Lipschitz
test weight all in order to prove his test statistic has a weak limit. We establish the required limit in
the proof of Theorem 2.2 by exploiting weak limit theory developed in Section C.3, below, in particular
UCLT Lemma B.7. All aspects of Hansen’s (1996: p. 426-427) argument therefore goes through since
it relies solely on the pre-established weak limit. QED.

Now simulate R iid samples {5, ¢ }1—q of iid N(0,1) random variables €, , and compute h, » using
{Em}t_l, and py; : 1/RZ hrpn > hy). Since hrn is, conditionally on z, iid and mdependent of
h, it follows limp_,o0 P pn = 1 — Fn(h ) = pn by the Glivenko-Cantelli theorem. Hence pn is a valid
approximation of p,, for large R, provided E(};_, m7 ;(7))* ~ >\ E[m:%(7)]. In practice set R =
R, — coasn — oo.

C.2 PROOF OF THEOREM 2.2 UNDER PLUG-IN ASSUMPTION P2 Recall the
claim.

THEOREM 2.2. Let F1-F2, I1, K1, R1-R4 and W1 hold.

i. Under Ho and P1 or P2 there evists a Gaussian process {z(v) : v € I'} on C[I'| with zero mean, unit
variance and covariance function E[z(v1)z(73)] such that {T,(y) : v € T} = {2(y)? : v € T'}.

#. Under Hy and P1 or P2 T,(y) 2 oo Vy € T'/S where S has Lebesgue measure zero.
iii. Under P3 TL(v) satisfies cases (i) and (ii).
PROOF. It remains to prove claim (i) under slow plug-in Assumption P2. Define

My (B,7) = my, (8,7) = E [my, ,(8,7)] and M;; (8,7) = i, (8,7) — E [0, (8. 7)]

MLy =1, (%) = B [, (8%)] and $2(8,7) = B [NL (8,0 (6,7)]

s,t=1
We first state some required properties. Identification I1 imposes

sup |Sn [mn t | =0 1/77“) (2)
yel’

which implies the following long-run covariance relation uniformly on I':

2
(Z nt( > = $2(7) = n? (E [m;,(8,7)])" = S2(7) (1 +0(1)). (3)

Uniform expansion Lemma B.3.a, coupled with Jacobian consistency Lemma B.4 and Bn 2. 8% imply
for any finite § > 0

sup
vyer

nZ{ (Ba) - *(7)}Jn(v)'(BnﬁO)(1+Op(1))‘Op(n_5)~ ()

By approximation Lemma B.2.a

sup
vyel

17) > {in () = mi, (7)}‘ =0, (1). (5)



By Lemma B.5 uniform HAC consistency

S2(B,,7)

s2(y) !

sup
yel

= 0,(1). (6)

It can similarly be shown

SHCR i 2
206 ) = 0p(1) where S2(8,7) : (Z ) (7)

Under P2 V,, ~ K(7)Vy(7) for some K : T € R?%9 uniformly positive definite on I, and the plug-in
is asymptotically linear
~1/2
) ©)

for some non-stochastic sequence {An}, A, € RY*" that satisfies Ang; 1;1;L — 1.
Substitute /3, — ° from (8) into (4) and exploit the above uniform limits to obtain uniformly on I

sup —1

yel’

B =80 = Vi 24, Y01 % (10, ) + 0y (|7
t=1

Zm (Bar) = Z () () (B = 8°) (1+ 0, (1) + 0, (n0)

n

= Y om0+ ndu (VA Z o x (14 0p (1)) + 0p (Su (7))

- Z mt (V) + Sn( ){nS;l(y)Jn( Vi l/ZXAn M x (1+0p (1)) + 0p (Sn(7))
= D M0+ Ba) 3N x (10 (1) 03 (S0(1)

say, where B,,(7) € R'". The second equality uses the facts that arbitrary ¢ > 0 and lim inf,, . {S2(7)}
> 0 under F2 together imply o, (n_é) = 0p(Sn (7))

Now, define the selection matrix R,(7) = [I,B,(y)] € R™ (D and use M () =
(M3, (7); 1705, 1 (V)] to write

Z Myt ﬁn? ZRH n t ) E [ :L,t(')’)]} (1 +0p (1)) +0p (SH(V)) . (9)

