TECHNICAL APPENDIX FOR "EFFICIENT TESTS OF
LONG-RUN CAUSATION IN TRIVARIATE VAR PROCESSES
WITH A ROLLING WINDOW STUDY OF THE
MONEY-INCOME RELATIONSHIP"

JONAT HAN B. HILL

In this appendix we expand upon causality chains (Appendix B.1), the paramet-
ric bootstrap procedure for deriving p-values (Appendix B.2), we perform a sim-
ulation study (Appendix B.3), we present tables and ..gures (for rolling windows)
for the empirical study, including all test results based on standard and bootstrap
methods (Appendices B.4 and B.5), and prove all results (Appendix B.6).

Appendix B.1: Causality Chains

In order to understand what is required for non-causation to occur through some

arbitrary horizon h > 2, consider h = 2. If Y % X|Ixz and (2.1) hold, then the
orthogonal 1-step ahead projection of X¢y2 is exactly

Xego|Iw(t+1) = Zi:l Txx,iXt+r2—i + 21:1 TXZ,ilt42—i-

Whether Y causes X at any other horizon h» > 2 depends on acausal chain through
Z (Theorem 2.1.ii,iv), and therefore on the coeCcients 7y, ,. Projecting both
sides onto Iy (¢) + Y (—o0,t], we obtain the best 2-step ahead forecast of X, by

iterated projections and Y R X|Ixz
Xipollw(t) = mxxa1Xep1lIxz(t) + Tx 212051 | T (2)
+ Zizz TxX,iXtt2—i T Zizz Txzilt+2—i-

Clearly X 2|Iw (t) € Ixz(t) such that Y - X|Ixz if and only if 7x z1 Zet1|Iw (t)
€ Ixz(t) with probability one for all ¢. If Z is vector-valued, then WXZ,1Zt+1|IW (t)
€ Ixy(t) is feasible simply via nonlinear row-column combinations and the cancel-
lation of Y-components.

Because the span Iy z(t) + Y (—o0,t] can be written as X (—oo, ¢] + Y (—o0, t] +
Z(—00, t], We may Write Zi1|Iw(t) = azx(t) + azy(t) + a--(t) for some elements
a..(t) € X(—00,1, a,,(t) € Y(—oo,t] and a..(t) € Z(—oo,t]. Hence, X, | Iy (t)
€ Ixy(t) ifand only if

mxz1 21w (1) € Ixz(t) = Txz1a:y(1) € Ixz(1).
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If the element a.,(t) € Ixz(t) for all £, then Z.1|Iw(t) € Ixz(t) and Y %

Z|Ixz. Conversely, if Y L Z then azy(t) # 0 with probability one for some ¢,
hence mxz1a.y(t) € Ixz(t) for all ¢ if and only if 7xz,1a.y(t) = 0 with probability
one for all ¢. If Z is scalar-valued then wxz1ay(t) = 0 if and only if Txz1 = 0°.

Appendix B.2: Parametric Bootstrap

We briety outline the standard procedure for deriving p-values by parametric
bootstrap. See, also, Dufour et al (2003) and Dufour (2005), and see Proposition
6.1 of Dufour (2005) for a proof of ..rst-order asymptotic validity under standard
assumptions.

The parametric bootstrap? is performed as follows for an arbitrary hypothesis:
i. obtain estimated VAR coe Ccients, 7 = (74, ..., 7,), where p minimizes the AIC;
ii. derive the test statistic, denoted 7),; ii. simulate J series W, ;, j = 1..J,t =
1...n, based on the the estimated parameters & with the null hypothesis restrictions
imposed (for example, a test of Y X impaoses 7 xy,; = 0, 7 = 1...p): the process
W, ; is simulated as W, ; =>F | @,W,_; + ¢, where ¢, are 3-vector iid draws from
a standard normal distribution; iv. use the double-array {W; ; Z’j‘]:l to estimate .J
separate VAR(p) models, and generate J test statistics 7;, ; for the hypothesis in

n,j

question; v. the approximate p-value is simply the percent frequency of the event
T,; > T,.

