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ON TAIL INDEX ESTIMATION
FOR DEPENDENT,
HETEROGENEOUS DATA
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In this paper we analyze the asymptotic properties of the popular distribution tail
index estimator by Hill (1975) for dependent, heterogeneous processes. We develop
new extremal dependence measures that characterize a massive array of linear, non-
linear, and conditional volatility processes with long or short memory. We prove that
the Hill estimator is weakly and uniformly weakly consistent for processes with ex-
tremes that form mixingale sequences and asymptotically normal for processes with
extremes that are near epoch dependent (NED) on some arbitrary mixing functional.
The extremal persistence assumptions in this paper are known to hold for mixing,
L p-NED, and some non-L p-NED processes, including ARFIMA, FIGARCH, ex-
plosive GARCH, nonlinear ARMA-GARCH, and bilinear processes, and nonlinear
distributed lags like random coefficient and regime-switching autoregressions.

Finally, we deliver a simple nonparametric estimator of the asymptotic variance
of the Hill estimator and prove consistency for processes with NED extremes.

1. INTRODUCTION

This paper develops an asymptotic theory for the popular distribution tail index
estimator due to B.M. Hill (1975) under general conditions. Many time series in
finance, macroeconomics, and meteorology exhibit extreme values that appear to
cluster (Leadbetter, Lindgren, and Rootzén, 1983; Embrechts, Kliippelberg, and
Mikosch, 1997). In order to deliver a Gaussian limit theory that is robust to the
nature of persistence and heterogeneity in extremes, we introduce new extremal
dependence measures and develop an associated weak and uniform limit theory
for dependent, heterogeneous tail arrays.

Denote by {X;} = {X; : —00 <t < 0o} a stochastic process on some probability
measure space, write F;(x) := P(X; < x), and assume F; has support on [0, 00).
Assume F;(x) := P(X; > x) is regularly varying at co: for all A > 0 and each ¢,
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where o > 0 denotes the index of regular variation. Equivalently,
Fi(x) =x"*L(x), x >0, where L(x) is slowly varying. 2)

The distribution class (2) includes the domain of attraction of the stable laws, co-
incides with the maximum domain of attraction of the extreme value distributions
exp{—x~%}, and characterizes the tails of many stochastic recurrence equations,
including GARCH processes. See Bingham, Goldie, and Teugels (1987), Resnick
(1987), and Basrak, Davis, and Mikosch (2002).

Let X(;y > 0 denote the ith order statistic of a sample path {X,}}_; with sample
sizen > 1, Xq) > X@2) > --- > X(n), and let {m,} be an intermediate order
sequence: 1 < m, <n,m, — coasn — oo, and m, = o(n). B.M. Hill’s (1975)
estimator of a~! is simply the average log-exceedance

n

. 1 1
Gy =~ 3 (0 (X Xy n)) =~ X (X / X4

nr=1 ni=1

where (z)+ := max{z, 0}. The so-called Hill estimator has been used pervasively
in the applied finance, economics, statistics, and telecommunications literatures.
Consider Akgiray and Booth (1988), Cheng and Rachev (1995), Quintos, Fan, and
Phillips (2001), Resnick and Rootzén (2000), Chan, Deng, Peng, and Xia (2007),
and Hill (2008b), to name a few. For alternative estimation techniques consult
Pickands (1975), Smith (1987), Rootzén, Leadbetter, and de Haan (1990), Smith
and Weissman (1994), Drees, Ferreira, and de Haan (2004), Csorgé and Viharos
(1995), Beirlant, Dierckx, and Gaillou (2005), and Iglesias and Linton (2008).

We are interested in the asymptotic properties of &;1: under minimal but verifi-
able conditions. Asymptotic normality has been established for i.i.d., strong mix-
ing, and /-dependent approximable sequences including GARCH(1,1) processes;
and consistency was shown for /-dependent approximable sequences, infinite or-
der moving averages, bilinear, ARCH(1), and stochastic recurrence equations
(e.g., GARCH). See Mason (1982), Hall (1982), Davis and Resnick (1984), Hall
and Welsh (1984), Haeusler and Teugels (1985), Rootzén et al. (1990), Hsing
(1991, 1993), Resnick and Starica (1995, 1998), de Haan and Resnick (1998),
and Quintos et al. (2001).

Hsing (1991) develops an asymptotic theory under remarkably general con-
ditions and proves asymptotic normality for strong mixing processes. Sufficient
conditions include restrictions on tail decay (2) and the existence of probability
and distribution limits for nonlinear tail arrays based on {X,} (see Section 2). It is
not obvious whether such limit theory holds beyond the strong mixing case and
{m,} is intimately tied to tail decay.

Mixing properties are convenient because functions of mixing random vari-
ables are mixing, and a well-established limit theory exists (e.g., Ibragimov and
Linnik, 1971). Nevertheless, it is typically difficult to verify a mixing condition,
and many time series are not mixing, or are mixing only under harsh conditions.
Infinite order distributed lags, for example, need not be mixing due to density
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smoothness requirements, including ARFIMA, nonlinear ARMA-GARCH, and
some long memory processes (see Gorodetskii, 1977; Andrews, 1984; Guegan
and Ladoucette, 2001; Carrasco and Chen, 2002; and Wu, 2005).

The near epoch dependence (NED) property (Ibragimov, 1962; Ibragimov and
Linnik, 1971; Gallant and White, 1988), however, has substantial practical ad-
vantages because it only requires computation of a conditional expectation, it is
typically easy to verify, it carries over to a large class of functions of NED ran-
dom variables, and powerful central limit theory is available (Davidson, 1992; de
Jong, 1997). NED characterizes any mixing process, infinite order distributed lags
of a mixing process, and many nonmixing processes, since density smoothness is
irrelevant (Davidson, 1994, 2004). McLeish’s (1975) broader mixingale concept
is advantageous for theoretical reasons: Processes that are NED on a mixing pro-
cess form mixingale sequences that satisfy useful inequalities and laws of large
numbers, and mixingales decompose to martingale differences for which central
limit theory is available. A related conditional moment-based concept, L ,-weak
dependence, and associated central limit theory are treated in Wu (2005) and Wu
and Min (2005). NED and L ,-weak dependence appear to cover many of the same
processes, where neither seems to dominate the other.

In a purely extreme value theoretic environment, however, the analyst may not
want to commit to superfluous assumptions involving nonextremes. Leadbetter
(1974) and Leadbetter et al. (1983) provide some relief with a so-called D-mixing
property for serial extremes, but the property does not necessarily carry over to
arbitrary functions of D-mixing random variables (see Section 2).

Further, there are no details in the literature on how to characterize the asymp-
totic variance of &,;,} in general without specifying a parametric model or exploit-
ing independence or a mixing property (e.g., Hall, 1982; Hsing, 1991).

In Section 2 we control for memory and heterogeneity in extremes by introduc-
ing extremal versions of mixingale and NED properties. By exploiting primitive
results in Hsing (1991), we prove in Section 3 that &;1’} and the intermediate order
statistic Xy, +1) are weakly and uniformly weakly consistent by assuming that
extremes of {X;} form mixingale arrays and delivering new uniform laws for tail
arrays. See Hall and Welsh (1985) for uniform consistency of the Hill estima-
tor for i.i.d. data and Smith (1982) for uniform convergence of sample maxima
of i.i.d. data. We then prove that &I’I_‘L,} is asymptotically normal when {X;} has
extremes that are NED on a mixing functional of some arbitrary process {¢;}.

The generality afforded by an extremal version of NED is important if we wish
to analyze X, itself, rather than a prefiltered series based on a possibly misspeci-
fied model or a filter that erodes information reflecting tail shape.! The property
characterizes a massive array of stochastic processes, including any geometrically
mixing process (e.g., nonlinear GARCH with sufficiently smoothly distributed
errors), both L,-NED (e.g., ARFIMA, stationary GARCH) and non-L,-NED
(e.g., explosive GARCH) processes where underlying errors are only required to
be L ,-bounded, as well as bilinear processes, and random coefficient and regime-
switching autoregressions.
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Finally, in Section 4 we develop a nonparametric kernel estimator of the asymp-
totic variance of &njj and prove consistency for processes with NED extremes.
As far as we know this is the first of its kind in the extreme value theory litera-
ture. An underlying structure that may affect the parametric form of the limiting
variance need not be specified (e.g., ARFIMA, GARCH, regime switching). Nev-
ertheless, the asymptotic variance in the i.i.d. case, a2, may hold for nonidenti-
cally distributed weakly orthogonal processes, including stochastic volatility (Hill
2008a).2

In related work, Quintos et al. (2001) also work with results due to Hsing
(1991). They deliver a functional Gaussian limit for a,, i for GARCH(1,1) pro-
cesses by extending Hsing’s (1991, Cor. 3.3) proof of asymptotic normality for
tail mixing data. See Section 2.2 below for a definition of tail mixing. Quin-
tos et al. (2001) use the theory to deliver a unique structural break test with
respect to the tail index. Although their approach undoubtedly extends to other
processes by case, their arguments closely exploit GARCH model dynamics and
rely on a case-dependent semiparametric construction of the asymptotic vari-
ance (cf. Hsing, 1991). By comparison we do not require stationarity in general,
and our results cover GARCH, IGARCH, explosive GARCH, nonlinear GARCH
(e.g., quadratic GARCH), and much more. Similarly, we do require any infor-
mation on the asymptotic variance other than existence in order to deliver the
consistent kernel estimator. See, also, Hill (2009a) for functional limit theory for
D-valued, dependent heterogeneous tail arrays of the same broad class of pro-
cesses covered here.

Appendix A contains proofs of the main results, Appendix B contains prelimi-
nary results, and Appendix C compiles variable definitions for quick reference.

We employ the following notation conventions: % denotes convergence in
probability, %5 a.s. almost sure convergence, and = convergence in distribu-
tion; [x] denotes the integer part of x; K > 0 denotes an arbitrary finite constant
whose value may change from line to line; 1 > 0 is an arbitrarily tiny constant
whose value may change; and x,, ~ y, implies x,,/y, — 1.

2. EXTREMAL DEPENDENCE

Assume F;(x)/F;(x—) — 1 uniformly in 7 € Z such that there exists a sequence
of positive real numbers {b,,,},>1 satisfying (e.g., Leadbetter et al., 1983, Thm.
1.7.13)

P (X > b)) > 1. 3)
mpy
We implicitly assume {m,, b, } satisfy (3) for all ¢. Intuitively, b,,, estimates the
intermediate order statistic X, +1), since P(X; > by,,) ~my/nand 1/nY} |1
(X; > X(mu,+1)) ~ my,/n by construction.

Hsing (1991, Thms. 2.2, 2.4) proves under a mild second order constraint on
tail decay (2) that asymptotics concerning &n_l: are grounded on triangular tail
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arrays based on tail exceedances and events:

uy .
{0 (Xe/bu,)) (o1 (X0 > e ).15;5,1}"21
Hsing (1991, Thm. 3.3) then imposes a mixing property on {(In(X;/by,))+,
I1(X; > by, e")} to prove &nj’} is asymptotically normal. We impose new tail de-
pendence properties on {/(X; > by, e")} that cover and substantially generalize
Hsing’s mixing condition.

2.1. Extremal Mixingale and Extremal NED

Let {Sn:} = {Sn: 0 1 <t < n},>1 be an increasing triangular array of o-fields
induced by some arbitrary, possibly vector-valued stochastic array {E, ;} ={E,; :
L <t <n}p1:

S =0 (Epr:1<7<1).

