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ABSTRACT

This paper presents a consistent GMM residuals-based test of functional form for time series
models. By relating two moments we deliver a vector moment condition in which at least one element
must be non-zero if the model is mis-speci…ed. The test will never fail to detect mis-speci…cation
of any form for large samples, and is asymptotically chi-squared under the null, allowing for fast
and simple inference. A simulation study reveals randomly selecting the nuisance parameter leads
to more power than supremum-tests, and can obtain empirical power nearly equivalent to the most
powerful test for even relatively small .

1. INTRODUCTION This paper develops a consistent parametric Conditional Moment
[CM] test of regression model functional form within the class of Nonlinear ARX models. We interact
two moment conditions in a way such that at least one must be non-zero under mis-speci…cation. A
score test based on sample versions of the moments does more than obtain asymptotic power of one
under mis-speci…cation, since this permits asymptotically countably in…nitely many possibilities
for test failure. Rather, it is asymptotically perfect because there is no possibility for test failure.
Since the test is based on regression residuals the theory is designed with Generalized Method of
Moments in mind.

Let f g be the data of interest,  is a -vector of regressors including a constant term,
and may contain lags of  and other observable random variables. The information set at time
 is de…ned as the -…eld = := (f  +1g :  · ) assumed to be increasing =¡1 ½ =. We
want to test if some =¡1-measurable parametric function (),  2 R,  ¸ 1, is a version of the
conditional mean [j=¡1]: for some unique 0

0 :  = (0) +  where [j=¡1] = 0 with probability one.

The alternative 1 is simply that 0 is false uniformly on ©, covering any direction from 0:

1 : sup
2©

 (j() = [j=¡1]j)  1

The model  = (0) +  falls within the class of Nonlinear AR with auxiliary variables
[ARX], including linear ARX (Baillie 1980, Bierens 1987), Threshold AR (Tong 1990), Smooth
Transition ARX (Luukkonen et al 1988, Teräsvirta 1994, Hill 2008), Arti…cial Neural Networks
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with a …nite number of hidden layers (Hornik et al 1989, White 1989), and Markov Switching
if the transition probabilities are =¡1-measurable (e.g. Filardo 1994). We allow geometric or
hyperbolic memory decay (e.g. Fractional AR); bounded forms of non-stationarity like seasonality,
and stochastic breaks; and random volatility errors  like GARCH.

Although classic speci…cation tests are known not to be consistent (e.g. Ramsey 1969, Hausman
1978, White 1981, Newey 1985), a variety of parametric and non-parametric methods promote
consistency. Parametric CM tests do so by exploiting scalar weight functions  (0) indexed
by a nuisance vector  2 R, e¤ectively producing uncountably in…nitely many conditions that
"reveal" mis-speci…cation. If  () is in…nitely di¤erentiable and non-polynomial then under mis-
speci…cation [j=¡1] 6= 0 the moments [ (0)] are revealing in the sense [ (0)] 6= 0
for uncountably in…nitely many  in any compact subset ¡ ½ R (Stinchcombe and White 1998 and
Bierens and Ploberger 1997, cf. Bierens 1982, 1990). Examples include weights popularized in the
Arti…cial Neural Network [ANN] literature like the exponential  (0) = expf0g (Bierens 1982,
1990, Hornik et al 1989) and logistic  (0) = [1 + expf0g]

¡1 (Hornik et al 1989, White 1989,
Lee et al 1993); and compound weights in the Smooth Transition Autoregression [STAR] literature
like  expf¡ 0( ¡ )2g and [1 + expf¡ 0(¡ )g]¡1 where  2 R

+ and  2 R (Hill 2008).
See Andrews and Ploberger (1994) and Dette (1999) for related methods. Standard methods for
handling  include randomization (Bierens 1990, Lee et al 1993), and power-optimizing supremum
and average test functionals (Davies 1987, Bierens 1990, Andrews and Ploberger 1994, Hill 2008),
and integrated conditional moments (Bierens 1982, Bierens and Ploberger 1997).

Despite the revealing properties of such weights  (0), the set of  such that [ (0)]
fails to reveal mis-speci…cation is not necessarily empty. Indeed, there may be countably in…nitely
many "bad"  2 R: orthogonality [ (0)] = 0 despite mis-speci…cation. We show in Section
2 by a numerical example that [ (0)] = 0 under 1 is not an abstraction, and a score test
may fail in a region near such bad . The latter suggests that not even a sup- or ave-test, or ICM
test, may solve the problem of bad 0 in small samples, depending on the choice of ¡.

In this paper we relate parametric moments in a way that always reveals model mis-
speci…cation, hence we do not require a power-optimizing functional transformation. For example,
stacking moments based on Bierens’ (1990) expf0g and Hill’s (2008)  expf0g for some
estimable  2 ¡ leads to a perfect vector moment condition for any  6= 0. A small scale Monte
Carlo study veri…es the merits of the proposed test against existing parametric and non-parametric
CM tests.

There are now more tests of functional form in the time series literature than can be reasonably
cited. Examples include non-consistent tests that exploit a Volterra expansion (Tsay 1986) or the
bispectral density function (Rao and Gabr 1980) or entropy (Maasoumi et al 2004); non-consistent
F-tests of linearity against smooth transition forms (Luukkonen et al 1988); consistent tests based of
variance di¤erentials (Dette 1999), with mixtures of discrete and continuous data (Hsiao et al 2007),
for out-of-sample predictive power (Corradi and Swanson 2002), and that exploit bootstrap semi-
parametric methods (Li and Wang 1998). Consistent nonparametric and semiparametric techniques
are also widely available, including Yatchew (1992), Fan and Gencay (1995), Fan and Li (1996,
2002), Hong and White (1995), Zheng (1996), Stute (1997), and Koul and Stute (1999) to name a
few. The latter cannot fail asymptotically to reveal mis-speci…cation, but require a non-parametric
plug-in which will in general a¤ect small sample performance.

