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Abstract

We develop a regression model speci..cation test that directs maxi-
mal power toward smooth transition functional forms, and is consistent
against any deviation from the null speci..cation. We provide new de-
tails regarding whether consistent parametric tests of functional form are
asymptotically degenerate: a test of linear autoregression against STAR
alternatives is never degenerate. Moreover, a test of Exponential STAR
has power attributes entirely associated with the choice of threshold. In
a simulation experiment in which all parameters are randomly selected
the proposed test has power nearly identical to a most-powerful test for
true STAR, neural network and SETAR processes, and dominates popular
tests. We apply the test to U.S. output, money, prices and interest rates.

*The comments and suggestions of two anonymous referees and Chief Editor Sébastien
Roux are gratefully acknowledged. For comments on an earliery version of the paper | would
like to thank Dick van Dijk, Phil Rothman, and the participants of the 12th annual meeting of
the Society for Nonlinear Dynamics in Economics, and the 2004 North American Econom etric
Society meeting.

fDept. of Economics, University of North Carolina, Chapel Hill; jbhill@email.unc.edu;
http://www.unc.edu/~jbhill. This paper was written while the author was a¢liated with
the Dept. of Economics at Florida International University. Their hospitality is gratefully
acknowledged..

Key Words: Smooth Transition Autoregression, Nonlinear ARX, neural networks, consistent
test, nondegenerate test.

JEL Classi..cation: Primary C12; Secondary C32, C45.



1. INTRODUCTION
1.1 STAR Methodologies

Smooth Transition Autoregression (STAR) models have gained signi..cant
popularity as a means to transcend well known explanatory and forecasting
limitations of linear and binary regime switching models. See Chan and Tong
[19864a,b], Terasvirta [1994], Luukkonen et al [1988], Lin and Terasvirta
[1994], van Dijk et al [2002], Lundberg et al [2003] and Lundberg and
Terasvirta [2005].

The standard setup models a time series {y;} as a two-regime autoregression

p p
Q) ye=ct+Y dwit D Biyii X F(yi-a,7.0) + e

i=1 i=1
where F'is a smooth function taking values on [0,1], typically

exponential : F (yi—a,7,¢) = exp{—y(yi—a — ¢)°}
1

L+exp{—y(p-da—c)}

The transition function F (y;_4,7v,c) € [0,1] moves the data generating process
between two linear regimes ¢ + Y7, ¢,y,; and ¢ + Y7, (¢, + B;)y:—; based
on past information y,_,4. The exponential F'(-) captures "inner" and "outer"
regimes: if y,_, is far from the threshold ¢ then F (y;_4,7v,¢) =0 and y; ~ ¢
+ 3P by + €, and if y,_,4 is close to ¢ then F(y;_4,7,¢) ~ 1 and y; ~
c+ 3P (¢, + B;)yi—i + €. The logistic F(-) captures “upper" and "lower"
regimes: if ¢ < y,_4 — oo then F (y;_4,7,¢) — 1, and F (y;_q,7,c) — 0asc>
yi_q — —oo . The scale v > 0 gauges the speed of transition: v = 0 implies no
transition in which case y; is a linear AR; and small (large) v > 0 implies slow
(fast) transition.

Tests of linearity against STAR alternatives, however, have received almost
no attention in the theory literature, although a standard practice dominates the
applied literature. Since a test of 5 = 0 is not nuisance parameter-free the stan-
dard practice is toexploit v = 0. The hypothesis is indirectly tested by perform-
ing a truncated Taylor approximation of F' (y:—4, v,c) around v = 0. This leads
to a simple second or third order polynomial auxiliary regression in the spirit
of Ramsey [1970] and standard F-tests of parametric zero-restrictions are used
to determine whether the process is linear AR, or exponential or logistic STAR.
See Luukkonen et al [1988], Saikkonen and Luukkonen [1988], Lin and
Terasvirta [1994], Terasvirta [1994], Gonzalez-Rivera [1998], Escrib-
ano and Jorda [2000], Rothman et a [2001], Lundberg and Terasvirta
[2002, 2005], and Lundberg et al [2003], to name a few.

In order for the polynomial regression to have meaningina STAR framework,
however, the true data generating process is simply assumed to be a STAR.
If no assumptions are made the test merely directs power toward low order
polynomials. The test is therefore not a true test against smooth transition
alternatives, per se.

logistic: F (y,_g4,7,¢)



The nuisance “delay” parameter d remains in the polynomial regression. If
d is not simply assumed it is selected by minimizing the F-statistic p-value. The
statistic has a non-standard limiting null distribution in the latter case (Davies
[1977], Stinchcombe and White [1992]), yet chi-squared or F- distributions
are universally used. Similarly, in many instances the threshold ¢ is simply ..xed
(e.g. Gonzalez-Rivera [1998]).

Finally, most smooth transition models in the applied literature incorpo-
rate only one threshold variable y:—q4, and in some cases only time ¢ (Lin and
Terasvirta[1994], van Dijk et al [2000], Lundberg et al [2003]). Test consis-
tency will require each stochastic variable that enters into the null speci..cation
(e9. yi—1,..., yi—p) to enter into the weight function F(-), cf. Bierens [1982,
1990] and Stinchcombe and White [1998].

1.2 New STAR Test

In this paper we develop a consistent! parametric test of STAR functional
form. Consistent parametric tests have been proposed by Bierens [1990],
Bierens and Ploberger [1997], Stinchcombe and White [1998], Dette
[1999] and Hill [2007]. See Yatchew [1992], Hardle and Hall [1993], Hong
and White [1996], Stute [1997] and Li, Hsiao and Zinn [2003] for (semi)
nonparametric methods.

Inconsistency arises because only a ..nite number of moment conditions are
actually tested. A failure to reject the null may simply be due to the fact that
some alternative not covered by the test statistic is true. Ina STAR framework,
even if we agree that ..nite-order polynomials adequately represents exponential
and logistic functional forms, a failure to reject the test may be due to some
other smooth transition mechanism (e.g. the Normal STAR: see Chan and
Tong [1986b]).

Our main contribution is a score test that directs power toward a gen-
eral Smooth Transition Non-Linear Autoregression with Auxiliary variables
(STARX). Single equation ARX models have a myriad applications in macro-
economics and ..nance (e.g. Baillie [1980]; Bierens [1987, 1991]; Pena and
Sanchez [2005]). The test is consistent against any deviation from the null, and
nests speci..cations popularly employed in the STAR and Arti..cial Neural Net-
work [ANN] literatures. Consult Hornik, Stinchcombe and White [1989],
Bierens [1990], Hornik [199]1] and Lee, White and Granger [196] for
details on ANN models and their usage in economics. Whereas smooth tran-
sition models have simple behavioral interpretations?, neural nets are typically
employed to absorb evident and otherwise unexplained nonlinearity (e.g. Don-
aldson and Kamstra [1996]). A score test provides an intuitive sample check
that smooth transition or neural net terms have not been omitted from a non-

1 The power of the test statistic converges to one, as the sample size grows, under any
deviation from the null.

2 For example, as an exchange rate deviates from a target band, currency traders may expect
open market transactions by a central bank to stabilize the rate. The planned transaction
and its expectation by traders suggest traders may behave dicerently as the exchange rate
increasingly deviates from the band.



linear ARX null speci..cation.

Our test is consistent because we enforce v > 0, permitting uncountably
in..nitely many moment conditions based on fexible test weights. We simply
test whether the second regime term belongs

Hy:B8;,=0,i=1..p vs. Hy: atleastone g3; #0,

and deliver a supremum test over ~ in order to elevate small sample power.

In asecond contributionwe prove consistency of a test against an Exponential-
STAR alternative is based on the threshold c¢. This suggests the practice of ..xing
¢ may curtail small sample test power.

Of separate interest, as a third contribution we prove a score test of linear
autoregression against standard ANN or STAR alternatives is never degener-
ate except in a trivial case. This provides far more information concerning
test degeneracy than previously characterized in Bierens [1990] and de Jong
[1996], and provides a natural setting for the optimal tests of Andrews and
Ploberger [1994, 1995] who simply assume non-degeneracy.

There are, however, some notable limitations. Although we permit non-
stationary time series our test evidently cannot distinguish between non-stationarity
(e.g. aunit root or stochastic break) and nonlinearity. See Kapetanios, Shin
and Snell [2000] and Kapetanios and Shin [2003] for tests in this genre. It
also cannot handle some unbounded forms of global non-stationarity including
linear trend in variance.

