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1. Introduction

ABSTRACT

We establish invariance principles for a large class of dependent, heterogeneous arrays. The
theory equally covers conventional arrays, and inherently degenerate tail arrays popularly
encountered in the extreme value theory literature including sample means and covariances
of tail events and exceedances. For tail arrays we trim dependence assumptions down to a
minimum leaving non-extremes and joint distributions unrestricted, covering geometrically
ergodic, mixing, and mixingale processes, in particular linear and nonlinear distributed lags
with long or short memory, linear and nonlinear GARCH, and stochastic volatility.
Of practical importance the limit theory can be used to characterize the functional limit distri-
butions of a tail index estimator, the tail quantile process, and a bivariate extremal dependence
estimator under substantially general conditions.

© 2008 Elsevier B.V. All rights reserved.

In this paper we deliver invariance principles for L-bounded stochastic functions, including conventional arrays and inherently
degenerate tail arrays, allowing significant degrees of dependence and heterogeneity. The tail array results permit the most general
available limit theory for Hill's (1975) tail index estimator, a tail empirical quantile processes, and a tail dependence estimator.
Together, these results have substantial practical value: extreme value estimators are frequently applied to dependent and/or
heterogeneous data in finance and macroeconomics, yet available theory does not adequately cover many processes assumed in
the literature (e.g. stationary ARFIMA; nonlinear GARCH processes; regime switching).

We present invariance principles of the form

(&)

> Xne(u) = X(&,u) where & €[0,1] and u e [0,1]"", k>1,

t=1
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for mean-zero functional arrays {Xp¢(u)}, Xn¢ : [0,1] — R, with X(&, u) a Gaussian process with almost surely continuous sample
paths, and n(¢) an integer sequence. The array {Xp((u)} is assumed to be uniformly L,-bounded

sup  (EXne(w)")Y" = 0(n—) (1)
uel0 11 r>1

for some mapping a : [1,00) — (0, %] and r > 2. The standard array for a stationary finite variance process {X;} is

n=12(X; — E[X;])
[E(n-1250 (X, — E[X]))*]7?

Xnt =

hence k=1 and a(r) = % atleast forr e [1,2].

The main invariance principle, Theorem 2.1, equally covers near epoch dependent (NED) arrays and extremal-NED tail arrays,
including the sample means and covariances of tail events and exceedances (Corollary 3.3). The NED concept dates in various
forms at least to Ibragimov (1962), Ibragimov and Linnik (1971), and McLeish (1975). See Gallant and White (1988) and Davidson
(1994) for historical details. E-NED, due to Hill (2005), restricts NED to extremes only, it is a marginal tail property that leaves
non-extremes and joint distributions unrestricted, and characterizes at least linear and nonlinear distributed lags with long or
short memory, linear and nonlinear GARCH and stochastic volatility. See Section 3.

Central limit theory for dependent, heterogeneous non-tail arrays has received prolific attention, including Hall and Heyde
(1980), Wooldridge and White (1988), Davidson (1992), de Jong (1997), Davidson and de Jong (2000), Wang et al. (2002), Wu and
Woodroofe (2004) and Wu and Min (2005) to name a few.

Some of the best invariance principles are offered in Davidson and de Jong (2000) for NED arrays, and Wu and Min (2005)
for L,-weakly dependent processes, cf. Wu and Woodroofe (2004). We show in Section 4 that none of their results apply to tail
arrays due to degeneracy properties. Tail arrays are critical for risk management and cost, damage and catastrophe modeling in
financial, actuarial and meteorological studies. Consult Beirlant et al. (1994), Embrechts et al. (1997), Rootzén et al. (1998) and
Finkenstadt and Rootzén (2003) for background theory and applications.

Consider some process {X;} that takes values on [occ,0), where {X¢}! ; is the sample path, and {k;} and {by} are real-valued
sequences satisfying k, € N, k; — oo, kn/n — 0,b, — oo and (n/kn)P(X; > bn) — 1 asn — oo.Thus, by, is the asymptotic k,/nth — 0
quantile and any X; > b, is an extreme value.

Tail arrays include the b,-event process

Up () 1= kg V2 (X > bu/u) = P(Xe > o/, u=1[0,1], 2)
the bp-exceedance process

Uny = ky 2 {(InXe/bn), — E[(InX¢/bn), ]} where (2), := max{z,O0}, (3)
and an intermediate tail empirical quantile processes,

Ay, ‘= k”_l/2 x In(X(x,)/bn) where X(1)>X)> --- are ranked X;’s. (4)

The tail array {Uj; (1)} is a uniformly bounded function of a possibly infinite variance process. Central limit theorems for
bounded functions of a-stable moving averages are delivered in Hsing (1999), Pipiras and Taqqu (2003), and Pipiras et al. (2007).
Property (1) does not require boundedness of X, ((u), and the process X; on which X;¢(u) is based extends well beyond moving
averages, the o-stable laws and their domains of attraction.

Rootzén et al. (1998) analyze generic tail array sums under a mixing condition, and Hsing (1991) analyzes {Uj}; (1), Un} for
strong mixing processes. See also Leadbetter and Rootzén (1993). Rootzén (1995), Drees (2002) and Einmahl and Lin (2006)
consider functional limit theory for iid and mixing tail empirical processes. Typically the imposed restrictions are rather abstract
(Rootzén, 1995; Einmahl and Lin, 2006), or have only been exemplified for linear processes (Einmahl and Lin, 2006: asymptotically
independent extremes, AR(1)). See also Csorgo et al. (1986), Mason (1988), and Einmahl (1992).

Our motivation is the use of tail arrays for tail shape and dependence characterization and estimation. We deliver an invariance
principle for the k,th-exceedance mean

- 1 n(¢)
5, (&) 1= = D (I Xe/Xkyep41))+0 (5)
t=1

a functional estimator of the index of regular variation proposed by Hill (1975) and a natural measure of tail thickness (Resnick,
1987) and therefore financial market risk (Bradley and Taqqu, 2003). The limit theory is apparently the most general available.
Similarly, we prove an invariance principle for the extremal event covariance

n(&)
Preyh,u) = Z U ep(u1) x Upo(u2) where u= [u1,u2] €[0,1]? (6)
t=1
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for a joint process {Xi, Xz} where Uy ; (u;) is defined by (2) for each X;,. We do not require a specified bivariate tail shape and
we allow for any form of non-extremal dependence, all in contrary to extant conventions. Cf. Ledford and Tawn (1997, 2003),
Coles et al. (1999), Embrechts et al. (2003), Heffernan and Tawn (2004), Schmidt and Stadtmiiller (2006) and Kliippleberg et al.
(2007).

Section 2 contains the main result for {X,(u)}, Section 3 delivers invariance principles for tail arrays {Un1, U;;’“(u)},
Section 4 presents examples, and Section 5 characterizes limit laws for &,:nl(i), Gk, and ppz(u). All proofs are relegated to
Appendix A.1, and Appendix A.2 contains supporting lemmata.

Throughout £ and —d>, respectively, denote convergence in probability and finite dimensional distributions, and = denotes
weak convergence on a metric space. Gaussian elements of function spaces have zero means. [z] is the integer part of z. Write
(2), := max{z,0}. | - | denotes the l;-matrix norm: |x| := } |x;;|, and | - ||p is the usual Ly-matrix norm: [|X|p := (3_ E|xiJ-|P)]/".
K >0 is always a finite constant whose value may change from line to line. Write {X;} = {Xn}; > 1.

2. Assumptions and main result

Let {X;} = {X; : —oco<t<oo} be a stochastic process on the probability measure space (Y, 3, 1), where 3 = o(|J;.7 3¢) and
3to1 € Jr=o(X; s TL)

2.1. Cadlag processes

We will work with processes x(&, u) on the following cadlag space (consult Billingsley, 1999)
Dy :=D([& 1] x [0,1]1), k=1,

where & € (0,1], u € [0, 1]"’], and x(1,u) = x(1—,u) for every element x € D;. If k =1 then by convention x(&,u) = x(&). The
martingale difference approximation argument used to prove the main result, Theorem 2.1, is greatly expedited by bounding ¢
away from zero.

Let X;,.¢(u1) be D[0, 1]~ -valued and define

n(é)
Xn(&u)i= ) Xne(u).
t=1

The functional n : [0,1] — N is right continuous with left limits, non-decreasing, n(¢) — oo as n — oo,n(&;) — n(&;) —
oo V&1 >&5, n(0)=0,and n(1-)=n(1)< n.