Since the objects of interest {(In(X; /by, )+, (X; > by, e*)} are tail arrays de-
pendent on the sample size, we restrict information to sample time periods ¢ €
{1,...,n}. By convention, 3}, - = {@,E} ift <Oors > n, hence 3}, =S | =
S o ifs 0,3, =3 =3 ifr>n,and S, €3, VI <s <t <n.
Consider two extremal dependence properties for {X;} that characterize how
well information induced from {E, ;} can be used to predict extreme values of
{X;:1 <t <n}asn — oo. Throughout, {g,} denotes an arbitrary sequence of

integer displacements satisfying 1 < ¢, < n, and ¢, = 0.

Property 1. L,-E-MIXL {X;,S3,,} forms an L,-extremal mixingale array,
p > 0, with size 1 > 0 if
| P (Xi > bm,e") = P (Xi > by, €"|Sn1-q,)], < ens(w) x 9g,

HI (X[ > bmng“) — P (Xt > bm”g“|3n5t+q’1) ||P < en,t(u) X Pgn+1>

where e, : Ry — Ry is Lebesgue measurable, sup;,.,sup,-qen,(u) =
O((my/m)!/P), and g, = 0(q, *)-

Property 2. L,-E-NED {X,} is L,-extremal NED on {3, ;}, p > 0, with size
A>0if

|1 (X0 > bu,er) = P (X0 > bu,e13,50,,) Hp < fua () X Y,
where f,, : Ry — Ry is Lebesgue measurable, sup_,.,sup,sg fu:(@) =
O ((my/m)'/7), and yy, = 0(g;7).

Remark 1. In the spirit of conventional mixingale and NED definitions, the
“constants” e, ;(u) and f, ;(«) permit time dependence in the L ,-norm and allow
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the “coefficients” ¢4, and g, to be scale independent. Thus, without loss of
generality, assume

sup{goqn, qu} €[0,1).
n>1

We say {X,} is geometrically L,-E-NED if y,, = o(p?") for some p € (0, 1), in
which case size 4 > 0 is arbitrary.

Remark 2. L,-E-NED and L ,-E-MIXL are simply NED and mixingale prop-
erties assigned to {I(X; > by, e")}, with adjustments to scale since /(X; >
by, e") is asymptotically degenerate. For example, after multiplying out terms
and invoking the law of iterated expectations, the L>-E-NED property implies

2
lim qu’{ sup sup (P (X; > b,e") — E [P (Xt > bmne"lSZth_”qn) }) =0,

n—00 my 1<t<nu>0

and since (n/m,)P(X; > by, e") — e~*" for all ¢ under (1)—(3),

lim ¢2* sup sup (e_““ ~"E {P (Xl > bmne"leltq_”qn)z}) =0.
R—00 1<t<nu>0 my ’

Literally, {X,} is L»-E-NED on {3, ;} when also (n/m,)E[P(X; > by, e"|
S;J’r,q_"qn )2] — e~ sufficiently fast. Thus, Sui(m) = O ((m,/n)"/?) ensures the
norm does not collapse to zero simply due to degeneracy associated with the tail
fractile (or “bandwidth”) m,, — oo and m, = o(n), as opposed to (near epoch)
dependence.

Remark 3. We exploit a displacement sequence {g, } rather than fixed g due to
the degenerate nature of /(X; > by, e"). Unless X, is [-dependent for finite / or
the base E, ; is independent, in general g, — oo must be satisfied to be able to
discern degeneracy from the ability to use {E, ; };fgﬁ to predict I (X; > by, e").
See comments following the proof of Lemma 2 in Appendix A. Displacement
sequences have been exploited by Leadbetter (1974), Leadbetter et al. (1983),
Hsing (1991, 1993) and Davis and Hsing (1995) for tail mixing properties, and
de Jong (1997) for mixingale arguments associated with Bernstein block arrays.
See, e.g., Ibragimov and Linnik (1971), McLeish (1975), and Gallant and White
(1988) for traditional usage of fixed ¢.

Remark 4. If 3, ; is adapted to X; or simply / (X; > by, e"), then E-NED is
trivial: 1(X; > by, ") — P(X; > by, "I ", ) = [(X; > bp,e") — (X, >
by, e") = 0, hence size is arbitrary.

Remark 5. A process {X;} is L,-E-NED with size 1 if and only if it is L-
E-NED with size Ap/max{p, s} for any s E p since |1 (X; > by, e") — P(X;
> bmneMISZqu_"qu < 1 a.s. (see Hill, 2008¢c). But this suggests p is irrelevant,
since L,-E-NED is equivalent to L;-E-NED. It is nevertheless convenient to
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assume that {X,} is L,-E-NED to ensure both exceedance and event processes
{(In(X;/bp,))+, 1 (X; > by, e")} have the same memory property, since the two
form the stochastic basis of &,;:.

2.2. Functional Mixing

In the E-MIXL and E-NED definitions, the o-fields {3, ;} are induced by some
triangular array {E, ;}. We restrict persistence in E, ; by imposing a mixing con-
dition. Assume {E, ;} is a possibly vector-valued functional of some process {e;}
with o -field

Gi=o(e,:7<t) and G.=o(e,:5<7<t), where3,,CG,.

Let E,; = 0 for ¢ ¢ {1,..,n}, and the remaining E,; may, for example, be
some lag or lags of ¢; or of the extreme event / (¢; > a,,), peak over threshold
(e1 — an,1)+, or extreme value €,/ (¢; > ay, ;) each for some triangular array {aj, ;}
of constants, a,, — 00 as n — 0o. Because nonsample E; s are constants, the
associated o-fields are trivial: ), ( = {@, E} ifr <Oors > n.

The generality behind E,, ; is not vacuous, since €; may be the innovations in
a parametric model like strong-GARCH, or simply ¢; = X;. In the former case
€ 1s 1.i.d., so any functional E, ; of ¢, is trivially mixing. In the latter case, since
under mild conditions &,;: is grounded on {(In(X; /by, )+, [ (X; > by, e")}, we
may assume E,; = I(& > by, e") and impose a mixing condition on E, ; as in
Hsing (1991).

Now define mixing coefficients, where {g,} again denotes a sequence of integer
displacements, 1 < g, < n and g, — o0:

En,gy 1= sup |[P(ANB)—P(A)P(B)|
A€l . BeSY,, €L
W g, = sup |P(B|A)— P(B)|.

AeS!, _.BeSPY,, 1€l

F-Mixing. If (n/ m,,)q,fsn,qn — 0 as n — oo we say {¢} is functional-strong
mixing with size 1> 0. If (n/mn)q,’} Wy, q, —> 0 as n— oo we say {¢,} is functional-
uniform mixing with size 4 > 0.

Remark 6. F-mixing on {¢;} is simply mixing assigned to the triangular array
{E:}. There are, therefore, many variations on this concept. If, for example,
E,: = I1(& > by,e") and (n/m,,)q,fan’qn — 0, we might say {¢;} is extremal-
strong mixing since tail events mix asymptotically.

Remark 7. The coefficients ¢, 4, and wy 4, intrinsically depend on sample
size n due to the triangular array nature of 3, ;, similar to the E-MIXL and
E-NED constants e, ;(«) and f, ;(«). Mixing conditions applied to triangular ar-
rays have a range of applications in the dependence and limit theory literatures
(e.g., Andrews, 1985), in particular for sample-size dependent extremal arrays
(Leadbetter, 1974; Leadbetter et al., 1983).
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Remark 8. The scale n/m, — oo is required in general, since we use F-
mixing {€,} as an E-NED base, and E-NED characterizes degenerate (X, >
by, e"). Thus, g, — oo must also hold since, for example, (n/m,,)qﬂen,q -
00 is possible unless &, 4 = 0 uniformly in n and ¢ (e.g., E,,, is independent).
See especially the proof of Lemma 2. In general there is much room for interpre-
tation, since g, — oo is otherwise arbitrary. By o-field dominance S, ; C Gy,
for example, it is easy to show that a strong mixing process {¢;} of size 2 satisfies
limn%ooq,%an,qn — 0. Now put g, = [1n/m,] and note that

nli>ngo [n/mn]zgn,[n/mn] = nlin’olo (n/mn)Qngn,q,l =0

implies F-strong mixing of size 1. Hill (2009b, Lem. C.1) shows that asymptoti-
cally infinite order lags of F-mixing random variables are F-mixing, and standard
inequalities apply, as in Ibragimov (1962) and Serfling (1968).

Remark 9. By the construction of {3, ;}, note identically

Engn = sup |P(ANB)— P(A)P(B)]
AES;J,Beﬂ,an:1§t§n—q,,

are Hsing’s (1991, p. 1555) mixing coefficients. Using our notation, Hsing (1991)
only considers the case ¢, = Xy, Ey; = [(In(X;/bym, )+, 1 (X: > by, e")],
gn =o0(n), and (n/gy)en,q, — 0 to prove that &,;: is asymptotically normal. Since
Hsing’s displacement g, = o(n) is otherwise arbitrary, suppose g, = m¢ for some
a €(0,1). Then (n/qn)en.q, = (n/m,,)qr(,l_a)/asn,qn — 0 implies F-strong mixing
of size (1 — a)/a € (0, ).

Remark 10. F-strong mixing is also a generalized, uniform version of Lead-
better’s (1974) D-mixing concept (cf. Leadbetter et al., 1983). For any triangular
array {€; : 1 <t < n},> and any sequence of integers 1 < #; <--- <ty <s1 <

- < 8§p, < nforwhich sy — 1, > g, = 00, define

5q,, = Ft1 ,,,,, Ipys S1rems spz(an)_Fll ..... tp(an)Fsl ..... tpz(an) 5

where Fll""’tpl (an) == P(€&y < anyy, €y S ang, ), {an,;} is some determinis-
tic array where a, ; — oo asn — 00, and p; and p; are arbitrary positive integers.
Then {¢,} is D-mixing if J;, — 0 as n — oo. D-mixing implies joint independence
of the events {¢; < an,i};f:l and {¢; < a”,i}?=t+q,, as n — 00, and strong mixing
implies D-mixing. If ¢, is F-strong mixing with respect to E,; = I(&; < ay.,),
then ¢, is necessarily D-mixing, since J,, < &, 4, due to the sup-operator in &, g, .
In this case D-mixing is a weaker condition, but D-mixing does not necessarily
carry over to finite measurable functions of D-mixing random variables, while
asymptotically infinite order lag functions of F-mixing random variables are F-
mixing. In this regard F-mixing has a superlative advantage that we exploit in the
proof of asymptotic normality of &njj.
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The following examples of F-mixing and E-NED processes are verified in
Section 5:

Example 1 (Finite dependence)

Let {y;} be a one-sided /-dependent process for finite / € N. Then X; := |ys|
is trivially F-strong mixing with arbitrary size, since &, 4, = 0 Vg, > [. If the
E-NED base is simply X, itself, and E, ; = X, fort = 1,...,n and O otherwise,
then {X;} is L»-E-NED on {3, ;} where E-NED and F-mixing sizes are arbitrary.

Example 2 (Strong mixing GARCH)

Let y; = h:u;, where u; is i.i.d. and hl2 is stationary, geometrically strong mix-
ing, and measurable with respect to o (y; : © < t — 1). Examples include lin-
ear and nonlinear GARCH processes. See Carrasco and Chen (2002) and Meitz
and Saikkonen (2008) for sufficient conditions for geometric strong mixing in
GARCH processes. Define X; := |y;| and let E,,; = X; fort € {1,...,n} and
0 otherwise. Then {X,} is geometrically F-strong mixing by Lemma C.1 in Hill
(2009b), and since {3, ;} is adapted to {X,}, the E-NED property is trivial: {X;}
is geometrically L;-E-NED on {3, ,} where E-NED and F-mixing sizes are
arbitrary.