A simulation study demonstrates our test dominates standard tests, and
vastly dominates the STAR polynomial regression test. In fact, the power of
the proposed test against STAR, ANN and SETAR atematives nearly matches
that of uniformly most-powerful tests. Finally, we apply the test to a basket of
U.S. macroeconomic variables.

In Section 2 we detail the STARX framework. Sections 3 and 4 contain the
score statistic and construct smooth transition moment conditions. Asymptotic
theory is developed in Section 5, and Section 6 characterizes test degeneracy.
Sections 7 and 8 contain the simulation and empirical studies. Assumptions and
proofs are in the appendices, and all tables are placed at the end.

Write |2, := (X, ;|2 ")"/? and |lz]|, = (X, Elzi;|")'/?. For arbi-
trary k-vectors a and z, vector powers = represent (z1",..., 7*)". I denotes a
k-dimensional identity matrix. > denotes convergence in probability, <, conver-
gence in ..nite dimensional distributions; and = weak convergence on a metric
space; [z] istheinteger part of z. C[A] denotes the space of continuous functions
endowed with the uniform metric on some compact space A.

2. STARX FRAMEWORK Let {W;} := {y:, 21} be a
k-vector stochastic process, where z; € R*~!, k > 1 are regressors that do not
contain lags of y;. Assume {W;} liesin Lo (Y, S, P) with probability measure
P and o-.eld Sy = c({W-}: 7 < t), S := 0(UrezSt). In the case of a purely
autoregressive framework k = 1 and S¢ = o(y- : 7 <t). We assume x; does not



contain a constant, and the complete regressor set z,_; contains lags of y, and
.’Et:

/ ~
Ri—1 = [(yt—la :C{‘,—l)/w-ﬂ(yt—pax;—p)l] and 5 = (1722)/ € Rpk+1'

2.1 STARX Model

Let B, D, T and & be compact parameter spaces:
BcR (1>1), DCR?(¢>0), & CRPFFL T c RPEHL
and consider known Borel-measurable response functions f and w:
f:®xRPFFL LR and w: D xRPFH S RE 1> 1.
We are interested in whether the model

@) yt=f(9,2t-1) tet

is correct for some ¢ € @ in the martingale dicerence sense Fle,[S;_;] = 0, or
whether a 2-regime smooth transition nonlinear ARX form

) Y= f(d,211) +Bw (8, 21) x F(T'21) + &
improwes the model ..t, where
F:R— R, P(infsep |w(d,2t-1)|>0)=1, BB, de€ D, TeT.

Traditionally F' is the exponential or logistic restricted to [0,1], but we only
require F'to be non-polynomial and in..nitely dicerentiable: see Section 4. The
error term ¢, may be heteroscedastic. All regularity conditions are listed under
Assumption A in Appendix B.

We use w(d, z_,) with the imbedded parameter ¢ to capture the ESTAR
case, and bound |w(d,Z;_;)] > 0 to escape trivial or redundant cases (e.g.
w(d,%_1) = §z,_1). See Section 2.3, below, for examples. Model (3) nests
(1) since f(¢,2,_1) = ¢'z,_1 and w(d,Z,_;) = z,_, are special cases with z,_;
= (17 Ye—15 ---vyt—p)'

It would be straightforward to permit dicerent lags p; and p, in the two
regimes, and to allow y, and z, to have dicerent lags. Similarly, we could
easily generalize ¢, to a ..nite-order moving average process producing a smooth
transition ARMAX model (cf. de Jong [1996]). Either generalization would
only further complicate notation®.

2.2 Persistence: »-Stability

In order to have an accessible asymptotic theory applicable to heterogeneous
nonlinear ARX data {z }, we utilize Bierens’ [1983, 1987, 1991, 1994] concept

3Since none of the following theory requires p1 = p2 = p, we investigate p; § p2 in the
simulation study of Section 7.



of v-stability on a strong mixing base. Consult Appendix A for a formal de..n-
ition and properties, and see especially Bierens [1991: Annales d’Economie et
de Statistique 20/21].

Briety, v-stability is essentially a version of Near-Epoch-Dependence and
mixingale properties, and is equivalent to Potscher and Prucha’s [1991] L,,-
approximability*. Under v-stability W, can be an in..nite order distributed lag
in mean and/or variance with long or short memory, including ARFIMA(p, d, q)
and/or FIGARCH (p, d,q), d € [0, 1), nonlinear dinerence equations Wy = hs (e, Wi—1)
with iid shocks e:, and bilinear, to name afew cases. Moreover, it covers mixing
processes, in particular any strictly stationary geometrically ergodic process, in-
cluding therefore Threshold Autoregressions, neural nets, Vector ARCH, STAR,
nonlinear AR-GARCH processes, etc.

The property does not characterize processes with a non-negligible in..nite
past (e.g. a unit root process), it encompasses seasonality, bounded trend in
mean and variance, and stochastic breaks. In practice the analyst will need to
pre-test for unbounded trend and unit roots and ..Iter the series appropriately.

2.3 Examples
LSTARX: The Logistic-STARX model is

pk

1 +exp {— Z%‘(ftq,i - Ci)}
=1

= f(0.Z1) + B w(0,21) x F(T'%_1) + &

where f(¢, 2, 1) = ¢'%_1, w(0, %) = 21,y = —7; 2 0fori=1..pk, c; €
R, and 7y = Zfil ¥:Ci-

ESTARX: The Exponential-STARX model is

-1

Y = ¢/2t71 + 5/2#1 + €&

pk
yr= @' %1+ 8 Zi_1exp {—Z%(itm - CL)Q} + €.
i=1

This model is complicated by the quadratic transition mechanism. Since we
ultimately require the test weight argument to be a one-to-one function of the
transition variables Z,_; for test consistency, write

Z¢_1 €Xp {— Z Y (Zo1,i — Ci)z} (ét 16Xp {Z 51‘5?_171-}) xexp{7'Z;_1}
i=1 i=1

= w(éwgt—l) X F(T/’%t—l)a

say, where 6, = —y, < 0for i = 1..pk, ¢; € R, {r; = QCm}fil and 7o =
— Zfil v;c2. As long as ¢ and 7 are treated as unrelated parameters (i.e. as
long as the threshold ¢ is not simply .xed) a consistent test is available based

4See Gallant and White [1988] and Davidson [1994]. Like NED, Bierens w-stability
was originally inspired by the mixingale property (McLeish [1975]). See Bierens [1991].



entirely on ¢, for any scale v > 0. If ¢ is ..xed our proposed test cannot be
proven to be consistent.

ANN: Since w(d,Z:—1) = 1 is allowed under (3), a special case is a standard
single-layer feed forward Arti..cial Neural Network. In the logistic case, for
example,

—1

yr=¢'Z1+ B x + €.

pk
1+ exp { Z’yi(z}_u - C/L)}
i=1

Neural nets were popularized in the psychology and engineering literatures as
purely non-theoretical means to e@ciently approximate connections between
data points. The most popular forms, the exponential and logistic, are universal
approximators due to their in..nite dicerentiability (Hornik [1991]) making
them highly useful objects for consistent test formation (Bierens [1990], Lee
et al [1996], Stinchcombe and White [1998]).

3. SCORE TEST OF STARX Represent all nuisance

parameters as

0=[0,7) €0 =DxT.

If the second regime w(é,%;—1) does not depend on ¢ then § = 7 € T (e.g.
w(6, 5t71) = Z¢_1 Or w(é, 2t71) =1). R

Let $,.(®, 5,6) be the sample score associated with (3). If ¢ denotes the
nonlinear least squares® estimator under Hy : § = 0, then under Ho

»>

1 ) B B . N~
0) = - Z eaw (8, %_1)F(7'%,_1) €R!, where ¢, =y, — f(),2_1).

By standard mean-value-theorem arguments an estimator of the asymptotic
variance of §,(¢,0,0) is

n

VO) =~ Ea0)a(6) € R,
n t=1
where
9(0) =w (6, 2 )F (7 2-1) ~ b(5,0)A3) " o 5/ (6:50)

n

0 .
_ %Zw(a,gt_l)F(T/gt_l)a_d £ %)

1 0
nza¢f ¢/f(¢7zt 1)

51t is straightforward to extend all results to Generalized Method of Moments estimation.




The score statistic under H, is simply
T,,(0) = n3,(6,0,0)V(8)'5,($,0,6).

We will show T, (6) 4 x2(1) when model (2) is correct, for each point 6, and
Tn(0) — oo with probability one when (2) is not correct for uncountably in..-
nitely many 6. This is accomplished by considering () the ability of §n(q§, 0,6)
to detect any deviation from the null (Section 4); (ii) whether T, (9) converges
on a space of continuous real functions (Section 5); and (ii¢) whether V' (6) con-
verges to a singular matrix for certain points § € O, in which case T,(0) is
asymptotically degenerate (Section 6).

