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Abstract

Although robust estimation methods were formalized by the late 1800�s, data
trimming and truncation for non-iid data has received little attention. We present
Gaussian central limit theorems for tail-trimmed sums of a heavy tailed weakly de-
pendent process in the Feller class. We assume distribution tails are stationary,
and otherwise leave stationarity and heterogeneity unrestricted. The sum is self-
normalized with a consistent kernel variance estimator, so the rate of convergence,
tail thickness and memory persistence do not need to be speci�ed beyond fairly min-
imal regularity conditions, hence robust inference is available. The theory applies
to mixing and non-mixing processes, including linear and nonlinear distributed lags,
and linear and nonlinear random volatility with smooth or non-smooth errors. We
show how the results imply asymptotic normality for sample tail-trimmed variances
and covariances, and a super-

p
n-convergent least squares estimator for in�nite vari-

ance autoregressions.

1. INTRODUCTION Despite the rich history of robust estimation dating to
Newcomb [61], few results for non-iid data exist, and none permitting non-parametric
inference under tail-trimming. We present Gaussian central limit theorems for an inter-
mediate order tail-trimmed sum of weakly dependent data yt, we develop a consistent
non-parametric estimator of the partial sum scale, and apply the theory to robust esti-
mation problems.
Assume yt is Lp-bounded, p 2 (0; 2), measurable on a probability space (
;G; P ),

and E[y2t ] = 1 since the literature covers the �nite variance case. We consider those
distributions Ft(y) := P (yt � y) for in�nite variance yt in the Feller subclass (Feller [26]):

F =
(
F : yt � F =) lim inf

c!1

E
�
y2t I (jytj � c)

�
c2P (jytj > c)

> 0

)
: (1)

Class F contains all distributions with regularly varying tails and index � 2 (0; 2] by
Karamata�s Theorem, but not slowly varying [s.v.] tails, and it includes distributions of

�AMS 2010 classi�cations : prinary 62E20, 62G05; secondary 62G35, 62G20.

Keywords and phrases : tail trimmed sum, central limit theorem, telescoping sum, near epoch dependence,
kernel variance.

yDept. of Economics, University of North Carolina-Chapel Hill; jbhill@email.unc.edu;
www.unc.edu/�jbhill.

1



iid sequences fytg with scaled and centered partial sums that have tight nondegenerate
limit laws (Feller [26], Pruitt [66]).
The sample path is fytgnt=1 with sample size n � 1. Let y(�)t and y(+)t denote tail-

speci�c observations

y
(�)
t := ytI (yt < 0) and y

(+)
t := ytI (yt � 0)

with order statistics y(�)(1) � y
(�)
(2) � � � � � y

(�)
(n) and y

(+)
(1) � y

(+)
(2) � � � � � y

(+)
(n) . De�ne the

stochastically trimmed triangular array fŷn;tg = fŷn;t : 1 � t � ngn�1 by

ŷn;t := yt � I
�
y
(�)
(m1;n+1)

� yt � y
(+)
(m2;n+1)

�
;

where I(A) = 1 if A is true and I(A) = 0 otherwise, and fm1;n;m2;ng are intermediate
order sequences: 1 � m1;n + m2;n < n, mi;n ! 1, and mi;n=n! 0. Thus ŷn;t = yt for
any yt between its lower m1;n=n ! 0 and upper m2;n=n ! 0 asymptotic quantiles. If the
support is [0;1) then yt = y

(+)
t and ŷn;t := yt � I(yt � y

(+)
(mn+1)

) for some intermediate
order sequence fmng, and so on.
We establish conditions that ensure a kernel self-normalized central limit theoremPn

t=1 fŷn;t � E [ŷn;t]gqPn
s;t=1 kn;s;t � fŷn;s � ŷng � fŷn;t � ŷng

L! N(0; 1); (2)

where ŷn := 1=n
Pn

t=1 ŷn;t, N(0; 1) denotes a Gaussian law with zero mean and unit
variance, and kn;s;t is a kernel function. We do not consider conditions under which
fŷn;tg belongs to any domain of attraction (e.g. Csörg½o et al [13], Hahn and Weiner [38],
Pruitt [66], Whalen [74]).
Limit (2) follows from related theory for deterministically trimmed arrays fyn;tg de-

�ned by
yn;t := ytI (�ln � yt � un) ,

where the positive real sequences fln; ung satisfy ln; un !1 as n!1 and (see Theorem
1.7.13 of Leadbetter et al [55])

n

m1;n
P (yt � �ln)! 1 and

n

m2;n
P (yt � un)! 1: (3)

In e¤ect (3) enforces a type of tail stationarity and therefore restricts some forms of trend1 .
We require the restriction because limit theory for intermediate order statistics y(�)(mi;n+1)

for the broad class of dependent processes considered here is available only under tail
stationarity (e.g. Hill [43], [44], [46], Hsing [49], Rootzén [69]).
We assume fyn;tg = fyn;t : 1 � t � ngn�1 is geometrically Near Epoch Dependent on

an �-mixing process f�tg. See Section 2 for a de�nition. In theory �t can be anything,
including regression errors or unobserved shocks to a system, while �t = yt is a trivial
special case if yt is �-mixing. We impose NED on fyn;tg because potentially non-NED
sequences fytg have NED trimmed arrays fyn;tg as shown in Hill [46]; NED is more general
than mixing properties and usually easier to verify; it is related to mixingale (McLiesh
[57]) and synonymous moment-based properties like Lp-Weak Dependence (Wu and Min
[76]); and it is well known that many processes are not mixing (e.g. Andrews [1], Dedecker

1Consider stochastic trend yt :=
Pt�1
i=1 �t�i where �t is an iid stable law with tail exponent � 2 (0; 2)

and unit scale. Then yt is stable with exponent � and scale t1=�, hence thresholds satisfying (3) must be
trending (Ibragimov and Linnik [50]). Such trending processes are therefore ruled out here.
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et al [24], Guegan and Ladoucette [34]) or must be driven by su¢ ciently smooth stochastic
innovations to be mixing, like nonlinear AR, GARCH and Stochastic Volatility (Carrasco
and Chen [8], Meitz and Saikkonen [59]). The majority of results in the limit theory
literature concern mixing sequences. See Dedecker and Doukhan [22] and their references.
Key steps in our proofs exploit the NED property and geometric memory, so it is

unknown whether our framework extends to other dependence properties or hyperbolic
memory (e.g. Bickel and Bühlmann [5], Dedecker and Doukhan [22], Dedecker and Mer-
levéde [23], Doukhan and Louhichi [25], Hill [43], [44], [46], Peligrad and Utev [64], Wu
and Min [76]). Nevertheless, a wide range of processes are covered, including linear or
nonlinear autoregressions with linear or nonlinear random volatility errors like ARMA,
Asymmetric GARCH, Threshold AR-Threshold GARCH, and Stochastic Volatility.
We prove (2) by �rst delivering a CLT for NED deterministically tail-trimmed arrays

fyn;tg in Lemma 3.3:

1

�n

nX
t=1

fyn;t � E [yn;t]g
L! N(0; 1) where �2n := E

24 nX
t=1

fyn;t � E [yn;t]g
!235 ; (4)

and then by demonstrating ŷn;t is su¢ ciently close to yn;t in Lemma 3.4:

nX
t=1

fŷn;t � yn;tg = op(�n): (5)

Finally, we prove kernel variance consistency �̂2n=�
2
n := 1=�

2
n

Pn
s;t=1 kn;s;t � fŷn;s � ŷng

� fŷn;t � ŷng
p! 1 in Theorem 4.1.

Nonparametric variance and sandwich covariance estimation focus mainly on station-
ary L2-bounded data (e.g. Hall et al [39], Newey and West [62]), extended to non-
stationary arrays, spatial data, and dependent tail arrays (Andrews [2], Davidson and
de Jong [19], Hill [44], Sampson and Guttorp [71]), with improvements over bias and
attention to estimator dispersion (Cribari-Neto et al [12], Kauermann and Carroll [53]).
Evidently nonparametric inference has been ignored in the tail-trimming literature, al-
though a tail-trimmed covariance matrix and trimming in nonparametric contexts has
been treated (Horowitz [48], Schennach [72]). Since �2n ! 1 in general at an unknown
rate, we must scale �̂2n=�

2
n to prove �̂

2
n and �

2
n are similar asymptotically. The issue is

irrelevant if yt is �nite dependent since (2) can be greatly simpli�ed. See Section 6.
Our proof of (4) partially resembles the martingale approximation approach of Gordin

[29], [30], McLeish [56], [57], extended in Davidson [15], [16], de Jong [21], Hill [43], [44],
Peligrad and Utev [64], Wu and Woodroofe [77] and many others. There are, however,
crucial di¤erences. First, we show

1

�n

nX
t=1

fyn;t � E [yn;t]g =
rnX
i=1

Wn;i + op(1); (6)

for some martingale di¤erence array fWn;i;Fn;igrni=1 based on telescoping sums of yn;t,
some array of �-�elds fFn;ig, and integer sequence rn ! 1 and rn = o(n). This devise
is well known in the mixingale and martingale approximation literatures (Davidson [15],
[16], de Jong [21], Gordin [29], Hill [43], [44], McLeish [57]). But under tail trimming
fWn;ig need not be uniformly L2-bounded, and at present no restrictions on �n ! 1
have been levied. Further, we require a sharper bound than McLeish�s [57] for a partial
sum of a mixingale array.
Second, although we exploit the convenience of geometric memory and tail-stationarity,

we do not otherwise restrict heterogeneity. This runs in stark contrast with the existing
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NED and mixingale literatures where abstract restrictions on heterogeneity are evidently
universally exploited (e.g. Chen and White [9], Davidson [15], [16], de Jong [21], Hill [43],
[44], Wooldridge and White [75]).
Finally, partial sums form the cornerstone of dependence estimation and asymptotic

theory for minimum distance estimators. In Section 5 we prove asymptotic normality of
a self-normalized sample tail-trimmed variance and covariance, and a tail-trimmed least
squares estimator of the slope parameter in an in�nite variance autoregression.
The tail trimming literature focuses primarily on techniques for proving the central

limit property, establishing tightness and characterizing domains of attraction for sums
of iid data. See Csörg½o et al [13], Csörg½o et al [14], Gri¢ n and Pruitt [32], Gri¢ n and
Qazi [33], Hahn et al [36], [37], Hahn and Weiner [38], Kim [54], Pruitt [67] and Whalen
[74], and consult their references for historical details. Elsewhere tail-trimming is used to
ease limit theory arguments since trimmed arrays are bounded (e.g. de Jong [21], Hannan
[40], Hill [43], [44]).
Hahn et al [36], [37] deliver a version of (2) for iid data under asymptotically bounded

tail truncation: yn;t := signfytg � minfjytj; cng=cn. Weiner [73] treats independent
but non-identically distributed data; Hahn et al [35] work with stationary, strong mixing
processes in a Hilbert space; and except for Hahn et al [37], robust variance estimation has
not been explored in the tail-trimming literature. Hilbert space rules out in�nite variance
processes, and a large array of processes are either non-mixing or are not known to be
mixing, including in�nite order lags of mixing random variables, and linear and random
volatility processes with a non-smooth error distribution (e.g. Asymmetric GARCH with
non-Gaussian errors). See Davidson [18], Dedecker and Doukhan [22], Gorodetskii [31]
and Wu and Min [76].
Berkes et al [4] propose a CUSUM test based on tail-trimming an iid process fytg

in the domain of attraction of a stable law with index 0 < � < 2. Although we do not
tackle weak convergence here, by Feller class (1) and our NED assumption we cover such
processes fytg and far more.
The remainder of the paper proceeds as follows. In Section 2 we de�ne NED and the

telescoping sums. Section 3 contains assumptions and the main central limit theorems, and
Section 4 establishes kernel variance consistency. We present examples and applications
in Section 5 and treat a special case of limited dependence in Section 6.