Example 3 (Hsing’s mixing)

Strong mixing is far stronger than actually required. Let E, ; = I (X; > by, ")
for t € {1,...,n} and O otherwise, and assume F-strong mixing coefficients & 4,
satisfy (n/qn)en,q, — 0, where g, = m{, for any g € (0, 1]. Then {X,} satisfies
Hsing’s (1991, p. 1555) mixing condition by Remark 9. But 3,, ; is adapted to
[(X; > bu,e") and (n/my)gs " &, 4, = (0/qn)en.q, — 0, hence {X,} is Ly-
E-NED on {3, ;} with arbitrary E-NED size and F-mixing size (1 — a)/a.

Example 4 (Nonlinear distributed lag)

Consider y; = Y0 m;,i€;—;, where |¢;| has tail (2) with index & > 1 and lim,_,
L(e) = K. The innovations ¢, are strictly stationary, uniformly L,_,-bounded,
and strong mixing with size »/(r — 2), r > 2. The coefficients {z;;} are for
each i measurable with respect to o(€; : 7 < t — i), strong mixing with size
r/(r —2), and sup, 7z |7;.;| < |r;| = O(i™#) with probability 1 for some x > 1/
min{l1, p/2}. Examples include regime switching and random coefficient autore-
gressions, and ARFIMA processes each with GARCH innovations. Assume X/
= |yl,and E, ; = [ft—i],['(z({m fort € {1,...,n}and O otherwise. The lag structure
of E,; ensures that {X,} is L>-E-NED with size 1/2 on an F-strong mixing base
by ensuring that (n/m,)/2qa’ (11 (X, > by, e") — P(X; > by, e[S )2 —
Oforeach 1 <t <nmasn— oo.

Example 5 (Explosive GARCH)
Let y, = h;€;, where €, isii.d. and h? = g + yy2 | +6h?*_|, > 0,and y,6 > 0.
Write X, := |y;| and let E,, ; = [et_i]l[":”({2] fort € {1,...,n} and O otherwise. By

independence, {¢,} is trivially F-strong mixing with arbitrary size. If the GARCH
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process has a unit root, and in many cases an explosive root, then {X,} is still
geometrically L>-E-NED on {3, ;} with arbitrary E-NED and F-mixing base sizes
(Hill, 2008c¢), although {X,} itself need not be mixing nor population L,-NED
(Carrasco and Chen, 2002; Davidson, 2004).

3. MAIN RESULTS
We require two sets of assumptions concerning tail dependence and tail decay.
Assumption A.

(1) Let {3, ]} be an arbitrary array of ¢-fields, and let {X;,3,, ;} form an L;-
E-MIXL array with coefficients ¢, of size 1/2 and constants e, ;(u). In
particular, e, ,(u) is integrable with respect to Lebesgue measure on R
and sup;_, ., J¢° en. () du = O((m,/n)'/?).

(2) {X;}is L>-E-NED on {3, ;} with coefficients v, of size 1/2 and constants
Sn,t(u). In particular, f,;(u) is integrable with respect to Lebesgue mea-
sure on Ry and supy_, ., Jo° fr.e(u)du = O ((m,/n)"/?). The base {¢,} is
F-uniform mixing with size r/[2(r — 1)],r > 2, or F-strong mixing with
sizer/(r —2),r > 2.

Remark 11. We work with the L;-norm and assume Lebesgue integrability of
en:(u) and f, ;(u) to ensure {(In(X;/b;,,))+} satisfies a corresponding mixingale
or NED property. See Lemma B.1 in Appendix B, and see Section 5 for examples.

Remark 12. It is easy to show that L>-E-NED Assumption A.2 ensures the L;-
E-MIXL Assumption A.1 by an argument identical to Theorem 17.5 of Davidson
(1994).

In order to prove uniform consistency and characterize the limit distribution of

a,, i we appeal to the concept of slow variation with remainder as in condition

(SR1) of Goldie and Smith (1987). See also Smith (1982), Haeusler and Teugels
(1985), and Hsing (1991).

Assumption B. There exists a positive measurable function g on (0, 0o) such
that for any 1 > 0,

L(Ax)/L(x)—1=0(g(x)) asx— oo. (SR1)

In particular, g has a bounded increase: There exist 0 < D,zg < oo, and 7 <0
such that g(1z)/g(z) < DA" some for 2 > 1 and z > zg. We require m,, b,,,, and
g to satisfy

m,ll/zg(bmn) — 0.

Remark 13. Assumption B implies the rate m, — oo must be made explicit
depending on F; (x). For example, if F;(x) = cx~*(1 + 0(x~?)), a,0 > 0, then
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m,l,/zg(bmn) — 0 only if m, = 0(n??/(20+®))_See Haeusler and Teugels (1985) for
this and other examples, and see, inter alia, Hall (1982), Cline (1983), Chan and
Tran (1989), Caner (1998), and Hill (2008b) for applications with this tail shape.
Regularly varying tails with L(x) = ¢(Inx)?, on the other hand, do not satisfy
(SR1) but property (SR2) in Goldie and Smith (1987), which leads to uncentered
limit laws for &njj (e.g., Haeusler and Teugels, 1985; Hsing, 1991).

3.1. Weak Consistency for E-MIXL Arrays

Uniform consistency is delivered over a parametric class of Lipschitz continuous
intermediate order sequences {m,(¢)}, ¢ € ®, where @ is some compact subset
of R+ .

Assumption C. Let

1 < inf m,(¢) — o0, n = supm,(¢) = o(n),
pe® Pped

liiiiﬁf{n’?:gfg}zlﬁqﬁwﬂ and ma(@)' 2 x g (bu,) > 0. (&)

Further, for some sequence of positive numbers {h,}, h, = O(infgcqp m,(¢)),
Vo, 9" e D,

‘mn(@—mn((ﬁ/)‘ < hnX’¢_¢/|~ )]
Remark 14. Monotonicity m, (¢)/m,(¢") > 1 < ¢ > ¢’ simplifies proofs

and could easily be replaced with m, (¢)/m,(¢") > 1 = ¢ < ¢'.
Define tail arrays of X;: For 1 <t <n,n >1,

Um,,,t = (11‘1 (Xl/bmz;))+ —E {(]n (Xt/bmn))+:|
L) :=1(X; > by,e") — P (X; > bp,e"), foranyueR. 6)
The E-MIXL property suffices for tail array strong laws.
LEMMA 1. Under AssumptionA.1, for any p in an arbitrary neighborhood of 1,

1 n n

1 X
— N U, B0, S Ly @) 530 and 1n (“’””"”) 0.
pm

M 2y n =1 pimy

Lipschitz continuity and Lemma 1 imply uniform strong laws for {(In(X,/
bm, )+, 1(X; > by, e")} by arguments in Andrews (1992), and therefore weak
uniform consistency for &njj(qﬁ) by arguments in Hsing (1991).
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THEOREM 1.

(i) Under Assumption A.1, a,, ﬁ) a~! forany 1 < m, <n, m, = oo, and
my = o(n).
Now let Assumptions A.1, B, and C hold.

(ii) The following limits are uniform on ®:

1
U, 0,
(@) 2 Z o

X
m( (mn(¢)+1)> 20
b, ()

1
@) 2 a)1(1) 5 0.

(iii) Finally, supyeq |6, s — @~ 5 0.

Remark 15. Since E-NED suffices for E-MIXL, Hill’s estimator is consistent
for a truly massive array of time series. See Examples 1-5 and Section 5.

There are notable limitations to Assumption C.

Example 6

If F(x) =cx™*(1 + 0(x~?), a,0 > 0, then m,(¢) ~ n¢ + n? satisfies (4) and
(5) for any fixed ¢ € (0,20/(260 + a)), where ¢ € ® = [0, &] for any & € (0,¢ —
21] and tiny z > 0. This follows since infgeq m, (¢) ~ n¢ — oo, and by the mean
value theorem |, (¢) — m, ()| < n"'In(n) x |¢p — | = O(€) x |p — ¢'|.

Example 7

For the same tail shape, consider m,, (¢) ~ ¢n* for any fixed & € (0,20/(20 + a)),
where ¢ € @ = [¢, 1] for any ¢ € (0, 1). Then |m, () — m,(¢)] < n°|¢p — /|
and infyeqp m, (p) = ¢on® , hence (4) and (5) hold.

Example 8
Theorem 1 does not cover m, (¢) ~ n?, ¢ € (0,26/(20 + a)), for the same tail
shape because Lipschitz continuity (5) with &, = O (inf¢eq> npy (¢)) fails to hold.

Whether a,, : @) is uniformly weakly consistent for such m,, (¢) is left for future
consideration.

3.2. Asymptotic Normality for E-NED Processes

Hsing (1991, Thm. 2.4) proves that if the tail arrays {U,,, ., Im,.; (1)} in (6) have
a joint central limit property

/
1 n _ 1 n
73 2 Units @7 =73 2, It (/my?) | = (Y1, 72) (7)
np t=1 ny

t=1
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in distribution to some random vector (Y1, Y2), L(Ax)/L(x) — 1 as x — oo fast
enough and In(X (pm))/bpm,) 4 0 for p in any neighborhood of 1, then

m,ll/2 (&,;nl —a_l) = Y| — Y.

We now characterize memory in {U,y,, ;, In, (1)} under Assumption A.2 and de-

liver a key tail array central limit theory for L,-E-NED processes {X;}.
Construct the following tail array:

1 -
T @10/ m}?) 1= 35 [01 Uy + 0207 I /ml)] - o=lon,0,
my
®)

and variance

t=1

2
‘7;421n (w) = on%n (w1, ) :=E (2 T, 1 (0, u/m,l/z)) . )

The following ensures a,%ln (w) > 0 uniformly in n and @ # 0.

Assumption D. The covariance matrix of [1/ m,l,/ 2 1 Unpts 1/ m,l/ 2 -

I, . (u/ my/ 2)]’ is positive definite uniformly in 7.

LEMMA 2. Let Assumption A.2 hold. For each @' = 1, {Ty, (o, u/m,l/z)}
is Lo-NED on {3, ;} with constants d, ; = O(m,?l/z(mn/n)l/’) uniformly over

1 <1 <n, and coefficients v, , = 0((m,,/n)1/2_1/rq:1_1/2). Further, {Tp,, (0, u/

m,g/z),Sn,t}forms an Lp-mixingale array with coefficients y,, = o(qn_l/z) and

constants c,; = K n—1/2. Neither sequence of constants {d, ;} and {c, ;} depends
on .

The L,-mixingale property of {7}, ;(w)} under Lemma 2 and a general central
limit theorem due to de Jong (1997, Lem. 1) ensure the following central limit
theorem.

LEMMA 3. Under Assumptions A.2 and D,

(i) X/ Tt (o, u/m,l,/z)/am,l (w) = N(0, 1) pointwiseino'w=1and u €
R, where sup,y,—i 0,,21'1 (w) = 0();

(ii) > (X 41y /by ) /O, (0, 1) == N(O,1), where o2 (0,1) =

_ 2 2
a"2E(1/my/* S, Ly () my/*))2

Remark 16. Invoke the Cramér-Wold theorem to deduce that 1/ m,l,/ 2 "l

{A0(X; /by, )) 4 —ELAN(X, /by,)) 1} and 1/my/ > S7_ (1 (X, > by, ") — P(X; >
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by, e")} have Gaussian distribution limits when { X} is L>-E-NED on an F-mixing
base {¢;}. See Hsing (1991, 1993), Drees (2002), Einmahl and Lin (2006), and
Rootzén (2009) for related limit theory for tail arrays of i.i.d., mixing, and
[-dependent processes {X;}, each of which is covered under E-NED (Section 5).