4. STARX CONDITIONAL MOMENTS we

need to show if {¢;, ¢} in (2) is not a martingale dizerence sequence E[e; [3;_1]
# 0, then forany 6 € D

Eleqw (0, 2,_1)F(7'Z,_1)] #0 for "nearly every" r € RPF+L,

We will make "nearly every" clear below. Lemma 1 is an easy, but required ex-
tension of Lemma 1 of Bierens [1991], Theorem 1 of Bierens and P loberger
[1997] and Theorem 2.3 of Stinchcombe and White [1998].

Assumption B The weight F' is analytic and non-polynomial on some open
interval Ro of R.

Examples of analytic functions that are non-polynomial are exp{u}, [1 +
exp{u}]~! and trigonometric functions®.

LEMMA 1 Let Assumption A apply, and P(E[e]|S;—1] = 0) < 1 where $; =
o(Z,: 7 <t). Foreach § € D independent of 7, any F' under Assumption
B, and any compact subset ' C Rr4+1 the set

l
S=({rel:Elew(, % 1)F(7'% 1)) =0} and P(r'Z,_, € Ry) = 1}

=1
has Lebesgue measure zero and is nowhere dense in RPF+L,

Remark: Set S contains those 7 that render a faulty score test 77, (6)
since E [e;w;(0,%_1)F(t'%_1)] = 0 even when E[e|S;—1] # 0 with positive
probability. Although there may be in..nitely many such "bad" nuisance para-
meters 7, Lebesgue measure zero means there can be at most countably’ many

6Lemma is grounded on Theorem 2.3 of Stinchcombe and White [1998]. However, they
show (see their Corollary 3.9) that the analytic property can be relaxed, allowing F' to be
a normal cumulative distributrion fuction. This supports the Normal STAR model of Chan
and Tong [1986b].

" Any two {r1, 72} € S are not "neighbors": inf {jr1 — 72|1: 71,72 € S} > 0. Cf. Bierens
[1990: Lemma 1].



of them. This means a consistent STARX test 7;, (6) can be constructed simply
by randomly selecting all nuisance parameters 6 = [§’, 7]’ from any subset ©,
or by computing the supremum of 7,, (6) over compact ©.

Recall the ESTARX model from Section 2.3. If f(&, Z;—1) is mis-speci..ed

then
pk
FE |fp5tl exp {— Z ’Yi(gtfl,i - GL)Z}‘|
=1

pk
=F |e <2t1 exp {2512,2_“}> X exp{T/Ztl}] #0
=1
for any scaley, = —¢; > 0 and uncountably in..nitely many = € RP+1, hence
uncountably in..nitely many {c; = 7:/2v;}?*, € RP*. Since §; = —y, and 7; =

2¢iv;, and 0; and 7; must be treated as separate, the ability of the ESTARX
moment condition to reveal model mis-speci..cation is therefore solely associated
with the threshold c.

COROLLARY 2 (ESTARX) Under the conditions of Lemma 1, if P(E[es|S¢—1]
= () < 1 then for each v > 0 the set

pk
{c ER™ : F ez exp{—Z’yi(E;t_Li — Q)z}] =0, P(7'%-1 € Ry) = 1}
=1

has Lebesgue measure zero and is nowhere dense in RP*, where {r; =
k
2720l} =1 and TOo = _ZP 171 z

5. STARX TEST THEORY In this sction we derive
the weak limit distribution of the STARX score test statistic 7,,(0). A weak
limit is required since 0 is unknown (see Billingsley [1999]). De..ne

(4)  su(9,0,0) Zefgt ), where e =y — f(é, 5%1),

and

®) 9:(0) = w (0, 1) F(7'Z,-1) — b(0, ) A(¢)~ %f&b, Zi-1)

b6,0)= E [Fe'zt_l)w(a,st_l)i,f(as, )

0
A®) = B| 50,50 350 (00500) | and VIO)= B [ 0)00)]
In Lemma A.1 of Appendix D it is shown

sup [V(0)~1/2/ns, (9, 0,0) — V() /2 \/ns,, (6,0, 0)\ =0

0c®



We therefore need only consider V (0)~1/2/ns,,(9,0, 6).

In order to optimize small sample power we propose a supremum or av-
erage score statistics over ©. This requires treating V (6)~1/2/ns,, (¢, 0,0) as
a random function of 6. We will show the vector V(0)~1/2,/ns,(¢,0, ) con-
verges weakly to a Gaussian element of the space of continuous functions C[©).
Gaussian elements of C'[©] are completely characterized by their mean and co-
variance functions V(-,-), the latter de..ned for our purposes as

V(01,02) = E [ g (01)g: (0=2)"] -

Notice V(6) = V(6,0) where V(0) is in (5). See Royden [1968] and Billings-
ley [1999].

We inwoke for now the following assumption to ensure V(#) /2 exists. For
arbitrary £ > 0 de..ne the compact subspace

Oc={0=1[5,71eco: |r|>¢).

By convention ©¢ = ©. Bounding |7| > £ > 0 is required in order to demonstrate
tightness of the distributions governing {V'(0)~1/2,/ns, (¢, 0,0)},cx by ensuring
V(6)~1/2 is not "nearly" singular. If the reader wants to randomize 6 then
tightness arguments can be safely ignored. Denote by A,,;,,(V(6)) the minimum
eigenvalue of V().

Assumption C infyc e, Amin(V(6)) > 0.

5.1 Weak Convergence

The null hypothesis in its most general form is simply f(¢, Z,_1) is a version
of Ely:|S¢-1]. In the framework of (3) this translates to 5 = 0. In general,

Ho : P(Ey:— f(¢,2:-1)|S¢t-1] =0) =1, for some ¢ € &
H ZlelgP(E lye — f(¢, Z—1)|St—1] =0) < 1.

The general alternative H; embraces any deviation from the null, and not just
(3) with 5 # 0. Those interested only in STARX models will not distinguish
the two: the hypotheses are Hy, : 8 = 0 and H; : 8 # 0. The point here is
that irrespective of whether the analyst is interested only in smooth transition
models (3), the alternative is any deviation from E[y;|3,_1] = f(&, Z,_1), where
f(p,2e—1) + Bw(d, z_1)F(r'%_,) is guaranteed to provide a better ..t

THEOREM 3

i. Under H, and Assumptions A and C there exists an [-vector Gaussian
element z(#) of C[O with covariance function E[z(6,)z(02)"] =
V(0,)" Y2V (64, 0,)V(65)" /2 satisfying

V(0)" 2 V/nsn(9,0,0) = 2().

10



71. Under Assumptions A-C and H;, there exists a non-stochastic vector
function 7 : ©, — RrF+1 with the property V(6)~1/27(0) # 0 for all § =
[6',7']" € ©, except possibly for 7 in a set S with Lebesgue measure zero,
such that

sup [V (0)7Y/2s,,(4,0,0) — V(0)~/n(0)| 0.
66@§ 1

5.2 Test Statistic

Theorem 3.7 and the continuous mapping theorem su@ce to show the STARX
score statistic 75,(0) satis..es under Hg

T(0) = 2(0)Y2(0) =T(0),

a chi-squared process on C[©¢]. For any ..xed or randomized ¢ the distribution
T©®) is x*(1).
Under H1 Theorem 3.4 implies

T,,(0) /n = 0(0)'V(6) "' n(6) >0
for every ¢ € © except possibly for countably many = € S. But this means
T,(0) — oowith probability one

for uncountably in..nitely many . The STARX score test T, (9) is therefore
consistent since H; captures any deviation from H,.

Popular methods for handling ¢ include randomization (Lee et al [1996]),
or continuous functionals h(7;,(6)) including supy.q, 7,,(¢#) and aveg T, (0) =
Joce, T,,(0)du(0) for some probability measure p(6) absolutely continuous with
respect to Lebesgue measure (Davies [1977]; Bierens [1990]; Andrews and
Ploberger [194, 1995]). Theorem 3 and the mapping theorem guarantee
under Ho

h(Tn(0)) = h(T(9)),
and under H;
h(Tw(0)/n) = h (n(0)'V(8)'n(©0)) -

In the average and supremum cases h(T,(0)) — oo with probability one under
H;.

Test statistic functionals like supyc o, T (#) and avee . 77 (#) have non-standard
limit distributions. See Hil I [2008] for details on a monte-carlo technique for
approximating the asymptotic p-value, and a proof of asymptotic validity. Cf.
Gine and Hall [1990] and Hansen [1996].