We assume {X;((u)} is L.-bounded in the sense of (1). Examples in the extreme value theory literature are detailed in
Section 3.

Definition (Functional array). {X,:(u)} is an Ly-functional array of {X;} if (i) X, ((u)eD|O, 1]"‘1; (ii) E[Xn¢(u)] = 0; and (iii) there

exists a function a : [1,00) — (0, 1], such that SUP, gt ¢ > 1 IXme(Wllr = O(n~") for some r > 2.

Remark 1. We call a(r) the rth-moment index.

Remark 2. The standard case Xnr = n~Y2(X; — E[X¢])/In~Y2Z{_{(X; — E[X¢])ll2, Where sup; > 1 IX|l2 < oo, implies a(r) = 2 for at
leastr € [1,2].

Remark 3. Although L;-boundedness || Xy :(u)||r <Kn~«") uniformly in t is inherently satisfied for tail arrays {U,*;'t(u), Un,s} under
minimal assumptions, it does limit the scope of the main results for non-stationary non-degenerate arrays (cf. de Jong, 1997,
Davidson and de Jong, 2000; Wu and Min, 2005).

2.2. F-mixing and F-NED: tail memory and heterogeneity

The following dependence concepts are developed in Hill (2005) for a less general context. Let {&;} be an arbitrary, possibly
vector-valued stochastic process with g-algebra

Gt :=0(e; : T<t) where Gj := a(e : a<t<h).

In some minimal sense we want to be able to predict X;, (1) using G;-measurable information E,; induced from &;. Examples
include E,, c = & itself, or En s = h(ét, &1, ...) a Borel measurable function; but also the extreme event E;, s = I(|&:| > 7tn ¢ ), exceedance
(le¢l — mn,e ), and value g x I(|e¢| > 7y ) for some non-stochastic array {7y}, 7n¢ — oo as n — oo, or Borel measurable functions
of extreme values.
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Typically E,; = ¢ is iid or a martingale difference. The point here is we only require & to satisfy a weak mixing condition in
the sense that the G;-measurable information Ej is assumed to mix.
Throughout we use the following array of o-fields:

Frt = 0(Enz: t<t) where Fl; = 0(En : s<TLU) (7)

and a sequence {I,} of integer displacements where I, — oo as n — oo. Define g-sub-fields A, € F;'_oo and By, € Ffmn, and
define mixing coefficients

&, = sup |P(An¢ N Bn,t+ln) - P(An,t)P(Bn,t+ln )i
Ant.By i, iteZ
@), = sup |P(Bn,t+ln |Ant) — P(Bn,t+l,, .

An Bty iteZ

Definition (F-mixing). If nl'/2-aR% kg, 0asn — oo for some {ln}, In — oo, and some r>2 and 4>0 we say {&} is functional-
strong mixing with size A . If nl/2-0"R g 0 asn — oo for some {ly}, I — oo, and some r>2 and 4>0 we say {&]} is
functional-uniform mixing with size /> 0.

Remark. F-mixing is simply mixing assigned to the functional {E; ¢} as n — oo. Hill (2005), for example, exploits a mixing tail
event En ¢ = I(|&| > 7yt ), o — 00 as n — oo, in which case ¢ is called extremal-mixing (E-mixing). Standard inequalities apply,
and ife; is mixing then it is F-mixing. See Hill (2005) for a comparison of E-mixing and Leadbetter’s (1983) D-mixing property.

Next, we restrict tail memory and heterogeneity in {X;} by assuming the functional array {Xj:(u)} is NED. We say some
stochastic array {yn:} is Lp-NED, p>0, on the array of o-fields {Fn,t} with size A>0 if there exist arrays of non-stochastic real
numbers {dy} and {¢;}, where dyt >0, @, € [0,1), and ¢; = o(I=*) such that

Wi — Elyned FEE Tp <dne x o). (8)

As | — oo information induced from the near epoch {En,r}fj can be used to predict y,; with vanishing prediction error in
Lp-norm. The “constants” d,: permit time dependence of the L,-norm and may satisfy dn¢ — oo as t — oo if there exists
a trending moment. The “coefficients” ¢; gauge hyperbolic (i.e. “long”) memory decay. If memory is geometric (i.e. “short”)
@, =0(p~!), then size A is irrelevant and therefore arbitrarily large.

Property (8) characterizes linear and nonlinear distributed lags with any degree of tail thickness and long or short memory
(e.g. bounded contraction mappings, bilinear processes: see Gallant and White, 1988; Davidson, 1994), covariance stationary
GARCH (Davidson, 2004), and stochastic volatility (Hill, 2008a). Further, since & can in principle be anything, it can be a mixing
process, and yn: = En+ = & is always possible. Thus, any mixing process, including geometrically ergodic processes, can be
characterized by NED (8), including nonlinear GARCH (e.g. Carrasco and Chen, 2002), nonlinear AR-GARCH, neural networks and
regime switching processes (e.g. Meitz and Saikkonen, 2008).

Definition (Functional near epoch dependence). {X;} is Lq -F-NED, q>1, on {Fy} with size >0 if some L,-functional-tail array
{Xn,t(u)} based on {X;} satisfies two conditions.
(i) For some {I,}, I — oo,

[1Xn,e(u) — E[Xn'[(u)IF;tlfln]“q Sdni(u) x @, uel0, 177, 9)

where the Lebesgue measurable array {d(u)}, dpn; : [0, 1]"’1 — Ry, satisfies sup, dn(u) = O(n~4") for some r>q,
and ¢, = o(n?-9AD74) 1f k=1 then dp,(u) = dn,.

(ii) For AXpe(u1, up) 1= Xne(u1) — Xne(u), and Vug, up € [0,1]77,

cl01¢ =1

| AXin (1, z) — E[AXne(ur, u)IF5H, Tlg < (&m X Max uy - uuﬂ/‘J) X @y (10)

SIS K=
where sup; > { dn = O(n~%®),

Remark 4. Property (9) simply states the functional array {Xp¢(u)} is Lg-NED on {F;,}, and can therefore be predicted from

information induced from the near epoch {En,,}gff: asn — oc. Since dn(u)p; = o(n=4P)[-*) the scaled prediction error satisfies
at least hyperbolic decay

N X (1) — E[Xnc(W)IFSE" Tllg = o(ly ™).
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Remark 5. In the non-functional case X, = Xy ¢(u) property (10) is irrelevant and (9) reduces to the L;-NED property (8). Thus,
Lq-F-NED easily captures the conventional L, -NED setting for covariance stationary Xn,r=n~"2(X¢—E[X;])/In~ V21 (Xe—E[X¢])ll2,
with a(2) = 1. In this case n9®)| X, — E[x,,,t|F;_+t’j 2 = KiXe — E[xt|F;ft’j T2 = o(lz%).

Property (10) ensures the sequence of probability distributions associated with {X;(&, u)} is tight. In order to ensure the limit
law X(&,u) is also almost surely continuous in u we will need a partial sum of Z(9) := SUDy, ;—uy < 6 |AXp t(uq,uz)| to have a
bounded variance. This can be ensured by assuming Z,;(d) is L,-NED, a much stronger version of (10). Under weak conditions
(e.g. Dellacherie and Meyer, 1978) Z,j(9) is o(J¢ U F;,*tljln )-measurable for eachj=1,...,k — 1, and the required extension of (10)
is

1Z5() —E[znvtj(5)|F;ft’f,n]|\q<1< x O xdne x @, j=1,.k—1. (10"

2.3. Main result

Assumption 1. (a){X;((u)} is an L-functional array with rth-moment index a(r) : a(2) = % and 2a(2r)>a(r).

(b){X:} is L,-F-NED in the sense of (9) with size A = % The base {¢} is F-strong mixing with size r/(r — 2) for some r>2, or
F-uniform mixing with size r/[2(r — 1)] for some r >2.1

(c) {X¢} is L,-F-NED in the sense of (10) with size A = % and the same mixing base {¢;} as above.

(d) For some finite function x(¢, 6) > 1 the limit [n(& + 0)/n(&) — x(&, )| — 0 exists V& € [, 1 -], 0 € [0,1].

Theorem 2.1. Under Assumption 1, Xp(&,u) = X(& u) on D, where X(&,u) is Gaussian with independent increments, P(X(&,-) €
C[&1]) =1 and E(Xa(&,u)?) = O(1). Further, if (10') holds then P(X(-,u)  C[0,1]*"") = 1.