The Lemma 3 central limit theorem does not impose any restrictions on the
slowly varying component L(x) in (2). The following main result relies on slow
variation with remainder (SR1).

THEOREM 2. Under Assumptions A.2, B, and D,

A—

ml/? (amj —a_l) Jom = N (0,1),

where 62 = E(m:,/z(&,;i —a" )2 =0()and

mp

2
| _
on = E | =173 X {Ums =6 s /miD } | | > 0.
my =1

Remark 17. If {X,} is i.i.d. then lim, ;0002 = o~ (e.g., Hall, 1982).

Remark 18. Notice the mean squared error an%n =E (m,l,/ 2(&,;; — a7 )2 is
1

not necessarily the variance, since &,,jn is in general biased (e.g., Hall, 1982;
Segers, 2002). Nevertheless, 0”21" is proportional to the asymptotic variance un-

der Assumptions A.2 and B, since by Theorem 2 m;/z(&njj —oa Y ow =
N(0,1).

4. KERNEL VARIANCE ESTIMATOR

In general the parametric form of the asymptotic variance limn_moa,%,n may de-
pend upon underlying memory and heterogeneity properties and therefore model
parameters (e.g., ARFIMA, regime switching, GARCH). Our next goal is a
nonparametric estimator that sidesteps such distributional issues, at least for
L»-E-NED data. We base our estimator on the following trivial expansion:

2
1 & X
0,,21 =m, X E Z(ln< ! )) —a!
! m"[:l X(mn+1) —+
2
1 & X
=m, X E —2 <ln< ! )> —ﬂa_l
my (2 X)) /)4 1
- L3 (m( Xs )) g
mp s,t=1 X(’”n‘*’” + n
(i)~
X In ——a .
Xm0/ /)4 1
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It is well known that a standard estimator of the right-hand side,

1 & X My .4 X; my .y
— 2 In -0y, In -y, 0>
Mp 52y Xmo+ny) /) 0 X4 /), n

is not guaranteed to be positive (Newey and West, 1987). A powerful solution is
a kernel estimator

s 2o ()~
~2 s noa—1
o: =— w In ——a
my my, SJZZI s,t,n { X(mn+1) . n My
X
y (1< ' )) U
X(mn"!‘l) + n "

where wy ;,, := w((s — t)/y,) denotes a kernel function with bandwidth y, —
oo as n — 00, w(0) = 1, and w(z) = w(—z). The de Jong and Davidson (2000,
Assum. 1) class of kernels ensures

~2
Om, > 0a.s.,

and includes Bartlett, Parzen, quadratic spectral, and Tukey-Hanning kernels. See
also Newey and West (1987), Gallant and White (1988), and Hansen (1992).

THEOREM 3. Let m, = o(n) and mn/nl/2 — o0, and let wy; , satisfy
Assumption 1 of de Jong and Davidson (2000) with bandwidth 1y, — oo and
yu = o(n). In particular, y, = o(m,/n'’?) and 1/n 5=t sl = O(yn). Un-

der Assumptions A.2 and B, |6,%ln - an%nl 5 0.

Remark 19. The number of tail observations m, must increase sufficiently fast
to ensure that the plug-ins X, +1) and &,;i that appear in every cross-product of
(In(X;/ X (n,+1)))+ — (mn/n)a,, r} in &nzu do not affect the limit. The restriction
m,/n'/? — oo implies that some tails characterized by Assumption B are not cov-
ered here, including F(x) = cx~*(1 + O((Inx)~?%)), because m, = o((Inn)?’)
is required (Haeusler and Teugels, 1985).

Remark 20. As few as m% pairs { X, X;} go into the construction of &n%n due to

the operator (-). Thus the bandwidth rate y,, — oo, which regulates the number

of included cross-products in 6,%,)1 , must be restricted. The bound y, = o(m, /n'/?)

implies that the largest bandwidth allowed is y, ~ m,l/ >~ for infinitessimal 1 > 0
because we then require m,, ~ n'™" = o(n).

5. APPLICATIONS: L>-E-NED

In this section we relate mixing and L ,-NED properties to L;-E-NED and charac-
terize processes that have the L>-E-NED property. In particular, we want to know
when Assumption A.2 holds.
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5.1. Mixing Implies L-E-NED

If 3, is adapted to X, or simply I(X; > by,e"), then {X,} is trivially
L>-E-NED on {3, ;} with constants f, ,(«) = 0 and coefficients y, of any size,
since |7 (X; > by, e*) = P(X; > b, |37 Mlp = 11 (X > by, e") — (X, >
bm,e")|lp = 0. For example, suppose X; is geometrically strong mixing and
E,; =X, fort € {1,...,n}. Then {X,} is L,-E-NED on {3, ;} with arbitrary
E-NED size and {3} is induced by a strong mixing array {E,,} with arbi-
trary size due to geometric memory, so Assumption A.2 is trivial. This covers
finite dependent processes and geometrically ergodic processes like nonlinear
AR-nonlinear GARCH with innovations that have a sufficiently smooth density
(An and Huang, 1996; Carrasco and Chen, 2002; Leibscher, 2005; Meitz and
Saikkonen, 2008). See Examples 1-3 in Section 2.

5.2. L,-NED Implies L2-E-NED

By definition, {X;} is L,-NED on {3,, ;} with size 1> 0if || X;—E[X; ISi:_,q_q]Hp <
dy 194 for some constants d,, ; > 0, coefficients 9, = o(q_’l) where g € N (Gallant
and White, 1988). The following composite result implies that population L -

NED implies L;-E-NED for any s > 0.
LEMMA 4. Assume X, satisfies Assumption B.

(i) Let {X;} be L,-NED on {3,,}, 0 < p < a, with constants d, ; and coef-
ficients U, of size A > 0. If the slowly varying component limy_, o, L(x) =
K > 0, then
HI (X, > bue") — P <X, > et |3 )H2

n,t—qn

< {g—up/Z (1+df,7,z)1/2 (m/n)p/Za} %o (qn—lmin{p,l}ﬂt).

K, 2 > 1/min{l, p/2} and {q,} satisfies n/m, = o(q;f) for some 6 > 0,
then Assumption A.2 is satisfied.

(ii) Let {X;} be L,-E-NED on {3,,}, p > 0, with constants f, (u) and co-
efficients yg, of size A > 0. Then {X;} is Lg-E-NED on {3, ,} for any
s z p with constants f,,’,(u){9 and coefficients y/qen of size A0, 0 = p/max
{p,s}.

In particular, if p = a —1 for sufficiently tiny 1 > 0, Sup,, 51 SUp| <<, dn,r <

time dependence in the L,-norm, like cyclical trend or stochastic breaks in vari-
ance when p = 2. Processes {X;} with tail (2) and L(x) — K include the popular
class F;(x) = cx~*(1 + o(1)). Finally, any restriction on g, is irrelevant, since
the main results only exploit g, — 0.

The general class of nonlinear distributed lags in Example 4 satisfies Lemma 4.

Remark 21. Boundedness d, ; < K applies to {X;} with bounded forms of
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LEMMA 5. Consider X; = Y2, 7; ;€;—; from Example 4. If E,, ; = [E,_,-]E»[g’o/zl
fort=1,...,nand0 otherwise, and n/m, = o(q,f)for some 0 > 0, then Assump-

tion A.2 is satisfied.

5.3. Non-NED and L»-E-NED

The fact that such a large class of L,-NED processes has the L,-E-NED property
suggests it is safe simply to impose L ,-NED on {X,}. However, not all interesting
processes are NED. Consider the following GARCH process:

X, =06, ¢ isiid. and Ly-bounded, p > 0; (10)
P q
0,2 =w+ z,[)’ith_i + 2 yiatz_l-, ag > 0, atleastone f;,y; > 0;
i=1 i=1

q .
the roots of 1 — Z y;Z' lie outside unit circle;
i=1

and the Lyapunov exponent y < 0.3 Class (10) has regularly varying tails of the
form P(|X;| > x) =cx™“(1 +0(1)), ¢ > 0, a > 0 (Basrak et al., 2002, Thm. 3.1).
The root condition implies

o0
o2 =mo+ D mi X2, 7o > 0, 7; >0, atleastone z; > 0.
i=1

Davidson (2004) shows that {X;} is L1- or L,-NED on {¢;} if ¥7°, 7; < 1, which
neglects IGARCH and GARCH with explosive roots. The following result devel-

oped in Hill (2008c) reveals many of these latter processes are, however, E-NED.
See also Example 5 in Section 2.

LEMMA 6. Let X; be generated by (10) with El¢;] = 0 and E[etz] = 1. Let
0 < m; < Cp' for some p € (0,1) and C € (0,1/p). Then {X,} is geometrically
L»-E-NED on {3, ;}, where 3, ; is induced by E, ; = [Et_i]l[i’f] fort=1,....,n
and 0 otherwise.

Remark 22. The bound 7; < Cp~ easily allows Y2, mi = 1 covering inte-
grated and many explosive GARCH cases.

Remark 23. Since ¢, is i.i.d., all parts of Assumption A.2 hold.

5.4. L>-E-NED: Direct Proofs

Despite knowing that E-NED covers mixing, NED, and certain non-NED pro-
cesses, it is instructive to demonstrate the property from first principles. Assume
that throughout {e,;} is a symmetrically distributed process where |¢;| has for each

t tail (2) withindex a > 0,and E,, ; = [e,_,-]l[qz”o/z] fort =1,...,n and O otherwise.
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Example 9 (Linear distributed lags)

Define X; := Y7°, w;€;—;, mo = 1, where #; > 0 and inf,cz P(&; > 0) =1 for
brevity, and 3%, 7 < 0o, general cases being similar. In the following we only
require {¢} to behave like an independent sequence in the tails (cf. Feller, 1971;
Cline, 1983; Hill, 2008b).

LEMMA 7. Let {¢;} satisfy the convolution tail property P(X°yai€—j > x) ~
320 Plaie;—; > x) for any deterministic sequence of real numbers {a;}, ¥,
la;|* < 0o. Then X; has tail (2) with index a.. Further, {X;} is Lo-E-NED on {3, ;}
with constants f, ,(u) = e~*“/>(m,/n)"/? and coefficients Wg, = (z?iqn n/
S22 e 0,1) forany r > 2.

Remark 24. Given the simple parametric structure of X;, we do not require
limy 00 L(x)=K >0o0rn/m, = o(q,‘f), contrary to Lemma 4.

Remark 25. Since ¢; is geometrically strong mixing the F-mixing property
with arbitrary size is immediate, and sup,.,., fo: (@) = e~*/2(m,/n)'/?
is Lebesgue integrable on R . Further, the E-NED size is 1/2 as long as 7;
decays sufficiently fast. This is trivial for stationary ARMA, since 7; — 0 ge-
ometrically as i — oo, and for ARFIMA(p, d, g) with Hurstd < (e — 1)/a < 1,
since 7; = O (i~1~9) implies both ¥3° 7% < oo and y,, = O(g; ).