Recall &% () € RU+D*(+1) g the covariance matrix for S, n.t(7), and define

Sh(7) = Ru(1&,(NRL(7) ER.
By construction sup.r{S(7)/Sn(7)} = O(1). Therefore by (9) and UCLT Lemma B.7

(s

where {z(v) : v € '} is a Gaussian process on C[I'] with zero mean and unit variance, and covariance
function E[z(v1)z(v2)]-

Z nt Bna'y ’VEP}:{Z(’V):VGF}7 (10)



Equation (10) implies E(S, ' () Yo7 1. .(B,,,7)) — 0 by the Helly-Bray theorem, hence

{Snt’}/) i:{ My, t(ﬁm')’) E [mjm(ﬁnﬁ)}} = P} )

!
] Se(v)

= {z(y):v€T}.

D R MG (1) = E M5, (0]} (L + 0, (1) + 0, (1) sy € T}
t=1

Therefore by HAC consistency (6) and (7) and the definition of S, (3,,,7) in (7)

Sn(7) = Su(Bs7) X (1+0p(1)) = Su(Bs7) X (1+0p(1)) - (12)

Now combine (11) and (12) to deduce

{ n(ﬁn? Z ’lt 5”77 e F}

: {g,fm > R (M) = B M3 )]} (40, (1) + 0, (1)1 € r}

= {z(y):v€T}.
The claim now follows from the mapping theorem: {7}, () : v € I'} = {2%(y) : v € '}. QED.
C.3 PROOFS OF LEMMAS B.1-B.7 We reduce notation by assuming symmetric trimming

throughout since none of the following arguments rely on asymmetry. Let {c, ,(5)} be the sequence of
two-tailed upper k; ,/n'"* quantiles of z(3):

P((B)] > eon(8) = 222 (13)
Recall the absolute value notation:
%" () = |=(8).
Write compactly
2
A= EE 0] w5200 (3 (s )= B 1))

and

Z ntﬁ’y and mnﬁ’y Zmntﬁ'y

We repeatedly use the fact that m; = . F(y'1),) has the same decay rate as e; under Paretian tail
R3.b because F(u) is bounded by W1.b. This follows by properties of regularly varying tails: for some
finite positive K, > K;

e sup F(u)| >

Kuc™™ (1+0(1)) = P < p

c) ZP(|mt|>c)2P<

€ inf F(u)| >
u€R

c) = Kjc™" (1+0(1))
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hence P(|my| > ¢) = K¢ "< (1 + o(1)). Further, since I,, ; = I, 114 n, use dominated convergence and
Ignt 23" 1 to deduce for any r > 0

|mt|7‘ Ie,n,t (1 - Ig,n,t)]
E [|mt|7 Ie,'n,t]

Together, higher moments of m; I, ; and €;I. , ¢ are identical up to a scale constant.

Impose F1-F2, K1, R1-R4, and W1.b throughout. Many results follow instantly from asymptotic
theory and moment bounds developed in Hill (2011) for M-estimation under tail-trimming. We only
provide proofs where significant changes are required.

In the following the sequence of positive non-random real numbers {r,}, and terms o,(1), Op(1),
o(1) and O(1), do not depend on f3, v and ¢, where 7, — 0 is arbitrarily fast.> Let A be a compact
subset of (0, 1].

LEMMA B.1 (variance bounds).

Elmd|" L] = Ellmy|" Iepn] X (1 + [ > =FE|[|my Iepns) x (L4+0(1)).

0. 02(8,7) = o (nmax {1, (Elm}, .(6,7)?}), sup{ 7.(1) (W}} — o(n/In(n));

~er | max {1, (E[mn)t

b. S3(v) = Lunor(y) = o
is finite dependent or Ele

PROOF.

Claim (a): By the proof of Hill’s (2011) Lemma B.2.a we have the first part of (a) o2(3,7)
o(nmax{1, (E[m;; ,(8,7)])*}) hence

su o2 (7) o
'\/E? { max {1, (E[m} ,(7)])2} } O(n/ken)-

Under fractile bound Assumption Fl.a n/k. ,, = o(n/In(n)) hence the second part of (a) follows.

Claim (b): The following argument is used in Hill (2011: Lemma B.2.b) for the case k. > 1. The
case k. = 1 is identical and k. € (0, 1] follows by invoking fractile bound F1.b. We present the proof
below for completeness. Assume symmetric trimming to reduce notation, and asymmetric case being
nearly identical.