Remark 6. The proof exploits a martingale difference approximation for NED {X,:(u)} based on Bernstein blocks, cf. Davidson

(1992), de Jong (1997) and Davidson and de Jong (2000). The restrictions on the rth-moment index a(r) under Assumption 1(a)
ensure a required Lindeberg condition is satisfied.

Remark 7. Assumption 1(d) expedites tightness of {X,(&, u)}. If n(¢) = [né] the assumption is trivial since k(&, 6) = (1 + §/&) <0
vi=E¢>0.

Remark 8. Suppose (&, u) := limp_ o [|Xn(&, u)||2 exists for all ¢ and u, where 5(&,-) is a non-decreasing function on [0, 1],
n(0,-)=0,n(1,-)=1.For fixedu € [0, 1 J1 if n(&,-) =& then X(¢&, -) is Brownian motion, otherwise X(&, -) is transformed Brownian
motion.

Remark 9. If X;,+(u) = Xy satisfies Assumption 1 and limp_, o [|Xn(E)ll2 = 7(&) € [0,1], then Z’;f])xn,t = X(&) a (transformed)
Brownian motion law. This is essentially a version of Davidson and de Jong’s (2000, Theorem 3.1) invariance principle for L,-NED
arrays, and matches the generality of Wu and Min’s (2005) results. Our L;-functional array assumption sup; > 1 [ Xn¢llr = O(n—ar)
is simply a restricted version of Davidson and de Jong’s L,-boundedness condition. Theorem 2.1 goes much farther than either
set of results, however, by including cadlag functionals X;, (1) and degenerate tail arrays, the subject of the next section.

A non-function central limit theorem is merely a special case of Theorem 2.1. In this case, however, Assumption 1(c)-(d) is
superfluous. Let k = 1 such that {X; ¢} be the L,-functional array associated with X;.

Corollary 2.2. Under Assumption 1(a)-(b) Y"1 Xns 4 X, a Gaussian law with zero mean and finite variance.
3. Invariance principles for tail arrays
Assume X; has for each t a marginal distribution P(X; < x) with support on [0, o) and a regularly varying tail
Fe(x) := P(X; >x) =x"“L(x), >0 where L(x) is slowly varying. (11)

See, e.g., Bingham et al. (1987) and Resnick (1987) assume F¢(x)/F:(x—) — 1 as x — oo. Then there exist sequences {k,} and
{bn}, 1<kn<n, kn € N, kp=o0(n), kn — oo and b, — oo satisfying (Leadbetter et al., 1983: Theorem 1.7.13)

lim Iﬁp(xt>bn)=1. (12)

n—oo (11

1 Only the F-uniform mixing case applies if r = 2.
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Forany c=[c1,¢2] € R? construct a linear combination of the tail arrays {Un,, Uy, (1)}
Yne(c,u)=c1Ung + Uy (1)

Note E[Yy(c,u)] = 0 by construction, and tail exceedances and events are inherently L--functional arrays.

Lemma 3.1. The array {Yn(c, u)} satisfies sup Yne(e, w)llr = O((kn/n) " k; V2 ) =0O(n=9) vr >0, where a(1) > 3. a(2)=

and 2a(2r) > a(r). Further a(r)>1/r for all r > 2.

1
uel0 1% 1e>1 | 2

Remark 10. Assumption 1(a) is therefore satisfied for {Un, U}, ().

The L,-F-NED properties are particularly insightful for characterizing extremal dependence in {X;} if Xn((u) = Uy (u).
Properties (9)-(10) reduce to the following functional-extremal-NED property.

Definition (L,-FE-NED). {X;}is Ly FE-NED, g >0, on {F;} defined in (7), with size A>0if forany u € [0,1]and 0 <u; <up<1,and
some {Ip}, In — oo,

ki /2 (X, > bufut) = P(Xe > by /ul 5, Yllg < dine(ut) x oy, (13)
and
0 ne(ug, up) [In,eCuq, up)l n,t—ln]”q < (dnt X ]<Hi'lg)’§7] [Uug; — Uy X Qs (14)

where I ¢(uq,uy) := I(bp/uy <Xt <bp/ui), and dpn(u) is Lebesgue measurable. The arrays {dp(u), a,.,,t, @y, satisfy sup,co1r>1
dn (1) =O(ky " (kn/n)"") and sup; s 1 dne = O(ky *(kn/n)V") for some r>q, and ¢, < [0,1)and ¢, = o((kn/n)"/4""1;7).

Remark 11. The FE-NED property (13) is NED applied to the tail event I(X; > by/u), so it only characterizes memory and hetero-
geneity in extremes and says nothing about non-extremes X; < b,/u — oo.

Remark 12. Any L,-NED process {X;} with tail (11) is Ls-FE-NED for any q > 2 (see Lemmas A.8 and A.9 in Appendix A.1), thus
properties (13)-(14) characterize mixing and geometrically ergodic processes, and at least linear and nonlinear distributed lags,
covariance stationary linear and nonlinear GARCH, and stochastic volatility. But FE-NED also covers GARCH data with unit or
explosive roots (Hill, 2008b).

Remark 13. Since dy(u) x @, = o(ky /*(kn/n)"/91;%), L,-FE-NED implies

nt—Iy

B0 > bu/ut) = PO > buul e, ) = 0(132).
n

Now expand the quadratic, and exploit properties of regularly varying functions and (n/k,)P(X; >b,) ~ 1 to deduce {X;} is
L,-FE-NED on {F;} if and only if

n
o ELPOX > boful Pl )2 = u® + o(1; ),

Thus, as [, — oo the extreme event predictor P(X; >bn/u|Ffftlj

(n/kn)E[I(X¢ > bp/u)] — u®.

,n) converges to the event I(X; >by/u) in Ly-norm, which satisfies

Remark 14. The analogue to (10) is

k2 <K xdnex 05 @, j=1..k-1. (14)

sup  Ine(ug,uz) —E |: sup In.t(ulvu2)|F;rfliln:|

[ugj—upjl <0 [ugj—uzjl <O

q

Assumption 2. (a)X; is Lq-FE-NED on {F} defined in (7) with size A= % and Lebesgue integrable constants dy, ((u), [01 uVdne(u)
du= 0(l<;]/2(kn/n)]/r). The base {¢]} is either F-uniform mixing with size r/2(r — 1), r>2, or F-strong mixing base with size
r/(r—2), r>2.

(b) For some bounded function 1< (&, 8) <K, limy_, o [n(£ 4 6)/n(&) — k(&,6)] — O exists VE € [£,1 - 6], d €[0,1].



J.B. Hill / Journal of Statistical Planning and Inference 139 (2009) 2091 -2110 2097

If (13) holds for g = 2 such that the event process Uy; (u) is L,-NED (8), then the exceedance process {Un,} is also L,-NED. Thus
(13) characterizes a primitive tail memory property.

Lemma 3.2. Under Assumption 2(a) with q = 2:

(1) {Yne(c,u)) is L-NED on {Fn¢) coefficients ¢, and O(k;l/z(kn/n)]/r)—constants. In particular {Un,} is Ly-NED on {Fy;} with
coefficients ¢, and constants o~ 1K f01 u=Vdy e(u)du.

(ii) {Ync(c,u),Fny} forms a zero mean Ly-mixingale array with size % and constants cp ¢ = O(n~1/2): there exists a sequence (W} of
positive numbers, yy; = 0(1;1/2) , such that for some {I,}, I, — oo (cf. McLeish, 1975)

IE[Yne(c, w)IFpe_p, N2 <cnetpy,,
1Yn,e(C,u) = E[Yn,e(C, )IFp e, ll2 < ey, 41

The next result is an immediate consequence of Theorem 2.1 and Lemmas 3.1 and 3.2.

Corollary 3.3. Under Assumption 2 with q = 2, Zt ]) Yar(c,u) = Y(& c,u) on Dy, where Y(&,u,c) is Gaussian with independent
increments, P(Y(¢,-) € C[&,1]) =1, and E(3_[, Yue(c,u))? = O(1). Further, if (14') holds then P(Y(-,u) e clo, 11 =1

Remark. A non-functional version of Corollary 3.3 follows under only the L,-FE-NED property (13), similar to Corollary 2.2. See
Hill (2005).