Example 10 (Bilinear)

Assume X; = fX,_1€6,—1 + €, € isiid., f >0, andﬁ“/zE[E;’/z] < 1. Then {X;}
has a convergent linear distributed lag representation X; = Zj’io Bl e,(j ), where
61(0) = ¢, and E,(j ) = etz_ j (I‘Iijz_llet_i) has tail (2) with index a/2. In particular,

the tail behavior of X; is dominated by Zf.il Bl e,('/ ), which also satisfies (2) with
index a /2. See Davis and Resnick (1996, Cor. 2.4).

LEMMA 8. {X;} is L2-E-NED on {3, } with constants f, (u) = e~ %2 (m,/
)2 and coefficients Wap = o(qn_’l)for any 2 > 0.

NOTES

1. GARCH processes, for example, are known to have regularly varying tails (Basrak et al., 2002).
The scaled residuals {¢;/6¢} of GARCH X; = o¢;, however, may have subtantially thinner tails

than the original series itself, and need not have regularly varying tails (e.g., € itd N(0,1)). See
Iglesias and Linton (2008) for a novel, direct approach for estimating the index of GARCH
processes.

2. I would like to thank Oliver Linton for pointing out this issue.

3. The exponent y is associated with the first order difference equation form of Z; := [th, JU
th_p+2; at2+l,a,2, ...,a,z_q+2]/. It is easy to show Z; = A;Z,_1 + B; for some i.i.d. sequences

{A¢, Bt} of k x k matrices A; and k-vectors By, k > 1. The exponent y is defined by y = lim;— 0o =1

In|| I‘I;lzl Atllo, where ||Allo = sup, pk lxl=1 |Ax|. If € in (10) is i.i.d. with zero mean and
unit variance, then y < 0 given the remaining properties (Basrak et al., 2002).
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APPENDIX A: Proofs of Main Results

The following proofs exploit Lemmas B.1-B.10 in Appendix B. Recall that Uy, ; =
(ln(Xl/bmn))+ - E[(ln(Xt/bmn))+] and Imn,t(u) =1(X; > bmneu) - P(X; > bmneu)’
u > 0.

Proof of Lemma 1. Under the maintained assumptions and Lemma B.1, {Up,, 1, 35,1}
and {Ipm,, (), 3n,;} for all p in an arbitrary neighborhood of 1 form Lj-mixingale ar-
rays with size 1/2 and constants {ez’l,en,t(u)} = 0((mn/n)1/2). Now define an integer
sequence {ap,;},

ant =t xI(t#n)+my x It =n) t=1,2,...,
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and note that a, , = m; and a,,; — oo ast — oo Vn > 1. For some finite K > 0, each
ényt € {e:‘,,t, en,r (1)} satisfies (e.g., Davidson, 1994, Thm. 2.2.3)

o0

> Cnt/an)* < K D 172+ 0(1) < oco.
t=1 t#n

Thus 37, Up,t/ann =5 0 and 3, Ly, ¢ (u)/ann =3 0 by Davidson’s (1994, Cor.
20.16) generalization of McLeish’s (1975) strong law for Ly-mixingales. The weak limit
In(X ((pm)) /Dpm,,) 20 then follows from arguments in Hsing (1991, p. 1551). u

Proof of Theorem 1.

Claim (i). Weak consistency a,, I & 5=1 under Assumption A.1 follows from Lemma
1. See Theorem 2.2 of Hsing (1991)

Claim (ii). Uniform weak cons1stency Supyeq |1 /mn(P) 2} —1 U ().t £ 0 and

supgeq |1/mn(P) X1 (), () B0 follow instantly from Theorem 3 of Andrews
(1992), cf. Davidson (1994, Thm. 21.10), given weak consistency Lemma 1 and Lemma
B.3 Lipschitz properties.

The argument for supgeq | (X (i, (3)+1) /Dy ()] B 0 is similar to Hsing’s (1991, p.
1551) consistency proof. First, note by subadditivity for any u# > 0,
>u/ 2>

X X
» (gup { (mn(¢>+1>} > 3 P( wp ln{ (mn<¢)+1>}
ped b, () ped b, (9)
X
sup —1n{(m”(‘m+1)} > u/2> .
ped b, ()

+p<

We will show that the first term on the right-hand side is o(1), the second term being simi-
lar. Since (1)—(3) and Assumption B imply (cf. Hsing, 1991, pp. 1553-1554; see especially
Smith, 1982, eqn. 2.2; Goldie and Smith, 1987, Thm. 2.1.1, Cor. 2.2.1) that

n

@ £ L (X bmype' ) [ =em2x (10 (1/m0@)2))

observe by construction

n

X(ma(@)+1) 1 u/2
In{ — 23> u/2 1(X;>Db > 1
! { bm,, (p) u/ mp (¢) ;; ( ' ma($)¢ )

= @) (¢) 2 T @), f(”/2)>1—e"“”/2+o(1/m (¢)1/2)

Now use supgeq |1/mn(¢) ST D (), @) LA 0, e~/2 < 1 and infpemu($) — oo
under Assumption C to conclude, for some tiny 7 > 0,
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X
wp In { (ma(@)+1) }
e b, ()

lim P (
n— oo

> u/2)

1
sup ——— N 1 w2
¢er@){> my (P) tgtl (), (1/2)

> 1—e /2 _ |0(1)|>

>1> =0.

Claim (iii). Consider SUPp e |&n_1:(¢) — a_ll £ 0 and define

< lim P(
n— 00

Loy (), (/2)

] n
< lim P | sup |——
n=00 \ geo | mn(P) Z‘l

AW, ,o i=In(X¢ /b, ) X T (Xt > X(myt1)) — In(Xe/bm,) -

Consistency &,;3 & 4= under Claim (i), the Lemma B.4 identity

1 —1_ 1 -1 1/2
Oy —Q =—2 Un,,t —a Imn,t(u/mn )
" Mn =1

g 12
+— 2 A‘/Vm,l,t‘i‘o(l/mn )’ (A.1)
Mn =1
and the Lemma 1 implication 1/m, ¥'_; (Um,.1 — a_llmn,t(u/m,],/z)) 2 0 imply that

1/my 2;’21 AW, t —p> 0. Andrews’s (1992, Thm. 3) uniform law of large numbers and
Lemma B.3 Lipschitz properties therefore imply that supgeq [1/my (X A Win, ()11

Z0. The proof now follows from identity (A.1), the Claim (ii) uniform laws, and infe @ mn
(¢) — oo under Assumption C:

n

supéz_l —a_‘<sup LZU (¢),t| T sup Lil (¢),t (@)
¢€® miz(¢) - ¢€C[) mn(¢) = my (}5), ¢E(D mn(¢) = my ‘75),
| x -2\,
+ sup |——— AW, +o0 (inf{m (. }) - 0.
¢>e§> mn(¢) Z‘l ().t $ed ! ¢)
|
Proof of Lemma 2. Write

Tyt = Tyt (wa “/m111/2) = m;l/Z [wlUm,,,t _CUZ‘Z_] I, 1 (”)] 5 o'o=1.

Step 1 (NED). Under the maintained assumptions and Lemma B.1, (U, 1, In,, 1 (1)}
are L»-NED on {3, ;} with coefficients z//,f,qn = (mp/n)V/2-Vr Ya, = 0((mn/n)1/2_1/r

%—1/2) and constants {f, ;. fir, ()} that satisfy supj,, fi, = O((m,/m)!/") and

SUP| <f<p SUPy >0 [y () = O ((mn/n)l/r). Use Minkowski’s inequality and o'w = 1
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to deduce {7,,,¢} is Lo-NED on {3/} with coefficients W;:,qn and constants (Davidson,
1994, Thm. 17.8)

u>0

—-1/2
dp,t = Kmp / max{fnt,sup fnt(u)}

=0 (m;l/z(mn/n)l/r) uniformly in 1 <7 < n.

Step 2 (Mixingale). Assume that the base {¢;} is F-strong mixing with coefficients &y, g,
= o((m /n)gn /= 2)) Standard inequalities for mixing random variables carry over to
F-mixing, and distributed lags of F-mixing random variables are F-mixing (Hill, 2009b,
Lem. C.1). Therefore Theorem 17.5 of Davidson (1994) applies. For some r > 2,

12=1/r }

Tt = E1Tmy t1Sn0—g, || < max{ || Tom,e],.» dine } xmax{6sn,q,, Vngn

Use o’w = 1, Minkowski’s inequality, and the Lemma B.2 moment bounds to deduce that

) =0 o mim).

[Tl < Koz (van,zn + 80 1 (/i)

Multiply and divide by n'/2 and rearrange terms,
(Tt = ElTm, 113n,0-g,||
< Kn—1/2 % (n/mn)l/Z—l/r max{6£,11,/§n_1/r, W:,qn}
— kn—12 xmax{[(n/m,,)sn,qn}l/z U ) V21T ’qn} =t X Ygy»

say, where yg, = o (qn_ 1/ 2) under Assumption B.2 and ¢,y = K n~1/2 given F-mixing
and E-NED rates.
Analogous arguments apply to the remaining mixingale inequality ||75,,,; — E[Tm,, ¢

|5f1t{'c1>o]||2 < cn,t¥g,+1 (e-g., Davidson, 1994; eqn. 17.19) and to the F-uniform mixing
case. u
Remark A.1. Notice that ||T},, ; — E[Tmn, 1Sn,t—g, 12 < o(n~! 12 ) requires

the F-mixing coefficients to satisfy (n/ mn)qn 2y en,gy — 0. In general therefore, g,

— 00 must hold to ensure lim,— o0 €n,q, = 0, since n/m; — oo. An obvious exception is
en,q = O uniformly in n and ¢q (e.g., the base Ej ; is independent).

Proof of Lemma 3. The proof exploits Lemma 2: {7y, (0, u/ m,ll/ 2), Sn,t} forms an

Ly-mixingale array with coefficients y, = o(gn 1/ 2) and constants ¢, ; = K n~12 Note
by McLeish’s (1975) bound for L,-mixingales with size 1/2,

n 2 n
sup am (w)= sup E <2 Tmn’,(w,u/m,i/z)) = 0( sup Zcﬁ’t) =0(1).

o' w=1 o' w=1 =1 o'o=1t=1

(A.2)
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Step 1 (X, Tyt /om, (@) = N(0, 1)). Write Ty, 1 = Ty, ¢ (@, u/my’ ). We will
show conditions (a)—(f) of de Jong’s (1997) Lemma 1 central limit theorem hold, repli-
cated for reference in Lemma B.5. De Jong’s argument exploits the following real-valued

sequences {ky, [, 7} and Bernstein blocks {Z,, ;, Ln,i};nzﬁ

kn/n— 0, kn =o(my?),  rn=[n/kn] Where kn,rn — 00 asn — 0o
1<l <kp—1<n-—1 wherel,/k, >0 and [, > o0 asn— oo (A.3)
and
ik (i=)ky+ly
Zpi = Y T,y and Ly, ;= Y Tyt (A4
t=(i =k +1,+1 1=(i—1)k,+1

By construction, 3} Ty, .+ obtains the decomposition

n n In

N Twpi=, Zni+ D, Lni+Ry for some remainder Ry.
t=1 i=1 i=1
De Jong’s (1997) construction r, = [n/k,] (cf. Davidson, 1992), renders R, = op(1). The
sequences k, and [, regulate the amount of information in and between the blocks L, ;
and Z, ; in such a way that Z:”: 1 Ln,i = 0p(1) is also asymptotically negligible. Finally,
under the stated conditions {Z;, ; }?”:1 is approximable by a martingale difference array that
satisfies McLeish’s (1974, Thm. 2.1) central limit theorem (cf. Lemma 1 of de Jong, 1997).
Note that k, = o(m,l/ 4)) is always possible and merely expedites the proof.