Appendix B.3: Simulation Study

In order to analyze the performance of the above test procedure we perform a
controlled experiment for derivation of empirical test size and power for various
VAR and VARMA processes. We perform Wald tests and compute p-values based
on the asymptotic distribution and based on the parametric bootstrap method.

Set Up

For our study, we generated VAR(6) and vector MA(1) processes under the null
of non-causation at all horizons, and under alternatives of causation at horizons
h =1,2,and 3. In all cases, m, = m, =m, = 1such that m =3, sample sizes are
restricted to 7" € {100, 200,300, 400,500} and 1000 series are generated for each
test.

VAR (6) Construction and Hypotheses

For the VAR (6) process we simulate W; = Zle miWi—i + €, where e¢; denotes
an iid 3-vector with mutually independent components e; = (ex ¢, €y, €2¢,)" drawn
from a standard normal distribution. The matrix coe€cients =; are generated as
uniform iid random numbers from the cube [—.5, 5]3: we use = = (7q,..., mg) only

YUnder the maintained assumptions this is possible only if azy (t) = 0 with probability one for
all ¢.

21 ay(t) = 0 with probability one for all ¢, then Z;41| Iw (t) € Ix z(t), a contradiction of the
assumption Y 5 Z|Ix z.

3This has also been refered toas an "asymptotic Monte Carlo test based on a consistent point
estimate': see Dufour (2005).
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if the resulting characteristic polynomial I5 — 7,2 — ... — 7425 has all roots outside
the unit circle, ensuring stability.

During the simulation process we impose the following restrictions (or lack,
thereof), depending upon the hypothesis to be tested:

H® : 7wxvi=7xz:i=0,i=1..6

Hi : 7xy; #0,i=1.6

H? : 7xyi=0,i=1.6, mzy;i#0, nx2:#0, i=1..6

H? @ mxy;=0,i=1.6, mzy; #0, i=1...6, mxz; #0, i =2..6

Under Hg°, we deduce Y BN (X, Z)|Ixz, cf. Theorem 2.2, and therefore Y never
causes X, Y ) X|Ixz, cf. Theorem 2.1. Under H{, Y causes X at horizon h =
1. Under H2, non-causation Y - X|Ix, and causation Y - Z L X are true,
with 7x; # 0, thus Y’ 2 X|Ixy is true, cf. Theorem 3.2. Finally, under H}, Y
—}—> X|IXZ7 Y 4 Z 4 X, mxz1=0and mxz2 # 0, thus Y (—%—2 X|IXZ and Y 3,
X|Ixz are true, cf. Theorem 3.2.

VMA(1) Construction and Hypotheses

For the VMA(1) processes, we simulate W, = ¢,_; + ¢, by drawing iid uniform
numbers 6 from the cube [—.9, 9]3, retaining only those matrices 6 with character-
istic roots outside the unit circle, ensuring invertability. We employ the following
restrictions:

Ho : Oxy=0xz=0
Hy : Oxy=0. (0.2)

In order to deduce that nature of multiple horizon non-causation for invertible
VMA processes in VAR form, we require necessary and su€cient conditions for
VAR noncausality in terms of VARMA coe€ cients. Boudjellaba et al (1992) derive
reasonably simple necessary and su@cient conditions for non-causality at horizon
h = 1 for such processes. Consider the general VARMA(p, q) process in lag form

(L)W () = O(L)e(1), 0.2)

where ®(L) and ©(L) denote the associated p!* and ¢'-order lag m x m matrix-
polyno mials

O(L) =1, — " &L, O(L)=1L,+> " 0L (0.3)

It is assumed that the polynomials do not have common roots, and all roots lie
outside the unit circle. By Theorem 1 of Boudjellaba et al (1992, 1994), non-
causality from scalar W; to scalar W; exists if and only if

det (®;(2),0;(2)) =0, |z <4, (0.4)

for some & > 0, where ®;(z) denotes the i*" column of ®(z) and ©(;)(z) denotes
the matrix ©(z) with the j* column removed. In the 3-vector MA(1) case with W
= (W, Wy, Wa)Y = (X,Y,ZY, it follows that &(z) =1,,, and Y % X holds if and
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only if
det (P, (z),®(1)(z)) (0.5)

0 0122 9132
= det ]. ]. + 9222’ 9232
0 0322 ]. —+ 0332

= ‘9139322’2 —0pz— 91293322
0, |z] <.