Throughout K denotes a positive �nite constant whose value may change from line to
line; similarly � > 0 is an arbitrarily tiny constant; N is an arbitrary positive integer; �
is a constant in (0; 1); and L(n) is a s.v. function with L(n) ! 1 and whose value or
rate may change from line to line. (z)+ := maxf0; zg. �bnan(�) = 0 and s bnan (�) = 0 8n �
N for �nite N 2 N if lim infn!1 an=bn > 1. jj � jjp denotes the usual Lp-matrix norm
jjxjjp = (

P
i;j Ejxi;j jp)1=p, and jj � jj = jj � jj2. [z] denotes the integer-part of z. fang =

fangn�1. an � bn signi�es an=bn ! 1. xt
iid� (0; 1) implies xt is iid with mean zero and

unit variance.
p! and L! denote convergence in probability and in law.

2. NED TAIL-TRIMMED ARRAYS This section de�nes the required NED
property and telescoping sums.

2.1 NEAR EPOCH DEPENDENCE

We require both the trimmed level fyn;tg and tail array fI(jytj > cne
u)g for non-

stochastic u � 0 to be L2-NED on an �-mixing process f�tg. The former ensures central
limit (4), and the latter ensures approximation (5). Assume �t is measurable on the space
(
;G; P ) with non decreasing �-�elds =t := �(�� : � � t) � =t+1, �([t2Z=t) � G, and
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write
=ba := � (�� : a � � � b) :

Recall the de�nition of �-mixing coe¢ cients with size � > 0 (Ibragimov and Linnik [50],
Rosenblatt [70], ):

�d := sup
t2Z

sup
A�=t�d�1;B�=

+1
t

jP (A \ B)� P (A)P (B)j = O(d����);

where � > 0 is in�nitessimal2 . Geometric �-mixing implies �d = O(�d) for some � 2 (0; 1),
hence size � is arbitrary. The property is weaker than geometric ergodicity, �-, �-, �-, and
s-mixing (Dedecker and Doukhan [22], Dedecker et al [24]) and other weak dependence
properties (e.g. Doukhan and Louhichi [25])
The array fyn;tg is L2-Near Epoch Dependent on f=tg or on f�tg if for some array

of non-negative non-stochastic constants fe�n;tg, any sequence of �nite positive integer
displacements fdng that are bounded infn!1 dn = d � 1, and a sequence of positive
coe¢ cients f dng,  dn ! 0 monotonically as dn ! 1,


yn;t � E hyn;tj=t+dnt�dn

i


 � e�n;t dn : (7)

If  dn = O(d����n ) for some � > 0 and tiny � > 0 we call � the size, and fyn;tg is
geometrically NED when  dn = O(�dn) for some � 2 (0; 1). If yt is =t+ht�h-measurable
for �nite h 2 N then fyn;tg is trivially L2-NED with  dn = o(d��n ) for any � > 0. By
construction jjyn;t � E[yn;tj=t+dnt�dn ]jj � 2cn, so we can always assume bounded constants

e�n;t � Kcn:

The NED property dates in some form to Ibragimov and Linnik [50] and McLeish [57],
[58], and was evidently coined in Gallant and White [27]. The idea is yn;t is perfectly
predicted in Lp-norm by the near-epoch f��gt+dnt�dn as dn ! 1. NED is a version of
mixingale (McLeish [57]), which is a special case of Lp-Weak Dependence (Wu and Min
[76]), and related to s-weak dependence (Dedecker and Doukhan [22]). See Davidson [17],
Dedecker et al [24], Hill [43], [44], [46] and Nze and Doukhan [63] for historical notes.
By convention L2-NED is de�ned as jjyn;t � E[yn;tj=t+dt�d]jj � e�n;t d for an integer

constant d (e.g. Davidson [17], Gallant and White [27]). Although our construction (7)
is identical in structure, the displacement sequence fdng provides a non-trivial increase
in generality. Since dn is arbitrary we can render irrelevant the notion of heterogeneity
through en;t since for tiny � 2 (0; �)


yn;t � E hyn;tj=t+dnt�dn

i



p
�

e�n;t
ln dn

� (ln dn)�  dn � K �O
�
d����+�n

�
(8)

for any displacement sequence that satis�es dn= expfmax1�t�nfe�n;tgg ! 1. Property
(8) o¤ers a key observation since fdng is used solely to measure memory for the sake of
proofs, and is therefore controlled by the analyst. We can always displace to the deep
past or distant future faster than the accumulation of heterogeneous characteristics of
the data generating process as measured by e�n;t. Thus, although we implicitly impose
tail stationarity through (3), we do not otherwise need to restrict heterogeneity. See
Section 3 for all assumptions. See Hill [46] for the �rst use of NED properties (7) and (8)

2There is a not a universal convention for representing the rate of memory decay (see, e.g., Davidson
[17], Ibragomiv and Linnik [50], McLeish [57], Nze and Doukhan [63]). In this paper a sequence fadgd2N
has size � > 0 when ad = O(d����) for tiny � > 0.
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to catalogue dependence properties for negligibly trimmed arrays of NED and possibly
non-NED sequences fytg.
It is well known NED with an �-mixing base is linked to the mixingale property in

general (e.g. Davidson [17]: Theorem 17.5). In this paper we focus on geometric memory.

Lemma 2.1 (NED-Mixingale). If fyn;tg is geometrically NED on geometrically
�-mixing f�tg then fyn;t;=tg forms a geometric L2-mixingale array with constants en;t
� Kcn and coe¢ cients �dn = O(�dn), cf. McLeish [57]:

kE [yn;t]� E [yn;tj=t�dn ]kp � en;t�dn and kyn;t � E [yn;tj=t+dn ]kp � en;t�dn+1: (9)

2.2 TELESCOPING SUMS

We require some compact representations. Write the threshold and quantile sequences

cn := max fln; ung and mn := min fm1;n;m2;ng ;

and de�ne standardized trimmed arrays:

zn;t :=
yn;t � E [yn;t]

�n
and ẑn;t :=

ŷn;t � E [ŷn;t]
�n

:

De�ne sequences of positive real numbers fhn, jn, rng used to form telescoping or
Bernstein sums of zn;t: assume hn ! 1, jn ! 1, and

rn = [n=hn], 1 � jn � hn and jn = o (hn) :

Now de�ne an array of �-�elds fFn;ig: for any sequence of positive �nite numbers fgng,
gn ! 1,

Fn;i := � (�t : �gn � t � ihn) = =ihn�gn , for i = 1; :::; rn;

and de�ne telescoping sums of zn;t, and a martingale di¤erence:

Zn;i :=
ihnX

t=(i�1)hn+jn+1

zn;t and Wn;i := E [Zn;ijFn;i]� E [Zn;ijFn;i�1] : (10)

Thus hn is the block size, rn the number of blocks, and jn the bu¤er between blocks.
Trivially we have the decomposition

nX
t=1

zn;t =

rnX
i=1

Wn;i +

rnX
i=1

(Zn;i � E [Zn;ijFn;i]) +
rnX
i=1

E [Zn;ijFn;i�1] (11)

+

rnX
i=1

(i�1)hn+jnX
t=(i�1)hn+1

zn;t +

nX
t=rnhn+1

zn;t:

The bulk of e¤ort rests on showing
Pn

t=1 zn;t =
Prn

i=1Wn;i + op(1) as in (6). The re-

maining martingale di¤erence central limit theorem
Prn

i=1Wn;i
L! N(0; 1) is relatively

straightforward.
By construction fWn;i;Fn;i : 1 � i � rngn�1 forms a martingale di¤erence array based

on the information Fn;i = =ihn�gn . The standard setup in the literature exploits Fn;i =
=ihn�1 (e.g. Davidson [16], de Jong [21], Gordin [29], Hill [43], [44]. Our use of a �nite
end-point �gn > �1 implies measurable functions of E [Zn;ijFn;i] and E [Zn;ijFn;i�1]
are �-mixing, reducing complications associated with the NED property when proving
a martingale di¤erence central limit theorem. The burden of proving limit theorems for
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mixingale-like processes has been noted elsewhere (e.g. Dedecker and Doukhan [22]).

2.3 PARTIAL SUM VARIANCE BOUND

Hill [45: Theorem 2.1] presents an improved partial sum variance bound for mixingale
arrays fyn;tg that exploits dn ! 1 as n ! 1 in a mixingale version of (8). We use the
bound, stated below, to prove the martingale di¤erence decomposition (6) and develop
key central limit arguments. See Hill [45] for a discussion on the relative improvement
over similar bounds, especially when yt has an in�nite variance.

Lemma 2.2 (Partial Sum Variance Bound). If fyn;t;=tg is a zero mean L2-
mixingale array (9) with coe¢ cients �dn = O(d����n ) of size � = 1=2 then E[(

Pn
t=1 yn;t)

2]
� K

Pn
t=1E

�
y2n;t
�
.

3. CLT FOR STOCHASTICALLY TAIL-TRIMMED ARRAYS We �rst
state required assumptions, and then present the main results. The martingale di¤erence
fWn;i;Fn;ig de�ned in (10) is bounded by construction:

jWn;ij � K
hncn
�n

:

Thus, McLeish�s [56: Theorem 2.3] su¢ cient conditions for asymptotic normality, specif-
ically max1�i�rnfjWn;ijg is uniformly L2-bounded and op(1) and

Prn
i=1W2

n;i
p! 1, are in

part assured by restricting the thresholds fln; ung. This follows since if

cn := max fln; ung ! 1

too quickly because we are trimming too few observations (i.e. mn !1 too slowly), then
too many large values may enter into Wn;i and therefore

Prn
i=1W2

n;i may diverge.
Random variables yt that belong to Feller subclass (1) have intermediate order thresh-

olds fln; ung that satisfy a sequence of �xed point bounds, implying cn is naturally
bounded and fyn;tg is relatively stable (cf. Gnedenko [28]). We state an expanded result
here for use in the sequel. Consult the appendix for omitted proofs.

Lemma 3.1 (Relative Stability). Under (1) and (3) cn =O((
Pn

t=1E[y
2
n;t])

1=2=m
1=2
n )

hence

max
1�t�n

�
jyn;tj
kyn;tk

�
= op(n

1=2): (12)

In non-trimming contexts (12) applies to a large class of �nite variance sequences fytg
that are stationary with weakly dependent maxima (e.g. Naveau [60]). Further, (12)
aligns with a necessary and su¢ cient condition for the distribution limit of a sum of an
iid array to be Gaussian (e.g. Kallenberg [52: Theorem 5.15]). Thus, intermediate order
trimming (3) o¤ers a powerful means to ensure domain of attraction membership (cf.
Hahn and Weiner [38: p.457]).

ASSUMPTION A (non-degeneracy and fractiles) i: lim infn!1min1�t�nfE[y2n;t]g
> 0; ii:

Pn
t=1E[y

2
n;t]=�

2
n = O(1); and iii. mn=(ln(n))

2+� for tiny � > 0.