If E[e?] < oo the claim follows from geometric 3-mixing. Under tail decay R3.b assume k. < 2, the
case ke = 2 being similar. Since

n?) for some sequence {£,} that satisfies liminf,,_, £
] )

(
#] < 00, and otherwise £, < KlIn(n/minjeg 03 {kj e,n}

=
2
|

S2(y) = nE [me2()] +n S (1~ h/n)B [ty (V) (1)
h=1

it suffices to prove the bounds

n—1
Y E[mha(miwa(]]| < LaBlmi%(7)] = o(n).
h=1
Drop 7: my, ; = my, (7). Define the quantile function Q. (u) = inf{m : P(|m;, ;| > m) < u} for u €

[0, 1], and recall under geometric S-mixing oy, < 3, < Kp" for p € (0,1), where oy, and 3,, are a- and
[-mixing coefficients. Assume 3, = p" without loss of generality. Theorem 1.1 of Rio (1993) applies:

n—1 n—1 ph
S B|mhmh ] <K / Q2 (u)du.
h=1 h=170

*For example 7, = n~° for any finite § > 0.



Under Paretian tail R3.b Q,(u) = O(u~'/*<), and by tail-trimming SUPye[0,1] Qn(u) = cepp or u >
ke n/n. Therefore

In(n/ken)

Z |E[my, ym, ]| < KZ/ w2 tedy — K Z {(n/kﬁyn)(z/nrn _ p—h(2/ne—1)}

ke,nn h=1

which is trivially bounded by K In(n/ke,) x (n/k6 W) = NG,
Put £, = In(n/k.,) and note E[m;%(y)] ~ K (n/k, ,1)2/”5_1 by Karamata’s theorem and
boundedness of F'(u). This proves the first bound | S0 ) Elm, w1 (MM (D] < LnElmi2(v)]-
Finally, (n/kﬁ,n)z/ne_l = o(n) is trivial for any ke € [1,2). If ke € (0,1), which occurs only under

H,, then (n/k:@n)Q/'{"1 = o(n) under fractile bound F1.b k,, /n?(1=%<)/(2=#e) — oo, This proves the
second bound. QED.

LEMMA B.2 (approximations).

Q. Sup.er 151 () Z?:1{m;,t(7) - m;i,t(v)}l = op(1).

b. Define i ,(8,7) := i o(8.7) — 15(8,7) and. 55,(8.7) = m3,(8,7) — mi(8,7). If additionally
P1 or P2 holds then sup.cr [S72() Yn ,—y w((s = £)/bn){iim o (Brs Vit e (B v) — i s (N /(N =
op(1).

PROOF.

Claim (a): Use Lemma B.3 in Hill (2011) to deduce S, '(y) >0, m;yt(y) —m (7} = op(1)
for any v € T. By an almost identical argument the uniform claim sup. cr |S;, " (v )Zt g () —

my, (7)}| = 0p(1) can be shown by exploiting test weight lower and upper bounds W1.b and the fact
that F(u) does not enter the trimming indicators. Similar arguments are used to prove (b), below.

Claim (b): We will prove the notationally simpler claim under H
sup Z Wnssit {105 (B 7105 (B ) =i ()0 () ]| = 0p(1).
yel’

stl

The general claim under Hy or H; is essentially identical but lengthy due to centering with 7. (3, ).
It suffices to show

1| 5y 2 e (o 0)04(7) = m:;,smmzm)}‘ = 0,(1) (14)
Sup | s Z: st {108 o (Bs V)15 (B ) = m:;,swmzm)}‘ =o)(1).  (15)

Step 1 (bound (14)): Observe

Z Wn,s,t {mn s My, t ) - m:,s(’)/)m;,t(ﬂw}

stl

‘— Z Wn S tms (jn,s - ITL,S) m:;,t(’y)

s, t=1
Z wn s, tma < n,s In,s) m;t(’)/) <jn,t - In,t)

stl

+ K

5%

= Al,n (’Y) + A2,n ('Y)