This occurs for every complex |z| < 4, 6 > 0, if and only if 0,5, = 0,303, = 0.

Similarly, Y % 7 if and only if 632 = 631012 = 0, and Z % X if and only if
013 = f12023 = 0. Consult Boudjellaba et al (1992, 1994), Dufour and Tessier
(1993), and Dufour and Renault (1998) for further details on parametric conditions
of non-causation at h = 1 for VARMA processes.

From the above details and Theorem 2.1, we deduce the hypothesis of non-

causation at all horizons Y &% X|Ixz is true if and only if 6,5, = 0,303, = 0 and

either 05 = 03,60,5 =0 and/or 0,5 = 6,565,3 = 0. Therefore, the VMA (1) coe Ecients

in (14) under Ho in fact satisfy Y 5% X|Ixz: the identity 612 — 015 — 0 (ie. Oxy

—0xz =0) impliesY % X and Z - X, therefore Y S X|Ixz.

Itisinteresting to point outin the 3-vector MA(1) case that either non-causation
at all horizons Y ol X|Ixz or standard causation Y 4 X|Ixz must be true,

similar to the bivariate VAR case. Consider if non-causation is true Y’ — X|Ixz,
then either 6,5, = 63, = 0 and/or 6,5, = 6,3 = 0 must be true: in the former case Y

Ny follows, and in the latter case Z ~ X follows. In either case, a causal chain
does not exist, and Theorem 2.1 implies Y o X|Ixz. Therefore, for 3-vector
MA (1) vector-processes, Y % X|Ixz if and only if Y (3 X|Ix z, which implies
causation lags and causal neutralization are impossible. Thus, we deduce under H;
in (6.1) that causation Y 4 X|Ixz is true.

For each simulated series {W:};—; a minimum AIC method is employed for VAR
order p selection, the VAR coe Ccients are estimated, and standard Wald tests are
implemented for the linear compound hypotheses. All tests are performed at the
5%-level. We compute p-values by using the asymptotic chi-squared distribution
and by parametric bootstrap.

Simulation Results

Tables A and B below contain all simulation results. Columns in each table con-
tain empirical rejection frequencies based on p-values derived from the asymptotic
chi-squared distribution, and the empirical bootstrap method [in brackets]. Tests
at horizon h = 0 are tests of noncausation at all horizons: we fail to reject Y’ )
X|Ixz for some series {W;}i_; when we fail to reject Y’ ~ X, and fail to reject
either Y = Z and/or Z - X. For tests at individual horizons h > 2 we detect
causation v % X|Ixz when we reject the compound hypothesis Y 5 X, mx2,i
=0,i= 1..h — 1.

VAR Simulations



TECHNICAL APPENDIX 5

Consider the results for VAR processes based on p-values derived from the as-

ymptotic distribution. For processes that satisfy Y (c3) X|Ixz and for the sample
size n = 500, rejection frequencies at horizons h > 1 are not far from the nominal
level of 5% for tests of noncausation at all horizons: empirical sizes at » > 1 ranged
from .066 to .076.

When causation occurs at horizons h > 1, tests rarely suggest noncausation at
all horizons occur: evidence for noncausation at all horizons in such cases occurred
in 7.2% or fewer of simulated series for n > 300, and for n = 500 in 2% or fewer of
such series.

Moreover, when causation occurs exactly one-step ahead, rejection frequencies
at h > 1 reach above 90% for sample sizes n > 300. For the same sample size range
noncausation in all horizons is detected in fewer than 5% of all such series.

When a one-period causal delay exists such that Y » XandY 3 X, again
standard tests work reasonably well, generating empirical sizes at h = 1 near the 5%-
level (.064 with n.= 500), and producing reasonable empirical powers at subsequent
horizons h > 2 (.812 with n. = 500 at h = 3).

However, when causation occurs at horizon h = 3 (i.e. Y (33 Xandvy 2 X),

noticeable size distortions occur for tests at lower horizons 1 and 2. For such tests,
empirical sizes approach .20 for nominal levels of 5% and n > 300. This implies we
are more likely to detect causation at low horizons when in fact true causal delays
are longer.