The remainder of the paper proceeds as follows. In Section 2 we build the intuition behind our
test, construct the statistic and characterize its limit. A simulation study is presented in Section 3
and concluding remarks follow.

Throughout

! and


! denote convergence in probability and distribution, ) denotes weak

convergence on a metric space, and ! denotes convergence in 1-norm j ¢ j. jj ¢ jj denotes the -
matrix norm: jjjj := (

P
 j j

)1.  is a …nite, positive constant whose value may change
from line to line.
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2. TEST OF FUNCTIONAL FORM In this section we ‡esh out model details, provide
the intuition behind relating moments, and construct the test statistic. Our …rst task is to develop
ARX regressors, estimating equations and the test weight.

2.1 Nonlinear ARX Model

Let f ~g = f ~g2Z 2 R £ R¡1,  ¸ 2, be a stochastic process with nondegenerate
continuous marginal distributions and …nite variances. The regressor set  := [1 ~0

]
0 contains

only observable data for brevity, so the ARMA class is not included here, although the Nonlinear-
ARMAX class (Bierens 1987) can be included by a straightforward extension of de Jong (1996).
Notice for  (0) to be revealing, 0 must be a¢ne and there must be at least one stochastic
regressor, hence a constant is included and  = 1 is ruled out (Bierens 1990, Stinchcombe and
White 1998). We simplify sample truncation due to lags by assuming fg


=1 is observed by the

econometrician.
We require f ~g to be 2-Near Epoch Dependent on a strong mixing base fg in order to

exploit weak limit theory in Hill (2008). Mixing errors allow for GARCH and stochastic volatility
errors (e.g. Carrasco and Chen 2002), any strong mixing f ~g is automatically 2-NED on itself,
and in general NED captures a broad array of linear and nonlinear time series with geometric or
hyperbolic memory decay, including threshold-like models (e.g. An and Huang 1996) and a variety
of nonlinear AR-GARCH (e.g. Meitz and Saikkonen 2008). See Gallant and White (1988), Nze and
Doukhan (2004), Hill (2008) and their references. Since all assumptions required for the asymptotic
theory are identical, or similar, to those in de Jong (1996) and Hill (2008), we detail them under
Assumption 3 in the supplementary appendix Hill (2011: Appendix B.1).

The known stochastic response function  : © ! R is almost surely twice continuously
di¤erentiable on ©, a compact Euclidean subset of R. The proposed test is based on regression
residuals, so we use Generalized Method of Moments to estimate  with =-measurable estimating
equations () 2 R  ¸ . We assume for convenience () has the form

(1) () = ( ¡ ()) £  () ,  : © ! R,  ¸ 

where () is =¡1-measurable and almost surely di¤erentiable on ©, covering NLLS while allowing
for over-identifying restrictions. A more general GMM framework is a simple extension. The global
identi…cation condition

 [()] = 0 if and only if  = 0 a unique interior point of ©

imposes weak orthogonality on the regression error  under either hypothesis, but allows for mis-
speci…ed models under 1.

The proposed test exploits the general weight class used in Bierens and Ploberger (1997) and
Stinchcombe and White (1998). Write  0() := () ().

ASSUMPTION 1. Assume  : R ! R is analytic and non-polynomial on some open interval
0 µ R containing 0. In particular () ()j=0 = 0 for only …nitely many  2 N,  (00) =
 and  0(00) =  for …nite non-stochastic  and .

ASSUMPTION 2. The stochastic regressors ~ 2 R¡1,  ¸ 2, are bounded with probability
one.

Remark 1: Examples of weights  under Assumption 1 include the exponential expfg,
logistic [1 + expfg]¡1, and trigonometric functions like sin() and cos() (Stinchcombe and White
1998).

Remark 2: The stochastic regressors ~ must be bounded to ensure f (0) :  2 ¡g is
weakly dense on the space on which  lies (Stinchcombe and White 1998: Theorem 3.1). If ~ is
not bounded we may use ª() for any bounded one-to-one measurable mapping ª : R ! R (cf.
Bierens 1982, 1990).

2.2 Interacting Moment Condition Intuition
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Consider any weight function  satisfying Assumption 1 and de…ne the moment function

() :=  [ (0)] 

Assume () is di¤erentiable on an arbitrary compact subset ¡, and assume mis-speci…cation 1

applies. By inspecting () and the largest value of ()() in each -direction we can always
correctly deduce 1 holds. We only discuss the intuition here. In Appendix A we formally state the
result, and since the proof follows easily from extant theory we relegate it to Hill (2011: Appendix
B.2). The following discussion freely exploits theory developed in Bierens (1990), Bierens and
Ploberger (1997) and Stinchcombe and White (1998).

Suppose (0) = 0 for some 0 2 ¡. Then by the revealing nature of  (0) there exists a
neighborhood (0) of 0 such that () 6= 0 for all  2 (0)0. But this means () at 0

has a non-zero  derivative ()()j=0
6= 0 for some  2 N. Intuitively () cannot be a

constant function on ¡ if any one (0) = 0 since otherwise  (0) cannot be revealing. Similarly,
() fails at the origin by construction (0) =  £ [] = 0. By the same reasoning the moment
function must therefore move in some direction from the origin.