Corollary 3.3 and a Cramér-Wold device for D,-valued processes (e.g. Phillips and Durlauf, 1986) deliver the joint weak limit

n(<)
Uk 2 U(Xe > bufu) = POXe > bo/u) . [U*(f, u)] .

Via n(&) 1[63)
1/kn ;{(lnxr/bnh — E[(InX¢/bn), I}

The limit processes {U(&)} and {U*(&, u)} are Gaussian with almost surely continuous sample paths along &, independent incre-
ments, and finite variance. Under (14’) the sample paths of U*(&,u) are almost surely continuous along u.

4. FE-NED arrays and extant FCLT’s

We now discuss extant central limit theorems that cannot include the tail arrays {Uy, U}, ,(1)}. Davidson and de Jong (2000,

Theorem 3.1) show ZK"“ Xnt = X(&) for some sequence of increasing, right-continuous functions {K,(&)}, where {X;;} is
L,-NED (8) on some {F, ¢} with size 1 = % and constants dp . They require some positive non-stochastic array {cn} a sequence
{gn}, 8n — 00, 8n =0(n), and My,; := Max;_1)g,+1 <t<ig, Cnt SUCh that {X t/c ¢} is Lr-bounded, r>2, and

—1/2 _ . _
| max My =o(g; ") ZM 0lg; "), 0 =oKu(E), where ry(é)=|

Their framework is quite ingenious for non-degenerate arrays and allows substantial memory and heterogeneity, but cannot be
satisfied for tail arrays.

Lemma 4.1 (Hill, 2007a). Let Kn(&)/n — a(&)>0 a finite constant function. There does not exist an array {cn:} that satisfies
Mp;=o0(g, ]/2) and Zr”(g M2 ;=0(g —1) such that {Uy¢/cn¢) or {Uy, [(u)/cn ) are Ly-bounded for all t and any r>2.

Remark. The imposed properties on ¢y are too restrictive simply because Un and Uy, (1) are asymptotically degenerate.

Wu and Min (2005, Theorems 1 and 3) establish invariance principles Z["C] Xe/IIX 11 Xell2 = X(&), for stationary distributed
lags X; = "°y Y;a;_; where a; = h(er, &1, ...) a Borel measurable function of zero mean iid shocks e, E(e )<oo. Under their
Theorem 1, for example, coefficient summability conditions are enforced and a; is L,-weakly dependent of order 1, p>2 (Wu
and Min, Eq. (4)). They conclude || Y"1, Xt|l2/+/7 is slowly varying, a property that expedites their invariance principle (see below
their Eq. (38)). Their Theorem 2 tackles y; = I(iynP, 1 < B<1, for slowly varying I(i).

The simplest case is their Theorem 1 for iid X; (}; =0 Vi> 1, a; = &) in which case the summability conditions automatically
hold. Define S;, := "X, [I(X; > bne!) — P(X; > bye")] and o2 := E[S2].
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Lemma 4.2 (Hill, 2007a). IfX; is iid with distribution tail (11) then 62 — oo, |E(Sn|Xo)ll2 =0, and a2/n is regularly varying with index
1. Further, 63/ky is slowly varying.

Remark. Thus I(n) := o2/n is not slowly varying l(wn)/I[(n) — 1 Yw >0, but regularly varying l(wn)/l(n) — s simply because
P(X¢ >bpet) ~ e~ (kp/n) under (11) is degenerate. Wu and Min’s use of slowly varying 2/n is supported by arguments in Wu
and Woodroofe (2004, Lemma 1 and Theorem 1). But the key Lemma 1 of Wu and Woodroofe (2004) is wrong as stated, at least

for tail arrays: 62 — oo and ||E(Sp|Xo)l2 = o(c?2) are trivial, but clearly 2/n is not slowly varying. The correct scale, however, is
1/kn as shown in Corollary 3.3.

5. Applications

Assume X; >0 a.s. has tail (11). In this section we develop a limit theory for the intermediate tail quantile function gy, ¢}, the
Hill-estimator &,;n](.f) in (5), and the tail dependence estimator pp(h, u) in (6). Let n(¢) = [n¢] for brevity.

5.1. Tail index estimation and the tail quantile process

We must restrict the regularly varying class (11) in order to expedite asymptotic normality in the manner of Goldie and Smith
(1987, SR1). See, also, Hsing (1991) and Hill (2005).

Assumption 3. For some positive measurable functiong : R, — R,
L(/x)/L(x) — 1 =0(g(x)) asx— oc. (15)
g has bounded increase: there exists 0<D, zg < oo and 7 <0 such that g(Az)/g(z) <DA* some for 4> 1, z>zp. {ky} and g(-) satisfy
vkng(bn) — 0. (16)

Remark. Tails satisfying (11), (15) and (16) include F(x)=cx~%*(1+O((In x)fo)) and F(x)=cx"%(1+0(x~%)). The latter characterize
GARCH processes (Basrak et al., 2002) and (16) holds in this case if k, ~ n%, §<20/(20 + «) (Haeusler and Teugels, 1985).

Define
5 [n¢] o)
v3a(&)=E (ki? (8, (©—a"))" and 03,(&):=E[ Y Up (1)) .
t=1

Theorem 5.1. Under Assumption 2(a) with q=2 and Assumption 3 there exist Brownian motion laws W1 (&) and W5 (&) with variances
limp— 0o vizn(é)<oo, i=1,2, such that

kel (65, (&) — o)y = Wa(8) and k> (In X, 7y/bn) = W (©).

Remark. Evidently the above result exists under the weakest conditions available in the literature since it covers mixing,
geometrically ergodic, L,-NED and L,-FE-NED data. Non-functional theory exists for iid and strong mixing processes (Hall, 1982;
Hall and Welsh, 1985; Hsing, 1991; Drees et al., 2004), and for data with NED extreme events (Hill, 2005). See Hill (2005) for a
complete literature review and consistent kernel variance estimator of U%,n(l ).

5.2. Tail dependence

Now consider a bivariate process {Xi X2}, where each X;, has tail (11) with index o;>0. We want to estimate the
joint/marginal tail probability discrepancy:

) n
Pl ) 1= 7= [Py en(ur, u2) = Prne(un)Pone(un)l,
n
where Py p(uq,up) := P(Xy¢_p >b1a/u1,Xo>bon/uz) and Py (u;) := P(Xj; > b;n/u;). See Hill (2007b) for comparisons of p,,(i,u)

with tail index and copula based notions of tail dependence. The estimator p,(i,u) is defined in (6). For arbitrary 4 € R h>1,
24 =1, write

h
Znclhuh) = Ve 3 20 x UL () x U, (02)
i=1

so that Y1) Z (4w 1) = Vekn X[ Zifyng (i)
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Lemma 5.2 (Hill, 2007a). For all r>1 and finite h>1, | Zn:(A, u, h)|ly = O(ky V?(kn/n)V") = O(n—4") , a(1) > 1, where a(2) =1, and
2a(2r)>a(r). Further, a(r)>1/r for all r > 2.

Lemma 5.3 (Hill, 2007a). Let {X; t, X2} satisfy Assumption 2(a) with q=4. Then {Z,+(4, u, h)} is L,-NED on {F 1} with constants dy, ((Au),
SUP,, (01120 716> 1 dne(Au) = O(k,jl/z(kn/n)]/r) and coefficients ¢, = o((kn/n)]/z’l/rl,;]/2 ). Moreover,
E(Znt(J,u, h))* = 0(1).

By Lemmas 5.2 and 5.3 the conditions of Corollary 3.3 hold for {Z, (4, u, h)}. A Cramér-Wold device therefore suffices to prove
the following claim. Write p}’;)ﬂ(u) = [Pagg (1. U, .o pinzg(how)] and p}’;)ﬂ(u) = [Pz (1 W) v Py (U] -

Theorem 5.4. If {X1, X} satisfy Assumption 2(a) with q = 4 then
A(h) (h)
\/E{p[ng*](u) - P[ng](u)} = W(é-u)

a Gaussian element of the h-vector space D, with almost surely continuous sample paths along ¢, independent increments, and
IW(&, u)l2 < oc. If each {X;,) satisfies (14') then P(W(-,u) € C[0,1]*) =1.

Remark 15. Notice that although the bivariate joint tail P,,(uq,u) is being estimated, we do not require a model nor any
assumptions concerning the joint tail. Further, we do not require any restrictions on non-extremes. Compare this with the

marginal iid and joint tail shape restrictions typically enforced in the literature (e.g. Ledford and Tawn, 1997; Schmidt and
Stadtmiiller, 2006; Kliippleberg et al., 2007).