Remark 1: Property (i) rules out degenerate cases asymptotically in lieu of trim-
ming, while (ii) eases bounding �2n since we only know �2n � K

Pn
t=1E[y

2
n;t] by Lemma

2.2. Asymptotically (ii) e¤ectively rules out maximum negative serial correlation in yn;t
where lim supn!1 �2n < 1. Both (i) and (ii) implicitly restrict trend non-stationarity in
accordance with threshold and fractile property (3), and are examined closely in Section
5.1.
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Remark 2: Property (ii) and Lemma 3.1 ensure the thresholds are bounded

cn = O

0@ nX
t=1

E[y2n;t]

!1=2
=m1=2

n

1A = O
�
�n=m

1=2
n

�
:

The role (1) and (3) and therefore Lemma 3.1 ultimately play is remarkably subtle. By
restricting the block size hn = o(m

1=2
n ) in the appendix, we use cn = O(�n=m

1=2
n ) to

ensure the deterministic upper bound max1�i�rn jWn;ij � Khncn=�n = O(hn=m
1=2
n ) =

o(1), a key step toward proving
Prn

i=1Wn;i
L! N(0; 1). Notice in Lemma 3.1 we cannot

prove directly cn = O(�n=m
1=2
n ) without also imposing Assumption A.ii. Thus, for self-

normalized CLT (4) evidently Assumption A.ii is indispensable.
Remark 3: Property (iii) is required to ensure su¢ ciently many observations are

trimmed. In the appendix we show when memory is non-trivially geometric (i.e. not
q-dependent for �nite q), the block bu¤er must satisfy jn= ln(n) ! 1 to under geometric
memory and heavy tails to overcome cross-block dependence, and to ensures blocks are
su¢ ciently separated to bound dispersion in sums of Zn;i. But since jn=hn ! 0 must
hold to ensure the bu¤ers are negligible, and hn=m

1=2
n ! 0 to ensure max1�i�rn jWn;ij �

Khncn=�n = o(1), we must assume mn ! 1 faster than (ln(n))2. Although (iii) is not
the only way to enforce this balance, it is obviously convenient.
Remark 4: Under (ii) the convergence rate n=�n of the tail-trimmed mean 1=n

Pn
t=1fyn;t

� E[yn;t]g is no greater than n1=2, and o(n1=2) in the in�nite variance case where E[y2n;t]
! 1. This is obvious in the iid case since n=�n = n=(n1=2jjyn;tjj) = o(n1=2), cf. Hahn
et al [36], but it clari�es a key implication of (ii) for non-iid data, an issue we discuss in
Section 5.

Both arrays fyn;tg and fI(jytj > cne
u)g are assumed to be NED.

ASSUMPTION B (NED tail-trimmed array) fyn;tg is geometrically L2-NED on
a geometrically �-mixing base f�tg.

Let zt denote jytj, �ytI(yt < 0) or ytI(yt � 0) with associated threshold and quantile
sequences f~cn; ~mng that satisfy 1 � ~mn < n, ~mn ! 1, ~mn = o(n) and (n= ~mn)P (zt >
~cn) ! 1.

ASSUMPTION C (Extremal-NED) The tail event fI(zt > ~cne
u)g is geometrically

L2-NED on a geometrically �-mixing base f�tg with constants e�n;t(u) that are
Lebesgue integrable on R+ and max1�t�n supu�0fe�n;t(u)g = K( ~mn=n)

1=2.

Remark 1: Hill [43], [44], [46] �rst proposed Extremal-NED to characterize the limit
distribution of tail estimators. The property leads to minimal rates of convergencem1=2

i;n for

y
(�)
(m1;n+1)

=ln
p! 1 and y(+)(m2;n+1)

=un
p! 1 for a massive array of dependent, heterogeneous

processes, which we use to prove approximation (5).
Remark 2: We do not restrict NED heterogeneity for yn;t since we do not impose

bounds nor summability conditions on the NED constants e�n;t. This is allowed since the
partial sum variance bound Lemma 2.2 does not use mixingale constants en;t, while the
standard in the literature entails summability conditions for e�n;t to restrict heterogeneity
(Davidson [15], [16], de Jong [21], Hill [43], [44], Jenish and Prucha [51], Qiu and Lin
[68], Wooldridge and White [75]). The constants e�n;t(u) for I(zt > ~cne

u), however, are
intrinsically bounded due to I(zt > ~cne

u) 2 f0; 1g.
The main result of this section is a central limit theorem for stochastically trimmed

fŷn;tg, the �rst step towards (2).
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Theorem 3.2 (CLT-ST). Under Assumptions A-C 1=�n
Pn

t=1fŷn;t � E[ŷn;t]g
L! N(0; 1).

Theorem 3.2 follows from a CLT for deterministically trimmed arrays fyn;tg, and a
weak asymptotic approximation between ŷn;t and yn;t.

Lemma 3.3 (CLT-DT). Under Assumptions A and B 1=�n
Pn

t=1fyn;t � E[yn;t]g
L! N(0; 1).

We present a general approximation result that will be used to characterize the kernel
variance estimator.

Lemma 3.4 (approximation). Let fwn;tg be any G-measurable stochastic tri-
angular array that satis�es max1�t�nfjwn;tjg = Op(1). Under Assumptions A and CPn

t=1 wn;tfŷn;t � yn;tg = Op(cnL(n)) = op(�n) for s.v. L(n) ! 1.

Proof of Theorem 3.2. Apply Lemmas 3.3 and 3.4 to deduce 1=�n
Pn

t=1fŷn;t �
E[yn;t]g

L!N(0; 1). But this implies 1=�n
Pn

t=1fŷn;t � E[ŷn;t]g
L!N(0; 1) and 1=�n

Pn
t=1fE[ŷn;t

� yn;t]g = o(1) by the Helly-Bray theorem. QED.

4. KERNEL VARIANCE AND MAIN RESULT The last step towards (2)
involves estimating �2n. De�ne a kernel function k : R ! [�1; 1], and write

kn;s;t := k ((s� t) =
n)

for some bandwidth 
n ! 1 that satis�es 
n = o(n). Recall ŷn := 1=n
Pn

t=1 ŷn;t and
de�ne the variance estimator

�̂2n :=
nX

s;t=1

kn;s;t � fŷn;s � ŷng � fŷn;t � ŷng :

Classic treatments under mixing and other weak dependence properties can be found
in Andrews [2], Hansen [41], and Newey and West [62]. Davidson and de Jong�s [19]
utilization of NED and mixingale theory forms the basis of our argument. The kernel
function k (�) and bandwidth 
n are restricted as follows.

ASSUMPTION D

i: k is a member of class K, where

K= fk : R! [�1; 1] j k(0) = 1; k(x) = k(�x) 8x 2 R; k is integrable,Z 1

�1
jk(x)jdx <1;

Z 1

�1
j$(�)jd� <1;

k(�) is continuous at 0 and all but a �nite number of pointsg;

and $(�) = (2�)�1
R1
�1 k(x)ei�xdx <1.

ii. max1�s;t�n jkn;s;tj = O(1),
Pn

s;t=1 jkn;s;tj = o(n2); sup1�s�n
Pn

t=1 jkn;s;tj = o(n),

n ! 1 and 
n = o(n).

Remark 1: Class K includes Bartlett, Parzen, Quadratic Spectral, Tukey-Hanning
and other kernels. See Davidson and de Jong [19] and their citations.
Remark 2: The Bartlett kernel is k(z) = maxf0; 1 � jzjg � 0. If 
n = o(n) thenPn
s;t=1 jkn;s;tj = o(n2) and sup1�s�n

Pn
t=1 jkn;s;tj = o(n) are immediate. Similarly, the

9



Parzen kernel is k(z) = 1 � 6z2 + 6jzj3 for 0 � jzj � 1=2, k(z) = 2(1 � jzj)3 for 1=2 �
jzj � 1, and k(z) = 0 otherwise. Since jk(z)j � Kmaxf0; 1 � jzjg, if 
n = o(n) then the
remaining bounds under Assumption D.ii hold. Assumption D appears to provide one of
the least restrictive environments available in the HAC literature (see Davidson and de
Jong [19] and their references).

Theorem 4.1 (Kernel Variance). Under Assumptions A-D j�̂2n=�2n � 1j
p! 0:

Theorems 3.2 and 4.1 together imply the main result (2).

Theorem 4.2 (Main Result). Under Assumptions A-D 1=�̂2n
Pn

t=1fŷn;t � E[ŷn;t]g
L! N(0; 1):

5. ASSUMPTIONS AND EXAMPLES We study in Section 5.1 data generat-
ing processes that ensure non-degeneracy Assumption A.i,ii. Throughout letmn=(ln(n))

2+�

! 1 such that Assumption A.iii holds. NED Assumptions B and C are then veri�ed in
Section 5.2 for a variety of sequences fytg. Finally, Section 5.3 contains examples covering
all Assumption A-C.
Assume yt for each t 2 Z is Lp-bounded p > 0, with unbounded upper support

0 < P (yt � y) < 1 8y 2 [a;1) and some a 2 R: (13)

Note we allow for strictly positive support P (yt � 0) = 1. Also assume yt is symmetrically
trimmed for simplicity, with a two-tailed intermediate order sequence fmng and thresholds
fcng: for all t 2 Z

yn;t = ytI (jytj � cn) where
n

mn
P (jytj > cn)! 1.

As always f=tg denotes a sequence of �-�elds induced by an �-mixing sequence f�tg.
5.1 ASSUMPTION A: NON-DEGENERACY

Assume yt has a probability density ft(y) := (@=@y)P (yt � y). Then (13) implies
infy2S mint2Zfft(y)g > 0 on some subset S � R with positive Lebesgue measure, which
su¢ ces for Assumption A.i.

Assumption A.i: Use 0 < P (yt � y) < 1 8y 2 [a;1) and mn = o(n) to deduce
cn ! 1. Therefore there exists N � 1 such that S � [0; infn�N cn], and

inf
n�N

�
min
1�t�n

�
E
�
y2n;t
�	�

=

Z infn�Nfcng

0

y2 min
1�t�n

fft(dy)g �
Z
y2S

jyjmin
t2Z

fft(dy)g > 0:

Hence Assumption A.i holds.

If we additionally assume negative serial association in yn;t does not dominate in a
sense de�ned below, then Assumption A.ii also holds.

Assumption A.ii: A simple example provides the intuition. Any two zero mean
random variables fX;Y g with �nite variances f�2x; �2yg and perfect negative linear depen-
dence satisfy E(X + Y )2 = �2x + �2y � 2�x�y = (�x � �y)

2. If �x = �y then E(X +
Y )2 = 0. Translated to

Pn
t=1 yn;t we therefore must restrict negative serial correlation in

yn;t. This is non-trivial since E[yn;syn;t] may not exist asymptotically and may depend
on s and t.
Assume E[yn;t] = 0 to reduce notation, and de�ne for n � N

Rn :=
n�1X
s=1

nX
t=s+1

�
E
�
y2n;s

��1=2 �
E
�
y2n;t
��1=2Pn

r=1E
�
y2n;r

� pn(s; t) where pn(s; t) :=
E [yn;syn;t]�

E
�
y2n;s

��1=2 �
E
�
y2n;t
��1=2 :
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Since Assumption A.i holds the ratios are well de�ned for n � N .
The serial correlations pn(s; t) satisfy jpn(s; t)j � 1 8n by the Cauchy-Schwarz inequal-

ity. Since by construction

0 � �2n =
nX
t=1

E
�
y2n;t
�
� (1 + 2Rn) ;

and lim infn!1
Pn

t=1E
�
y2n;t
�
> 0 under Assumption A.i, trivially lim infn!1Rn �

�1=2. Assumption A.ii nmax1�t�nfE[y2n;t]g=�2n = O(1) is therefore satis�ed under As-
sumption A.i and "su¢ cient positive association" lim infn!1Rn > �1=2. Obviously
lim infn!1Rn > �1=2 is trivial if yt exhibits positive association of any magnitude at
all displacements lim infn!1 infs;t�1 pn(s; t) � 0. The latter can be generalized to cases
where su¢ ciently many pn(s; t) > 0 and few pn(s; t) < 0 as n ! 1 with attention to
their relative magnitudes.