Define a o-subfield associated with the mixing functional £, ;

Fn,i = U({En,r cT <ikp}).

Condition (a). Minkowski’s inequality and the Lemma B.2 moment bounds imply

HTmn»t

-1/2 1/2
5 < Kmy / (HUm,,,t 2+SuPHImn,t(M/mn/ )H >
u>0 2

—12 _
= 0Gm; P ma/m)'?) = 0™/,
Now use Minkowski’s inequality again and r,k, — n — 0 to deduce

n

Z T, t

t=rpk,+1

n
< X | Tnally < (0—rakn) Kn~2 =o(1).
2 t=rpk,+1

Chebyshev’s inequality completes the proof: 2?:}’,, oy +1 Tyt Zo.

Condition (b). The mixingale property and McLeish’s (1975) bound imply

rn o (i=Dkp+ly 2 rn (i=Dkp+ly
ELY Y Tus) =0(Y Y &,
i=lt=>{—1)k,+1 i=1t=(—1)k,+1

= O(rplun™") = O(Un/kn) = 0(1).
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Condition (c). Define the index set
n
Any = {r e |J G- l)kn+ln+1,ikn]}‘
i=1

Analogous to de Jong’s (1997, A.7-A.12) argument, for t € A, ; it can be shown that
{(E[Tn, ¢ |F,, i—11,3n,¢} forms an Ly- mlxmgale array with constants (i.e., de Jong’s “index

numbers”) c, tl//l and coefficients l//l ! satisfying z//1 "=o(l, 12 ) for sufficiently tiny
1> 0. Thus, by McLeish’s (1975) bound and lp > coasn — oo,

n » 2 'n iky - 2
E ZE[zn,,-an,i_l] =E(Y X E[Tmn,ran,i—l}

i=1 i=lt=0—1k,+1,+1

In iky ) )
=0 2 Z Cnt l//l"l

=1 t=(i— D+l +1
_ —1;—1\ _ -1y _
—0 (rnknn I ) =0 =o(1).

Condition (d). The argument here mimics the verification of Condition (c).

Condition (e). Analogous to de Jong (1997, A.13—A.17) and Condition (c),

I'n I'n

- ~ 2
> 22= Y (E|ZuilFui| = E|ZailFuica])

i=1 i=1

1

'n

<33

i=1

Fu ikn , 172 ikn s 172
1
=0 X > Cn,t ¥, > Cn,t
=1 \t=(i= kg +1 t=(i— Dyt +1

—0 <rn (knn_lln_l)]/z (k,,n_l)l/z) o) = o).

— (EtZuil Fo) = ELZu i1 Foim)) |, % [ Zui

Now apply Chebyshev’s inequality and 2;”: 1 Zl% i/ a,%n (w) L by Lemma B.7.

Condition (f). Define W, ; := E[Zy ;|Fy.i1 — E[Zy.i|Fy.i—1]. We require the Linde-
berg condition 2;”:1 E[W,%,'I(|Wn,i| > ¢)] — 0 for any ¢ > 0. By the same reasoning as
Condition (a) and the conditional Jensen’s inequality, Vr > 1,

iky
[Will, <2([Znill, <2 X |[Tmpt], =0 (knmil/z(mn/n)”’) -
t=(i=Dkp+p+1
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Therefore, Vp,s > 0, 1/p + 1/s = 1, and all ¢ > 0, under Hoélder’s and Markov’s
inequalities
y

= 0 (rukmy ! G /m) /7 gy 2 /) )

max rp E Wiil(|Wn’,-| > s)] <K lr<r1ia<xr {rn ||Wn,i

1<i<ry

%p x HW’l,i

=0 (k,zlm;l/z) =o0(1),

where the last line exploits k;, = o(m,ll/ 4)) in (A.3).

Step 2 (my > 10(X (, 4 1y/bm,)/Gmy (0,1) = N(0,1)). Use Step 1 and a Cramér-
Wold device to deduce

1

a l—
1/2
m,,/

3 b/ ml ) o, (0.1) = N(O, 1), (A.5)
t=1

where 62 (0,1) = E(a™ my 2 X0, Iy, o (u/my/*))? = 0(1) by construction of 62

(w1, @y) in (9) and bound (A.2). It is straightforward to show that (A.5) implies m./*In
(X(my +1)/bimy) /om, (0, 1) = N(0, 1) (Hsing, 1991, Thm 2.4) n

Proof of Theorem 2. Lemma 3 and a Cramér-Wold device suffice to prove

12
1 1 U, 1 o

1/22 s 12 )y ma,t e/ ) = (Z1,22) (A.6)
my, =1 O-I’I‘ly,(lao) my, =1 O'mn (Oa 1)

for some random vector (Z1, Z,) with marginal distributions Z; ~ N (0, 1), where ‘Tnzz,, (w1,

1/2 1/2 —
@) = E(S_y Ty (@,u/my *)? and T, 10, 1) = 1/my* 10 Up, o + 00 I,
(u)]. Therefore, by the continuous mapping theorem,

1 & 1 1/2
12 Z(Um,,,t —a Im,,,t(u/mn ))/O'm,, (1,-1)
my =1

1/2
_ om0 1 U omOD o 1 g It/
Umn(la —-1) mrlz/z =1 Umn(l,o) O'm,l(la —1) mrlz/2 =1 Omy, (0> 1)

— ( lim M) Z - ( lim M) Zy ~ N0, 1). (A7)

n— 00 Um,l(l,_l) n—o0 Um,,(l,_l)

Now exploit the Theorem 1 assertion In(X {51y /b pm,,) £ 0 forall p in a neighborhood
of 1, (A.6), and (A.7), and arguments identical to Hsing’s (1991, pp. 1553-1554) under tail
decay Assumption B to conclude that
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ml/? (&,;j —a—l) Jom, (1,—1)

— ( lim LIO))) Zi— ( lim LO?)) Zy ~ N0, 1).

n— 00 o'mn(l’—l n— 00 gmn(],—

12 P

(671 — a=1))2, it follows instantly that |a,%,n(1, —-1) — Jn%nl - 0.

; 2
Since o, = E(my " (ap,,

Proof of Theorem 3. Lemmas B.8 and B.9 together imply 62— 0'"21 (1, -1 2o,

and by Theorem 2, |0m 1,-1) — am | > 2 0. The claim |am - Um,,| £ 0 now follows
from the triangular inequality. u

Proof of Lemma 4.

Claim (i). Let {X;}be Lp-NED on {3, ;}. For any 1, > 0 to be defined below (I would
like to thank an anonymous referree for insights into the proof of Lemma 4):

2
E(1(X: > bi,e") = EU (X > b, ") 19,542,.1)

n.t—qn
2
<E [(1 (X0 > b, ") = L(ELX; IS 1> bmne”))
<1 (|X: = ELXIS35e, 1 < )|
u t+qn u 2
+E {(1 (Xt > b, e") = 1(E[X(IS, " 1> bm,e ))

)

E (1 (bmye" ~ 1 < Xo < b, )] 4P (| Xe = ELX 1852,

n,t—qn

1 (‘X, — E[X;|S,5" ]

> ’7n>

< [Fi (b, " =) = Fi (b, + 1)) + || X1 = ELX13, 5

n,t—qn

P
W /nk
p
< [Fi (bmye" = tin) = Fi (b, e +mn)] +dF 08 /nf. (A.8)

The first inequality is due to the conditional expectations minimizing the mean squared
error, and a trivial identity. The second follows from basic logic and a trivial inequality
that exploits the indicator function. The third follows from Markov’s inequality, and the
fourth from L ,-NED, where Vg, = o(q, M.

Define ¢ = supqzlﬁq € [0,1) and put n, = by,e “19;,{ Under Assumption B,
_ 1/2 - — _
Fi (bmy) = (ma/n) x (1+0(1/m,/ )) and  Fy (bmyzns) /Fr (bmy) = agd x

(1 +o0 (1 / m,l,/ 2)) for any array of nonstochastic positive real numbers {ay ¢}, an,r > 1



1426 JONATHAN B. HILL

(cf. Hsing, 1991, p. 1553). Therefore

[Fl (aneu - ’771) —F (bmneu +’7n)} +d;f,z79:f,,/775

Fi (bm,et(1+94%))
Fi (bm,)

- F[ (bmn)

+bpldl e Pyl

1/2

= (/e [(1= 04/ = (14047 (1 +o(1/my )

— — 2
+ bmfd,]:te ”pﬂ,fn/
< K(mn/m)e™ 05> + byl dl =P}

< K s max{my/n, by} x e~ (1 +d,ﬁt) x pmin(p:11/2. (A.9)

where the second inequality exploits p < a, and the first follows from the mean value
theorem:

(1-v, 1/2 1/2

)= (149, < a2 =512y, < Koyl

If limy—500 L(x) = K > 0, it is easy to show that b,;f = K(mn/n)ﬂ/a > K(mpn/n)
from (3) and p < a. Together (A.8), (A.9), and ¥4, = o(qn_i) imply that

|1 (X1 > b, ) = P (X > b, 13370 )H2

n,t—qn

1/2 e
- {e—up/z (1+a2,)" /n)p/za} xo (g P4,

Now suppose p = @ — 1, SUp,>1Supj<;<pdn,r < K, and A > 1/min{l, p/2}. Then the
right-hand side is bounded by

K (mp/m)!2e™2 x 0 ((n/mn)'qn_lmin{p’l}/zt)

= {e_”p/z(mn/n)l/z} X 0 ((n/mn) an 172 ) = fn,1(u) X ygq,,

where supj<; <, fn,i (1) = e~"P/2(my, /n)1/2 is Lebesgue integrable on Ry. As long as
n/my = o(qn) for some 6 > 0, then for sufficiently tiny z > 0, wg, = o((n/mn) g, ]/2) =
—1/2
o(qn )
Claim (ii). See Hill (2008c). |

Proof of Lemma 5. In lieu of Lemma 4, we need only prove that {X;} is Ly, —,-NED
on {Fy,;} with size A > 1/min{l, p/2} and uniformly bounded constants d;, ; < K. Recall

En; = [e,_i]l[Z’({z] fort =1,...,n and O otherwise. Since Sﬁ,’_oo = Sf%] C G and
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Sn Tgn = S:,’ t4qn E G;'f[c;n 121 it is easy to show the strong mixing property implies that
€; is F-strong mixing size with r/(r — 2), r > 2.

Recall a > 1, note that sup,cy |l€;lla— < K for tiny 1 > O by stationarity, and by
construction Si:,q_”qn =o(€; :max{l —[gn/2], t — gn — lgn/2]} < v < min{t + g,,n}).
Use o (e; : 7 <t — i)-measurability of z; ;, sup,cz |7, ;| < |z;| = O(@™H#) for some u >
1/min{1, p/2} by the stipulations of Example 4 and Minkowsi’s and conditional Jensen’s
inequalities to deduce

+
Hx, —F [x; ISfl,,q_"qn]

a—1
o

min{t+gy,n}
Sy H”t’ief-i‘E[”Z,iff-”{ef}max{l—[qn/zl,r—qn—[qn/zJ}}
i=iqn/2]

o0 [oe] _
<k Y el =k Y lmi=0(a").

a—l

i=[qn/2] i=[gn/2]
Therefore [1x; — Elx/|Syi % Tlla—s < du.s xo( ) for dy; = K and 4 > 1/min
{1,p/2}. u
Proof of Lemma 6. See Hill (2008c). u

Proof of Lemma 7.