Remark 16. In order for ﬁ%gé](u) to be usable in practice, either arbitrary choices of the threshold sequences {b;,} are required,
or a consistent plug-in, e.g. X; , 1. See Hill (2007b, Lemma A.2) for a proof that use of X; 4, , 1) does not affect the non-functional

distribution limit of ,bglh)(u) under Assumption 2(a). It is straightforward to show the result directly carries over to the functional
limit case.
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Appendix A.
A.1. Proofs of main results
The proofs require the following notation. Define sequences g, [, and ry(-) as follows: 1 < g, — oo and

I<gn=0(n(g), 1<h<gn—-1<n(d)-1, (17)

In/gn — 0, Ip — oo, 13(d)=[n(min{d,1})/gn] for 6>0,

and assume

g1=0 (nmin{[Za(4)+a(2)—1]/2,2(1(2r)—a(r)]> )

The latter is always possible as long as min{[2a(4) + a(2) — 1]/2,2a(2r) — a(r)} >0, cf. Assumption 1(a), since 2a(4) + a(2)>1 is
implied by a(2) = % and 2a(2r)>a(r). For the array of o-fields {F; ¢} defined by (7) construct the sub-field

Fri = a( U Fn_r) vi=1..m(8). (18)

< ig,
Now define blocks
igy

Zwi= Y Xaelu). (19)

t=(i—1)gn+In+1
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For any point (&, u) or sequence of points {(¢;, uj)}]h:r and 7 € R", w'n = 1, define

Wn,i(u) = E[Zn,i(u)“En,i] - E[Zn,i(u)‘r:n,ifl ]v
(&)

= Z Wn,i(u)y
i=1

h
Wn,,-(u, 717) = ZTC]'W,—,','(U]'). i= rn(f,_1)+ 1, ...,Tn(fl), I=1...h (20)
j=1

Notice {W;;(u), IEn_i} forms a martingale difference array. The main result, Theorem 2.1, is proven by verifying the conditions of
Lemma A.1 which shows X,,(&, u) = Wp(&, u)+ 0p(1) and delivers a central limit theorem for W;,(&, u). This approach was exploited
in Davidson (1992), de Jong (1997) and Davidson and de Jong (2000) for non-degenerate, and therefore non-tail L,-NED arrays.

Proof of Theorem 2.1. Step 1 (weak convergence): Under Assumption 1(b), Lemma A.4(i) in Appendix A.2 shows (X +(u), Fn¢}
forms an L,-mixingale array with constants cy ((1), SUP (0.1 ¢ > 1 cne(u)=0(n"12), and coefficients v, =o(l;1/2) of size % hence

E(Xn(&,u)?) = 0(1) (McLeish, 1975).2 We will show the conditions of the Lemma A.1(ii) functional central limit theorem apply.
First, the rth-moment index a(r) satisfies 2a(4) + a(2)> 1 since a(2) = 1/2 and 2a(2r) > a(r) under Assumption 1(a).
Condition (a): Use McLeish’s (1975) bound to deduce

n (i=1)gn+In (&) (i—1)gn+ln
(Z Z Xn,e(u) ) (Z Z C%,t(u)) = 0(rn(&)ln/n) = O(ln/gn) = o(1),

i=1 t=(i—1)ga+1 i=1 t=(i—1)ga+1

hence "/ é)z(' } g],,);rl,l] Xn.:(u) 2 0 by Chebyshev’s inequality.

Condition (b): Define index sets

(&)
A(t) =={t:(i—Dgn+ I+ 1<t<igy} and Ane= | A1)
i=1

Analogous to de Jong’s (1997, A.7-A.12) argument, because {Xp (u), F, ¢} forms an L,- mixingale array with size 1 = % fort e Ans

the array {E[X, t(u)|Fn, 1], Fnt} is an Ly-mixingale with constants cj t(u)xp” and coefficients lﬁ = (l;l/z) for some sufficiently
tiny #>0. McLeish’s (1975) bound now gives

m(£) . 2 m(€) ign ,
E[ Y EZu)Frial| =0 X > cdwy”
i=1 i=1 t=(i—1)gn+ln+1

= O(ra(&)gan'1,") = 0(1,") = o(1).

Condition (c): The proof mimics (b).
Condition (d): Compactly write for any finite sequence of points {(¢;, u])

j=1
Zyi() =Zni(u;) and Wy ;(j) = Whyi(y;),
and note from (20) we can always write

1(én) (&) h 2
> W2i(u,m) = Z > (Z ﬂjWn,iU)) .
i=1

=1 i=rp(&_1)+1 \j=I

2 By Theorem 1.6 of McLeish (1975), if {yy, Fn,} forms an L,-mixingale array with size % and coefficients {c,} then E(3";_, Yoo = oY, c2).
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Analogous to arguments in de Jong (1997, A.13-A.17), it follows

ho (&) h (&)
sup [>° Y (Z”jzn,i(i)) Z 2 (um)

A= 1 (G 41 \ =l

Tn( C[ h 2 h 2
= sup Z > (Z TEjZn,i(j)) - (Z ann,i(j))
= :

A= 1 eG4 | \ =

1

Tn C(

<KZ Z > Znil1) = Wi, % 1Z0,iG2)ll2

I=1 jyja=li=ra(&1 )+

ho @) 12 12
=0 Z Z (Z C%,t%znn) (Z C%,t)
)

I=1 i=ra(&_1)+1 \teA(t teAi(t)

h
=0 (2 (&) x [gan 0] x [gan ™! 11/2) =0(I,"*)=0(1).
=1

Now use Assumption 1(a, b) and Lemma A.4(iii) to deduce sup, ,_; |Zr” <) W2 (u,m) =14 2o
Condition (e): Forany ¢, 0 € [¢,1] and u € [0, 1]" ! and some integer sequence {ri(&)} satisfying

0< [orp(O)] < (S +0) —ra(Q),
use Minkowski’s inequality to deduce

[ora(&)]

Z Wn,i(u)
i=1

[6r;(9)] igy
Z Z Xn,t(u)
i=1 t=(i—1)gn+l+1

[or(E)] igy ~
Y ne) — EXnc(w)IFig])
i=1 t=(i—1)gn+ln+1

[ra(S)] igy

> > ElXne(w)Fpia]

i=1 t=(i—1)gn+lh+1

2 2

2

(21)

2

Under the maintained assumptions {X;((u), Fn} forms an L,-mixingale array with size A = % and constants cp¢(u) = O(n=2),
Similarly, for each t € Ap, {E[Xn,t(u)|l~:n,i_1 |, Fre} and {Xp(u) — E[Xn't(u)|l~:ny,-], Fn¢} form L,-mixingale sequences with size 4 = %
and constants cn,t(u)x//Z I for infinitesimal # >0 (de Jong, 1997). Apply McLeish’s (1975) bound to each right-hand side term in

(21) and note wzvln = 0(I;""?) = o(1) to obtain

[6r;(O)] lﬁrﬁ(é 1gn
Ef 3 wn_i(u) Che(u)
i=1 =(i— ])gn+ln+]

gn/n)

Now, by Assumption 1(d) and the construction of r};(£) there exists a finite mapping x(&, 0) > 1 satisfying

ori(Ogn _ Ora(Olgn _ (rn(£+5)

n < n(d) &) —1)x(1+0(1))—>1€(5.(3)—]<oo.

But if or5;(&)gn/n is bounded then so is r}(&)gs/n since d € [0, 1]. The proof is complete by exploiting the martingale difference
property of {Wy;(u), Fp:}:

2
[ors (& [ors (&
Z E Woi(u))? ( Z Wn,u)) <d x k for large n and some x> 1.
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Condition (f): For any u € [0, 1]"*] and u;1,uj7 € [0,1],j=1...k — 1, write
AXn (U1, 452) := Xne(Huidi £ w1 1) — Xne([{uidi 2 . uj21).