EXAMPLE 1 (Martingale Di¤erence): If fyn;t;=tg is an adapted martingale
di¤erence array then Rn = 0 > �1=2 for each n. Consider the special case yt = utxt�1
where ut is an iid random variable symmetrically distributed at zero and independent
of some random variable xt�1. This covers regression contexts discussed in Example
3, below. Under symmetric trimming yn;t is a martingale di¤erence relative to =t :=
�(fu� ; x�g : � � t) since

E [utI (jutj � jxt�1j � cn) j=t�1] = E [utI (jutj � jxt�1j � cn) jxt�1; xt�2; :::] = 0;

hence E[yn;tj=t�1] = xt�1E[utI(jutxt�1j � cn)j=t�1] = 0.

EXAMPLE 2 (Positive De�niteness): By construction an;t :=
(E[y2n;t])

1=2=(
Pn

t=1E[y
2
n;t])

1=2 is well de�ned under Assumption A.i, and
Pn

t=1 a
2
n;t =

1. As long as pn(s; t) is positive de�nite and Assumption A.i holds then for all n � N
and some N 2 N

�2nPn
t=1E

�
y2n;t
� = nX

s;t=1

an;san;tpn(s; t) > 0

hence
Pn

t=1E
�
y2n;t
�
=�2n = O(1), or lim infn!1Rn > �1=2.

Linear processes with short-range memory have positive de�nite pn(s; t). De�ne yt :=P1
i=0  i�t�i,  0 = 1,  i = O(�i), where iid �t has a probability density function symmetric

at zero and positive on R, with regularly varying tails:

P (j�tj > �) = ���L (�) where � 2 (0; 2] and L (�) is s.v.

Then fytg has tail P (jytj > y) �
P1

i=0 j ij�y��L (y) and therefore belongs to class (1).
See Brockwell and Cline [6], cf. Ibragimov and Linnik [50].

Lemma 5.1 (Linear Processes). If yt :=
P1

i=0  i�t�i with  i = O(�i) and �t
de�ned above then infr0r=1 r0[pn(s; t)]Ns;t=1r > 0 for all n � N and some N 2 N, where r
2 RN . Therefore Assumptions A.i,ii hold.

5.2 ASSUMPTIONS B AND C: NED TAIL and NON-TAIL ARRAYS

Hill [44], [46] shows NED sequences fytg have NED tail-arrays fI(jytj > cne
u)g and

tail-trimmed arrays fyn;tg. Recall fytg is Lp-NED on f=tg with size � if for constants e�t
and coe¢ cients  d = o(d��): 

yt � E �ytj=t+dt�d

�

 � e�t d:
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See Gallant and White [27] and Nze and Doukhan [63] for details.

Theorem 5.2 (CLT-NED). Let fytg be geometrically Lp-NED, p > 0, on a
geometrically �-mixing base f�tg.

a: Assumption B holds: fyn;tg is geometrically L2-NED on f�tg with constants e�n;t;

b: Assumption C holds: fI(jytj > cne
u)g is geometrically L2-NED on f�tg with constants

e�n;t(u) = K(mn=n)
1=2e�u=2;

c: If additionally Assumption A holds then 1=�n
Pn

t=1fŷn;t � E[ŷn;t]g
L! N(0; 1).

Proof. Claim (c) follows from (a), (b) and CLT-ST Theorem 3.2. Claims (a) and
(b) are veri�ed in Theorem 2.1 and Corollary 3.5 of Hill [46]. QED.

Remark : Tail-trimmed arrays fyn;tg and tail arrays fI(jytj > cne
u)g may be L2-

NED even when yt is neither Lp-NED nor mixing. Integrated and Explosive GARCH
with non-smoothly distributed errors are two cases discussed in Example 7 below.

If yt is a �nite lag function of a G-measurable geometrically �-mixing process, then
Assumptions B and C are trivial. Simply de�ne �t := yt in Theorem 5.2.

Corollary 5.3 (Mixing). Assumptions B and C hold for geometric �-mixing
sequences fytg.

The preceding discussions can be summarized as follows.

Theorem 5.4 (Assumptions A-C). Let m=(ln(n))2+� ! 1 and 0 < P (yt � y)
< 1 8y 2 [a;1), a 2 R. Assumptions A-C hold under the following conditions :
i: yt has a density ft(y) = (@=@y)P (yt � y);

ii: yn;t has positive de�nite serial correlations (e.g. yt :=
P1

i=0  i�t�i, for iid �t with
regularly varying tails,  0 = 1 and  i = O(�i));

iii: fytg is geometrically Lp-NED ; p > 0, on a geometrically �-mixing base f�tg.
5.3 EXAMPLES

The remainder of this section contains an application to Tail-Trimmed Least Squares,
and examples of processes that satisfy Assumptions A-C. Let Yh;t denote an arbitrary
�(yt; :::; yt�h)-measurable random variable for h 2 N. In many cases we impose symmetry
to simplify trimming notation. As before assume mn=(ln(n))

2+� ! 1.
EXAMPLE 3 (Tail-Trimmed Least Squares): The following is fully treated

in Hill and Renault [47]. Consider estimating the slope parameter �0 in a heavy-tailed
stationary AR(1)

xt = �0xt�1 + ut;
���0�� < 1, ut is iid, E[ut] = 0:

Assume ut is symmetrically distributed, 0 < P (ut � u) < 1 8u 2 R, P (ut � u) is absolutely
continuous on R-a.e. with a density (@=@u)P (ut � u) > 0 8u 2 R, and power-law tail

P (jutj > u) = du�� (1 + o (1)) , d > 0; � 2 (1; 2]: (14)

Then xt is geometrically �-mixing (Pham and Tran [65]) with tail (14) and the same index
� (Brockwell and Cline [6]).
De�ne estimating equations

yt(�) := (xt � �yt�1) yt�1 and ŷn;t(�) := yt(�)I
�
jyt(�)j � y

(a)
(mn+1)

(�)
�
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where y(a)t := jytj, and � 2 � a compact subset of R with �0 in the interior. The deter-
ministically trimmed version yn;t(�) and assumed threshold property are

yn;t(�) := yt(�)I (jyt(�)j � cn(�)) where P (jyt(�)j > cn(�)) =
mn

n

for some intermediate order sequence fmng, and thresholds cn : � ! R. Write yt =
yt(�

0), ŷn;t = ŷn;t(�
0) and yn;t = yn;t(�

0). Continuity of the error distribution ensures
such a sequence fcn(�)g exists for all � and any fmng. Hill and Renault [47] propose the
following estimator:

�̂n = arginf
�2�

8<:
 
1

n

nX
t=1

ŷn;t(�)

!29=; :

The present data generating process satis�es the conditions for asymptotic linearity:

n jJnj
�n

�
�̂n � �0

�
=

1

�n

nX
t=1

ŷn;t � (1 + op (1)) + op (1) ;

where Jn := �E[y2t�1I(jutyt�1j � cn(�
0))] and �2n := E(

Pn
t=1 yn;t)

2. See Hill and Renault
[47: Section 5.1].
Linearity implies if 1=�n

Pn
t=1 ŷn;t converges in law toN(0; 1) then so does njJnj��1n (�̂n

� �0). Since ut and xt�1 are independent and have the same tail index, yt = utxt�1 has
tail (14) with the same index � � 2 (Cline [10]). Therefore yt belongs to class (1). As-
sumption A.i applies by continuity and positiveness of the error distribution. Assumption
A.ii applies since yn;t forms an adapted martingale di¤erence array relative to �(fu� ; x�g
: � � t) by Example 1. Therefore �2n = nE[y2n;t]. Finally, Assumptions B and C hold by
Corollary 5.3 since fxt; utg are geometrically �-mixing. This proves the next result.

Theorem 5.5. The present data generating process satis�es 1=�n
Pn

t=1 ŷn;t
L!

N(0; 1), hence n jJnj��1n (�̂n � �0)
L! N(0; 1).

Remark : Under power-law tail decay P (jutj > u) = du��(1 + o(1)) with � 2 (1; 2)
it can be shown jJnj � K(n=mn)

2=��1 and �2n � Kn(n=mn)
2=��1 by applications of

Karamata�s Theorem, hence the rate of convergence is njJnj��1n � Kn1=2(n=mn)
1=��1=2

> n1=2. See Lemma 3.1 of Hill and Renault [47]. Simply choose very light intermediate
order trimming mn = [L(n)] to ensure njJnj��1n � Kn1=�=L(n), a rate arbitrarily close
to the highest achieved n1=� amongst untrimmed M-estimators (e.g. Davis et al [20]).

EXAMPLE 4 (Distributed Lag): Consider a class of Lp-bounded linear processes
fytg with geometric memory: yt :=

P1
i=0  i�t�i; jj�tjjp � K, p > 0,  i = O(�i); � 2 (0; 1).

Assume �t is stationary geometric �-mixing. If p � 1 use Minkowski�s inequality and j ij
� K�i to deduce, for any d 2 N: jjyt � E[ytj=t+dt�d]jjp �

P1
i=d+1 j ij � jj�t�ijjp � K�d.

If p < 1 then by Loève�s inequality jjyt � E[ytj=t+dt�d]jjp � (
P1

i=d+1 j ijp � Ej�t�ijp)1=p
� K�d. Hence fytg is geometrically Lp-NED on f�tg, so Assumptions B and C hold by
Theorem 5.2.a,b. If �t is iid with a density f(�) > 0 8� 2 R then Assumption A holds by
Lemma 5.1.

EXAMPLE 5 (Strong-IGARCH): Let yt = htut, ut
iid� N(0; 1), where h2t = !