In summary, the moment () = 0 at  = 0 and all "bad" 0, and () is not a constant
function in neighborhoods of 0 and such 0. This simply implies ()() 6= 0 somewhere on ¡,
even though ()() = 0 is possible at  = 0 or 0. Indeed, since (0) = 0 and () is not
a constant function near bad 0, as long as (0) = 0 for any other point 0 6= 0 it must be the
case that ()()  0 and ()()  0 somewhere on ¡ for some  direction. Therefore
sup2¡()()  0 and inf2¡()()  0.

Now let 
(+)
() optimize the derivative in each -direction 

(+)
() = arg sup2¡()() 2 R,

and suppose in all directions ()()j
=

(+)

()

= 0. In this case the moment function () is

‡at or decreasing. Since at the origin (0) = 0, and () moves away from zero in some direction
from the origin, it must be the case that () never returns to zero. It follows () 6= 0 for every
non-zero  2 ¡.

There are three key observations from the preceding. First, by working with revealing  (0),
under 1 we are guaranteed () 6= 0 for all non-zero  2 ¡ and/or sup2¡()() 6= 0 in
some direction  2 f1  g.

Second, the relationship does not necessarily hold if we inspect the absolute magni-
tude j()()j. Consider Bierens’  (0) = expf0g. Then sup2¡ j()()j =
sup2¡ j[ expf0g]j  0 is easy to prove under 1 (Bierens 1990: Lemma 1). The above
argument, however, intimately exploits whether sup2¡()() = 0 since this tells us if the
moment function () can return to zero over ¡0.

Third, the argument is not unique since the same conclusion follows if we use 
(¡)
() =

arg inf2¡()(), or both ()()j
=

(+)
()

and )()j
=

(¡)
()

simultaneously. Thus

if ()()j
=

(+)

()

= 0 or ()()j
=

(¡)

()

= 0 for each  we know () 6= 0 for every  2 ¡

under 1, and if (0) = 0 for some 0 6= 0 then ()()j
=

(+)

()

6= 0 and ()()j
=

(¡)

()

6= 0 for some direction .
Finally, observe by the revealing nature of  (0) it cannot be the case ()()j

=
(+)

()

=

0 and ()()j
=

(¡)

()

= 0 for each  under 1 since then () is a constant on ¡.

2.3 Example: LSTAR and Mis-Speci…cation

The relationship between the moment () and its curvature ()() is easily seen by Monte
Carlo experiment. See Section 3 for a complete study. We simulate 10 000 series fg


=1 of size 

= 1000 generated from a Logistic STAR:

 = 1 + (8¡1 ¡ 3¡2) £
1

1 + exp f¡2¡1g
+ ,
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where  is iid truncated standard normal, with support [¡1010 1010]. We …t each series by least
squares to an AR(3)  = 0 + ,  = [1 ¡1 ¡2 ¡3]

0, compute the residuals ̂ and a CM
test statistic with logistic  (0) = (1 + expf0g)

¡1:

W () := £ ̂()2̂2 () for  2 ¡ = [¡2 2]4

where ̂() := 1
P

=1 ̂ (0), ̂2() := 1
P

=1 ̂
2
 £ ( (0) ¡ ̂ ()

0
̂)

2, ̂ () :=

1
P

=1  (0) and ̂ := 1
P

=1 
0
 (Lee et al 1993).

Figure 1.1 plots the simulation average W() and sample moment ̂() over one plane of ¡ =
[¡2 2]4 by …xing 1 = 3 = 4 = 1, and discretizing2 2 f¡2¡196  2g, a set of 100 elements.
We now write compactly W(2) and ̂(2) for clarity.

There are four notable outcomes: () there are two breakdown points where the sample moment
̂(2) ¼ 0, corresponding to 2 = ¡52 and 2 = 32; () (2)̂(2) ¼ 0 at neither breakdown
point; () at the breakdown points the simulation mean W(2) ¼ 1; () in a fairly broad
neighborhood connecting the two breakdown points 2 the simulation mean W(2) ¼ 1.

Finding () is logical in lieu of breakdown () since in a neighborhood of a bad 2 the function
(2) cannot be constant. See Figure 1.2 for a plot of the simulation means of W(2), ̂(2), and
(2)̂(2), and Figure 1.3 for plots of W(2), ̂(2) and the Euclidean norm of the stacked
vector [̂(2) [sup2¡f(0

)̂()g]4=1]
0. The norm appears never to fail to reveal mis-speci…cation

since it contains an element that is nowhere zero. Obviously the norm must be scaled to control for
its dispersion and to ensure a non-degenerate distribution limit. Our approach is precisely to use
this scaled stacked vector because for each nuisance parameter value some element will be non-zero.

Finding () is also logical since at true breakdown points (2) = 0 the CM statistic satis…es

W(2)

! 2(1), hence [W(2)] ! 1 by the Helly-Bray theorem.

Finding () therefore suggests W(2) exhibits weak empirical power near breakdown points.
Although (2) 6= 0 in a neighborhood of bad 2, recall the function (2) is continuous. In small
samples ̂(2) may therefore be insigni…cantly di¤er from zero near bad 2. If bad 2 are close
together then ̂(2) ¼ 0 for a range of 2 is possible, which is precisely what we see here. This
simply provides evidence that even power-optimizing average, supremum and integrated transforms
may su¤er from weak power, depending on ¡.

Finally, we repeat the experiment by generating a new set of 10,000 samples fg

=1, and

use a new interval ¡ = [0 2]4 that contains the origin, with …xed 1 = 3 = 4 = 0. We plot
each statistic over 2 2 f0 02  2g in Figure 2. The results again perfectly mimic the intuition
given in Section 2.2. The sample moment fails at the origin ̂(0) = 0 and the derivative is no-
where zero. In particular, there are no breakdown points in ̂(2) and therefore in the norm of
[̂(2) [sup2¡f(0

)̂()g]4=1]
0, and the mean [W(2)]  1 for all points 2.