We only bound A; ,,(7), A2, () being similar. Define for any § > 0

1 _ .
N5 () = ——— exp{—2?67%/2} and g, ; =n;(j/bn)
(26°7)"
w

2n n—t
Ans ()= Y ( 75 2 k(U/bw) —)mt+z(7) (Tntt = Tngt) 1O 1 [bn/(m)

t=—n-+1 ’I’L I=1—t
n—t
X 1/2 > s, ,L,JS nt+j('7)l(0 <G < [ba/0]) | x (L+0p(1)).
" Jj=1—t

Trivially

> {mi () = B [mi,,(7)] }) ==Y () (16)

1
sup K
yel’ (Sn(ﬂY) =1 t=1

and by uniform approximation Claim (a) and UCLT Lemma B.7, for any chosen K > 0 there is an N
€ N such that Vn > N

2
1 n ) n 9
supE | —— Y m} Ine—1, =o(1) <K 1/n'/?) =K. 17
sup (sm); ) (T ,t)> (1)< ;(/ ) (17)
Therefore, by extending Lemmas A.2-A.3 of de Jong and Davidson (2000) to the uniform case we have®
hm limsupsup || A1, (7) — Ains (7) x (140, (1))]]; = 0. (18)
n—oo ~yel

Now consider Aj ,, 5 (7), define N, (0) := min{n, [b,/d] + 1} and note by construction and variance
non-degeneracy F2

n—o0 bn ~el’ S% (’7)/”‘

Uniform approximation Claim (a¢) and UCLT Lemma B.7 generalize to weighted versions under K1: for
any 0

lim sup ———= Nn(9) < K and sup { S?Vn(5)(7)/Nn(5)} =0(1).

n L n_tk:lb i Lo ) I(0<1<1[b,/6
Ve S WY 2 (t/bn) mi1(7) ( notH n,t+l> (0 <1< [bn/d)) 2
N2©) S () /N0 RS
———=su = X su E (t/bn) {10y, —m;
,:,LL/2 76? Sn (’y) /n1/2 76? SN (5) . / ) { ,t+l(7) S+ (7)}

— 0 as n — oo,

3de Jong and Davidson (2000: Lemma A.1) invoke a mixingale maximal inequality due to McLeish (1975:
Theorem 1.6) solely to ensure partial sum variance bounds. It suffices to replace their Lemma A.1 with (16) and
(17) since these duplicate the same bound implied by McLeish (1975) with mixingale constants 1/n'/2.
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and
nl/2
<7<
b'rl/z n+1<§<2n ~vel jz o, S M t+J( )I (0 =J= [bn/é])
2
NY26) S (1) /NA(0) 1
< ——=35u = X su In In
=T 76113 S, () /ni/? 76113 SN o (v Z N5,n,5M ( t— ,t)
2
—0asn— o0
Therefore
hm hmsupsupHA1n5( ), = 0. (19)
n—oo ~€

Together (18) and (19) imply sup,er{A1n(7)} = 0p (1).
Step 2 (bound (15)): Note

zwm{ 155 (B )15 (B 1) = *mm,t(v)}‘

—iwnst{ 15,6 (B ) = 25(7)}m2,t(7)

s,t=1

)

o Zwm{ (B ) =1 o (0) {0 (B) = i:,m)}‘.

.stl

Consider the first term, the second being similar. Apply a Taylor expansion to deduce for some ||3,,

?/IGIIF) 5721 Z Wn,s,t { My,s n77) m:,s(’)/)} mtz,t(’)/)
<Sup né n *7’7) nt( ) Bn_ﬁOH
el s,t=1
+sup Branes ) { s (B ) = s bt s ()| x |18 = 8|
ver s,t=1
-‘rSllp n*v'Y) {j (B ) A"Lé}mnt( ) X'Bn_ﬁOH
v€er s,t=1
+sup (D) { s (Bu) = s 17, ()
v€r s,t=1
= ZSUp {Bz n
= lA/

Properties P1 or P2 enswre |8, — 8% < |18, — %Il = Op(|[Val|7'/?) and sup,ep [[Va()V, ]| =
O(1). Define ¢ := (—1)'/? and apply de Jong and Davidson’s (2000: (A.51)) argument under K1 to
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deduce

1 n
- Z 7L£S/bn Jn 6(ﬁn,*7 ,7

n
s=1

IN

Bl,’ﬂ (7) Z ebgt/bnmn t

“f (nJ

K / 0 (1,6 D (1,6 19 ()] d,

)Iﬂ( )| d€

where the Fourier coefficients 9#(§) is defined in K1. Uniform Jacobian consistency Lemma B.4
with K1 properties Y7, [wns¢| = 0(n?), maxi<s<n Y .ryq |wnst| = o(n), and b, = o(n) imply
sup,er{Cn (7,6)} = 0p(1), and uniform approximation Lemma B.2.a and UCLT Lemma B.7 give
sup,er{Dn (71,€)} = Op(1). Therefore sup.,cr{Bin (7)} = 0, (1) by dominated convergence and K1.
Similar arguments apply to the remaining terms by invoking uniform expansion Lemma B.3. QED.