11



6. NON-DEGENERATE STAR TESTS There

exist trivial cases in which V(0) is singular. If w(6,Z,_1)=%_;and =1 =
0, for example, then F(0'zZ,_;) = F(0) is a constant, so

n
§ €t ,—1:03
t=1

by the least squares ..rst order condition, and V(0) = 0 a zero-matrix.
In this section we analyze the set of all 7 for which V(0) is singular. De..ne
the set of parameters = that render V() singular:

S¢g={rel: |71 2& Ann(V(0))=0and P(r'z;—1 € Ro) =1} .

A proof that S§ has Lebesgue measure zero, similar in spirit to Lemma 2 of
Bierens [1990] and Lemma 2 of de Jong [1996], is easy to deliver in the
present environment and is therefore omitted for the sake of brevity. Our aim
is to provide fresh insight into the contents of St

6.1 Neural Network Tests

Consider the case w(d,%_,) = 1 (hence § = 7). Model (3) reduces to a
single layer feedforward neural network form

; I, - .
g Z (S 1F(0/Zt_1) =K
t=1

2
3
—
<
=

(e
S~—

Il

S|

yr = f(d,2t—1) +8 X F(T'Z—1) + €.

In this case the set S from Lemma 1 and S are identically those considered in
Bierens [1991]. Assume the conditional variance is positive (a mild assump-
tion).

Assumption D P(E[e2[S,_,] > ) = 1 for some constant ¢ > 0.

The following is a somewhat trivial argument, but important to note. If
V(1) = 0 then (5) implies

gt(T)zE[éﬂgt—l] =0,a.s.
Under Assumption D use (5) to deduce

F(r'zZe—1) = b(r, (b)A((b)_l% (¢, Z—1), a.s.

Since we assume E[e,(0/9¢)f(¢,Z,_1)] = 0 under Assumption A as a standard
regulatory condition®, under either hypothesis V(7) = 0 implies
0
EletF(1'Z-1)] = b(7, $) A(¢) ' Eler ﬁf(éyit—l)] =0.

This is trivial under the null because E[e,|;_1] = 0, but it importantly implies
S; € S under the alternative: any 7 in a neural network setting that renders
an asymptotically degenerate score test, V(7) = 0, also renders a score that is
insensitive to model mis-speci..cation, E[e,F (7'Z,_,)] = 0.

8 This implies f(¢, 2:—1) is best in some weak sense, even if Efe|%_1] # 0. For example,
when f(¢,Zt—1) = ¢'Z;—1 it is standard to assume Ele; z¢—1] = 0.
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THEOREM 4 If w(4,%,_4) = 1then S C S under H,; and Assumption D.

Remark: Bierens [1990] and de Jong [1996] show theset S has Lebesgue
measure zero, butit is not known whether 7 € S corresponds to 7 € S. Under
H1 and Assumption D we now know S5 C S. In other words, degeneracy is ac-
tually a secondary problem: the test 7’,(0) fails to work in every sense possible.

6.2 Smooth Transition Tests

We can go further for linear speci..cations under the null when the chosen
weight F'(7'Z,_;) has a non-zero derivative with positive probability. This covers
standard ESTARX and LSTARX smooth transition functions F(7'z,_,).

Denote by

©f : any compact subset of {6 =[§, 7] € O¢ | P(r'%_1 € Ro) =1},

where R, is the interval in Assumption B on which F' is analytic and non-
polynomial. Write F’/(u) = (0/0u)F(u).

THEOREM 5 Let f(¢,%-1) = ¢ Z1—1, w(J,%-1) = %-1, and
P (FI(TIZ},I) 7é 0N Tlgt,I (S Ro) > 0.

Under Assumptions A, B, and D the score statistic T}, (¢) is not degen-
erate on ©¢: infpeor Amin(V(0)) > 0 for any ¢ > 0. Hence St is empty.

Remark 1: The result relies on a generalization of (5) when V/(0) is sin-
gular. Any 7 € S¢ implies 7'V (@)r = 0 for some r € RP* 'y = 1, which
implies

F(r'Z—1)r'Ze—1 = B(r,0) Z—1, a.s.
where

B(r,0) = (Elz_121]) " X BlZ, 1 F(r'%_1)r' %]

Notice 8(r, 6) is simply the slope of the best linear L,-metric projection of
F(r'Z 1)’z on z,_,. For any 7 € S¢ such that T,,(¢) is degenerate, the
weight F'(7'%,_1)r'Z,_; can be almost surely approximated by a linear function
B(r,0)'z_, which itself cannot reveal model mis-speci..cation by assumption
since FleZ;_1] = 0 under Assumption A. But this contradicts the revealing
nature of the test weight F/(7'2,_,) a la Lemma 1. Bierens [1990] and de
Jong [1996] exploit Lemma 1 to deduce that the set of such 7 has Lebesgue
measure zero. We prove that no such 7 € S¢ exists for exponential F'(u) =

exp{u}, logistic F(u) = [1 + exp{u}]~1, etc.

Remark 2: The result can be extended to other speci..cations for w(d, z,_,)
and f(¢, z,_1) under appropriate modi..cations to the line of proof.
Remark 3: In atest of linear ARX against a general nonlinear alternative,

the non-singularity Assumption C is supertuous, and may simply be replaced
with the mild heteroscedasticity Assumption D.
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Remark 4: In maximum likelihood settings the functional aveg: T,.(0)

can be interpreted as the limit of a (Gaussian) weighted average power optimal
test, where power is directed toward altematives near the null (Andrews and
Ploberger [1994]). Similarly, Sy, T, (0)) directs power toward distant

alternatives but is only known to be asymptotically admissible (Andrews and
Ploberger [1995]). In both cases the covariance matrix is required to be
uniformly positive de..nite in the nuisance parameter space: infyce; Amin(V(0))
> (0. Consistent CM tests of linear autoregression against a smooth transition
alternative therefore provide a natural setting for Andrews and Ploberger’s
[1994, 1995] optimal tests.

The last result covers the ESTARX model as a special case. For any .nite
5o € Rde.ne 0 =[5y, 8] € Rrk+1,

COROLLARY 6 Let f(¢,%_1) = ¢’Z;,_1,and for € RP* and 7 € T

pk

w(S, Z—1)F(r'%-1) = Z—1exp {Z 5¢Zt2_1,¢} exp (7'%-1).

i=1

Assume 25/23_1 + 7'%_1 # 0a.s. where § # 0 and/or 7 # 0. Under
Assumptions A, B, and D the statistic 7,,(0) is never degenerate on ©*:
infge o+ Amin(V (9)) > 0.

Remark: Notice infoce- Amin(V(0)) > 0 is based on the complete space
©* and not the truncated subspace @Z. A test directed toward an ESTARX
alternative is never degenerate for any 6 = [7/,d']’ € ©*, hence for any scale
v = —6 > 0 and any threshold ¢ € RP* as long as 23'2%_1 + 7% 1 #0
a.s. The latter condition is trivial for purely autoregressive processes (Z,_; =
(1,9¢—1,-.-,y:—p)") under standard regulatory conditions (e.g. ¥;_; C 3, and 3,
Z 1)

Together, Theorem 5 and Corollary 6 imply tests of linear ARX against
popular smooth transition alternatives are never asymptotically degenerate.

7. SIMULATION STUDY We now investigate the em-

pirical size and power properties of suppeo, In (0) under a null of linear autore-
gression, and nonlinear alternatives. The statistic avee, 75 (¢) is non-negligibly
dominated by supsee, 7n(0) in simulation evidence not presented here because
the following altematives are "distant” from the null. See Andrews and
Ploberger [1994, 1995].

Write Zit—1 = (1,yt—1, -.,yt—p, )’ fOr some orders p;, s = 1, 2. The iid inno-
vations {e¢ }i~, are drawn from a standard normal distribution for sample sizes
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n € {100, 500}. The simulated models are
Hy:ye =921 +e
HE vy =¢' 2y 14 %[l +exp{—"Z1 1} + e
~ ~ P1 -
HY iy = ¢'%, 1 + B2y g exp {_Zizl Vi (Fre-1, — Ci)z} T &
H{qN cyr = ¢ Fe—1 + B x [1+ exp{—7'Z11-1 }]71 + et
HE . yr =@ Zu—1+ ' Fu—11(yi—1 > c1) + &
HPY oy = ¢ 21+ Bxyrre1 +e, |8]<1.