Notice W() spikes at the origin  = 0. This occurs because we include a constant term: ̂()
= 0 by construction hence [̂()2] = 0 so W(2) is degenerate at  = 0 (Bierens 1990)

2.4 Score Test

Let ¨ be a positive de…nite matrix in R£, and ^̈
 a sample version that satis…es ^̈



! ¨.

De…ne the GMM estimator

̂ = argmin
2©

n
¹()0 £ ^̈ £ ¹()

o
where ¹() =

1



X

=1

()

and de…ne

̂ :=  ¡ (̂) and ̂() :=
1



X

=1

̂ (0)

Ẑ
(+)
 :=

½

argsup
2¡

½



̂(

¾¾

and Ẑ
(¡)
 :=

½

arginf
2¡

½



̂()

¾¾


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In order to reduce notation we only discuss Ẑ := Ẑ
(+)
 since the following carries over to Ẑ

(¡)
 .

In practice arg sup2¡()() is both unknown and possibly not unique, hence Ẑ is a set
with possibly more than one element for any , and asymptotically. For example, asymptotically
Ẑ is identically ¡ under the null, so it has positive Lebesgue measure. We therefore propose a
sample plug-in matrix

̂ =
h
̂(1)  ̂()

i
2 ¡¤ := ¡ £ ¢ ¢ ¢ £ ¡ ½ R£

where ̂() 2 R is any unique element of Ẑ, as long as the same selection criterion is used for

each . Examples include the …rst element of the set Ẑ ordinally ranked according to some

criterion; the …rst element of an ordinally ranked subset of Ẑ with the minimum, median, mean,

or maximum Euclidean norm jj̂()jj; and so on. We simply assume there exists a unique element
¤
() of the set Z := fargsup2¡()[ (0)]g = f()g satisfying

¤
() := plim

!1
̂()

In lieu of the key observations of Section 2.2, we stack weight-types popularized in the ANN
and STAR literatures:

( ̂) =

·

 (0);
n


0
³
̂

0

()
´o

=1

¸0

2 R+1

Now de…ne the
p
-scaled sample moment

̂() :=
1

p


X

=1

̂ £( ̂) 2 R+1

and covariance matrix §̂() := 1
P

=1

n
̂2 £ ̂( ̂) £ ̂( ̂)

0
o

2 R(+1)£(+1), where

̂( ) =: ( ) + ̂(̂  ) £ (̂) 2 R+1

̂(  ) := ¡

Ã
1



X

=1

( ) £


0 ()

!

£

µ

̂ ()
¡1 

0 ¹() £ ^̈
¶

2 R(+1)£

̂ () := ¡


0 ¹() £ ^̈ £



¹() 2 R£

and () is de…ned in (1). The test statistic has a quadratic form

T() = ̂()0§̂()¡1̂()

We analyze T() under a
p
-local alternative


1 :  = (0) + 

p
+ 

where  =  ¡ [j=¡1], and  is an =¡1-measurable random variables. Measurability implies
 may be a function of lags of  and other random variables contained in , hence trivially []
= 0 by the martingale di¤erence property of . It also implies switching or break models are not
included under 

1 if the switch or break mechanism is not =¡1-measurable (e.g. Hamilton 1994)2 .
The null hypothesis is  = 0 , and a global alternative is simply


1 :  = (0) +  + 

2Test procedures for Markov Switching and stochastic break models are studied elsewhere. See Bai and
Perron (1998) and Carrasco et al (2009) and their references.
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Finally, let ¡ be the subset of ¡ with bounded jj   for arbitrary   0. The main result of this
paper follows. See Appendix A for a sketch of the proof. As shown in Section 2..2 the agument
for a perfectly revealing parametric moment condition follows from results in Bierens (1982, 1990),
Bierens and Ploberger (1997) and Stinchcombe and White (1998). See Hill (2011: Appendix B.1)
for data generating process speci…cs under Assumption 3.

THEOREM 2.1. Let Assumptions 1-3 hold. Under 
1 , T() ) ()2 on C[¡] where 2()

is an almost everywhere continuous chi-squared process. In particular, T()

! 2( + 1) under

the null 0 pointwise on ¡ and under the distant alternative 
1 , T()


! 1 with probability one

for every  2 ¡.

Remark 1: Bounding jj   provides a mathematical safety net to ensure the test statistic
is non-degenerate for  or () very close to zero (cf. Hill 2008).

Remark 2: If the regression model  = (0) +  is mis-speci…ed then by simultaneously

using sample versions of [ (0)] and [
0(0

())] our test statistic diverges T()

! 1

for any nuisance parameter value  6= 0.
Remark 3: Theorem 2.1 ensures continuous test functionals (T()) have well de…ned

limits, including supremum and average functionals (Davies 1977, Bierens 1990). Since T() is
consistent for any  6= 0 a test functional is not required, but may be inspected by case for small
sample performance as we do below.

Remark 4: If the response is linear () = 0 and the plug-in is least squares computed as

exactly identi…ed GMM (i.e. () = ), then the test scale §̂() := 1
P

=1f̂
2
 ̂( ̂)̂( ̂)

0g
is computed with

(2) ̂( ) = ( ) +

Ã
1



X

=1

( )
0


!