+ �y2t�1 + (1 � �)h2t�1, ! > 0, � 2 [0; 1). The random variable yt has a density positive
on R-a:e., and is geometrically �-mixing with Paretian tail (14) and index � = 2 (Basrak
et al [3]: Theorem 3.1).
Suppose we want to estimate the tail-trimmed variance E[y2t I(jytj � cn)] with thresh-

olds fcng de�ned by (n=mn)P (jytj > cn)! 1 for an intermediate order fmng. De�ne y(a)t
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:= jytj and y2n;t := y2t I(jytj � cn). Assumptions B and C hold by Corollary 5.3 since yt
is geometrically �-mixing, and results from Section 5.1 verify Assumption A follows from
distribution smoothness and lim infn!1E[(y2n;t � E[y2n;t])(y

2
n;t�h � E[y2n;t�h])] � 0 for

all h by construction of the GARCH process. Apply Theorem 5.4 to conclude

1

�n

nX
t=1

n
y2t I

�
jytj � y

(a)
(mn+1)

�
� E

h
y2t I

�
jytj � y

(a)
(mn+1)

�io
L! N(0; 1):

Similarly, Yh;t := ytyt�h is geometrically �-mixing and has tail (14) with index �=2
= 1 (Basrak et al [3], Cline [10]). Since Yh;t = utut�hhtht�h is symmetrically distrib-
uted and ut is iid, all parts of Assumption A hold by Example 1. Now de�ne fcng by
(n=mn)P (jYh;tj > cn)! 1. The tail-trimmed covariance E[Yh;tI(jYh;tj � cn)] is estimated
by 1=n

Pn
t=1 Yh;tI(jYh;tj � Y

(a)
h;(mn+1)

), where

1

�n

nX
t=1

n
Yh;tI

�
jYh;tj � Y

(a)
h;(mn+1)

�
� E

h
Yh;tI

�
jYh;tj � Y

(a)
h;(mn+1)

�io
L! N(0; 1):

EXAMPLE 6 (AR-GARCH): A large array of nonlinear AR-GARCH processes
are geometrically �-mixing provided the innovations have a su¢ ciently smooth density
and a Lyapunov-type moment bound is satis�ed. Examples include Threshold Autoregres-
sions; Smooth Transition Autoregressions; and Asymmetric-, Multiplicative-, Exponential-
, and Threshold-GARCH. See, e.g., Carrasco and Chen [8], Cline and Pu [11], and Meitz
and Saikonnen [59].
Consider a stationary Self Exciting Threshold-Autoregression yt = �yt�1I(yt�1 < 0)

+ �t, j�j < 1, with Exponential Smooth Transition GARCH(1,1) errors �t = htut, ut
iid�

(0; 1) and
h2t = ! + ��2t�1 + ~��

2
t�1 exp

�
�
�2t�1

	
+ �h2t�1

where 
 � 0, ! > 0, and f�; � + ~�; �g � 0, and E[(�+maxf�; � + ~�gu2t )r] < 1 for some r
> 0. Assume ut has a density, positive on R Then fytg is geometrically ergodic (Meitz and
Saikonnen [59: Proposition 1]) hence Corollary 5.3 applies to any Yh;t, so Assumptions
B and C hold for Yh;t. Assumption A.i holds for yt by distribution smoothness, and
Assumption A.ii holds for yt with � 2 [0; 1), or y2t due to positive association. Note
Example 2 is based on an in�nite series of independent  i�t�i, while yt =

P1
i=0  t;i�t�i is

nonlinear for � 6= 0 since  t;i = �i ui�1j=0 I(yt�j�1 < 0), and  t;i�t�i are dependent. Thus,
whether the range � 2 (�1; 0) is covered is not considered here.

EXAMPLE 7 (Non-Mixing/Non-NED Stationary GARCH): Represent a
lag polynomial by �r(L) :=

Pr
i=1 �iLi with L the lag operator, and suppose yt = ht�t

where �t
iid� (0; 1) and

h2t = �0 + �1 (L) y2t
�0 > 0, �i � 0, �i � C�i for some � 2 (0; 1) and C 2 (0; 1=�):

Note S := �1 (1) � C�=(1 � �) covers integrated S = 1 and explosive S > 1 cases.
Hill [46: Theorem 4.3] shows the trimmed level and tail array fyn;t; I(jytj > cne

u)g are
geometrically L2-NED on iid f�tg with constants fe�n;t; (mn=n)

1=2e�u=2g, so yt satis�es
Assumptions B and C by Theorem 5.2.a,b. If �t has an absolutely continuous distribution
positive on R then Assumption A.i,ii hold for yt or ytyt�h, h � 1, by Example 1, or for y2t
by Example 2 given positive association. Notice yt need not be mixing nor NED, and in
many cases cannot be shown to be either. See Davidson [18], Hill [46] and their references.
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6. STUDENTIZED RATIO FOR INDEPENDENT DATA In some cases
a substantial simpli�cation of (2) exists. We only treat iid Paretian data, but similar
arguments extend to �nite-dependent data and certain martingale di¤erences (cf. Example
1).
Suppose yt is stationary, iid, L1-bounded, and symmetrically distributed with a strictly

positive distribution on R, and tail (14) with index � 2 (1; 2). We assume a �rst moment
so we can test E[yt] = 0. De�ne yn;t = yt � I(jytj � cn) where (n=mn)P (jytj > cn) ! 1.
The trimmed variance satis�es by an application of Karamata�s Theorem, cf. (1),

�2n = nE
�
y2n;t
�
� �

2� �nc
2
nP (jytj � cn) �

�

2� �c
2
nmn: (15)

Assumptions A.i,ii hold by distribution positiveness and independence �2n = nE[y2n;t],
and independence implies Assumptions B and C. Our last result therefore follows from
Theorem 3.2 and (15).

Corollary 6.1. De�ne y(a)t := jytj and let mn=(ln(n))
2+� ! 1. Then�

2� �
�

�1=2
1

cn �m1=2
n

nX
t=1

ytI
�
jytj < y

(a)
(mn+1)

�
L! N(0; 1):

Remark : Plug-ins for cn and � can be used for inference, including y
(a)
( ~mn+1)

for cn,

and Hill�s [42] tail index estimator �̂�1~mn
= 1= ~mn

P ~mn

i=1 ln(y(i)=y( ~mn+1)) to name one of
many. Note f ~mng is an intermediate order sequence that may di¤er from the sequence
fmng used for trimming. Under the iid assumption y(a)( ~mn+1)

=cn = 1 + Op(1= ~m
1=2
n ) and

�̂�1~mn
= ��1 + Op(1= ~m

1=2
n ) provided second order restrictions on the Paretian tail decay

rate in (14) and companion restrictions on ~mn apply. A classic example is P (jytj > y) =
dy��(1 + O(y��)) and ~mn = o(n2�=(2�+�)). See Hill [44], Hsing [49] and their citations.

APPENDIX: Proofs

PROOF OF LEMMA 3.1 (Relative Stability)

Recall mn = minfm1;n;m2;ng. Use (1) and (3) to deduce for all 1 � t � n

E
�
y2t I (�ln � yt � 0)

�
l2nP (yt � �ln)

=
n

m1;n
�
E
�
y2t I (�ln � yt � 0)

�
l2n

(1 + o (1))! (0;1) :

Therefore for any 1 � t � n and some �nite K > 0

ln = K

�
n

m1;n

�1=2 

y2t I (�ln � yt � 0)


 (1 + o (1)) = O

�
n1=2



y2t I (�ln � yt � 0)


 =m1=2

n

�
since fm1;ng is an intermediate order sequence. An identical argument shows un =
O(n1=2jjy2t (0 � yt � un)jj=mn). But since

E
�
y2n;t
�
= E

�
y2t I (�ln � yt � 0)

�
+ E

�
y2t I (0 � yt � un)

�
it follows instantly for any 1 � t � n

cn = O

 �
n

mn

�1=2
max

�

y2t (�ln � yt � 0)


 ;

y2t (0 � yt � un)



	! = O

 �
n

mn

�1=2
kyn;tk

!
;
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hence cn = O((
Pn

t=1E[y
2
n;t])

1=2=m
1=2
n ). QED.

PROOF OF LEMMA 3.3 (CLT-DT)

Key steps of the proof rely on restricting the size hn of the telescoping sum Zn;i =Pihn
t=(i�1)hn+jn+1 zn;t, the block bu¤er jn and the number of trimming extremes mn =

minfm1;n;m2;ng. As we show below, under geometric memory and heavy tails jn= ln(n)
! 1 ensures blocks are su¢ ciently separated to bound dispersion in various sums of
functions of Zn;i. Further, by construction we need block sizes to grow faster than the
bu¤er hn=jn ! 1, and bounding max1�i�rn jWn;ij � Khncn=�n � Khn=m

1=2
n under

Lemma 3.1 requires hn=m
1=2
n ! 0. Therefore, put

hn !1 such that hn= ln(n)!1 and hn = o
�
(ln(n))

1+�
�
for tiny � > 0(16)

jn= ln(n)!1 and jn = o(hn):

Recall Assumption A.iii imposes mn=(ln(n))
1+� ! 1. For any � 2 (0; �) we therefore

have as required hn = o(m
1=2
n ), jn = o(hn), jn= ln(n) ! 1.

De�ne

Un;i := �nWn;i, and Kn � K0n
�c2n for some K0 > 0 and tiny � > 0;

and a truncation function

eU2n;i (K) := U2n;iI �U2n;i � K
�
= �2nW2

n;iI
�
�2nW2

n;i � K
�
and eU2n;i = eU2n;i(Kn):

Notice by construction any �nite lag function of Un;i is geometrically �-mixing under
Assumption B because by construction Un;i is =ihn�gn -measurable:

Un;i = �n

0@ ihnX
t=(i�1)hn+jn+1

n
E
h
zn;tj=ihn�gn

i
� E

h
zn;tj=(i�1)hn�gn

io1A :

De�ne the index sets

I�n;i := ft : t 2 [(i� 1)hn + jn + 1; :::; ihn]g and In :=
n
t : t 2

[rn

i=1
I�n;i

o
:

We �rst show E[yn;tjFn;i�1] and yn;t � E[yn;tjFn;i] are mixingales in Lemma A.1 for
any block sizes fhng. The mixingale property is then exploited to establish a martingale
decomposition in Lemma A.2:

nX
t=1

zn;t =

rnX
i=1

Wn;i + op(1) for any fhng:

Finally, in Lemma A.3 we prove a central limit theorem
Prn

i=1Wn;i
L! N(0; 1) for tiny

block sizes hn = o((ln(n))1+�) by (16). Lemma 3.3 therefore follows from Lemmas A.2
and A.3.
Recall the mixingale constants en;t and coe¢ cients �dn de�ned in Lemma 2.1.

Lemma A.1. Under Assumption B fyn;t � E[yn;tjFn;i];=tgt2In and fE[yn;tjFn;i�1];=tgt2In
form geometric L2-mixingale arrays with constants en;t�

�
jn for tiny � > 0.
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Proof. The claim follows essentially from de Jong�s [21: eq.�s A.7-A.12] argument.
By Lemma 2.1 fyn;t;=tg is a geometric L2-mixingale array with constants en;t � Kcn

and coe¢ cients �dn = O(�dn). Further, since =t is increasing we have Fn;i�1 = =(i�1)hn�gn
� =t�jn�1 for each 1 � i � rn and all (i � 1)hn + jn + 1 � t � ihn, and =t�jn�1 � =t�d�1
for su¢ ciently large n since jn ! 1. Exploit iterated expectations, Jensen�s inequality
and jn � d for su¢ ciently large n to deduce for arbitrarily large � > 0

E (E [yn;tjFn;i�1]) j=t�d�1



 �



E �E hyn;tj=(i�1)hn�gn

i�
j=t�d�1





=




E �E hE �yn;tj=t�jn�1

�
j=(i�1)hn�gn

i�
j=t�d�1





� K




E hyn;tj=t�jn�1

i


 � en;t � �jn � en;t�
�
jn � �

1��
d ;

where �1��d = O(�(1��)d). An identical argument applies to fyn;t � E[yn;tjFn;i];=tgt2In .
QED.

We now use Lemma A.1 to prove the required martingale di¤erence decomposition.

Lemma A.2. Under Assumptions A and B
Pn

t=1 zn;t =
Prn

i=1Wn;i + op(1). In

particular a:
Pn

t=rnhn+1
zn;t

p! 0; b.
Prn

i=1

P(i�1)hn+jn
t=(i�1)hn+1 zn;t

p! 0; c:
Prn

i=1E[Zn;ijFn;i�1]
p! 0; and d.