The F-NED property (10) and Lemma A.4(ii) imply {AXp(uj1,u;2), Fn¢} forms an L-mixingale array with size % and constants
Cne X MaX] <1 lUg — U2, SUp; > 1 Cne = O(n~/2). Now mimic (21) and the subsequent argument to obtain

(&) ign
IWn(-, 1) = Wal, uj)l2 < | Y AXne(uj1,u52)
i=1 t=(i—1)gn+lh+1 2
(&) ign
+

(AXne(uj1,U;2) — E[AXn (U1, 4j2) 1 F i)
i=1 t=(i—1)gn+l+1
(&) ign

> > E[AXne(uj,uj2)Fpio]

i=1 t=(i—1)gn+ln+1

2

+

2
(&) ign 172
=2 1/2
=0 Cht x Uj1 — Ujl /
i=1 t=(i—1)gn+Iy+1

= Juj1 — Uil x O((ra(E)gn/n)?) <K x Juj1 — ujal"2,

Since the right-hand side is not a function of ¢ the inequality is uniform in ¢ € [£, 1].
Condition (g): Use AXp¢(u;1,u;,) from above and define

Znj(0) := sup |AXn e(uq j, uj)Is

Uy j S Upj S U j+0

Wn,tj(é) = E[Zn,tj(é)uin,i] - E[Zn,tj(é)uzn,i—] ]

Property (10') implies {Z,;(6)} is L,-NED on {Fp} with constants K(31/2(~1n,t, Sup; >4 an_t = 0(n~92)), and coefficients ¢, =
o(n®")-a@)[-4), where a(2) = } under Assumption 1(a). An argument identical to the proof of Lemma A.4(ii) reveals {Z,{(3), Fn)
forms an L-mixingale array with size % and constants Cp ¢ = 512 O(n~12). 1t is similarly easy to show {W;,1j(6), Fne} forms an
L,-mixingale array with size % and constants &, = 5% x 0(n=2) (cf. de Jong, 1997). McLeish’s (1975) bound again delivers

ign

2 (&)
E( _ sup |Wh(-uq ) — Wn('.U2J)|) <E (Z > Wn,t‘j((s)z)
Urj s

Uz Sty j+0 i=1 t=(i—1)gn-+ln+1

n
=0 <Z é?,'t) <KGo.

t=1
Step 2 (increments): For any 0< &, <¢;<1 and u, u; € [0, l]k’] we need to show
E[{Xn(Epo uk) — Xn(E—1, U1} x Xn(Epty) — Xn(Ei_1, w1 )} = 0p(1).

First, decompose the increment Xp(&, ty) — Xn(Er_1, Ug_1):

Xn( & ug) — Xn( k1, tg—1) = [Xn( & ) — Xn( g1, )] + [Xn(Ek—1, k) — Xn( k1, tg—1)]
= An,k + Bn,k-

Analogous to arguments in Davidson and de Jong (2000, pp. 635-636 and Lemma A.3), use McLeish’s (1975) bound, the properties
SUP,, 0.1} ¢ > 1 Cnt(U) = 0o(n=Y2), n(¢;) — n(&;) — oo, 1>k, and n(1) < n to deduce for arbitrary 6 < [0,1]

n(&)

n(&_1+9) n(1)
|E[An xAn]| < > Xas(w)| x S Xnew)| + Y ENXne(u)Xns(up)l x I(Is — t1=>n(&_1 + ) — n(&))]
t=n(&_1)+1 2 t=n(&_1)+1 5 b=l

0<¢i<1

=0 ( sup [(n(&;) — n(&iy ))/n]) +0p(1)=0p(1).
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Similarly, since under Lemma A.4(ii) {Xn ¢(u;)Xn(4;_1), Ft} forms an L,-mixingale array with size % and constants proportional
to Cn,t, SUP; > 1 Cne = O(n~1/2), for arbitrary 6 >0

n(&_1+20) n(éi_1)
}E [An,an,l]‘ < Z Xne(up)|| x Z (Xn.t(ul) — Xn,e(uy_q ))
t=n(&r_1)+1 2 t=1 2
() n(¢_1)

+ X

Z Xn,e(ug)

t=n(&_1+20)+1

Do (Knelwy) = Xnewy_y))

t=n(&_1+0)+1

2

n(1)

+ Y EXne(uge) Kns(uy) = Xns(u_1))| x I(1s — t > n(E_y +20) — n(&e_q + 0))]
s,t=1

n(&_1+20) V2 mey \ V2
=0 Z C%,t(uk) Z E%,t

t=n(E_1)+1 t=1

n(&) V20 ey 12
+0 > 2 (uy) oo +0p(1)
t=n( )+1

E1420 t=n({g_1+5)+1

=o0p(1),

because cp(u) and ¢ are uniformly O(n=1/2),0< ¢, <& <1 and n(1)<n.
Finally, 0< &, <& <1, n(&,) <n(&;)<n and the L-mixingale property of X, (1)) — Xn(u_1) imply

n(&k-1) n(&1)
EBuiBntll < | Y (Xnetti) = Xne(te1))| x| D Kne(wr) = Xne(uy-1))
=1 ) =1 )
ey O\ men \72
=0 Z E%,t Z 6%1
=1 =1

= O((n( & Y2 (n(é M) =0(1). O

Proof of Corollary 2.2. The claim follows from conditions (a)-(d) of Lemma A.1, which are verified in the proof of Theorem 2.1
under Assumption 1(a,b). [J

Proof of Lemma 3.1. By Lemma A.2 in Hill (2005) for any r>1

Lim (/) k1 Uy (Wl <K and lim (n/kn)/" Iy | Un el <K.

Since ky — oo asn — oo it follows k; (V2 V=12 > n=1/2 - (1/2=1/2)p-1/2 _ n-1/2 anq k,(V/2=1/Dp-1/r < p=Vryr > 2. Hence for some
a(r) each {|[Un,cllr, 1U5 (u)llr} = O(n=4"), where a(1)>1/2, a(2) = 1, and a(r) > 1/r vr > 2. Similarly,

O(n—2e2)y = O(k;(l/Z—l/Zr)nq/zr)z _ O(k;(l—l/r)n,w)
— O(k;(l/Z—l/i’)nfvr)k;]/Z _ O(n—a(r)) « /<§1/2 <O(n,a(r))'

hence 2a(2r)>a(r). O

Proof of Lemma 3.2. The L,-NED and L,-mixingale claims follow from Lemma 3 of Hill (2005) and a change of variable eV =u,
v>0. The bound E(Y; Yn(c, u))* = O(1) follows from McLeish (1975). [
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Proof of Theorem 5.1. The claim for 5‘[_:1151 follows from Lemma A.7 and Corollary 3.3:

[ng]
%5, (&) = 01 = Y WUne — 2 U (7)) 4+ 0p(1)
t=1

= Wi(&).

Now consider X([k,,g’])- We infer from Theorem 2.4 of Hsing (1991) that under Assumption 3 for some process Z(&) if
Z[”é] Uy, (uk ) = Z(&) then k}l/z In Xk, e1/bn = Z(&). Corollary 3.3 completes the proof: Z[tfl] U;'t(u[knﬁ]’m) = Wy(&) for
some Gaussian element Wy(&) of D[£, 1] with variance limy . o v3 (&) = limp_ E(Zi’fﬂ U,’;_t(u”‘nfrl/2 )% <00, O
A.2. Supporting lemmata

The following results exploit the constructions in (17)-(20). First, Lemma A.1 delivers an omnibus central limit theorem and
functional central limit theorem for functional arrays Xp ((u).

Lemma A.1. Let {X:(u)} be an L--functional tail array with rth-moment index a(r), 2a(4)+a(2) > 1, and let | Xp(&, u)||2 =0(1). Assume
{gn} in (17) satisfies g, = o(nl2a+a(2)-1V2)_ Consider the following conditions:

(&) (i-1)gn+ln

(a) Z Z Xn t( ) 0

i=1 t=(i—1)gp+1

(<) - 0
(b) Z E[Zpi(u)IFpi1]-0,

i=1

(¢ N
(c) Z(zm-(u) — E[Zy(w)IF ) 2 0

m(&p)

ZWZ (u,m)—1

sup L 0,

n'n=1
[Ors(&)]

(@) > EWw)P<dxk, viel0,1]
i=1

forsome x > 1 and some sequence {r;;(£)} satisfying 0 < [0 x 1 ( &) < 1rn(E+0)—1n(E); and foreachj=1...k—1and any u,u; € [0, 1]%1

(f) SUéIJ IWn(& upj) — Wal&, upj)lla <Kluyj — g ]2,
Ee[é]

and for each & € [£,1]

2
(g)E( sup IWn(&uq5) — Wn(vaZJ)I) <KG.