£

Ã
1



X

=1


0


!¡1

£ 

3. MONTE CARLO STUDY We simulate 10,000 samples of linear and nonlinear AR
processes, with sample sizes  2 f200 500 2000g. In all cases we test if the true DGP is linear
AR. The nonlinear processes are Self Exciting AR [SETAR], Exponential and Logistic Smooth

Transition AR [ESTAR and LSTAR], and Bilinear [BILIN], each with an error 

» (0 1). See

Table 1 for details.

TABLE 1 : DGP

AR(2)  = 8¡1 ¡ 4¡2 + 
SETAR  = 8¡1 ¡ 12¡1 (¡1 ¸ 0) + 
ESTAR  = 8¡1 ¡ 12¡2 £ expf¡152

¡1g + 
LSTAR  = 8¡1 ¡ 12¡1 £ [1 + expf¡15¡1g]

¡1 + 
BILIN  = 9¡1 j¡1j

15 + 

Now write  = [1 ~0
]

0 = [1 ¡1  ¡5]
0 and  = [1 ¡1  ¡10]

0. We estimate an AR(5)
with a constant term  = 0

0 +  by GMM, with equations () = ( ¡ 0) and naïve
weight ^̈ = 11. In simulations not reported here there is essentially no di¤erence between ^̈ =
11, and the asymptotically e¢cient weight ^̈ = (1

P
=1[(̂)(̂)0])¡1 based on a …rst step

naïve GMM or OLS plug-in ̂.

3.1 Construction of T()

We test the GMM residuals ̂ =  ¡ ̂
0
 for omitted nonlinearity at the 5%-level using

sup2¡fT()g, randomized T(¤), and T(0) with a …xed 0. Throughout we use a discretized
set ¡ = [1   ] where for each sample  are uniformly randomized on ¡ = [5 10]6, and 
= [4]. The scale §̂() is computed using ̂( ) in (2).
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We use test weights ( ) based on ̂ = ̂
(+)

= [̂
(+)

(1)   ̂
(+)

() ], and exponential  () = exp fg

or logistic  () = (1 + expfg)¡1 functions. For example, the exponential-based weight is

( ̂) =

·

expf0ª()g
h
ª () expf̂

(+)0

() ª()g
i6

=1

¸0

2 R7

where the bounded argument ª() = [ª ()]
6
=1 is de…ned below. In this study the set of

solutions Ẑ = f̂()g was a singleton for every simulated series fg under any hypothesis:

for the given design ̂() always exhibited su¢cient curvature for a unique solution ̂() :=

argsup2¡f()̂()g3 .

Test results where only ̂
(¡)

() is used are essentially identical, and when both [̂
(¡)

()  ̂
(+)

() ] are used
there is a slight reduction in empirical power due to the increased weight dimension.

Now consider ª(), let [] round to the nearest integer; for any random scalar  write 
()
 :=

jj; and let 
()
() denote an order statistic: 

()
(1) ¸ 

()
(2) ¸ ¢ ¢ ¢ ¸ 

()
(). We use a one-to-one argument

ª() = [1 ~ª(¡1)  ~ª(¡5)]
0 that imposes a smooth weight at a high threshold:

~ª (¡) = ¡ if j¡j · 
()
([001£])

~ª (¡) =  f¡g £ 
()
([001£])

³
2 ¡ exp

n

()
([001£]) ¡ j¡j

o´
if j¡j  

()
([001£])

If  denotes the  2 (0 1) two-tailed quantile  (jj · ) =  then as  ! 1 by construction
j~ª (¡) j · 2 for  = 999, in particular j~ª (¡) j 2 [ 2] if j¡j ¸  . Other arguments
lead to roughly similar but sub–optimal results, including sign f¡g £ exp f¡ j¡jg proposed in
Hill (2008), or tan¡1(¡) proposed in Bierens (1982, 1990) where ¡ is standardized. We choose
such a high percentile  since in small samples a reduction in power occurs for smaller values like
 = 994 . There does not exist a practicum for selecting ª, and any choice will impact test results,
hence all subsequent results should be interpreted with some caution.

Each process is stationary geometrically strong mixing and jjjj4+  1 (An and Huan 1996).
It is then straightforward to verify each condition under Assumption 3. Further, under stationary

geometric strong mixing the central order statistic 
()
([]) of jj is consistent for the quantile 

(e.g. de Haan et al 1991).
In the case of sup2¡fT()g the p-value is computed by Hansen’s (1996) boostrap/Monte

Carlo method based on 1000 simulated samples of iid standard normals, drawn for each sample
fg


=1. The present framework is nested within the context developed in Hill (2008), hence the

asymptotic p-value is consistent (Hill 2008: Theorem C.1 in the technical appendix). An average
test functional, by comparison, is dominated by the supremum because the alternatives here are
not local or in…nitesimally "close" to the null (see Andrews and Ploberger 1994).

In randomized tests ¤ is a uniform draw from ¡ for each sample, and in the …xed case we use the
set mid-point 0 = [525  525]. Under the AR(5) null both T(¤) and T(0) are asymptotically
2(7) from which critical values are taken.

3.2 Most Powerful [MP] Tests

In order to gauge the power of the proposed test we compute MP tests against each alternative.

Since 

» (0 1) and  are known within the simulation, each model can be written as (1)

3The same su¢cient curvature arose for exceptionally large samples not reported here (e.g. = 100 000).
4Despite the necessity for boundedness of ª based on arguments in Stinchcombe and White (1998:

Theorem 3.1), within the present simulation design we …nd the best argument is simply  itself. Our
chosen ª() with  = 999 works very well since there is no, or nearly no, di¤erence between ª() and
 for small and large .