Prn
i=1(Zn;i � E[Zn;ijFn;i])

p! 0.

Proof. In lieu of decomposition (11) claims (a)-(d) prove
Pn

t=1 zn;t =
Prn

i=1Wn;i

+ op(1).

Claims (a) and (b): Invoke mixingale property Lemma 2.1, variance bound Lemma
2.2, Assumption A.ii non-degeneracy

Pn
t=1E[y

2
n;t]=�

2
n = O(1) and rnhn � n to deduce

E

24 nX
t=rnhn+1

zn;t

!235 = O

 
1

�2n

nX
t=rnhn+1

E[y2n;t]

!
= O ((n� rnhn)=n) = o(1)

and

E

264
0@ rnX
i=1

(i�1)hn+jnX
t=(i�1)hn+1

zn;t

1A2
375 = O

0@ 1

�2n

rnX
i=1

(i�1)hn+jnX
t=(i�1)hn+1

E[y2n;t]

1A
= O (rnjn=n) = O(jn=hn) = o(1):

Claims (a) and (b) now follow from Chebyshev�s inequality.

Claims (c) and (d): The remaining two terms
Prn

i=1fZn;i � E[Zn;ijFn;i]g andPrn
i=1E[Zn;ijFn;i�1] are handled by invoking the Lemma A.1 mixingale properties for

fyn;t � E[yn;tjFn;i];=tgt2In and fE[yn;tjFn;i�1];=tgt2In . Apply McLeish�s [57: Theo-
rem 1.6] maximal inequality to deduce

E

24 rnX
i=1

fZn;i � E[Zn;ijFn;i]g
!235 = O

0@ rnX
i=1

ihnX
t=(i�1)hn+jn

e2n;t
�2n

�2�jn

1A = O

�
rnhnc

2
n

�2n
�2�jn

�

= O
�
nc2n�

�2
n �2�jn

�
= O

�
n�2�jn

�
= o(1):
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The second equality follows from the geometric mixingale properties en;t � Kcn and
�2�jn = O(�2�jn). The third uses rnhn � n, and the fourth follows from threshold bound
Lemma 3.1 and non-degeneracy Assumption A.ii: c2n=�

2
n � K

Pn
t=1E[y

2
n;t]=�

2
n � K.

Since jn= ln(n) ! 1 by assumption the equality follows since n�2�jn ! 0. An identical
argument proves

E

24 rnX
i=1

E[Zn;ijFn;i�1]
!235 = O

�
nc2n�

�2
n �2�jn

�
= o(1):

Now apply Chebyshev�s inequality to complete the proof. QED.

Lastly, a martingale di¤erence CLT.

Lemma A.3. Under Assumptions A-B
Prn

i=1Wn;i
L! N(0; 1).

Proof. We will show max1�i�rn jWn;ij is op(1) and uniformly L2-bounded, andPrn
i=1W

2
n;i

p! 1. The CLT then follows from Theorem 2.3 of McLeish [56].
By construction max1�i�rn jWn;ij � hncn=�n; the thresholds satisfy cn �

K(
Pn

t=1E[y
2
n;t])

1=2=m
1=2
n by Lemma 3.1, and by Assumption A.iii mn=(ln(n))

2+� ! 1;
and non-degeneracy Assumption A.ii states

Pn
t=1E[y

2
n;t]=�

2
n = O(1). Now use hn =

o((ln(n))1+�) to deduce for any � 2 (0; �]

max
1�i�rn

jWn;ij �
hncn
�n

� Khn

�Pn
t=1E

�
y2n;t
��1=2

=m
1=2
n

�n
= o

 
hn

(ln(n))
1+�

!
= o(1):

But the deterministic bound o(1) implies max1�i�rn jWn;ij is both op(1) and uniformly
L2-bounded by Lebesgue�s dominated convergence.
Next, by the triangle inequality j

Prn
i=1W

2
n;i � 1j �

P5
i=1 En;i where

En;1 =

����� 1�2n
rnX
i=1

�eU2n;i � U2n;i�
����� and En;2 =

����� 1�2n
rnX
i=1

�eU2n;i � E h eU2n;ii�
�����

En;3 =
1

�2n

rnX
i=1

���E h eU2n;ii� E �U2n;i���� and En;4 =
�����
rnX
i=1

�
E
�
W2
n;i

�
� E

�
Z2n;i

�������
En;5 =

�����
rnX
i=1

E
�
Z2n;i

�
� 1
����� :

Use Steps 1-3 and Markov�s inequality to deduce En;i = op(1) for i = 1 � 4, and En;5 =
op(1) by Step 4. Therefore

Prn
i=1W

2
n;i

p! 1.

Step 1 (��2n
Prn

i=1Ej eU2n;i � U2n;ij = o(1)): By construction U2n;i := �2nW
2
n;i � Kh2nc

2
n.

Use rnhn � n, hn = o((ln(n))1+�) = o(n�) by supposition, n=�2n = O(1) by Assumption
A.ii, Kn � K0n

�c2n by construction, and stationarity to deduce for su¢ ciently large K0

1

�2n

rnX
i=1

E
��� eU2n;i � U2n;i��� =

1

�2n

rnX
i=1

E
�
U2n;iI

�
U2n;i > Kn

��
� K

rn
�2n
E
�
U2n;iI

�
Kn�c2n > K0n

�c2n
��
= o (1) :

Step 2 (��4n E(
Prn

i=1f eU2n;i � E[ eU2n;i]g)2 = o(1)): By Lemma 2.1 fyn;t;=tg forms a
geometric L2-mixingale array with constants en;t � Kcn and coe¢ cients �dn = O(�dn).
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Similarly by Lemma A.1 fyn;t � E[yn;tjFn;i];=tgt2In and fE[yn;tjFn;i�1];=tgt2In form
L2-mixingale arrays with constants en;t�

�
jn and coe¢ cients of any size. Since sums and

products of geometric �-mixing random variables Un;i are geometric �-mixing, and

U2n;i
�2n

=

0@ ihnX
t=(i�1)hn+jn

zn;t �
ihnX

t=(i�1)hn+jn

fzn;t � E[zn;tjFn;i]g �
ihnX

t=(i�1)hn+jn

E[zn;tjFn;i�1]

1A2

;

it is straightforward to show f eU2n;i=�2n;Fn;ig forms an L2-mixingale array with constants
��2n (

Pihn
t=(i�1)hn+jn en;t)

2�2�jn and coe¢ cients of any size � by the argument of Lemma A.1.
Apply McLeish�s [57: Theorem 1.6] maximal inequality to conclude

E

 
1

�2n

rnX
i=1

f eU2n;i � E[ eU2n;i]g
!2

= O

0B@ 1

�4n

rnX
i=1

0@ ihnX
t=(i�1)hn+jn

en;t

1A4

�4�jn

1CA
= O

�
rnh

4
nc
4
n

�4n
�4�jn

�
= o

�
n1+3��4�jn

�
= o(1):

The second equality uses �4�jn = O(�4�jn) and en;t � Kcn. The third uses rnhn � n, hn
= o((ln(n))1+�) = o(n�) and c2n = O(�2n) by Lemma 3.1 and Assumption A.ii. Since
jn= ln(n) ! 1 the last equality follows.

Step 3 (Ej
Prn

i=1(W
2
n;i � Z2n;i)j = o(1)): Invoke Lemma A.1 and an argument iden-

tical to the proof of Lemma A.2 for some tiny � > 0

kE[Zn;ijFn;i�1]k2 = O

 
h
1=2
n cn
�n

��jn

!
and kfZn;i � E[Zn;ijFn;i]gk2 = O

 
h
1=2
n cn
�n

��jn

!
:

Further, by construction and the conditional Jensen�s inequality jjWn;i + Zn;ijj2 �KjjZn;ijj2,
while max1�i�rn jjZn;ijj2 � Kh

1=2
n cn=�n follows from mixingale property Lemma A.1,

variance bound Lemma 2.2 and jjyn;tjj � cn. Now apply Minkowski and Cauchy-Schwarz
inequalities, Lemma 3.1 and Assumption A.ii to obtain





rnX
i=1

�
W2
n;i �Z2n;i

	





1

�
rnX
i=1

kWn;i �Zn;ik2 kWn;i + Zn;ik2

�
rnX
i=1

�
kE[Zn;ijFn;i�1]k2 + kZn;i � E[Zn;ijFn;i]k2

	
� kZn;ik2

= O

 
rn �

h
1=2
n cn
�n

��jn � h
1=2
n cn
�n

!
= O

�
nc2n
�2n

��jn
�
= O

�
n��jn

�
:

Since jn= ln(n) ! 1 the last line is o(1).

Step 4 (
Prn

i=1E[Z2n;i]
p! 1): The proof of Lemma A.2 reveals by the de�nitions of
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Zn;i and Wn;i

nX
t=1

zn;t =

rnX
i=1

Wn;i +

rnX
i=1

(Zn;i � E[Zn;ijFn;i]) +
rnX
i=1

E[Zn;ijFn;i�1]

+

rnX
i=1

(i�1)hn+jnX
t=(i�1)hn+1

zn;t +
nX

t=rnhn+1

zn;t

=

rnX
i=1

Zn;i + op(1) =
rnX
i=1

ihnX
t=(i�1)hn+jn+1

zn;t + op(1):

Further E(
Pn

t=1 zn;t)
2 � K by the construction of zn;t. Therefore�����

rnX
i=1

E
�
Z2n;i

�
� 1
����� =

������
rnX
i=1

E
�
Z2n;i

�
� E

 
nX
t=1

zn;t

!2������+ o (1)

�

�������
rnX
i=1

E
�
Z2n;i

�
� E

0@ rnX
i=1

ihnX
t=(i�1)hn+jn+1

zn;t

1A2
�������+ o (1)

= 2

������
rnX
i=1

rnX
j=i+1

ihnX
t=(i�1)hn+jn+1

ihnX
s=(j�1)hn+jn+1

E [zn;szn;t]

������+ o (1) :
The last line is handled as follows. By Lemma 2.1 fyn;t;=tg forms an L2-mixingale ar-
ray with arbitrary size and constants en;t. Further, variance bound Lemma 2.2 implies
McLeish�s [57: Theorem 1.6] maximal inequality holds with mixingale constants en;t re-
placed with jjyn;tjj, where ��2n

Pn
t=1E[y

2
n;t] � K by non-degeneracy Assumption A.ii.

Therefore de Jong�s [21] Lemma 4 applies by replacing McLeish�s [57] inequality with
Lemma 2.2 in his proof, hence

rnX
i=1

rnX
k=i+1

ihnX
t=(i�1)hn+jn+1

ihnX
s=(k�1)hn+jn+1

E [zn;szn;t] = o(1):

This completes the proof. QED.