Upj SUpj < u]J+o

(i) For any points £ € (0,1] and u € [0, l]k” under (a)-(d) Xn(&,u) 4 X(&,u), a zero mean Gaussian law with finite variance.
(i) Under(a)-(f)Xn(¢, u) = X(¢, u) a Gaussian element of Dy, with covariance function E[X(&;, u;)X(;, uj)] and P(X(E, -)| € C[€,1]) =
If additionally (g) holds then P(X(-,u) € C[O, 1]"’1

Remark. Conditions (a)-(c)imply X,(&, u)is approximable by martingale differences {W,, ;(u)}. Condition (d) ensures convergence
of the finite dimensional distributions of {W;,(&, u)}, and conditions (e) and (f) ensure the sequence {Wy(&,u)} is uniformly tight
with respect to ¢ and u, respectively. Thus, (a)-(d) deliver a CLT for tail arrays Xu(-,-), (a)-(e) an FCLT for X,(¢, -), and (a)-(f) an
FCLT for X,(&, u).

Lemma A.2. Under conditions (a)-(d) of Lemma A1, Wy(&,u) — W(E, u) with respect to finite dimensional distributions, where
W(¢, u) is Gaussian with covariance function E[W(&;, u;)W(E;, uj)].
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Lemma A.3. Under conditions (a)-(f) of Lemma A.1 the sequence {Wn(¢, u)} is uniformly tight on [, 1] x [0, 1]" ,and P(W(¢,-) e
Cl[¢, 1]) = 1. Under condition (g) P(W(-,u) € C[0, 1N =1

Lemma A.4. (i) Under Assumption 1(a,b) {Xn,(u), Fnt} forms an Ly-mixingale array with coefficients y; = o(l, 4 2) and constants
Cne(U), SUP, o 11 5 g Cne(U) = O(n=1/2):

IE[Xn,(W)IF g, 12 < cne(ulfy,,

1 Xn,e(U) = E[Xn e (UIFp eilll2 < cne(uy, 44

(ii)Write AXp ((uq, uz) 1= Xn(u1) — Xn,e(uz). Under Assumption 1(a,c) {AXn(uq, uz), Fnt} forms an Ly-mixingale array with coeffi-
cients ;= o(1;"2) and constants &, x max; <j<kot lUaj —ugjlV2, sup;s 1 Ene = O(n~1/2):

E[AXnc(ug, u)|Fp ey 2 < (Gne max  |up: — uq |2 ,
VELAX (ur, ua) P N2 < ( Ene | max fuzj— g7 ) v,

| AX g e(u1, up) — E[AXn (U1, u)IFp ey, 112 < <5n,r  Jnax Uz, — U1,i|1/2) /7N

<i<

(iii) Let {(&;, ”i)}?;1 be arbitrary points on [, 1] x [0, 1]"’1, h>1. Under Assumption 1(a,b)

(<)) h 2
sup Z Z (Z ann,i(uj)) -1 -0, V{(é], u])}]h:]

A= 2 (G )1 \ =l

Lemma A.5 (de Jong, 1997, Lemma 4). For any L-mixingale array {Yy s, Fn ) with size A= % and constants Cn ¢, SUP; > 1 Cnt = o(n~12)

Tngy Ty ig, kg,

> > > E[YnsYnel| =

i=1 k=i+1t=(i—1)gn+ln+1 s=(k—1)gn+1z+1

lim
n—oo

Lemma A.6. Under Assumption 1(a,b) Z;l(f) (Zﬁj(u) —E[ZZ(u)]) - 0v&ue 1] %[0, 1% 1.

Lemma A.7 (Hill, 2007a). Under the conditions of Theorem 5.1 for any u < [0, 1]

[n&]
21-1/2
k(61 (E) = o) = Y (Une — o U (ulkaT)) 4 0p(1).
t=1

Lemma A.8 (Hill, 2007a). Let {X¢} be Ly-NED, p € [0,2], on {Fy} with constants d¢, sup, 1 d; < oo, and coefficients 19,n of size 1>0.
Then {X;} satisfies the Lq-FE-NED property (13) for any q > 2 and some displacement sequence {l,}, I, — oo, with constants dp(u) and

coefficients ¢, of size A x min{p, 1}/(2q). In particular, dn¢(u) is Lebesgue measurable, sup,c[o,1}¢> 1 dnt(u) = O((kn/n)]/rk_l/z) and
fo u=Vdn () du = O(ky V2 (kn/n)V") for some 1> q. Further @y, €[0,1] uniformly in and |, = = o((kn/m)/P=VTA,

Lemma A.9 (Hill, 2007a). Let {X;} be Ly-NED on {Fy;} with constants d, sup;~ d:<oo, and coefficients ¥y, of size >0. Then

{X¢} satisfies the Lq-FE-NED property (14) for any q>2 with constants an,t, supt>1(~1n_t = O((kn/n)l/rk,] 1/2) for some r>q and
coefficients ¢, .

Proof of Lemma A.1. It suffices to prove X,(&, u) convergences in finite dimensional distributions, and {X;(&, u)} is tight on

[£1]x[0,1]%1.
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Decompose X(&,u):

m($) n(&) m(¢) B
Xa(Ew)= > Wi+ > Xnew)+ Y ElZui(WFria] (22)
i=1 t=rn(&)gn+1 i=1

(<) . (&) (i-1)gn+In
+ Z(Zn,i(u) - E[Zn,i(u)‘Fn,i—l ]) + Z Z Xn,t(u)
i=1 i=1 t=(i—1)gn+1
(&) n(¢)
= Z Wh,i(u) + Z Xnt(u) + Rn(u),
i=1

t=ry(&)gn+1

say. By the definition of an L;-functional array and r,,(&) = [n(&)/gn]

(&)
Y Xne(w)| =0((n(&) - ra(&)gn)n ") = 0(1),

t=rn(&)gn+1

1
and conditions (a)-(c) imply Rs(u) = op(1), hence
(&)
Xn(Et1)= 3 Wiyitt) + 0p(1) = Wa(&,u) + op(1).
i=1

Lemma A.2 proves the CLT claim (i), and the FCLT claim (ii) follows from Lemmas A.2 and A.3. [

Proof of Lemma A.2. Pick any 7 € Rh, 7n'w =1, and notice for any finite collection {(éj, uj)}]h:l, & < - <&, by construction,

cf. (20),
h m(&n) B
> o mWa(&u)= >~ Wiy, ).
=1 i1

By construction {Wn‘i(u, ), Ifn‘i} forms a martingale difference array. We will show under conditions (a)-(d) of Lemma A.1

ra(Sn)

i=1 i=1

) ; (&) 2
W,,,',-(u, TE) —-N|O, n]lrl;)loE Wn_,-(u, ‘II)
is a consequence of Theorem 2.3 of McLeish (1974), where lim;_ o ||ZT”(5“)Wn_i(u,n)||2 <K follows from (22) and

i=1
IXn (&, u)ll2 = O(1). A Cramér-Wold device completes the proof.
We need only verify McLeish’s conditions (a)-(c). McLeish’s condition (c) is condition (d) of Lemma A.1. Moreover, McLeish’s

conditions (a) and (b) apply under the Lindeberg condition Ziri(f’l)E[Wii(u, ) x I((Wy;(u,m)|>e)] — 0 for any &>0. Since
(&) <rp(1), and r(1)gy ~ n(1)< n, for any ¢ >0 it follows

mn(Sp) x r1n>a]XE[W,f,,-(u, (W i(u, )| > &)]

<ra(1) x max Wi, IZ I Wi, 7l ™!

<ra(1) x mle™! xmax{ sup Wyl sup [[Wni(u)ll2
21 lueo17k! ue[0,1]%!

SKxrm(1)xgh  sup [ XneW)lixg  sup [ Xne(w)l2
ue[0, 1% 1 r>1 ue[0, 1% 1 e>1

= O(rngan 2" Wgan=?) = O(gin' ~24H~2)) = o(1).