Bootstrapped p-values clearly provide better size approximations to the null
distribution than standard p-values. However, even the bootstrapped p-values lead
to over-rejections of the fundamental null of noncausality when non-causality occurs
at all horizons: for sample sizes under 400, rejection rates reached 10% for tests
at the 5%-level. Encouragingly, however, for sample sizes n > 400, rejection rates
were very close to the nominal level.

When a causal lag exists, empirical sizes are again near the nominal level, however
empirical powers are noticeably low. For example, with a sample size of 500 and a

true causal lag of 2 periods such that Y & XandY 2 X are true, the bootstrap

test detected causation at & = 3 in under 48% of simulated series.

For both asymptotic and bootstrap tests, however, empirical power diminishes
severely as the horizon of causation increases. When causation occurs at h = 1,
powers reach above 90% even for small n. However, when causation occurs at h =
3, powers drop to under 70% for the standard tests, and below 50% for bootstrap
tests.

We argue that this evidence alone portrays a far more complicated picture of
the relative merits of standard and bootstrap tests than typically argued in the
literature. Neither method generates both competitive empirical sizes and powers in
a benchmark Gaussian VAR environment in which model coe¢ cients are randomly
generated. Which method we favor in practice depends on whether we favor a
conservative test with low power (bootstrap test), or a liberal test with excessive
probability of a Type | error for some hypotheses (conventional test).

VMA Simulations

Next, consider test results for VMA(1) processes. For series in which Y o)

and for small sample sizes, standard asymptotic tests produce large empirical sizes
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for the fundamental tests of non-causation, in particular for tests at horizons h >
2. For n > 400, however, erroneous detection of causality dropped to frequencies
of 5.1%-8.9% for tests of noncausation at horizons h = 1...3.

Itis important to point out that for tests of noncausation at all horizons, in 95.8%
(95.9%) of all series with n = 400 (500) did tests correctly conclude noncausation
occurred at all horizons, which implies an the exective empirical size is 4.2% (4.1%)
based on this fundamental hypothesis. Bootstrap tests, by comparison, generated
empirical sizes near the nominal 5%-level for tests at n > 300, with extreme accuracy
at n = 500.

When causation occurs one-period ahead (Y EN X), both tests work well when
judged by whether they detect causation at all, although standard tests uniformly
perform better. However, both tests struggle with tests of noncausation at all
horizons: for a large sample size n = 500, standard (bootstrap) tests incorrectly

detect Y %) X in 36.7% (32.8%) of all series

Noticeable lags exist before either test method leads to the correct detection of
causation. In general, tests are sensitive to causation at h > 2, and comparatively
weak at h = 1. For example, with n = 400 (500) standard tests correctly detect
causation one-step ahead in only 18.3% (31.5%) of all series, however causation is
detected at h = 2 in 70.1% (81.9%) of all series. It seems that a relatively large
sample size would be required in order for empirical rejection rates at h = 1 to
reach a reasonable level, in particular for the bootstrap tests.

The characteristic that causal relationships in VMA processes may not be suc-
ciently detected using VAR models presents a clear case for the need to implement
multiple-horizon causality tests. Beyond the obvious necessity for such tests when
true causal lags exists, even when a causal lag is impossible Wald tests may not
be able to detect causation in the classic sense of a one-step ahead VAR forecast
improvement. If classic tests at h = 1 were the only tests performed in the present
setting, empirical power would be a dismal .315 (.328) for a sample size n = 500
based on the asymptotic (bootstrap) distribution. However, if we generalize the
concept of power to engross the probability of detecting causation at any horizon
at or beyond the true horizon of causality (in this case, h = 1), power reaches 82.3%
(78.9%).
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Table A
Empirical Size and Power:VAR(6)
HOOO:Y(S’.;)XHXZ ‘” Hi:Y —1>X|IXZ
n | h=0° | h=1 h=2 | h=3 n h=0 | h=1 | h=2 | h=3
100 | .955 | .092° | .136 | .137 |[ 100 | 596 | .623 | 833 | .886
[.946] | [.055]¢ | [.063] | [.047] [.535] | [.377] | [.395] | [.465]
200 | .909 149 .201 | 209 || 200 | .133 | .945 | 973 | .992
[.937] | [.104] | [.094] | [.086] [.102] | [.906] [ [.945] | [.945]
300 | .913 081 .145 | 162 || 300 | .050 | .967 | 983 | .989
[.939] | [.070] | [.064] | [.058] [.028] | [.961] [ [.978] | [.983]
400 | .885 076 JA11 | 124 || 400 | 026 | .992 | 994 | .998
[.899] | [.065] | [.059] | [.061] [.022] | [.986] | [.996] | [.998]
500 | .946 066 .070 | .076 || 500 | .003 | .993 | 993 | .999
[[941] | [.061] | [.061] | [.054] [.001] | [.989] [ [.992] | [.994]