9

= 2() +  for some scalar () and (1) =  ¡ 1¡1. The regressors are: SETAR ()
= ¡1(¡1  0); ESTAR () = ¡1 expf¡2

¡1g; LSTAR () = ¡1(1 + expf¡¡1g)¡1;
and BILIN () = ¡1j¡1j

15. The errors are known to be iid standard normal so the MP test

statistic reduces to () = (1)
0() [()0()]

¡1
()0(1).

3.3 Additional Tests

We also compute Bierens’ (1990) and Lee et al’s (1993) statistics W() :=
(1

p


P
=1 ̂ (0ª()))

2̂2 () for exponential and logistic  (), where ̂2() = 1
P

=1 ̂
2
 £

( (0ª()) ¡ ̂ ()
0
̂)

2, ̂ () = 1
P

=1  exp f0ª()g and ̂ = 1
P

=1 
0
. We compute

W(¤), W(0) and sup2¡fW()g and use Hansen’s (19996) p-value method for the latter.
We also perform the following classic tests of regression model mis-speci…cation: Ramsey’s

(1969) RESET LM-statistic based on the auxiliary regression ̂ = 0
0 +

P3
=2

P3
=2 


 +;

the McLeod and Li (1983) statistic

X

=1

¡
̂2 ¡ ̂2

¢ ¡
̂2¡ ¡ ̂2

¢


X

=1

¡
̂2 ¡ ̂2

¢2
,  = 1 2 3

where ̂2 = ̂0̂; and an asymptotic version  of Tsay’s (1986) F-statistic. The latter is based
on …rst regressing non-redundant stochastic regressor cross-products vech[~~

0
] on all regressors

, vech[~~
0
] = 0 + ; and then computing  =

P
=1(̂̂) £ [

P
=1 ̂̂

0
]

¡1 £
P

=1(̂̂
0
).

Under the null for the given design standard arguments reveal 

! 2(( + 1)2) where  = 5.

Finally, we compute Hong and White’s (1995) non-parametric test statistic

1

(2 ln)
12

Ã
1

1
P

=1 ̂
2


X

=1

̂

³
̂ ¡ ̂

0


´
¡ ln

!



with Gallant’s (1981) Flexible Fourier Form estimator ̂ =
P[ln()]

=1  expf 0
g of [j]. The

parameters  are for each sample uniformly randomly selected from ¡, and  is estimated by least

squares. The non-parametric estimator ̂ is consistent by Corollary 1 of Bierens (1990), and our
series length ln() choice is defended by Theorem 3.2 of Hong and White (1995). Under regularity

conditions covered by our DGP, if the null is true then ̂

! (0 1), else ̂


! 1, hence a

one-sided test is performed.

3.4 Simulation Results

See Tables 2 and 3 for all randomized and sup-CM test results, and Table 4 for the remaining
test results. We do not report …xed CM test results here since T(0) is qualitatively similar to
T(¤). See Hill (2011: Appendix B.3).

We now summarize the most important …ndings.

. Constructing a sup-test functional sup2¡fT()g in order to improve small sample power is
utterly ine¤ective in the majority of cases. Indeed, randomized T(¤) and …xed T(0) exhibit
non-negligible power improvements over the sup-test in nearly every case. The reason for the
improvement is likely two-fold: T(¤) is asymptotically perfect so sup2¡fT()g need not
have more power; and the sup-test requires a bootstrapped p-value which is subject to additional
sampling error that vanishes as  ! 1.

. There is essentially no di¤erence between a randomized test and a test based on our choice of
…xed 0. Simulations not reported here reveal a wide range of …xed 0 render similar results.

. In the majority of cases T(¤) o¤ers a non-negligible power improvement over Bierens’
(1990) and Lee et al’s (1993) test statistic W(¤). There are, however, multiple interpretations
of this outcome. Hill (2008) obtains related results when STAR components  (0ª()) are
used in a vector-valued CM test, and since  contains a constant the weight nests an ANN weight
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 (0ª()). The present statistic T(¤) is similarly constructed from ANN and STAR-like terms,
whereas W(¤) uses only an ANN weight  (0ª()). If  () is exponential, for example, we

use expf0ª()g and ª () expf
(+)0
() ª()g, similar to Hill’s (2008)  expf0ª()g, except

ª () expf
(+)0
() ª()g cleverly ensures a perfect test asymptotically.

Hill (2008), however, cannot provide a theoretical reason for why his test statistic should have
greater power against a general alternative, although his test is consistent. We compute Hill’s
(2008) test statistic H() for comparison, which is simply W() with  (0ª()) replaced by
 (0ª()). See Table 2. Based on the present design the simplest statistic W(¤) achieves the
lowest power, then H(¤) as expected, while T(¤) exhibits a non-negligible improvement over

H(¤). The construction [ (0ª()) [ª()
0(

(+)0
() ª())]

6
=1]

0 appears to have a non-negligible

impact on empirical power.

 In the case of ESTAR and SETAR data T(¤) exhibits empirical power nearly identical to the
UMP test for  ¸ 500. In no case does W(¤) or H(¤) exhibit comparable power with a sample
size  = 500.

 Each remaining test works well in some cases. Both McLeod-Li and Hong-White tests, however,
su¤er from low power for SETAR.

3.5 Asymptotic Power

Finally, we investigate power over sample size  by computing T(¤) and W(¤) for ESTAR,
LSTAR SETAR, and BILIN data, and the corresponding UMP statistic, for each  2 f50 60 
 990 1000g See Figure 3 for power plots. The statistic T(¤) has power near the UMP test for 
¸ 250 in the case of ESTAR, and for  ¸ 500 for SETAR, while W(¤) lags behind in all cases at
each , often substantially.