The first inequality is Holder’s and Markov's; the second and third are Jensen’s and Minkowski’s; and the last line follows from
the definition of a functional array and g, = o(n[24(4)+a(2)-1/2) The Lindeberg condition is therefore satisfied which completes the
proof. [
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Proof of Lemma A.3. Define for each element 0 € {,uy, ..., u;_1}

wy(Xn, 0) := sup {1Xn(-, 0) = Xn(-, 01)| A [Xn(-, 0) = Xn(-, 02)1},
9] <9<92292—01 <($

Wo(Xn,0):=  sup  [Xa(-,0) — Xn(-, ).
0<0 <0+5

According to Proposition 1 of Hill (2007a), cf. Bickel and Wichura (1971) and Neuhas (1971), it suffices to show for every ¢, >0
there exists a § € [0,1] and ny € N such that

P(Wi(Wa(¢,u), 0)>¢/k)<n/k,  n=>no, (23)
P(wy (Wn(&,u),0)>¢/k)<n/k, n=ng, i=1...k—1, (24)

and for any ¢>0

lim P((Wn(C=1,) = Wa(E =10, ) >2),

(lSiL%PUWn(-,u,' =1)-Wup(,uj=1-9)>¢), i=1...k—1. (25)
Lemma A.3.1 and the property (cf. Billingsley, 1999)

Wi(Wa(& u),0) Swe(Wa(Su). ko), 6 € [0,1/k]

imply (23), and Lemmas A.3.2 and A.3.3, respectively, establish (24) and (25).
Finally, Lemma A.3.1 and Theorem 2 of Wichura (1969) ensure P(W(¢, -) € C[¢, 1]) = 1. If condition (g) of Lemma A.1 holds

then Lemma A.3.4 guarantees P(W(-,u) € C[O0, l]k’] y=1. O

Lemma A.3.1. For each ¢,1 >0 there exists some 6 € (0,1/k] and N € N such that P(w:(Wn(&, u), 6) > &/k) <né vn = No.

Proof. Drop the argument u and write Wy(&)=W;(¢,-) and Wy, ; =W, ;(u). Let Z ~ N(0, 1) and k > 1 be chosen below. Choose any
J.>max{e/v/2,2k* x E|Z? x x/ne?)

and fix

2
_@ 1
K2k A k

We can always find a sequence of positive integers {r(&)} satisfying 0 < [0 (E)] < (€ + 0) — (&) and 0 < i (&) < n(&) such that

m(S)+ ()
P( sup ‘Wn(é/) - Wn(‘f)) >)~Vn) <P sup Z Whi— Z Wi > vy
EEKErD 1< | 1o P
(&Y (O)] ’
<E Y Wy/vn 23, (26)
i=rp(&)+1
. (&40 ()] X : P ’ :
where vy, = \IZi:rn( ol Wh,ill2, and the second inequality is Kolmogorov’s. By construction

Elzf . n2 o
2 ek

and from Lemma A.2 for some standard normal Z

r(EH[OTH()] .
> Wyilvn>Z
i=rp(&)+1
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Thus, there exists a sufficiently large Ng such that vn > Ny

3
Ta(E+[0r3(O)] 2
o £ 0
E Y W] i< =B, (27)
(41 A°2k%x

Now, by condition (e) of Lemma A.1 and the martingale difference property of {W,;, |~:,1_,~}, for some finite x> 1

ra(&)+[0r3(8)] 2 (@)
v2=E Yoo Wil = Y EWR<dxk
i=ry(&)+1 i=rp(&)+1

Hence, for sufficiently large No and all n>> Ny, and & = £/[2ki?], we have Av, < A40Y2KV/2 = ¢/k. The claim now follows from
(26)-(27): P(we(Wn(¢, u), 0) >efk) S P(sups < & < ¢y 5 (Wn(&) = Wa(E)> Avn) <nd ¥n=No. O

Lemma A.3.2. There exists foreachj=1...k — 1 and every ¢, >0 some ¢ € [0,1/k] and Ny € N such that P(w;jj(Wn(f, u),8)>¢e/k) <
n/k ¥n>=Np.

Proof. Write Wn(u;) = Wy (<, [{ui}i £, 14;]") and let 0 <y j <upj<usj < 1. By condition (f) of Lemma A.1 and ry(&) = [n(&)/gn]

E[[Wh(uqj) — Wh(ugj)|Wh(uaj) — Wa(usj)l] < [Wa(ug j) — Waluz j)li2lWa(uz;) — Wa(us )iz
() (&)

> (Whi(ug ) — Wai(uay)) > (Whiluzg) — Wayi(us;))

i=1 i=1

X

2 2
= |ugj — up V2 x Jusj — g V% x O(ra(E)gn/n) <K x U3 — ujq,

for some finite K >0. Now apply (13.13)-(13.14) of Billingsley (1999). [

Lemma A.3.3. Forevery £>0,lims o P([Wy(E=1,.)—Wp({=1-9,-)|>e)=0and lims_, o P((Wy(-, uj=1)— Wy(,, uj=1-35)| >&)=0,
j=1..k-1.

Proof. Use conditions (e) and (f) of Lemma A.1 to deduce

P(Wh(&=1,)—Wn(E=1-56,) >8,)<872 x (rn(1) — (1 - 5))2 sup ||Wn,i(u)||§

i>1

< &2 x (ra(1) = ra(1 = 8))° sup IWhi(u)I13
1=
< K(rn(1) = (1= 6))* > 0
as 0 — Osince r(-) = [n(-)/gn. and n(1-) = n(1). Finally, (f) and Chebychev’s inequality imply foranyj=1...k — 1
P(IWn(-uj=1) = Wa(,uj=1-6)>e)<e 2K x 6. O

Lemma A34. Let vj, = ISUPY,; <up; <yt [Wh(- uq5) = Wa(-, uzj)lll2 = vj >0 uniformly in n. There exists for every &1 >0 some
0 € [0,1/k] and No € N such that P(wy (Wn(&, u), 0) > &/k) <nd vn > No.

Proof. For large K>1 choose any / >max{¢/[k'/2K"/2], K]/z/[nl/zvj]/z]} and fix & = ¢2/[k?>/*K] < 1/k. Condition (g) of Lemma A.1
and Chebyshev’s inequality imply Avj, <K'/ 2512 — ¢/k and

2
P( sup (Wh(-,ug ) — Wa(- uy))l >/lvj,n> <E( sup [Wh(-uq) — Wn(~.U2J)|) X 1721/;,12
upj <

uyj <uqj+0 upj <upj <y 46

Sv:
< Ko g” vj

222 2
© Vjn jn

<no.
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Proof of Lemma A4. Claim (i): Recall F;,; = 0(Ey; : T<t) where Ey; is a(e; : T<t)-measurable. Under Assumption 1(b) if & is
F-strong mixing with coefficients ¢; , then Ep ¢ is strong mixing, hence Theorem 17.5 of Davidson (1994) implies

X (11) — ELXin (1) Py, T2 < max{ X (), dng(u)) x max (6>, ;).

By assumption n“/z—“(r)]2r/[r—2]lf,/[r_z]e,n =0(1), U, ;011 ¢ IXne(W)llr = O(n—a9(), SUP, (.11 15 1 (W) = 0(n~"), and ¢, =

o(nA(N-a) -2y where a(2) = 7 under the functional array definition. We may therefore write for sufficiently large K >0

X0t (1) = E[Xn ()| F ey, 12 < (K x n71/2) x maxi(nlatn)=V2RrAr=2lg A12=1r pi/2=aing, )

= Cnt X l/lln.

say, where sup; > 1 cn=0(n~"2) s trivial and v, =o(l, *) follows from nl1/2-a(N2%g, —o(l;#) where A=1/[r—2] and n"/2-4" ¢, =

o(l;]/z). A similar argument holds for the remaining mixingale bound || Xn ¢(u) — E[Xn¢(t)|Fp ¢4, lll2 <cne(ulyy, 1 and in the F-
uniform mixing case (cf. Davidson, 1994, p. 265). ~

Claim (ii): An identical argument applies to AX;¢(u1,u3). Since the L,-NED constants of AXj ¢ (u1,uz) are dps x MaX; << 1
|up; — g2, the mixingale constants are Cp¢ x Maxy << k_1 |tz — U]/ for some sup; > 1 &e = O(n~1/2).

Claim (iii): The limit sup, ,_; |Z?:1Zzt(ril()él,l)+l {zj’.l:,njzn,,-(u]-)}Z — 1|—p> 0 for any sequence of points {(¢;, u,‘)}?;1 follows from
Lemmas A.5 and A.6 and an argument identical to de Jong’s (1997, A.39-A.41).

Proof of Lemma A.6. Because u < [0,1]* ' and ¢ € [£, 1] are arbitrary, the claim follows from Lemma A.4 of Hill (2005). [J
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