PROOF OF LEMMA 3.4 (Approximation)

The proof exploits the following CLT�s based on tail array NED Assumption C. Recall
zt 2 fjytj; �ytI(yt < 0); ytI(yt � 0)g.
Lemma A.4. Under Assumption C there exists a �nite w21 2 R+ such that

m1=2
n ln

�
z(mn+1)=cn

� L! N
�
0; w21

�
;

and a mapping w2 : R+ ! R+, w22(u) <1 for each u � 0, such that

1

m
1=2
n

nX
t=1

n
I
�
zt > cne

u=m1=2
n

�
� P

�
zt > cne

u=m1=2
n

� o
L! N

�
0; w22(u)

�
:

Proof. We require a simple implication of Markov�s inequality. Let O : R+ !
R+ be a contraction mapping, O(z) 2 [0; z], that may be di¤erent in di¤erent places. For
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any stationary Lp-bounded process fztg, p > 0, with jjztjjq = 1 for some �nite q > p,
and any measurable mapping g : R+ ! R+ that satis�es m

1=2
n g(cn) ! 0 for positive real

sequences fcn;mng, cn ! 1 and mn ! 1, it follows

P (jztj > z) = O
�
z�p

�
� (1 +O (g (z))) as z !1: (17)

Simply note P (jztj > z) � E jztjp+� z�p�� = Kz�p��, say, for in�nitessimal � > 0 and use
z�� ! 0 as z ! 1 to deduce the equality.
Now de�ne Sn (u) := 1=mn

Pn
t=1 I(zt > cne

u=m1=2
n ) for arbitrary u � 0. Under As-

sumption C and (17) fm�1=2
n I(zt > cne

u);=tg satis�es the conditions of Hill�s [43: The-
orem 2.1] central limit theorem for dependent tail arrays. See Lemma 3.1 of Hill [43] for
veri�cation3 . Therefore, point-wise in u 2 R+,

m1=2
n fSn (u)� EfSn (u)g

L! N(0; w22(u)); w
2
2(u) <1: (18)

We will prove m1=2
n ln(z(mn+1)=cn)

L! N(0; w21) is a consequence of (18). By construc-

tion m1=2
n ln(z(mn+1)=cn) � u if Sn(u) � � for � 2 (0; 2) to be chosen below, while Sn(u)

� � if

m1=2
n (Sn (u)� E [Sn (u)]) � m1=2

n

�
�� n

mn
P
�
zt > cne

u=m1=2
n

��

= m1=2
n

0@�� n

mn
P (zt > cn)

P
�
zt > cne

u=m1=2
n

�
P (zt > cn)

1A :

Apply (17) and Hsing�s [49: p. 1553] argument to deduce as n ! 1
n

mn
P (zt > cn) = O(1)� [1 +O (g (cn))] = O(1) + o

�
1=m1=2

n

�
and

P (zt > cne
u)

P (zt > cn)
= O(e�u�)� (1 +O (g (cn))) = O(e�u�)�

�
1 + o

�
1=m1=2

n

��
:

Now put � = O(1) 2 [0; 1] and use O(z) � O(z) = O(z) 8z 2 [0; 1], O(1) + o(1=m
1=2
n )

= O(1) for su¢ ciently large n, and O(e�u�=m1=2
n ) � 1 to deduce m1=2

n ln(z(mn+1)=cn) � u
su¢ ciently if

��1m1=2
n (Sn (u)� E [Sn (u)])

� ��1m1=2
n

�
��

�
O(1) + o

�
1=m1=2

n

��
�O(e�u�=m

1=2
n )�

�
1 + o

�
1=m1=2

n

���
= ��1m1=2

n

n
��O

�
e�u�=m

1=2
n

�
�
�
1 + o

�
1=m1=2

n

��o
� ��1m1=2

n

n
u�=m1=2

n + o
�
1=m1=2

n

�o
= u+ o (1) :

Since ��1m1=2
n fSn(u) � E[Sn(u)]g

L! Z a mean-zero normal law with �nite variance, it
follows

lim
n!1

P
�
m1=2
n ln

�
z(mn+1)=cn

�
� u

�
= lim

n!1
P
�
��1m1=2

n (Sn (u)� E [Sn (u)]) � u+ o(1)
�
= P (Z � u) :

3Hill [43] assumes P (jztj > z) is regularly varying since the premise and major applications there
concern tail index estimation. The arguments there trivially carry over to (16).

21



Therefore m1=2
n ln(z(mn+1)=cn)

L! N(0; w21) for some w
2
1 < 1. QED.

We are now ready to prove the claim.

Proof of Lemma 3.4. For notational simplicity assume yt � 0 a:s: such that
yn;t := ytI(yt � cn) and ŷn;t := ytI(yt � y(mn+1)) where

1n :=
n

mn
P (yt > cn)! 1:

Similarly assume wn;t � 0 a:s: for all t and n for simplicity. De�ne the sample number of
exceedances yt > cn:

m�
n :=

nX
t=1

I (yt > cn) :

Note m�
n is a random variable measurable with respect to =n = �(yt : t � n), and recall

�ba(�) = 0 if b < a.
Let t�n;i correspond to the (stochastic) period t 2 f1; :::; ng in which the ith rank y(i)

occurs, and write

nX
t=1

wn;t fŷn;t � yn;tg =

nX
i=1

wn;t�n;iy(i)
�
I
�
y(i) � y(mn+1)

�
� I

�
y(i) � cn

�	
(19)

=

m�
nX

i=mn+1

wn;t�n;iy(i) �
mnX

i=m�
n+1

wn;t�n;iy(i) =: An + Bn:

By convention �bnan(�) = 0 if lim infn!1 an=bn > 1, hence at least one An or Bn is iden-
tically zero, and both are zero if m�

n = mn. Which is zero depends on the sample draw
fytg and therefore the random variable m�

n. We �rst characterize probability bounds for
An and Bn, and then use the bounds to prove the claim.

Step 1 (bounds): De�ne "n := L(n)=m
1=2
n for an arbitrarily s.v. L(n)!1, use the

assumption max1�t�nfwn;tg = Op(1) and the order statistic y(i) construction to deduce

An = Op

0@[mn(1n+"n)]X
i=mn+1

y(i)

1A+Op
0@ m�

nX
i=[mn(1n+"n)]+1

y(i)

1A (20)

= Op

0@[mn(1n+"n)]X
i=mn+1

y(i)

1A+Op �(m�
n � [mn (1n + "n)])+ � y(mn+1)

�

= Op

0@[mn(1n+"n)]X
i=mn+1

y(i)

1A+ op(cn)
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and

Bn = Op

0@[mn(1n�"n)]X
i=m�

n+1

y(i)

1A+Op
0@ mnX
i=[mn(1n�"n)]+1

y(i)

1A (21)

= Op

0@ mnX
i=[mn(1�"n)]+1

y(i)

1A+Op �(m�
n � [mn (1n � "n)])+ � y([mn(1n�"n)]+1)

�
+Op

�
(m�

n � [mn (1n � "n)])+ �
�
y(m�

n+1)
� y([mn(1n�"n)]+1)

�
+

�

= Op

0@ mnX
i=[mn(1�"n)]+1

y(i)

1A+ op(cn):
The last line in (20) follows from Chebyshev�s inequality, "nm

1=2
n =L(n) = 1 and Lemma

A.4 since y(mn+1)=cn = 1 + Op(1=m
1=2
n ) and

P (m�
n � mn (1n + "n))

� P

 
m1=2��
n

����� 1mn

nX
t=1

I (yt > cn) + 1n

����� � m1=2��
n "n

!

� K � E

24 m1=2��
n

(
1

mn

nX
t=1

fI (yt > cn)� P (yt > cn)g
)!235 = o(1):

The last line in (21) follows by similar reasoning because (n=[mn(1n � "n)])P (jytj > cn)
= 1n=(1n � "n)! 1 ensures Lemma A.4 applies to y([mn(1n�"n)]+1)=cn. Thus

P (m�
n � mn (1� "n))

= P

 
1

mn

nX
t=1

I (yt > cn)� 1n � �"n

!

� P

 
m1=2��
n

����� 1mn

nX
t=1

fI (yt > cn)� P (yt > cn)g
����� � m1=2��

n "n

!
= o(1)

hence

P
��
y(m�

n+1)
� y([mn(1n�"n)]+1)

�
+
� 0
�
= P (m�

n � mn (1� "n)) = o(1):

Step 2 (approximation): We now prove the claim. Use (19)-(21), the triangle
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inequality and y([mn(1n+"n)]+1) � y([mn(1n�"n)]+1) to obtain�����
nX
t=1

wn;t fŷn;t � yn;tg
�����

�

������
m�
nX

i=mn+1

wn;t�n;iy(i) �mn"ny([mn(1n+"n)]+1)

������
+

������
mnX

i=m�
n+1

wn;t�n;iy(i) �mn"ny([mn(1n�"n)]+1)

������+ op(cn)
= Op

0@[mn(1n+"n)]X
i=mn+1

��y(i) � y([mn(1n+"n)]+1)

��1A+Op
0@ mnX
i=[mn(1n�"n)]+1

��y(i) � y([mn(1n�"n)]+1)
��1A

+Op
�
jmn (1n + "n)� [mn (1n + "n)]j � y([mn(1n+"n)]+1)

�
+Op

�
jmn (1n � "n)� [mn (1n � "n)]j � y([mn(1n�"n)]+1)

�
+ op(cn)

= Cn +Dn + En + Fn + op(cn);

say.
We will now show fCn;Dn; En;Fng = Op (cnL(n)) for s.v. L(n) ! 1. The proofs for

Cn and Dn are identical so consider Cn. Since Lemma A.4 applies equally to y(mn+1)=cn
and y([mn(1n+"n)]+1)=cn, use the triangle inequality to deduce

1

cnL(n)

[mn(1n+"n)]X
i=mn+1

��y(i) � y([mn(1n+"n)]+1)

��
= O

�
mn

L(n)
"n

�
�
�����y(mn+1)

cn
� 1
����+ ����y([mn(1n+"n)]+1)

cn
� 1
�����

= Op

 
m
1=2
n

L(n)
"n

!
= Op (1) ;

hence Cn = Op (cnL(n)).
Finally, for En the truncation implies z � [z] 2 [0; 1] for positive z, hence by Lemma

A.4

En
cnL(n)

=

����mn (1n + "n)� [mn (1n + "n)]

L(n)

����� y([mn(1n+"n)]+1)

cn

� K
1

L(n)
�
�
1 +Op

�
1=m1=2

n

��
= op(1):

An identical argument applies to Fn. Therefore
Pn

t=1 wn;tfŷn;t � yn;tg = Op(cnL(n)).
Since L(n) is arbitrary and s.v., and mn=(ln(n))

1+� ! 1 under Assumption A.iii, we
can always choose L(n) = o(m1=2

n ). Now invoke Lemma 3.1 cn =O((
Pn

t=1E[y
2
n;t])

1=2=m
1=2
n ),

Assumption A.ii
Pn

t=1E[y
2
n;t] = O(�n), and L(n) = o(m

1=2
n ) to conclude cnL(n) =

o((
Pn

t=1E[y
2
n;t])

1=2) = o(�n). QED.
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PROOF OF THEOREM 4.1 (Kernel Variance)

We require one preliminary result.

Lemma A.5. Under Assumptions A-D S1;n :=
Pn

s;t=1 kn;s;t(ŷn;s � yn;s)(ŷn;t �
yn;t) and S2;n :=

Pn
s;t=1 kn;s;t(ŷn;s � yn;s)(yn;t � E[yn;t]) are op

�
�2n
�
:

Proof. We will only prove S1;n = op(�
2
n) since showing S2;n = op(�

2
n) is nearly

identical. Recall by de�nition kn;s;t denotes k((s � t)=
n) and de�ne (see also Davidson
and de Jong [19: p. 412-413])

�� (x) :=
1�

2�2�
�1=2 exp��x2��2=2	

S1;n� :=
1

�2n

2;nX
t=�n+1

 
1



1=2
n

n�tX
l=1�t

k (l=
n) (ŷn;t+l � yn;t+l) I (0 � l � [
n=�])
!