LEMMA B.3 (expansion). Let 8, € B. For some sequence {B,..} satisfying [|B,, . — Bl <18
— B||, and for some tiny + > 0 and arbitrarily large finite § > 0 we have sup. cr |17, (8,7) — m;@(B,y)

~ (B ) (B = B =07 x (18 = BIIM* x 0,(1).
PROOF. See Lemma B.5 of Hill (2011). QED.

LEMMA B.4 (Jacobian). Under P1 or P2 sup.cr 2By y) — T (7)1 + 0,(1))]] = 0,(1).

PROOF. Since F' is continuous, differentiable and uniformly bounded, under the stated assump-
tions it is easy to verify the moment smoothness property liminf,, .. supg_go| |<5{|E [m;, ¢ (B, ]I} >
|E[mg, , (7)]] for any v € T and ¢ > 0. Hence the claim can be proved exactly as in Hill (2011 Lemma
B.7). QED.

LEMMA B.5 (HAC).  Under P1 or P2 sup.cp |S2(3,,7)/S2(7) — 1] & 0.

PROOF. Define ﬂ:,t(Bn?'Y) = m:,t(Bn?V) - m:(Bn?'Y)? M'r*z,t(Bn?'Y) = m:,t(Bn?V) - m:(Bm’y)

and
Alﬂl (7) = 52 Z Wn,s,t {:un s(ﬁnv 7):“11 t(ﬁn: 7) :U‘n S(V)Mn t('.}/)}
.s,t:l
Az Wns t“m—“mm 1
oy S ()

By the triangle inequality we must show each sup.cp [Ain (7) | 2. 0. The first term sup,er [A1n (7) |

2 0 is identically Lemma B.2.b.

It remains to prove pointwise Az ,, () 2, 0 and a stochastic equicontinuity property (e.g. Theorem
2.1 of Newey 1991)

n—00 VAET: |y —F|<6

lim sup P ( sup | Az (7) — A2n(7)] > s) <e.

Step 1 (pointwise): We will apply Theorem 2.1 of de Jong and Davidson (2000). It suffices to
verify their Assumptions 1-3, where Assumption 1 holds by K1. Write Z,.(y) : = S, (y)m}; (7).
Under geometric S-mixing D3 {mfht(,@o'y, ), 3¢} forms a geometric Lo-mixingale with constants e, ¢(7)

(McLeish 1975: Theorem 2.1). Therefore {Zn +(7), 8¢} forms a geometric Lo-mixingale with constants
Ent(7) == Sy (V)ent (), hence E(3") | Z,1(7))? < KS;2(7) >/ €5 +(7) by Theorem 1.6 in McLeish
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(1975). Since we assume stationarity, and trivially E(>°1_, Z, +(7))* = 1, we can always assume e, ;()
= KS,(v)/n'/? hence {Z,(7), 3} has constants &, +(y) = K/n'/?2. Coupled with bandwidth b, =
o(n) under K1 their Assumptions 2 and 3 therefore hold..

Step 2 (stochastic equicontinuity): Since F(y'1),) is differentiable and uniformly bounded the
proof of stochastic equicontinuity is essentially identical to Step 2 of the proof of UCLT Lemma B.7.
QED.

LEMMA B.6 (ULLN). Let inf, >N [E[m;, (7)]| > 0 for some N € N and all v € T'/S where S
has measure zero. Then sup, cr/s{1/nd 0 my ,(7)/E [my (7))} 2.

PROOF.
Step 1 (Pointwise LLN): By variance property Lemma B.1.b

L [mi () =B [mz,t )] }) : 52 (1)
El= = =o0(1).
(n;{max{l }E[ my, ¢ )”} n2 xmax{l, (E [m* (7)])2} W
Now  invoke  Chebyshev’s  inequality —to  deduce  pointwise  1/n) i {m} (y) —
E[my, ,(v)]}/ max{1, |E[m}, ,(v)][} = 0.