Step 1 (X; ~ (2)). Use ¢; ~ (2) with index a, the convolution tail property of {¢;} and
e 0” < 00 to deduce, as z — 00,

oo o0 o0
P(X;>z)=P <Z Ti€—j >z) ~ Y P (e—i>2)= Y af xz *L(2).
i=0

i=0 i=0

Therefore X; ~ (2) with index a. Further, since by construction of {m, by, }

lim —P(X,>bm Zn'“ lim —P(e, i>bm,)=1,

n—00 mpy, n—oo my
identical distributedness implies (n/mp) P(e; > bm,) ~ X727/ -1

Step 2 (L,>-E-NED). For notational clarity assume g, < t. A similar argument applies
forall 1 <t < n. By iterated expectations and the Cauchy-Schwartz inequality,
n,t—qn

2
E (I(X, > b, ") — P(X; > by, |30 ))

= P (X; > bp,e") —2E [I(X, > b, )P (X; > b, €135 )]

2
YE {P (xt > bmne“|3ﬁ,fr,q_”qn) }

2
=P (X; > bm,e") —E {P (X, > bmne“|5;,+ﬂ_“qn) }
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n,t—=qn n,t—qn

—E [P (Xt > bmne”|3t+q” ) X (l —P (X, > bmne”|3t+q" ))]
<[P (x> bmemisy i, | < (1= 2 (X > bmetisilin, )

n,t—=qn

< HP (x, > by, e |30 )H2 (A.10)

Let 6,*, 4 denote a random draw from the distribution governing 2;.‘:0 wi€—i,a €N, and
note 7; > 0 and ¢ > 0 a.s. V¢ imply ¢/, > 0 a.s. An argument similar to Step 1, and the
proof of Lemma 5, reveals as n — oo,

(&)

t+qn
P (Xt = bm"eulsn,tq_qn) =P < 2 Ti€—i = bm"eu _e;:q"'i‘[(h/z])
i=qn+lgn/2]+1

€ T
< (1= Lantlan/2 S 7P (e—i > b,e"). (A1)
bmne“ i=gy+1

Since X0 < oo, and (n/my) P& > bm,) ~ (X2, 7rl-"l)_1 by Step 1, for every & > 0
anda € N,

o0 o0
P (el q/bm, >¢€) <P (2 Ti€_i > ¢ xbmn> ~e™* Y 7{'P(er—i > bm,)

i=0 i=0
= O(my/n),
hence Et*,q,,+[qn/2]/b’"n .

Now use (A.11), Minkowski’s inequality, (n/m,)P(¢; > bp,) ~ (Z;?ioﬂi“)_l, and
[1(1 — ft*,qn /b, e")"% |2 L by Et*,qn /bm, £ 0 and the Helly-Bray theorem to deduce

. n
lim —

n—00 my, n,t—qn

P (X, > by, |34 )H2

- u
n—00 bmne i=gn+1 Mn

er ¢ e n
< lim (1—”’“*W> x Y 1wl =P (e1—i > b, ) x e~
2

— 1 e a n P b —O0u __ < a < a - —ou
= Jim > |mil* =P (i > bm, ) e = 3 lmil® | X Imil*) e

i=qn+1 Mn i=gnt1 i=0
(A.12)

Together, (A.10) and (A.12) imply, for any r > 2,

HI (X; > by, e") — P (xt > bmne“|5ﬁ,,+,q_"qn) H2

12 52 i\
< {e—(xu/Z (@) / }X (1_q,,+11> = fu,t () X ygq,,

o a
n 207
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say, where sup <, <, fn,r (1) = e~%%/2(m, /n)Y/? is Lebesgue integrable on R, and Yan
e[0,1]. |

Proof of Lemma 8. The tail of X; = Zj?ﬁoﬁje,(j) =€+ 2}?’11 ﬂjgl(j) =€ + X} is
dominated by X/ ~ (2) with index a/2 (cf. Davis and Resnick, 1996), hence it suffices to
demonstrate that X} satisfies Lemma 7. Since ¢; is i.i.d., straightforward generalizations
of Corollaries 2.3 and 2.4 of Davis and Resnick (1996) reveal P(ﬂje,(]) > x) ~ ﬁ’f"‘/z (E
|et|0‘/2)j_1P(e,2 > x) foreach j > 1 and P(X} > x) ~ quilﬁja/z(Ele,l“/z)]_lP(e,z
> x). But this implies that { B e,(j ) };il has the same tail behavior as some stochastic
sequence {ﬁj“/z(Eletla/z)j_lz;_j };il where limy 00 P(z;—j > x)/P(e,2 >x)=1
for all j € N and {z,— j}]?il has the convolution tail property P(Zj?'il ajze—j > x) ~
Z;il P(aje;—; > x) for any sequence of real numbers {q; }, Z?io la;|* < oo. Therefore
X[ satisfies the conditions of Lemma 7. u

APPENDIX B: Supporting Lemmas B1-B10

Let p be any number in an arbitrary neighborhood of 1, and write Ty, ; := Tjn, ¢ (@,

u/ m,ll/ 2). Lemmas B.1 and B.2 characterize moment and memory properties of the tail
arrays {Upm,, ¢ Im,,,t ()}, where Uy, 1 := (In(X; /b, )+ — E[[(In(X;/bm,,))+] and I, ¢
() :=1(X; > bpm,e") — P(X; > by, e"), u > 0.

LEMMA B.1.

(i) Under Assumption A.1, {Upm,, 1,3n,¢} and {1pm, (), 3n,1} form Lo-mixingale ar-
rays with common coefficients ¢q, and constants {e;ﬁ’,, ent()}=0 ((mn/n)l/z),
where e}, ; = Jo° en.t (w)du, provided ey ; (u) is Lebesgue integrable on R.

(ii) Under Assumption A.2, {Upm,, t,1pm,1(u)} are Ly-NED on {3, ;} with common
coefficients yy , = (mn /)27y, and constants (foss s W)}, where
i) = /m)V27Vr )y and fr, = K(n/mp)V27Y7T 90 £y uydu,
provided fp (u) is Lebesgue integrable on R4 In particular, supy<; <, f,::t and
SUP| <f<p SUPy>0 fr. () are O ((mn/n)!/7).

LEMMA B.2. The tail arrays {Up, } and {1pm, (1)} are Ly-bounded for any r > 1:

n 1/r
lim (—) Hlﬂmml("‘)Hr <Ar(u) <oco and

n—00 \ my,
1/r
. n
Jin () [, < B, <0

where Ay: R— Ry is p-integrable with respect to Lebesgue measure on R for any p > 0,
and uniformly bounded on Ry.. In particular, sup, > || Lomy, 1 (u)Hr = 0((mn/n)l/r).

Define

AW, ¢ =0 (X¢/bm,) % 1(X¢ > X(m,41)) =10 (Xt /bm,) -
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Lemmas B.3 and B.4 establish key Lipschitz properties and a decomposition for proving

a1 is uniformly consistent for o~
n

LEMMA B.3. Define m, := infye mn(¢) and let Assumptions A.1 and B hold. For

- 1/2 .
each S, € {1/mn X0 Unyts 1/ mn 37— T (L /m!®), 1/ S AW, 1, )
there exists a stochastic array {Bp } that is not a function of ¢ € ® and that satisfies
I/my 37 E[Bnt] = O(1), such that |y, () — Ymn @) < 1/meX) | Bny X ¢ —
¢l a.s. forall p,¢' € D.

LEMMA B.4. Under Assumptions A.1 and B,

o _ 1 n _ l n
aml—a l:—Z{Umn,,—(x llm,,,t (u/m,lz/z)}—kfzAWmn,[—l—o(l/m,lz/z)
" Mn =1 Mn 1=

where o (1/m,11/2) is deterministic.

LEMMA B.5. Let { Xy 1} be a mean-zero stochastic array with oy := || 2{’=1 Xntll2>0

. . ik ~ )
uniformly in n. Define Z,, ; = Z;:(i—l)kn+ln+1 Xn,t and Fy j =0 ({En,z(an) 1 v <iky})
and let the sequences {1, ky,rn} be as in (A.3). Then Z?:l Xn,t/on = N(0, 1) under the
following conditions:

(@) S, ¢ o1 Xna D0,
() Sy S Xt 50
(¢) Si) ElZyilFpica] 5 0,
(d) Sy (Zni = ElZn,ilFn 1) 5 0,
(€) SjLy(ELZp il Fy i) = ELZy i Fp i—1D?/on 5 1,
() Sy EIW2,1(1W il > &)1 5 0V & > 0, where Wy ; := ElZy ;|Fy i1~ E[Zy |
Fpji-1l.
LEMMA B.6. If {Tjy,, 1,3t} forms an Ly-mixingale array with size 1/2 and constants
Cn,ty SUP|<t<p Cnyt = O (n_l/z), then for the sequences {ly, kn,rn} defined in (A.3),

I'n I'n ikn Jkn

Z 2 z 2 E[TmmsTan] =0.
=1 jmit 1 1= (= 1)y 1 5=k +1

lim
n— o0

ik,
Recall Zn,i = ztzn(i—l)k,,—i-ln-i-] Tyt

LEMMA B.7. Under Assumptions A.2 and B, ¥" (22 , — E[Z2 l.])—”> 0 and 3",
22 /02 (@) 5 1.

n,i

Compactly write the kernel function wy ¢, := w((s — t)/y,) from Theorem 3, and

1 n m X
-2 . . n my+1
Omy, = 2 lUn,s,tYmn,st,,,t, where Ymn,t = Umn,t ——n s :
n m n b
s, t=1 Mn
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LEMMA B.8. Under the conditions of Theorem 3, |6’,%,n —0m, | 5o,
LEMMA B.9. Under the conditions of Theorem 3, |5;421n - a,%n 1,-1)] L)

LEMMA B.10. Under the conditions of Theorem 3, {m;l/zYmn,,, Sn,t} forms an L;-
mixingale array with o1/ 2)-constants and size 1/2.

Proof of Lemma B.1. We will prove the E-NED assertion, the E-MIXL proof be-
ing similar. Since {pm,;} forms an intermediate order sequence, under Assumption A.2

{Lpm,¢ ()} is by construction Ly-NED on {Sy¢}: 1L pm, .+ )~ ELLpm, .1 )|Sp1 1l <

W/ m)' 277 f @)} x A /m) 2= gy = fr Wy, say, where  the
claimed properties of f,f (1) and 1//;, an follow from Assumption A.2.