Notice Z1:—1 and Z:—1 may have a dicerent number of lags. Under Hy the true
data generating process is a linear autoregression; under H¥ and H¥ a 2-regime
LSTAR and ESTAR, respectively; under H{!V a logistic AR-ANN; under H7F
a Self Exciting Threshold Autoregression (SETAR), equivalent to the LSTAR
Yp = ' 21 + B2 1 [1+ exp{— (-1 — ¢)}]~ '+ ¢ with v — oo; under HPL
the process is bilinear.

A total of 3n observations are simulated and the last n are retained. For
each simulated series p; € {1,...,10}, ¢ € [—45, 45]Pi, v € [5,5r =T',andc €
[—.5,.5p1 are randomly drawn from uniform distributions. For HAN and HPL,
B is drawn uniformly from [—.45,.45]. For all other cases write ¢ to denote the
sum of ¢ and 5 over common lags, with zeros ..Iling in the rest. If p; = p, then
©=¢+ B if py < p, then p= ¢ + [3’, 07, where 0 denotes a p; — p, vector
of zeros; and so on. We use only those {¢, 5} such that ¢ has all polynomial
roots outside the unit circle.

Since e: has a strictly positive, continuous density function on R, given the
parameter restrictions each {y;} is strictly stationary and strong mixing. This
follows since each is geometrically ergodic (Doukhan [1994], An and Huang
[1996], Najarian [2003], Leibscher [2005]), hence strong mixing with geomet-
rically decaying coeCcients {«;} (Doukhan [1994], Davidson [1994]). There-
fore, {y:} is properly heterogeneous in the sense of Bierens [1987, 1994] and
v-stable on a strong mixing process with coe®cients ) .°  «; < oo. Since the er-
rors are iid normal random variables, the root condition ensures each y: has in..-
nitely many bounded moments and is properly heterogeneous (Bierens [1987]).
Together this implies Assumption A holds.

For each series an AR (p*) model is estimated where p* € {1, ..., 10} minimizes
the AIC. The consistent STAR test, the standard STAR polynomial test, and a
selection of extant tests of nonlinearity are applied to each time series.

7.1 Star Tests

De.ne the lag set Z; , = [y;—1,... Yt—p<). The sup-STAR test is com-
puted with exponential and logistic test weights w(d, z*_|)F(7'Z;_,) = Z;_,[1
+ exp{7’zZ;_,}]7t and w(0,2; | )F(7'Z ) = Z;_jexp{r'%_,}. The weights
F(r'z;_,) are constructed from standardized regressors Z; , in order to stabi-
lize the test statistic: F(7'% ) = F(X.7, 7:(Z_1.; — Z)/s;), where Z; and s;
denote the sample mean and standard deviation of z,_,,. As a default rule-
of-thumb we simply use the same regressor set z* , in all components of the
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test weight. The supremum is computed over an increasing set of uniformly
randomly selected nuisance parameters {Ti}£2/12] € I'. These are the LSTAR
and ESTAR tests. Asymptotic p-values are computed according to the monte
carlo method detailed in Hill [2008]. Covariance matrix estimators robust to
unknown forms of conditional heteroscedasticity are used in all applicable cases
here and below.

For the STAR polynomial test the following model is estimated:

L

ye= 05 + > 0y g+ u ford=1.p.
=1

Under a null of linearity against a logistic STAR (or exponential STAR) alterna-
tive, L=3 (or4)and ¢; = 0,7 =1..3 (or 4). LM tests for each d is performed,
and the test statistic with the smallest p-value based on the chi-squared distri-
bution is selected. See Luukkonen et al [1988] and Terasvirta [1994]. These
are the LPOLY and EPOLY tests, respectively.

7.2 Tests of Nonlinearity

We perform the neural test of neglected nonlinearity (Lee et al, 1996), the
Bierens [1990] test, and the McLeod-Li and RESET tests.

The Bierens test is simply a sup-STAR test with w(é,2;_;) = 1 (denoted
LBIER and EBIER).

The neural test of neglected nonlinearity is equivalent to a randomized STAR
testwithw (0, Z;_;) = 1, where 7 is uniformly randomly selected fromI" (denoted
LNEUR and ENEUR).

The McLeod and Li [1983] test is a standard portmanteau test on the
squared null residuals %f for lags L = 1...3. The statistic is

MLy = Z?:h—&-l (212 - ‘322) (gf_hé_ 5’2).
Z?:h—&-l (gt — 52)

Recall the test’s construction is based on the property that independent Gaussian
innovations ¢, have white noise squares ef — 09, and the minimum-mean-squared
error predictor of a Gaussian time series y, is linear.

For the Regression Speci..cation Error Test (RESET) test we follow Thursby
and Schmidt [1977] by estimating an auxiliary regression based on the null
residuals €,

L k
ét = ﬁgl‘t + ZZBLJ.’E%J + U, where L = 3.
1=2 j=2

A standard LM test of Hy : f, ;

7.3 Most Powerful Tests

By appealing to the Neyman-Pearson lemma most-powerful tests against
STAR and ANN alternatives are easy to generate, and will help gauge the

= 0 is performed.
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strength of the proposed STAR test. Because ¢ and o = 1 are known, for any ¢
and 6 each STAR and ANN model can be represented as y,(¢) = 5'z_1 () + ¢,
where y,(¢) =y, — ¢’z and z_4(0) = w(d,z;_,)F(r'zZ;_,). For an arbitrary
point (¢,6) the least squares estimator of 3 is 3(0, ¢) = (2(6)'z(0))"" 2(6)'y (¥),
where y(¢) ={yu(d): p* + 1<t <n},etc. Thebesttestis simply the likelihood
ratio which in the present known standard normal setting reduces to

exp{.5 x y(8)'2(0) [2(0)'2(0)] ~2(0)y(¢) = exp{.5 x Tn(¢,0)},
say. We compute suppee, T (¢,6), the MP-LSTAR and MP-ESTAR tests®.
7.4 Results

Test results are reported in Table 1. For each test statistic empirical size is
comparable to the nominal size, although the polynomial test tends to under-
reject the null.

In the present environment in which all parameters are randomly selected
the popular STAR polynomial regression test is dominated by every test against
each alternative (except the McLeod-Li test in some cases). Indeed, the consis-
tent sup-STAR tests massively out-perform the conventional STAR tests. The
conventional test is useless against a neural network alternative: recall ANN
forms are nested within the smooth transition alternative.

Impressively, with just n = 500 the sup-STAR tests obtain empirical power
nearly identical to the most-powerful sup-MP-STAR tests against an LSTAR
alternative (within .006), with a rejection rate above 90%. Similarly, the sup-
STAR tests are comparable to sup-MP-STAR tests against AR-ANN and SE-
TAR alternatives (in particular, the sup-ESTAR test).

The sup-STAR tests dominate each test performed against every alternative,
except the McLeod-Li test against the bilinear alternative!®. Finally, because
smooth transition vector weights nest neural network alternatives it is not sur-
prising that the sup-STAR test out-performs the Bierens test.

8. EMPIRICAL APPLICATION we apply all tests
in the simulation study (except the MP tests) to macroeconomic processes mod-
eled in Rothman et al [2001] as a Logistic Smooth Transition VECM process.
The variables studied are the logarithm of nominal, seasonally adjusted M1
(m), the logarithm of unadjusted output measured by the industrial production
index (y), the logarithm of the producer price index (p), the commercial paper
rate (r,), the 90-day Treasury bill rate (r;), and the rate spread r, — r,. All
data were taken from the Saint Louis Federal Reserve data base, are monthly
for the period 1959:01 - 2003:08, and seasonally adjusted at the source when
applicable. Based on augmented Dickey-Fuller tests all variables, except for the

—1

9The SETAR process is simply an LSTAR with 7 = co. Thus, the logistic sup-MP-STAR
test (which directs power toward distant alternatives, cf. Andrews and Ploberger, [1994])
should come close to a most powerful test against a SETAR alternative.

0 This is not surprising since the test is particularly sensitive to multiplicative forms of
omitted nonlinearity.

17



rate spread, are dizerenced {Am, Ay, Ap, Ar,}. Evidence suggests the Trea-
sury bill and commercial paper rates are cointegrated of order one such that
the spread is 1(0). The sample size is 536 months, before lag and dizerencing
adjustments.

Test results are reported in Table 2. The sup-STAR tests produce highly
signi..cant evidence in favor of smooth transition nonlinearity in money growth,
intation, and fuctuations in the commercial paper rate and the rate spread.
The strongest evidence points to Logistic-STAR nonlinearity in each univariate
series {Am, Ay, Arp, 1o — rp}. By comparison, the polynomial regression tests
provide weaker evidence of STAR nonlinearity, and do not detect a smooth
transition structure in the rate spread series. At the 5% level the neural test of
neglected nonlinearity only ..nds logistic nonlinearity in the commercial paper
rate and exponential nonlinearity in the rate spread. The RESET test fails to
detect nonlinearity in any series.