Step 2 (ULLN): We first prove sup,ers{[1/n 0y mi (DI supscr s [Elmi (]| 2 1.
Let n > N such that sup.cp [E[m;,; (7)]] > 0, and define A}, ,(v) := my, , () /sup,er |[E[my,  (7)]]-
Since by construction hfm('y) is uniformly L;-bounded on compact I' it belongs to a separable Banach
space. Therefore the Lj-bracketing numbers satisfy Npj(e,T, || - [[1) < oo (Dudley 1999: Proposition
7.1.7). Combined with the pointwise LLN 1/nY " (hy , (v) — E [k} ,(7)]) = 0p(1) we have a ULLN
(cf. Theorem 7.1.5 of Dudley 1999)

sup | — Z{hnt [h: t( )]} :01)(1)'

~er (N

Now replace my, ,(y) with —m; (v )/E[ nt(y)] and repeat the argument to prove
sup,er/s{1/n Y20, m;, () /E[m}, ,(v)]} = 1. QED.

LEMMA B.7 (UCLT).  {S;'(7) > (my () — Elm;,,(7)]) : v € T} = {2(7) : v €T} a
scalar (0,1)-Gaussian process on C[I'| with covariance functzon E[ (71)2(72)] and a.s. bounded sample
paths. If P2 also holds then {Gn/*(~ ) > AMG () — E| V] :velt={Z():v€T}anr

+ 1 dimensional Gaussian process on C[I'] with zero mean, covariance Ir41, and covariance function
E[Z(71)Z(72)']-

PROOF. The metric space {T,|| - ||z} is totally bounded. Weak convergence on C[I'] therefore
follows if we demonstrate convergence in f.d.d. and uniform stochastic equicontinuity (s.e.) defined
below (cf. Dudley 1978, Pollard 1984, 1990).

Step 1 (f.d.d.’s): Define

Zn() = Z Zn,t(V)

and for any set of h € N vectors {7, ..., 74}, 7; € T, and conformable X'\ = 1, Z,,(\,7) := 2?21 Xizn(7;)-
Test weight boundedness W1 and trimming imply |z, (A, 7)| < Kcepn/Sn(7). Therefore under non-
degeneracy F2, the existence of a moment R2, distribution tails R3, and mixing R4, the tail-trimmed

n t mfz,t(’Y)]} ) (20)
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central limit theorem Lemma B.6 in Hill (2011) can be straightforwardly generalized to show Z,(\,7)

4N (0,1). Convergence in f.d.d. now follows from the Cramér-Wold theorem.
Similarly, under slow plug-in property P2 and the above argument, the limiting f.d.d. of

Za(7) = 6, 1%( Z {M3, M (0]} (21)

are normal.

Step 2 (s.e. ): Consider z,(y) in (20) the argument for Z, () in (21) being identical. The required
stochastic equicontinuity condition follows: Ve > 0 there exists § > 0 such that

lim sup P sup [2n(y) — 2 ()| > € | <e.
n—00 Y AET: v =7II<6

Apply differentiability, W1 boundedness of F'(y'1,) and the mean value theorem to obtain

me() t<w o gl Bol 10 .

(%) G| < ElalnGol, 28 | T a7 00| < I =7l
letIn,t (Bo) ) 3
O g s (5P ()| < =51

letIn,t (Bo)]
K )
= %MM¢Wﬂb

By Lyapunov’s inequality E[A,, ;] < co. In lieu of boundedness and smoothness of the test weight F,
an identical argument extends to partial sums:

}xman.%lxmaw

sup |2 (7) = 2 (7)]
VAET: v =<6

2

Z {Zn t — Zn,t @)}

t=1

{etdnt (Bo) = Eletdnt (Bo)l}
i nit (Bo) = Eleedn,e (Bo)l}H,

sup
v AED: Iy =7 <8

< —
=12 ,

x s |y—4l <Ko
VAET: |y =A<

Now invoke Chebyshev’s inequality to conclude

sup |Zn('7) - Zn(:)/)|
Y AED: v =<8

N
™
X
™

lim sup P ( sup |20 (7) — 20 (¥)] > 5)

n—00 YVAET: |y =<6
< exePK2%? < g,

for any 0 < 6 < 53/2/K, which completes the proof. QED.