Now consider Uy, , define Py (u) := I(X; > by, e") — P(X; > bm”e”lS;-;[ﬁ’qn),
invoke Assumption A.2, and let the E-NED constants f, ((«) be Lebesgue integrable on
R4. Then

+
|Vt = EWUm, a1354 2,

2

H (in (X¢ /bm, ) . — EL(1n (X1 /bm,)) 4 IS0, ]

2

_ 1/2

00 2
—|E (/0 [l(x, > by, e") — P (xt > bmne"mﬁ,j”_"qn)] du) }

i o0 00O 1/2
—|E /0 /0 Pn,t(ul)Pn,t(uz)dulduz]

[ [0 [ 12
= _/0 /0 E [P"J(Ml)Pn,[(MZ)] duldu2:|

IN

[ foo oo 172
/0 /0 ||P"=f(”1)||2||Pn,t(M2)||2du1du2]

o0 (ee]
/0 || Py )| :/O |1 > ey = P (X0 > b, eti330, ) |

o0 o0
< ( /0 fn,t<u>du) X v, = ( /O f,:i,(u)du) XU g = Tt XV g

say. The second equality follows from the identity (In(X;/bm))+ = [5° 1 (Xt > bm,e")du

and the Fubini-Tonelli theorem: E[(In(X; /by, )).:,.IS,II_’F,q_"qn] = E[fé>O I(X; > by, e")du

|S;ﬁq_”qn] = féx P(X; > by, e“li’si:'tq_"qn). The fourth equality follows from the Fubini-
Tonelli theorem. The first inequality is Cauchy-Schwartz’s. The last inequality follows

from Step | and Lebesgue integrability of fy ;(u). The asserted properties of f,; =
5 £ s wydu = (n/mp)2=Y7T [£° fu 1+ (u) du follow from Assumption A.2. |
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Proof of Lemma B.2. Use (1)—(3) to deduce for any u € R, any p in an arbitrary
neighborhood of 1, and any r > 1,

n—oo

n 1/r n 1/r 1r
lim | — I <2 lim [ — P(X;>Db "
(mn) I pmn,l(u)”r =4, % (mn> ( t pm, € )

1/r
P(X;>D u“
—2 lim LP(X, > ,,pm”)w
n—oo | my, P (X: > bpm,)
=2p/"em T =1 A, (u) < 0.

Trivially, sup, >0 Ar(u) < K <00, [CAr(u)Pdu < K [§e~*“P/" du < oo forany p > 0.
Similarly, for any r > 1 it is easy to show under (1)—(3) (e.g., Hsing, 1991, eqn. 1.5) that

(ln(Xt/bmn))+H,

0y 1/r
=2 /0 e " du =: B, < 0.

Proof of Lemma B.3. See Hill (2009b, Lem. B.3). u

()]

mn (2 bm, ) ) 4

i [ Xt 13 R gl

ln( o )+<E Mng‘l(m(bmn))J a ) (B.1)

Under Assumption B, the last term satisfies (Hsing, 1991, p. 1554)

1 & X ~
mTE‘l (ln(b,,; >)J —a~ = o(1/mk?,

and by construction, the first term can be written

1 my X . 1 n X 1 n
L)L) e
nj=1 my +

Mn =1 Mn Mn =1

n 1/r |
lim (m—) Uty <2 lim (n/mn)"/"

n— 00

Proof of Lemma B.4. Write

1 mp X/
&njj—a_lz— Zln<—(1))—E

E

where AW, :=In(X;/bm,) x I1(Xt > X, +1)) — (In(X't/b'm'n)) 4.
Further, it is easy to show that the third term in (B.1) satisfies, for all u € R,

X 1 &
I (M) =u &= o ¥l s/my?) = uto(1)
my =1

b,
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and deterministic o(1) (Hsing, 1991, p. 1553). Therefore
it = 2 (0(r)) 2 [ 2 00 Gr)
1 1 t t
a, —a @ =— In|{ — —E|— In([ —
" Mn tg‘l bm, + Mn tgl bm, )/ +

1 & X
+— Sn (b a3 ) % [1(Xe > Xguya1)) =1 (X1 > bmy)]
= mp

o zzm,,,t(u/m/ +o(1/mi?)

_ 1/2 1< 172
=— z (Um,l,t —a 1Imn,l‘(u/mn/ )) + e 2 AWt m, +0(]/mn/ ). A
= n=1

Mn 21
Proof of Lemma B.5. See de Jong (1997, Lem. 1). |
Proof of Lemma B.6. See de Jong (1997, Lem. 4). u
Proof of Lemma B.7. See Hill (2009b, Lem. B.7). u

Proof of Lemma B.8. Recall Yy, 1 := U, .t — (mn/n)In(X (3, +1)/bm,, ), write wy s ¢
= w(|s — t|/yn), define

X
An,t = (111 (L)) — (1n (i)) +ﬂ1n <M>
X(’"n+l) + bmn + n bmn
M Xy o A1 ]
Bn o n X{mn (E |:(ln(bm,,>)+:| ¢ >+(amn a )}’

and decompose 6—,%, = 5”21 + Ry, where

1

~2
Om, = m* 2 wn,s,tYm,,, Ym,,,ta
s, t=1
2 (IR
Ry = z Wn,s tAn sAnt"r‘B 2 Wnp,s, t+2— Z wn,s,tAn,st,,,t
m"vt 1 ”vt 1 m”s,t:l

1 1 &
+ 2B, — 2 Wn,s,tYm,,t +2B;,— 2 wn,x,tAn,l~
Mn g 1=1 ng, =1

We need only show that || R, || = o(1).
By cases it is easy to show that [Ap ;| < |In(X(,,4-1)/bm,, )|, and Assumption B implies

m,ll/z{r:E [(m(bxt >) ]—a_l} —o(1). (B.2)
n my +

Now apply Lemma 3 and Theorem 2 to deduce respectively that

X _
[ 4nell5 < 1n(%)” = 0(my ") and Byl = 0(my/* /). (B.3)
Mp 2
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Similarly, Lemma 3 and the Lemma B.2 moment bounds imply that

X
Yy < [[Unme [l + = ln(%)H = O((mn/n)"/?). (B.4)
np 2
Finally, by supposition,
— 2 [wn,s.i| = 0 (pan/mp) = o(n'/?). (B.5)

Mn g 1=1

Together (B.2)—(B.5), the Minkowski and Cauchy-Schwartz inequalities, and m,, / nl/2
oo by supposition give

1Rally = 0n"/2) x { Oy )+ Oy /) + O™V 2) 4 O /¥ + 0 ™H }

=02 /mp) + O(mp/n>?) +0(1) + O (mn/n) + O (n~/%) = o(1). n

Proof of Lemma B.9. Write [, ; := Imn,t(u/m,yz), recall Vi, ¢ 1= Up,, .t — (mp/n)
ln(X(mnH)/bmn), and

2
1 n
Ur%n(l,—l) ::E( 72 Z (Um,,,z—a_llmn,l)> and

l’l

.2 1
o'mn = 2 wn,s,tYm,, Ymna
Mn s 1=1

We will prove 52, — E(1/my/> S Y, )2 = 0p (1) and [E(1/my/> 37, Y, 0)? —
o2, (1,=1)| = 0p (1)

Step 1. We will verify Assumptions 1-3 of de Jong and Davidson (2000) (JD) to show
-2 [ ’
O'mn —F Wt; Ymn,[ — 0. (B.6)

JD’s Assumption 1 holds by the statement of the lemma.

By Lemma B.10, {m,, l/zYmn t»3n,¢} forms an Ly-mixingale array with size 1/2 and
constants c = Kn~1/2. Thus ID’s Assumption 2 is satisfied. [Equation (2.6) of de Jong
and DaV1dson (2000) is only sufficient for the mixingale property to hold, but not necessary.

By the proof of Lemma B.10 in Hill (2009b) {m,?l/ Ymn,t} is L>-NED on {3 ;} with
O((mn/n)l/r) constants and o ((mn/n)l/2 1/r 1/2) -coefficients, and {m,?l/zYmn’,,

Sn,t} forms an Lj-mixingale sequences with constants and coefficients ¢, ; X &g, =

Kn=Y2 x o(q, I 2). With these properties in hand, each of de Jong and Davidson’s argu-
ments that exploit their (2.6) go through.]

Finally, JD’s Assumption 3 is satisfied by y, maxlitinc%’, = o(1) given y, = o(n).
This proves (B.6).
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t=1

1/2

2’[1:] Imn,t’ and an =

m,l/2 In(X 4, +-1)/bm,)- Arguments in Hsing (1991, p. 1553) and the Helly-Bray theorem
imply under Assumption B that

1 n
e(1n3
mp

=1

= |E (Un, = Bu,)* = E (Un, = In,)

2
Ym,,,,> —op (1,-1)

2!

< 2|\ Unm, ||, || Bry = I, ||, + ’E (an)2 —E (Imn)z‘ =0 (mrlt/zg (bmn)) =o(l).
(B.7)
Together, (B.6) and (B.7) imply |52 — a2 (1,—1)| = 0p(1) as claimed. |
Proof of Lemma B.10. See Hill (2009b, Lem. B.10). |

APPENDIX C: Symbols

The following table displays the most frequently used symbols and variables in order of
appearance, their definitions, and the section(s) in which they first appear. If the symbol
or variable first appears in a numbered equation, definition, etc., that information is also
given. Consult the first appearance for a complete definition.

Symbol

Definition

Section §, (eqn.), etc.

Fy(x), Fr(x)
L(x)

X

{my}

bmn

{En,t}
{Sn.}

{an}
en,t(”)a (pl]n
fll,l(u)a an
€t

Gy

En,qn> Wn,qn
8

{mn(9)}

hn

Ut

I, t ()

Tm,,,t(wau)

ol ()

P(X;<x),P(X;>x)

slowly varying component in Fy (x) = x~%L(x)
sample order statistic: X (1) > X(2) > -+ > X(y)
sequence of integers: m, — 0o, my, = o(n)
threshold sequence: n/m, P (X; > by, ) — 1
stochastic triangular array, mixing functional of €;
triangular ¢ -array induced by {Ey ;}

sequence of displacements, g, — 00, g, = o(n)
E-MIXL constants and coefficients

E-NED constants and coefficients

E-NED base

o -field induced by ¢,

F-strong and F-uniform mixing coefficients

slow variation with remainder component of L (x)
sequence of Lipschitz integer functions

O (infpep My (¢))-sequence for Lipschitz my, (¢)

(In (X1 /bn,)) —Egon (Xe/bm,)),,]
1(X; > by, e") —E[I(X; > bm,e")]

1/mp'~ |0 Unyy e — 020 i, 4 ()

1/21)2
a,%tn (w1,m) :=E (2;121 Tmn,,(a),u/m,,/ ))

§1

§1,(2)

§1

§1

§2,(3)

§2.1,§2.2

§2.1

§2.1

§2.1, Defn: E-MIXL
§2.1, Defn: E-NED
§2.2

§2.2

§2.2

§3, Assumption B
§3.1, (4)-(5)
§3.1,(5)

§3.1, (6)

§3.1, (6)

§3.2,(8)

§3.2,(9)
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Symbol Definition Section §, (eqn.), etc.
dn,t L,-NED constants for {Tmn,, (w, u/m,ll/z) } §3.2, Lemma 2
Y an L,-NED coefficients for {Tm,,,t (a), u/m,l/z) } §3.2, Lemma 2
Cn,t L>-mixingale constants for {Tmn,; (w, u/m,l/z) } §3.2, Lemma 2
2
a,%,n E (m,11/2 (&,;J - a_l)) §3.2, Theorem 2
Wi, 5,1 w(ls—t|/yn) §4
e -en,t(u)  Lo-mixingale constants of { Uy, ;} and Proof Lemma 1
{Tm, .1 () }
fts (W) Lo-NED constants of { Uy, ; } and {In,, (1) } Proof Lemma 2
T, t Tin, 1t (w, u/m,l/z) Proof Lemma 2
kn,ln,rn integer sequences for Bernstein blocks Proof Lemma 3, (A.3)
{Zn,,- }:rnzl Bernstein blocks Z;Q(i—l)kn+ln+1 Proof Lemma 3, (A.4)

Tm,,,t (CU, u/my
Fn,i 0({Ens 1t <ikp}),i=1,..,ry Proof Lemma 3