�

0@ 1



1=2
n

n�tX
j=1�t

�� (j=
n) (ŷn;t+j � yn;t+j) I (0 � j � [
n=�])

1A� (1 + op (1))
=

1

�2n

2;nX
t=�n+1

s1;n;t (�)� s2;n;t (�)� (1 + op (1)) ;

say.
Since Lemmas 3.3 and 3.4 and the Helly-Bray theorem together imply jj��1n

Pn
t=1(ŷn;t

� yn;t)jj = o(1), Davidson and de Jong�s [19] Lemmas A.2-A.3 su¢ ce to prove4

lim
�!0

lim sup
n!1

kS1;n � S1;n� � (1 + op (1))k1 = 0:

The proof is complete if we show lim�!0 lim supn!1 jjS1;n�jj1 = 0. We prove each

lim
�!0

lim sup
n!1

max
�n+1�t�2;n





n1=2�n
si;n;t (�)






2

= 0

since the desired limit then follows from Minkowski and Cauchy-Schwarz inequalities.
Consider s1;n;t(�), s2;n;t(�) being nearly identical, and de�ne

Nn(�) := min fn; [
n=�] + 1g

for arbitrary � > 0. Lemmas 3.3 and 3.4 extend straightforwardly to weighted versions
with weights k(t=
n) under kernel property Assumption D. Therefore, by the Helly-Bray
theorem 





 1

�Nn(�)

Nn(�)X
t=1

k (t=
n) (ŷn;t+l � yn;t+l)








2

! 0:

4De�ne, e.g., Xn;t := ��1n fŷn;t � yn;tg. Davidson and de Jong [19: p. 414] exploit E(
Pn
t=1Xn;t)

2 �
K
Pn
t=1 e

2
n;t = O(1) for some triangular array fen;tg by their Lemma A.1, which holds by their L2-NED

Assumption 2 and McLeish�s [57: Theorem 1.6] maximal inequality. Close inspection of their arguments
show E(

Pn
t=1Xn;t)

2 = o(1) and kernel property Assumption D are the only properties required. In
our case under variance bound Lemma 2.2 and non-degeneracy Assumption A.ii E(��1n

Pn
t=1fŷn;t �

yn;tg)2 = o(1) � ��2n
Pn
t=1 E[y

2
n;t] � K

Pn
t=1(1=n

1=2)2 � K replaces McLeish�s maximal inequality

with mixingale constants 1=n1=2. A similar argument extends to yn;t � E[yn;t] in S2;n: by Lemma 2.2
and Assumption A.ii E(��1n

Pn
t=1 yn;t)

2 � K��2n
Pn
t=1 E[y

2
n;t] � K

Pn
t=1(1=n

1=2)2 � K.
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Further by construction and non-degeneracy Assumption A.i,ii

lim sup
n�N

�
Nn(�)


n

�
� K and

�2Nn(�)
=Nn(�)

�2n=n
= O(1):

Therefore

lim
n!1

max
�n+1�t�2;n





n1=2�n
s1;n;t






2

= lim
n!1

max
�n+1�t�2;n






n1=2�n

1



1=2
n

n�tX
l=1�t

k (l=
n) (ŷn;t+l � yn;t+l) I (0 � l � [
n=�])






2

� lim
n!1

(
N
1=2
n (�)



1=2
n

�Nn(�)=N
1=2
n (�)

�n=n1=2

)
lim
n!1







 1

�Nn(�)

Nn(�)X
t=1

k (t=
n) (ŷn;t+l � yn;t+l)








2

= 0:

But this implies lim supn!1max�n+1�t�2;n jjn1=2��1n s1;n;t(�)jj2 = 0 for all �, so take
lim�!0 to deduce the required limit. QED.

The proof of kernel estimator consistency follows.

Proof of Theorem 4.1. The triangle inequality implies���̂2n � �2n�� � ���̂2n � ~�2n��+ ��~�2n � �2n�� ; (22)

where ~�2n is a kernel estimator based on deterministic trimming yn;t:

~�2n :=
nX

s;t=1

kn;s;t � fyn;s � E [yn;t]g � fyn;t � E [yn;t]g :

We show each part in (22) is op(�2n). The �rst step proceeds by a standard bounding
argument based on Theorem 3.2 and Lemma 3.3 to show �̂2n behaves like ~�

2
n. The second

step shows ~�2n=�
2
n

p! 1 by a generalization of arguments in Davidson and de Jong [19].

Step 1 (�̂2n � ~�2n): Decompose �̂2n � ~�2n =
P5

i=1 Si;n where

Y1;n =
nX

s;t=1

kn;s;t (ŷn;s � yn;s) (ŷn;t � yn;t) , Y2;n = 2
nX

s;t=1

kn;s;t (ŷn;s � yn;s) (yn;t � E [yn;t])

Y3;n = �2 (ŷn � E [yn;t])
nX

s;t=1

kn;s;t (ŷn;s � yn;s) , Y4;n = �2 (ŷn � E [yn;t])
nX

s;t=1

kn;s;t (yn;s � E [yn;t])

Y5;n = (ŷn � E [yn;t])2
nX

s;t=1

kn;s;t:

The �rst two terms Y1;n and Y2;n are op
�
�2n
�
by Lemma A.5.

Consider the remaining three terms. First, apply kernel property Assumption D and
CLT-ST Theorem 3.2 to deduce

(ŷn � E [yn;t])2
nX

s;t=1

jkn;s;tj = Op
�
�2n=n

2
�
� o

�
n2
�
= op

�
�2n
�
:
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Second, CLT-DT Lemma 3.3 extends in a straightforward way to the weighted triangular
array fkn;s;t(yn;t � E[yn;t]) : 1 � t � ngn�1 for each s since max1�s;t�n jkn;s;tj = O(1)
by Assumption D.ii. Similarly, approximation Lemma 3.4 instantly applies to fkn;s;t(ŷn;t
� yn;t) : 1 � t � ngn�1 for each s. Therefore

max
1�s�n

�����
nX

s;t=1

kn;s;t (yn;t � E [yn;t])
����� = op (n�n) , max

1�s�n

�����
nX

s;t=1

kn;s;t (ŷn;t � yn;t)
����� = op (n�n) :

But this implies

Y3;n = �2 (ŷn � E [yn;t])
nX

s;t=1

kn;s;t (ŷn;s � yn;s) = Op (�n=n)� op (n�n) = op
�
�2n
�

Y4;n = �2 (ŷn � E [yn;t])
nX

s;t=1

kn;s;t (yn;s � E [yn;t]) = Op (�n=n)� op (n�n) = op
�
�2n
�

Y5;n = (ŷn � E [yn;t])2
nX

s;t=1

kn;s;t = Op
�
�2n=n

2
�
� o

�
n2
�
= op

�
�2n
�
:

Step 2 (~�2n=�
2
n � 1): We need only verify Assumptions 1-3 of Davidson and de Jong

[19], denoted DJ, to show j~�2n=�2n � 1j p! 0 by their Theorem 2.1. DJ�s Assumption 1
holds by Assumption D.
First we translate DJ�s environment into ours for clarity. They use their NED As-

sumption 2 to ensure an L2-mixingale property for a standardized uniformly L2-bounded
process zn;t = fyn;t � E[yn;t]g=�n with size 1=2 and square-summable constants �en;t :=
en;t=�n:

Pn
t=1 �e

2
n;t =

Pn
t=1 e

2
n;t�n � K. Their sole use of this assumption is to invoke

McLeish�s [57] Theorem 1.6 maximal inequality to reach a bounded partial sum variance:

E

 
nX
t=1

zn;t

!2
� K

nX
t=1

�e2n;t � K:

But under our Assumptions A and B fyn;t;=tg forms an L2-mixingale array with size 1=2
by Lemma 2.1, and has by Lemma 2.2 a partial sum variance bound

E

 
1

�n

nX
t=1

fyn;t � E [yn;t]g
!2

� K
1

nE [yn;t]
2

nX
t=1

E [yn;t]
2
= K

nX
t=1

�
1=n1=2

�2
� K: (23)

A careful inspection of DJ�s proof of their Theorem 2.1 reveals a L2-mixingale property
with size 1=2, constants n�1=2 and therefore bound (22) su¢ ce in place of their Assumption
2.
Finally, again translating DJ�s environment again into ours, their Assumption 3


nmax1�t�nf�e2n;tg = o(1) is invoked solely to ensure a partial variance bound for an
L2-mixingale array function of �wn;t based on McLeish�s inequality. See the proofs of their
Lemmas A.3 and A.4. By our Lemma 2.2 we can always side-step the use of coe¢ cients in
the required partial variance bounds: we can always replace �en;t with jjyn;tjj=(n1=2jjyn;tjj)
= n�1=2 as in (23). Since 
n � n�1 = o(n=n) = o(1) under Assumption D, DJ�s Assump-
tion 3 is satis�ed. QED.

PROOF OF LEMMA 5.1 (Positive De�niteness)

Distribution smoothness ensures Assumption A.i holds by Section 5.1. We need only
prove positive de�niteness since Assumption A.ii follows instantly.
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De�ne I(y)n;t := I(jytj � cn) and In;N :=
QN
i=1 In;i for any 1 � N � n, and note yn;t =

ytI
(y)
n;t . Stationarity implies pn(s; t) := E[yn;syn;t]=E[y

2
n;t]. De�ne YN (r) :=

PN
t=1 rtyt for

any r 2 RN , r0r = 1. By monotone convergence and Ih;n;t ! 1 a:s: it follows for any i; j
= 0; :::; N � 1

E [yt�iyt�jIn;N ] = E
h
yt�iI

(y)
n;t�iyt�jI

(y)
n;t�j

i
� (1 + o(1)):

Therefore

NX
s;t=1

rsrtpn(s; t) =
1

E
�
y2n;t
� NX
s;t=1

rsrtE
h
ysI

(y)
n;sytI

(y)
n;t

i
=
E
�
Y2N (r)In;N

�
E
�
y2n;t
� � (1 + o(1)) :

The proof is complete if we show infr0r=1E[Y2N (r)In;N ]=E[y2n;t] > 0 8n � N and some N
2 N.
By stationarity YN (r) =

PN�1
i=0 �N�i

Pi
j=0 rN�j i�j +

P1
i=0 ��i

PN�1
j=0 rN�j N+i�j

=
P1

j=0
� N;j(r)�N�j for some sequence of constant real numbers f� N;j(r)g1j=0, infj�N supr0r=1 j� N;j(r)j

= O(�j), and trivially yt = YN (r) for r = [1; 0; :::; 0]0. Therefore YN (r) satis�es

sup
r0r=1

����� P (jYN (r)j > y)P1
j=0

��� N;j(r)��� � y��L (y)
�����! 0

where � 2 (0; 2] is the same tail index and L(�) is the same s.v. component of the error
distribution (e.g. Brockwell and Cline [6]). Further, lim infn!1 infr0r=1E[Y2t (r)In;N ] >
0 by trimming negligibility and the fact that E[�2t ] = 1.
Since yt and YN (r) each have the representation

P1
j=0

� N;j(r)�t�j with the same

tail decay rate up to a constant scale
P1

i=0

��� N;j(r)��� < 1, and are each trimmed by
In;t, it must be the case that the tail-trimmed moments E[Y2t (r)In;N ] and E[y2t In;N ] are
proportional by Karamata�s Theorem: infr0r=1E[Y2N (r)In;N ]=E[y2t In;N ] > 0 8n � N and
some N 2 N which completes the proof. QED.
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