C4 COMPLETE SIMULATION RESULTS In the main paper we omitted simulation
results for sample size n = 5000. The following are the complete results.
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Table 1 - Empirical Size (Linear AR)

iid ¢ (k =1.5)? | GARCH ¢; (k = 2) | iid € (k = 00)

n| 200 800 5000 | 200 800 5000 | 200 800 5000
| 1%.,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10%

TT-Orth-Fix> | .00,.01,.047 .00,.02,.06 .01,.03,.09] .00,.01,.05 .00,.03,.09 .00,.03,.09] .00,.02,.05 .00,.03,.07 .01,.04,.09
TT-Fix .00,.02,.07 .01,.04,.08 .01,.05,.10 .00,.01,.04 .00,.02,.05 .01,.06,.10| .00,.02,.06 .00,.02,.04 .00,.02,.05
TT-Orth-OT | .01,.04,.06 .02,.06,.12 .01,.06,.11| .01,.03,.04 .01,.02,.04 .02,.02,.04| .01,.03,.09 .02,.07,.12 .01,.05,.11
TT-OT 23,.41,.52 .31,.46,.54 .42,.51,.58| .04,.17,.27 .15,.31,.40 .31,.45,.53| .04,.12,.20 .06,.14,.23 .06,.15,.23
CM-Orth® .00,.01,.05 .00,.03,.07 .00,.02,.07] .00,.04,.11 .00,.04,.10 .00,.03,.08] .00,.04,.09 .00,.03,.00 .00,.04,.09
CM .00,.01,.04 .01,.02,.08 .00,.04,.07| .00,.00,.02 .00,.01,.03 .00,.02,.06| .00,.01,.03 .00,.02,.04 .00,.02,.04
HW/ 17,22,25 .21,.24,27 .20,.22,24| .06,.15,24 .80,.87,.89 .99,.99,.99| .00,.02,.05 .02,.05,.07 .01,.05,.09
RESETY .00,.00,.02 .00,.01,.02 .00,.02,.02| .00,.03,.09 .01,.05,.11 .01,.05,.10| .00,.03,.08 .01,.05,.10 .01,.05,.10
McLeod-Li9 .02,.03,.03 .01,.02,.02 .01,.01,.02| .58,.70,.78 1.0,1.0,1.0 1.0,1.0,1.0| .01,.04,.07 .02,.05,.09 .01,.05,.10
Tsay?9 98,.99,1.0 1.0,1.0,1.0 1.0,1.0,1.0| .37,47,.51 .72,.77,.80 .97,.98,1.0| .01,.05,.10 .01,.05,.10 .01,.05,.10

. Moment supremum of the test error €: k = sup{« : Ele;|* < oo}
. TT = Tail-Trimmed CM test with randomized nuisance parameter . FIX = fixed trimming parameter .
. Orth = orthogonal equation transformation. OT = occupation time test over set of A.

. Untrimmed randomized and sup-CM tests.
. Hong and White’s (1996) nonparametric test.

a
b

c

d. Rejection frequencies at 1%, 5% and 10% nominal levels.

e

f

g. Ramsey’s RESET test with 3 lags; McLeod and Li’s test with 3 lags; Tsay’s F-test.

Table 2 - Empirical Power® (Self-Exciting Threshold AR)

iid ¢ (k= 1.5) | GARCH ¢ (k =2) | iid ¢ (k= o0)

n| 200 800 5000 | 200 800 5000 | 200 800 5000
[ 1%.5%,10% 1%,5%,10% 1%.5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%.5%,10%