4. CONCLUSION We exploit the CM test structure developed in Bierens (1982, 1990)
and elsewhere in order to optimize CM test performance. The resulting test exploits two sets of
interacting moment conditions that ensure any form of mis-speci…cation is detected for any nuisance
parameter value  6= 0. The interacting moment conditions are based on those popularly used in
the Arti…cial Neural Network and Smooth Transition Autoregression literatures. A simulation
experiment reveals a score statistic with a randomized nuisance parameter can obtain power nearly
equal to the associated most powerful test, even for relatively small samples, while the combination
of moment conditions provides a non-negligible increase in empirical power relative to tests with only
ANN or STAR interpretations. Both results provide small sample evidence of our test’s asymptotic
capabilities.

Appendix A: Proof of Theorem 2.1

Theorem 2.1 is easily veri…ed using extensions of results developed elsewhere. Although
intuition is presented in Section 2.2, the fact that the interacting moment condition is perfect,
a la Lemma A.1, below, follows from theory developed in Bierens (1982, 1990), and then broadened
in Bierens and Ploberger (1997) and especially Stinchcombe and White (1998), while the weak limit
theory is identical to Bierens (1991), de Jong (1996) and Hill (2008). In view of this, we present
below only an overview of the main steps in the proof of Theorem 2.1. A complete proof can be
found in Hill (2011), an unpublished supplementary appendix.

In order to prove Theorem 2.1 we must …rst formally demonstrate the proposed interacting
moment condition reveals model mis-speci…cation for any non-zero nuisance parameter value. We
then present asymptotic theory for the weak limit in Theorem 2.1. Finally, we prove Theorem 2.1.
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A.1 INTERACTING MOMENT CONDITIONS Recall the argument in Section 2.2
crucially exploits moment condition failure (0) = [ (00)] = 0 at the origin. We therefore
require 0 2 ¡, but sets ¡ not containing zero may be considered in practice. Indeed, Theorem 2.1

implicitly suggests the analyst ensures 0 2 ¡ precisely because (0) = 0. Consider 
(+)
() since all

arguments extend to 
(¡)
() , and drop "(+)" everywhere.

Construct the set Z = Z1 ­ ¢ ¢ ¢ ­ Z of matrices  = [(1)  ()] 2 ¡¤, () = [() ]

=1, from

() 2 Z :=

½

argsup
2¡

½



()

¾¾

=

½

argsup
2¡

½



·





 (0)

¸¾¾



In general Z may contain more than one element under either hypothesis, and may have zero or
positive Lebesgue measure. Under the null hypothesis, for example,




() =  [

0(0)] = 0 for every  2 ¡

hence Z = ¡¤ contains uncountably in…nitely many elements. Similarly, under mis-speci…cation 1

if () is non-monotonic then arg sup2¡ f[
0(0)]g need not be unique.

Now construct a vector weight function (note 1 = 1):

( ) =
h
 (0); 1

0
³
0
(1)

´
  

0
³
0
()

´i0

2 R+1

The weight ( ) is perfectly revealing in the sense that the set  = \
=1f 2 ¡ : [( )]

= 0, and  (0 2 0) = 1g contains only  = 0, or is empty.

THEOREM A.1. Assume Assumptions 1 and 2, and  ([j=¡1] = 0)  1 hold. Then  =
f0g if and only if  is 2-orthogonal to the closed linear span of f

0(0
())g


=1 and otherwise

 is empty.

EXAMPLE 1: Exponential Weight

Let  () = expfg and assume  is bounded uniformly in . If  [(j=¡1) = 0]  1 then
8 6= 0 h

 [ expf0g]  
h
1 expf0

(1)g
i
  

h
 expf0

()g
ii0

6= 0

EXAMPLE 2: Linearity

Suppose  = 0 such that  0(0
()) =  0(00) =  by Assumption 1. If  = 0 then 0 2 , and

if  6= 0 then 0 2  if and only if [] = 0.
For example, consider testing linearity () = 0. If we estimate 0 by OLS as exactly

identi…ed GMM (i.e. () = ), and  = 0 and  0(00) 6= 0, then [
0(0

())] =  £ []
= 0 under the GMM identi…cation condition. Hence  = f0g by Theorem A.2.

A.2 ASYMPTOTIC THEORY Standard arguments for expanding GMM estimators
under smoothness conditions are presented in Newey and McFadden (1994). By the mean-value-
theorem and Assumption 3 in Hill (2011), under 

1 we have the exanpsion

̂() =
1

p


X

=1

( ) +(0  )
1

p


X

=1

() +
1



X

=1

 ( ) + () = () + ()

say, where the remainder () 2 R+1 satis…es sup2¡ j()j

! 0 under Assumption 3, ( )

:= ( ) + (  ) £ (), and (  ) := plim!1 ̂(  ) uniformly in f  g. De…ne

() := plim
!1

1



X

=1

 ( ) , §(1 2) := plim
!1

1



X

=1

2 (1 )  (2 )
0

hence §() = §( )
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The weak limit under 
1 in Theorem 2.1 requires a revealing test weight ( ) characterized

by Theorem A.1, a pointwise central limit theorem and tightness, and a uniformly consistent
variance estimator §̂(). The asymptotic results stated below follow from Assumption 3, and
theory developed in Hill (2008).

LEMMA A.2. Let () denote a Gaussian element of C[¡] with mean function §()¡12()
and covariance function [(1)(2)

0] := §(1)
¡12 §(1 2)§(2)

¡12. Under Assumptions 1

and 3 and 
1 , §()¡12()


! () pointwise in ¡. Moreover j§()¡12()

p
j ! 1 with

probability one under 
1 for every  2 ¡.