0. CONCLUSION Wk present a new test of regression model

speci..cation against a general class of Smooth Transition Autoregressions. The
test obtains an asymptotic power of one against any form of model mis-speci..cation,
and delivers a nonlinear STARX alternative that is guaranteed to improve the
model ..t. The test solves major shortcomings of the seemingly universal prac-
tice of linearizing the transition function and performing F-tests on polynomial
regression coeC cients. The conventional test is not consistent against a general
alternative, it is inemectual against non-exponential or non-logistic smooth tran-
sition forms, and uses the wrong limit distribution in cases when the p-value is
optimized in order to select a delay parameter. Our test performs impressively
well against conventional tests of functional form, non-negligibly dominates the
conventional STAR test, and nearly matches the empirical power of a Most
Powerful test.

Appendix A: Nu-Stability

We exploit in various proofs a uniform law of large numbers and central
limit theorem for v-stable random variables {W,} = {y,,z,;} that are properly
heterogeneous in the sense of Bierens [1987: p. 151]. Let F, ,, denote the joint
distribution of {W,,...,W,_,,}. Proper heterogeneity implies 1/n 57" | F},, —
H,, where H,, is a proper distribution function. Strict stationarity trivially
implies proper heterogeneity.

The v-stable property, due to Bierens [1983, 1987, 1991, 1994], is de..ned
as follows.

De..nition A stochastic process {W;} € R* is L,-u-stable on a base process
{e: } if there exists a bounded non-stochastic mapping v : N — R satisfy-
ing

sup Wi — B [W: [{ei—i}iZolll, = O (v(m)) where v(m) — 0as m — oo.
tez
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Remark 1: Any L,-v-stable process is L,-v-stable by Liaponov’s inequal-
ity (Davidson 1994: Theorem 9.23).

Remark 2: Uniform boundedness in ¢ rules out forms of global non-
stationarity where the rt*-moment of W, is not uniformly bounded.

v-Stability and NED The v-stability condition has since been catego-
rized under Near Epoch Dependence (Davidson [1994]). The only dicerences
between NED and v-stability are (i) v-stability imposes uniform boundedness in
t (e.g. certain forms of global non-stationarity are not permitted, like F[z?] —
oo ast — oo); and (it) NED uses a two-sided future-past lag of the shock, and
divides the right-hand-side into time-dependent constants d, (not necessarily
bounded) and lag-dependent coe Ccients v(m) (Davidson [1994]):

2 — B [zl{ee—itiz ]|, < dix v(m).

Neither property characterizes processes with a non-negligible in..nite past (e.g.
a random walk). For all practical purposes the two concepts are identical for
globally stationary, one-sided processes. Indeed, although there are few re-
sults establishing which processes are v-stable, all results establishing NED
for one-sided time series with sup;cz d: < oo apply to v-stability, including
ARFIMA(p,d, ¢) and FIGARCH(p,d,q) with d € [0,1), bilinear process, and a

host of nonlinear distributed lags all with innovations ¢; ' (0, o), 0% < cc. Fur-
ther, since any process is v-stable on itself, geometrically ergodic and therefore
geometrically strong mixing data are v-stable. Under appropriate smoothness
conditions on the probability density of {y:}, v-stable therefore covers linear and
nonlinear GARCH, AR-GARCH, neural nets, contraction mappings, Threshold
Autoregressions, Vector ARCH, and more. See Gallant and White [1988],
Doukhan [1994], Davidson [1994, 2004], An and Huang [196], Najarian
[2003], Leibscher [2005] and Meitz and Saikkonen [2007].

Appendix B: Assumptions

Assumption A.1
Wi = {ys,z¢} € R x RF exists in Lo (Y,5,P), & = o(Wi : 7 < 1),
St-1 C §t, § = o(U,Fi). {W:} is properly heterogeneous, governed by a
non-degenerate joint distribution function with non-degenerate marginal
distributions, and for some x > 0 and sup;ey || Wi |Ja+x < oo.

{W,} is Ly-v-stable on a strong-mixing base with mixing coe€cients {«;},
Yoo @ < ootl. The error ¢ has an almost everywhere positive, contin-
uous density, and is weakly orthogonal in the snse E[e;2_;] = 0 and
E[et(a/a(b)f(d)wgtfl)] = 0 where 'gtfl = [17 (ytfh ngl)a ] (ytfpangp)]/'
Moreover |les||44. < oo for some k > 0.

" Ror example if a; = O(p?), |p| < 1, such that memory is “short" and decay is geometric,
then [ X" a,| < Kp/(1 —p) < ccistrivial. Geometric strong mixing is implied by geometric

ergodicity, which holds for a host of nonlinear time series. See Section 2 for citations. Long
memory cases include mixing with size A > 1 since oy = O(i~*) implies 22 i | < oo,
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Assumption A.2

The function f(¢,z,_,) : ® x RPF+1 — Ris for each z,_; € RP*+! a con-
tinuous real function and twice continuously dicerentiable on compact ®
C RPE+1. Moreover, f(¢,Z;_1) is foreach ¢ € ® a Borel measurable func-
tion on RP*1. De.ne 0f(6,%,1) = (9/06)f(4.5_1) and 99’ f(d, %_1)
= (82/000¢") (¢, %—1). For each & |[supyeq | (¢, Z—1)1llasn < 00,
|[suPpea|0f(¢; Ze—1)[1 [|a+x < 00, || Supgea |0f(d, 2-1)0" f (¢, Z—1) 1] 445
< 00, and || sup yeq |00 f(¢, Zt—1)1]|a+x for some x > 0.

The second regime w(d,Z;—1) denotes a Borel-measurable mapping from
D x RPE+1 to RY, 1 > 1, where D is a compact subset of R?, ¢ > 0. P(ao
< |w(d,Z:—1))1 < a1) =1 uniformly in ¢ for constants 0 < ap < a1 < 0.

Assumption A.3 There exists a unique element ¢ = arginf,c ¢ E(y; — f(9,2:-1))>
in the interior of ®. Under either hypothe5|s Ele,0f(¢,Z2,_1) = 0 and
Elez, 1] =0, where z,_; = (1,2 4, ..,z p)

Assumption A.4 The non-stochastic matrix A(¢) = E[0f(¢,Zi-1)d f(¢,Zi—1)]
is uniformly positive de..niteon ®. Let§ = [§, 7]’ €©® = D x T, a com-
pact subset of R¢H(P*+1) with positive Lebesgue measure. Let 7' denote
an arbitrary compact subset of RP**1. For some x > 0 and K < oo

sup |F(1'Z,_1 )w(d, Z,—1)w (9, 5t71)/|1 <K
S 4+K
sup sup |F'(7'2,_1)0f (¢, 2,-1)0" f (¢, Z,-1) |, <K
0e® €T 44k
sup sup | F(7'Z—1)w (0, —1)0' (¢, Z—1) |4 <K
PEDHEO in
sup |[F (72, 1) x w(d,2; 1), <K
0 44K
0 N
sup | — {F (7' z-1)w(d, z-1)} < K.
0€o o0 1144k

Appendix C: Proofs of Main Results

Proof of Theorem 3. By Lemma A.2 in Appendix D the ..nite dimen-
sional distributions of V(6)~'/2/nsn(¢,0, 8) converge to normal distributions
under the null hypothesis. Lemma A.3 proves the sequence {P,} probability
measures P,, associated with V (0) =/ 2,/nsn(6, 0,6) is tight in C[©¢]. The result
under H; follows from Lemma A.4. =

Proof of Theorem 5.  Wkite A\ ;,(0) = A\, (V(0)). By assumption
(0/0) f(b, 24—1) = 241 = w(0,Z,_1 ) such that & = 7. Step 1 proves infy co; Amin(0)
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= mingece; Amin (6) and Step 2 proves mingee: Amin (6) > 0.