TT-Orth-Fix | .02,.12,22 .08,.26,.38 .44,.66,.75] .01,.06,.11 .01,.05,.11 .02,.09,.20] .02,.05,.11 .02,.08,.15 .17,.35,.48
TT-Fix 12,.18,.24 .21,.32,.39 .46,.57,.64| .01,.05,.11 .03,.12,.23 .35,.58,.71| .02,.07,.12 .09,.27,.43 .72,.87,.95
TT-Orth-OT | .19,.35,46 .65,.83,.93 .94,.94,.94| .08,.17,.25 .12,.24,.39 .30,.43,.57| .06,.13,.24 .16,.28,.42 .53,.53,.58
TT-OT 28,.30,.32 .38,.35,.37 .43,44,.44| .11,.13,21 .24,.25,.39 .41,43,.44 .04,.13,22 .39,.52,57 .90,.90,.91
CM-Orth .05,.21,33 .11,.27,.42 .18,41,.54] .02,.07,.13 .01,.05,.09 .01,.04,.10] .01,.04,.08 .02,.06,.10 .06,.21,.33
CM 04,.11,18 .12,.23,.29 .27,.39,.49| .01,.05,.10 .02,.12,.24 .30,.54,.71| .01,.07,.14 .08.,.30,.44 .73,.87,.95
HW .06,.10,.16 .17,.15,..30 .46,.51,.72| .04,.05,.09 .04,.07,.12 .02,.06,.11] .02,.06,.11 .16,.29,.40 .94,.99,.97
RESET .03,.14,.28 .08,.28,.45 .24,.44,.63| .02,.12,24 .15,.38,.53 .31,.58,.70| .20,.54,.73 1.0,1.0,1.0 1.0,1.0,1.0
McLeod-Li 29,.45,.55 .71,.76,.83 .86,.93,1.0| .00,.00,.07 .01,.05,.10 .01,.05,.10| .07,.19,.27 .51,.69,.79 1.0,1.0,1.0
Tsay .02,.02,.02 .00,.00,.00 .00,.00,.00| .13,.17,.19 .15,.17,.21 .04,.07,.10| .45,.65,.70 1.0,1.0,1.0 1.0,1.0,1.0

a. The rejection frequencies are adjusted for size distortions based on Table 1.



15

Table 3 - Empirical Power® (Bilinear AR)
| iid & (k = 1.5) | GARCH ¢ (k = 2) | iid ¢ (k = 00)
n | 200 800 5000 | 200 800 5000 | 200 800 5000
| 1%.5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%,5%,10% 1%.5%,10%6 1%,5%,10% 1%,56%,10% 1%,5%,10%

TT-Orth-Fix | .04,.16,.26 .22,.39,.49 .53,.71,.83] .01,.07,.11 .02,.08,.14 .18,.48,.62] .01,.05,.09 .01,.05,.11 .31,56,.75
TT-Fix 04,.13,.21 .13,.31,.42 .43,.60,.71| .02,.09,.17 .02,.09,.18 .23,.40,.52| .01,.04,.07 .01,.04,.10 .26,.36,.61
TT-Orth-OT | .08,.14,.18 .36,.38,.37 .51,.52,.57| .02,.05,.10 .04,.06,.00 .11,.15,.19] .01,.05,.05 .00,.01,.02 .04,.09,.14
TT-OT 57,.61,.61 .68,.58,.60 .76,.78,.78| .27,.30,.36 .57,.52,.55 .67,.69,.70| .01,.07,.13 .06,.12,.16 .20,.28,.34
CM-Orth 03,.14,24 21,140,551 .41,53,.74] .02,.11,21 .03,.13,.26 .14,.29,.43] .01,.04,.11 .01,.05,.11 .29,.57,.64
CM .02,.08,.16 .08,.30,.41 .33,.40,.56| .01,.05,.10 .01,.05,.11 .04,.19,.28| .01,.04,.09 .01,.04,.09 .19,.35,.60
HW .00,.00,.00 .00,.00,.00 .07,.18,.26] .02,.07,.07 .00,.00,.00 .00,.00,.00| .24,.38,.47 .87,.92,.97 .98,1.0,1.0
RESET .02,.07,.14 .01,.06,.14 .03,.08,.15| .03,.07,.11 .01,.05,.09 .01,.06,.12| .02,.06,.12 .03,.17,.28 .15,.31,.52
McLeod-Li 19,.26,.33 .35,.43,.51 .52,.63,.73| .00,.02,.04 .00,.00,.00 .01,.05,.10| .86,.93,.98 .99,1.0,1.0 1.0,1.0,1.0
Tsay .03,.06,.10 .01,.05,.10 .01,.05,.10| .36,.36,.37 .20,.20,.23 .04,.07,.10| .76,.84,.88 .91,.95.96 1.0,1.0,1.0

a. The rejection frequencies are adjusted for size distortions based on Table 1.
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