LEMMA A.3. Under Assumptions 1 and 3 and 
1 the sequence f§()¡12(() ¡ ())g

is tight on ¡.

LEMMA A.4. Under Assumptions 1 and 3 sup2¡ j§̂() ¡ §()j

! 0.

PROOF OF THEOREM 2.1 Under 
1 use Lemmas A.2-A.4 to deduce §̂()¡12̂() )

() on C[¡] where () is de…ned in Lemma A.2. Now apply the mapping theorem to prove the
claim under 

1 . The remaining claims follow instantly from Lemma A.2 and the mapping theorem.
QED.
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Table 2: Randomized CM Test Rejection Frequencies

n = 200
AR LSTAR ESTAR SETAR BILIN

L-T(¤) .043 .256 .750 .453 .058

E-T(¤) .052 .426 .497 .302 .035

L-W(¤)
 .048 .119 .347 .213 .078

E-W(¤) .064 .121 .277 .183 .034

L-H(¤)
 .047 .134 .362 .196 .090

E-H(¤) .050 .133 .292 .167 .033

UMP(¤)
 - .956 1.00 1.00 .314

n = 500
AR LSTAR ESTAR SETAR BILIN

L-T(¤) .048 .587 .998 .910 .142

E-T(¤) .053 .754 .966 .835 .036

L-W(¤) .049 .304 .661 .444 .099

E-W(¤) .052 .318 .566 .425 .013

L-H(¤) .043 .306 .655 .449 .092

E-H(¤) .062 .330 .547 .400 .017

UMP(¤) - 1.00 1.00 1.00 .484

n = 2000
AR LSTAR ESTAR SETAR BILIN

L-T(¤) .048 .993 1.00 1.00 .465

E-T(¤) .047 1.00 1.00 1.00 .039

L-W(¤) .061 .752 .923 .837 .159

E-W(¤) .063 .778 .895 .821 .007

L-H(¤) .037 .723 .933 .858 .159

E-H(¤) .044 .751 .905 .855 .001

UMP(¤) - 1.00 1.00 1.00 .711

a. The nuisance parameter is randomized on ¡ = [5 10]+1 for each sample.

b. L = logistic; E = exponential. Values are rejection frequency at the 5% level.

c. Bierens’ (1990) and Lee et al’s (1996) CM test with logistic or exponential weight  (
0
).

d. Hill’s (2008) STAR test with logistic or exponential weight  (
0
).

e. The Uniformly Most Powerful test. Each test statistic is designed to be UMP for the particular H1.
In simulations not reported here, each statistic obtains empirical size roughly equal to nominal size.
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Table 3: Sup-CM Test Rejection Frequencies

n = 200
AR LSTAR ESTAR SETAR BILIN

L-supT() .056 .189 .772 .390 .037

E-supT() .061 .333 .510 .224 .021

L-supW() .051 .086 .352 .111 .050

E-supW() .068 .093 .279 .109 .018

L-supH() .049 .091 .399 .112 .067

E-supH() .054 .102 .314 .085 .018

supUMP() - .852 1.00 .991 .254

n = 500
AR LSTAR ESTAR SETAR BILIN

L-supT() .051 .512 1.00 .889 .129

E-supT() .054 .691 1.00 .771 .027

L-supW() .047 .258 .690 .402 .082

E-supW() .050 .229 .602 .383 .009

L-supH() .047 .244 .679 .368 .073

E-supH() .058 .300 .582 .361 .003

supUMP() - .912 1.00 .937 .483

n = 2000
AR LSTAR ESTAR SETAR BILIN

L-supT() .045 .948 1.00 .979 .383

E-supT() .039 .952 1.00 .940 .028

L-supW() .052 .742 .942 .804 .111

E-supW() .062 .689 .912 .763 .009

L-supH() .035 .706 .955 .791 .134

E-supH() .028 .666 .931 .772 .001

supUMP() - .919 1.00 .949 .647

a. The statistic is optimized on ¡ = [5 10]+1, and the p-value is computed by bootstrap.

b. L = logistic; E = exponential. Values are rejection frequency at the 5% level.

c. Bierens’ (1990) and Lee et al’s (1996) CM test with logistic or exponential weight  (
0
).

d. Hill’s (2008) STAR test with logistic or exponential weight  (
0
).

e. The Uniformly Most Powerful test. Each test statistic is designed to be UMP for the particular H1.
In simulations not reported here, each statistic obtains empirical size roughly equal to nominal size.



16

Table 4: Nonlinearity Test Rejection Frequencies

n = 200
AR LSTAR ESTAR SETAR BILIN

RESET .025 .180 .661 .461 .013

TSAY .058 .440 .994 .649 .728

ML .038 .103 .613 .184 .648

HW .017 .002 .410 .048 .096

n = 500
AR LSTAR ESTAR SETAR BILIN

RESET .029 .816 .992 .981 .043

TSAY .044 .926 1.00 .992 .863

ML .043 .308 .905 .491 .973

HW .025 .086 .998 .164 .438

n = 2000
AR LSTAR ESTAR SETAR BILIN

RESET .024 1.00 1.00 1.00 .197

TSAY .045 1.00 1.00 1.00 .968

ML .041 .886 .998 .976 .998

HW .079 .460 1.00 .729 .957

a. Ramsey’s RESET test. b. Rejection frequency at the 5% level.

c. Asymptotic version of Tsay’s F-test. d. McLeod-Li test with 3 lags.

e. Hong and White’s (1996) nonparametric test with Gallant’s (1981) FFF plug-in.
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Figure 3: Empirical Power against Nonlinear AR Alternatives
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