Step 1: By construction A, (0) =inf,.,.—; E[e7 (r'g4(0))?] > 0, hence -
©¢ — R, is a proper function. Under Assumption A the function A, () is
uniformly continuous on the compact subset!? ©:. The image of a compact
set under a continuous mapping is compact, hence A, (+) is compact on @g.
Therefore the image of A\,;,(:) is closed and bounded, and A,;,(-) admits a
unigue minimum on ©¢. This implies infyc o Amin(@) = minge o; Amin(@)-

Step 2: It succes to prove SZ is empty for any £ > 0 since Sg = @ implies
Amin(0) > 0 for all § in the closed and bounded ©¢, and therefore infeeeg Amin (0)

= Hlillee@g /\mjn(0> > 0.
Any 7 € S; implies Amin(V(6)) = 0. This means +'V(6)r = 0 for some r €
RPFL 4/ = 1. By the construction of V(6) in (5), this in turn implies

' 94(0)g:(0) T E[e}|St—1] =0, a.s.
From Assumption D we deduce r/g,(6) = 0 a.s., hence
6) 7% _1F(7%,_1) = B(r,0)%_1, a.s., where 3(r,0) = A~ 'b(0)'r.

For .xed rand 7 € S¢, (6) de..nes a functional identity with respect to z,_;

with probability one. Direrentiating both sides of (6) with respect to z,_;,

multiplying by Z,_;, and using identity (6) we ..nd

O] 7% F (T 2q) + 1" 2 FI (T 2 1) T2
=08(r,0)z_,=r"zZ_1exp(t'Z,_1), a.s.

Notice r'z—1 # 0and 7'%—1 # 0 each with probability one due to r #0, 7 #0,

and the non-singularity of E[z-1Z;_;] under Assumption A. By canceling like
termsin (7), any 7 € Sg implies

F'(7'Z-1) =0, a.s.
But any 7 € S satis..es 7’21 € Ro a.s. Therefore P(F'(7'%-1) # 0N 7'%-1

€ Ro) = 0, a contradiction of the assumption P(F'(7'Z;—1) # 0N 7'Z,—1 € Ro)
> 0. Therefore 52 isempty. m

2rr any s > 0, SUPg, co SUPhycOF:[01—02)1 <8 | Amin(01) = Amin(62)
< SuPpce: [(8/00)Amin @)1 x4, where SUPgco: [(8/00) Amin(0)|1 =
SUpgco: [(0/00) inf,.r._; E[e2(r' gt (9))2]l1. By Chebychev’s and Liaponov’s inequalities,
for some ..nite B > 0,

2 4.(0)

inf B[ (' (0))°] < Blell? 20

sup
0cO;

gle

sup
0co;

T

sup |g:(6)]1
0co; 1

4 4
Each component on the right hand side is bounded from above by Assumption Aand Lemma

A.6. Hence Amin(-) is uniformly continuous.
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Proof oz Corollary 6.  Without loss of generality ]:Ne may substitute
Zpo1exp(Doi2, 0,27 ) exp(T/Z; 1) With 2,y exp{dotexp(352, 0,27, ) exp(T2; 1)
for any ..nite §; € R. Using anargument identical to the line of proof of Theorem
S,any T € 5¢ satis..es
(8) 1'5_1exp(d 52, + 7 5-1) = B(r,0) Z—1, a.s. where § = (5o, 5"’

where § = 0 is possible. Dicerentiate both sides of (8) with respect to Z,_; and
multiply by z,_;:

'z eXP(Xftfl + 7% 0) + 1'% eXP(S/»Nthl + T/5t71)(25/5?71 +7'%_1)

=B(r,0)%_;, as.

Canceling like terms by using (8), and noting »’2,_; # 0 a.s. and exp(S/Zt,l +
7'%_1) # 0 a.s. under Assumption A and the boundedness of D and T, it must
be the case that

252 +7'%_, =0, as.,

a contradiction of the assumption 25"/2371 +71'%_1 #0, a.s. given 7 # 0. But
for any 6 # 0 an identical argument implies - = 0 ¢ Sg, hence Sg is empty. ®

Appendix D: Supporting Lemmata

Lemma A.1 Under Assumptions A and C and H,

sup [V (6)/2V/8u(, 0,0) — V(6)/*V/msn (6,0,0)| = 0p(1).
0€0 ¢ 1

Lemma A.2 Under Assumptions A and C and Hy the ..nite dimensional dis-
tributions of V(6)~/2/nsn (¢, 0,0) converge to multivariate normal dis-
tributions, where 6 € ©¢.

Lemma A.3 Under Assumptions A and C and Ho, V(0) ™'/ 2\/ns.(¢,0,0) is
tight on O¢.

Lemma A.4 Under Assumptions A-C and H; there exists a non-stochastic func-
tion 1 : ©¢ — RP**! and a subspace S C RP**! with Lebesgue measure
zero such that

sup |V (6) "/ %30(6,0,8) — V(8)/*n(8)| = op(1),
€O ¢ 1

where V(6)~'/25(0) # 0 for every 6 € ©¢ except for 7 € S.
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LEMMA A.5 (Hill 2008) Under Assumptions A and B and either H, or
H,,

i = 0,(1),

A@) - AW@)| = 0,(1), i sup|b(,6) — b(6,0)

1 9cO ‘1

i, sup sup [6(6, 6) ~ (6,0 =o0,(1), V. sup|V(0) = V()| =op(1).
0cOgpcd 1 0c© 1

LEMMA A.6 (Hill 2008) Under Assumption C for some positive constant

K <o
L JA@) T <K i sup [b(9,0)], < K,
¢
iii. sup %b(qﬁ,ﬁ) <K, iv. ||sup |g:(6)]1 <K,
0€O¢ 1 0€cO¢ dir
0
V. || sup 297 @ <K,
0€O¢ 1 4tk

2 —1
vi. sup ‘V(O)‘W‘ < K(pk +1) { inf Amin(V(e))} <K,
1 96@5

96@5
vii. sup iV(e))—l/2 <K, forl=1..pk+1.
veo. |00 1

Proof of Lemma A.1.
Step 1: Properties of the /1-norm and Minkowski’s inequality imply

sup |V(0) " /2V/nsa(9,0,0) = V(0) /2 Vnsu(6,0,0)
) 1

S Sup )V(e)_l/Ql X sup )\/ESA”((ZB’ 079) - \/Esn(qsy 079)‘
9695 1 9695 1
+ sup |V(0)V/? - V(0)71/2‘ x sup |vnsn(¢,0, 9)|1

ISC 1 sco,

+ sup )V(G)—l/Q _ V(O)—1/2‘ x sup |v/nén(9,0,0) — Vnsn(,0, 0)|1.
9695 1 96@5

By Lemma A.6 .vi supyce, ‘V(G)‘UZ‘ 1 < 00, and supyee |f/(9)—1/2 — V()2
= 0,(1) follows from Lemmas A.5iv and A6.vi, and Assumption C. Thus

supgee, [V(0) "1/ = V(0)7/?11 x supgeo, [visn(¢, 0,0)], = op(1) by Lem-
mas A.2 and A.3, Cramér’s Theorem and the mapping theorem.

Step 2: We need only show

sup \/E Sn ((%7 076) - Sn(¢7 079) = Op(l)'
0€O; 1
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By the mean-value-theorem there exists ¢, (6) € Rr++1 such that |¢ () — ¢,
< |p— ¢|; as. and

2 4 (6.(6).0,60/7()— &),

Vinsn (,0,6) = Vs, (9,0,0) + 52

where for any ¢ € ®

%§n(¢7079> = _Za¢ ¢,Zt 1)) (57&71)}7(7/&71)

= ——Zw 8,2t-1)0 (¢, Zt—1)F (7' Z4—1) = _I;(¢7 0).

Standard nonlinear least squares algebra and Lemma A.5 show under H,

VB = 0) = A@) == Za¢ (6:51)e| =0,

1

hence ¢ = ¢ + Op(1/+/n) by the martingale central limit theorem of Bierens
[1987: Theorem 29]. Lemma A.5.iii and [¢.(0) — ¢ < |6 — ¢|1 = Op(1//n)
imply supyc o, [0(¢.(0),0) = b(¢,0)]1 = 0,(1), and

7 |50(8.0,6) = 5,(0,0,6) + b(.6) (3 — 9)]

0cO¢

< sup vn
€O,

+ sup [b(@.(6),0) ~ b(@, 6)] Vin|(d—6)| =o0,(1).

0cO¢

Finally, use the identity

VS0 6.0.0) =, DA®) " J2 3 (607 = Vi 6,00)
and Cramér’s Theorem to conclude
Sup \/E én (é’ 070) - Sn(¢’ 070)’
IC) 1
< sup v/ [5,(6,0,6) = 5,(6,0,6) = b(6.0)(6 — &) +0,(1)
0€O;¢ 1
1< 90 .
= b(g, 0)A(p) 1= — z — (.0 (b —
S VI 6, DAY S 5 16 Fn)e — 0605 = )]+ oy
< sup b0 0) x sup | AG0) 7= 50 (65 )= Vilo = )| +op(1)

= 0,(1).



Proof of Lemma A.2. De.ne for any h € N, any sequence {f,,...,0,},
0, €O, reRPFtL ¢/r =Tands e R, s's =1,

we(r,s,0) frz 6;) —1/2 g:(0:)e€s .
Thus vor' S0 iV (0:) " 250(6,0,0;) = 1/v/nX 0 wi(r,s,0).  Clearly

{wt (r,s,0),S¢—1} forms a martingale dicerence sequence for any »'r = 1 and
s's = 1 under the null by Assumption A and the S¢—1-measurability of g:(6).
Under Ho, 1/\/_215 1wi(d) — N(0,1) in distribution pointwise in ©¢ follows
from Bierens’ [1991: Theorem 29] expanded version of McLeish’s [1974] mar-
tingale dicerence central limit theorem, cf. Lemma A.2.1. A Cramér-Wold
device delivers the desired result. m

LEMMA A.2.1 (Hill 2008) Under the conditions of Lemma A.2, for each 6

€ O phmn_,oo 1/n S wi(0)? =lim, .o 1/n 3 Ew ()] = 1, and
plim,, Zt 1 Elw( 0)//nPtr = 0 for some x > 0.

Proof of Lemma A.3. Forany r € RP**! ¢/r = 1, write
"V(0)" 2/ ns,(¢,0,0) = 1/\/521::1 erwy(r, 0),

say, where w(r,0) = 'V (0)"'/2g;(#). Using Lemma A.l of Bierens and
P loberger [1997] we need to show

9 lim sup — Z Ele; 2K ] <

n—oo

(10) lim sup — ZE [€Zwi(00)?] < o0,

n—oo t 1

for at least one point 6y € ©, where Ki = supgeo, [(9/00)w(0)]1.
Inequality (10) easily follows from Assumption A, the Cauchy-Schwartz and
envelope inequalities, and Lemma A.6: for any 6 € ©¢

2

< M < oo.
4

2
Eleiwi(r, 0] < |leclly x I} x ’V(a)*1/2‘1 “

sup |g¢(0)[1
0€O¢

Now consider (9). By the Cauchy-Schwartz inequality

24.(0)

BIEKA) < ey  rf | sup |

sup

1

4

25



Weneedonly show ||sup,.q. [(0/00)1,(0)]; ||3 < K < oo. The(l, j)!"-component
(0/00,)1, ;(0) of the s x pjc + 1-matrix (0/00)1,(0), where s = q(pk + 1) +
pk + 1, is exactly

pk+1 pk+1
0

9 1/2 -2, 0
aelwt,](e) Z 60 V(G) X gt'L Z V 7. 691 gtvz(g)

Use Minkowski’s inequality repeatedly and Lemma A.6 to get

su
96@1:)5 69¢t( )1 \
s pk+1 pk+1 iy
<IS°Y sw Z 2% 9.4(0)
=1 j=1 0€O¢ 1 4
sup V(0);:"" % 7794 (0)
=1 j=1 0c O¢ i=1 89[ 1|4
s pk+1 8 1 ) pk+1
< @R D o 1> {5V @ D loni(®)
1=19€9 |; 52y .
k+1 s pk+1
+ s(pk + 1) || sup pz ‘V 1/2’ ZPZ gtz '
0O, i A
. 0 _
< (k1) sup |57V | sup gu(0)],
=1 9€®§ l 1 9€®§ 4
9
+ s(pk + 1) sup )V 1/2) sup gi(0)
0€O; 1|l0eO, a0? 1,

< K.

Proof of Lemma A.4. De.nen(d) =FE[ew(d, Zi—1)F(7'Z—1)]. Minkowski’s
inequality and properties of the /;-nom imply

W sup |V(6)250(6,0,0) — V(6)20(0)
0€O ¢ 1

< sup |V©) 2| x sup |$.(5,0,6) = n(6)|

96@5 1 1

0cO ¢

+ sup [VO) 2= V() 2| % swp n(0),
0€O¢ 1 0€O,

+ sup |V(0)V? V(9)71/2‘ X sup
96@5 1 0€95

5a(6,0,0) = n(6) .
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Each V(9)~1/2, V(0)~Y/2 — V(0)~1/2 and n(6) is uniformly I, -bounded under
Assumption A and Lemmas A 5-A.6.
Consider 3,,(¢,0,0) — n(). By the mean-value-theorem

sup
0€O ¢

Sn ¢709 Zetwézt 1 )

1

< sup |b(¢, ) *b(fbﬁ)‘l X |¢— |1+ sup |b(¢, )], x ¢ — ¢
Heeg

0€O¢
= op(1).
and under Assumption A Theorem 17 of Bierens [1991] applies:

Zaw 8, z—1)F (7' Zi—1) —n(0)| = op(1).

1

sup
0€O¢

Now use the triangular inequality to conclude each term on right-hand-side of
(1) is op(1).

Finally, Lemma 1 guarantees for any § the set S = {7 € RP**!: 5(4) # 0 and
P(7'Zi—1 € Ro) = 1} has Lebesgue measure zero. Because V (f) is uniformly
positive de.nite in O, so are V()™ and V(0)~'/2, hence V(6)~"/*p(h) # 0
for every 0 € O¢ exceptT € S. ®
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Table 1: Simulation Results

n =100

H, | H- | HF | HAN | HSF | HPE
LSTAR? .057% | .478 | .303 .281 387 .301
ESTAR 061 | .426 | .336 .302 325 .296
MP-LSTAR 042 | .635 | 801 .466 570 .165
MP-ESTAR 024 | .536 | 698 .359 421 .129
LBIER 011 | .325 | 325 .450 213 .208
EBIER 040 | .297 | 376 .406 211 .226
LNEUR 039 | .357 | .356 .365 228 211
ENEUR 039 | .342 | 392 .376 261 .206
LPOLY 001 |.043 | 004 | .023 | 002 | .018
EPOLY 001 |.043 | 004 | .023 | 002 | .018
RESET 045 | .261 | 021 .027 112 .092
MLy 052 | .113 | 031 | .182 | 078 | .516
ML2 057 | .124 | .050 A77 094 517
ML3 .064 .151 | .078 | .163 .113 524

n =500

Hy, | HL | HP | HAN | HSF | HBE
LSTAR 029 | 912 | .822 | 803 | .825 | .766
ESTAR 029 | 915 | .824 | 872 | .831 | .729
MP-LSTAR | 016 | 918 | .01 | 822 | .980 | 565
MP-ESTAR | 043 | 921 | .926 | 881 | .899 | 572
LBIER 024 | 722 | .617 784 .588 624
EBIER 058 | .786 | .653 759 792 624
LNEUR 046 | 635 | .606 | 736 | .589 | 469
ENEUR 059 | 622 | .622 T77 .593 479
LPOLY 003 | 433 | .180 | 019 | .316 | .029
EPOLY 003 | 433 | .180 | 019 | .316 | .029
RESET 038 | 411 | .109 | 039 | 571 | 006
ML1 070 | .306 | .065 058 .254 975
ML, 083 | 366 | .127 | 058 | .355 | .987
ML 105 | 409 | .151 .058 .37 996

Notes: a. Values denote rejection frequencies at the 5% level. b. LSTAR, etc., are

the consistent sup-STAR tests; MP-LSTAR, etc., are the MostPowerful sup-STAR
tests; LBIER, etc., are the Bierens tests (a sup-STAR test with scalar weight); LNEUR,
etc., are the neural tests of neglected nonlinearity (a randomized STAR test with scalar
weight); LPOLY, etc., are the popular STAR-polynomial tests; MLy, are the McLeod-Li
portmanteau tests of squared residuals over h lags.
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Table 2: U.S. Macroeconomic Fluctuations

Am | Ay Ap | Ar, | Ar, | mp—1,
LSTAR | .0000 | 1.000 | .0000 | .6700 | .0200 | .0000
ESTAR | .0000 | 1.000 | .0000 | .9500 | .0100 | .0000
LNEUR | .0921 | .5621 | .4432 | .3444 | .0076 | .0327
ENEUR | 2154 | .2715 | .1108 | .5181 | .0695 | .5619
LBIER .3800 | .2800 | .4400 | .1400 | .0500 | .1700
EBIER 4800 | .1900 | .3900 | .1100 | .6600 | .1000
LPOLY | .0793 | .4401 | .0525 | .1143 | .0144 | 5239
EPOLY | .0019 | .3310 | .1059 | .2018 | .0090 | .1277
RESET | .3933 | .3103 | .2875 | .2953 | .9339 | .2066

Notes: Numbers are p-values of the respective tests.
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