n h=0 h=1 h=2 | h=3 n h=0 | h=1 | h=2 | h=3
100 | .569 119 .390 517 |[ 100 | .612 | .150 284 | .400

[.468] | [.037] | [.093] | [.167] [598] | [.058] | [.052] | [.120]
200 | .136 | 098 | .432 | 604 || 200 | 186 | .124 | 198 | .466
[.090] | [.062] | [244] | [.364] [.188] | [.066] | [.058] | [.220]
300 | .030 | 112 | .540 | 658 300 | 071 | .071 | 176 | .547
[.021] | [.040] | [402] | [552] [.065] | [.053] | [.041] | [.317]
400 | .015 | 087 | .551 | 777 [ 400 | 022 | .108 | .186 | .592
[.012] | [.053] | [418] | [671] [018] | [.051] | [.049] | [.401]
500 | .003 | 064 | .582 | 812 || 500 | 020 | .150 | 177 | .642
[.004] | [.051] | [487] | [.735] [015] | [.049] | [.048] | [.473]

Notes: a. Values below "h = 0" denote series frequencies for which we fail to reject H3".
b. Rejection rates based on p-values derived from the chi-squared distribution.
c. Rejection rates based on p-values derived from the parametric bootstrap.

Table B
Empirical Size and Power: VMA(1)
Ho:Y ¥ X|Ixz l H:Y 5 X|Ixz
n h=0 | h=1 | h=2 | h=3 n h=0 | h=1 | h=2 | h=3
100 | .94 | 074 | .172 | 197 | 100 | .850 | .033 | .392 | .408
[[947] | [.039] | [.066] | [.053] [.683] | [.025] | [.242] | [.242]
200 | .900 108 .152 183 | 200 | 525 | .117 675 .652
[.892] | [.097] | [.108] | [.083] [.375] | [.118] | [.609] | [.567]
300 | .917 | .034 | .076 | .108 | 300 | 467 | .219 | .758 | .759
[.932] | [.057] | [.059] | [.068] [.264] | [.225] | [.717] | [.729]
400 | .958 | 076 | .118 | .132 || 400 | .442 | .183 | .701 | .708
[.936] | [.058] | [.057] | [.066] [.274] | [.207] | [.669] | [.643]
500 | .959 | .058 | .051 | .068 | 500 | .367 | .315 | .819 | .823
[[942] | [.050] | [.025] | [.042] [.199] | [.328] | [.820] | [.789]




JONATHAN B. HILL

Appendix B.4: Tables and Figures

Table 1
Auxiliary: Unemployment Rate
Diaerences Levels

Test # Hypothesis | p-value® p-bootb p-value | p-boot

(o0)
Test 0.1 | Aml = Ay 0373 .080 .0000 .000
Test 0.2 | Am1 ‘%) Ay | 0086 .040 0012 | .216
Test 10 | Aml - Ay | 569 626 | 0070 | .148
Test 1.1 | Aml - Au | 009 .000 0000 | .000
Test 1.2 | Au+ Ay 0055 | .026 | 4264 | .376

(2)
Test 2.0 | Aml -+ Ay 3182 .450 .0000 .024
Test 3.0 | Aml (32 Ay 019 .092 .0000 .012
Test 4.0 | Aml 4 Ay 0030 .032 .0000 .020

5
Test 5.0 | Aml (+2 Ay 0024 .032¢ .0000 0087
Min. AIC VAR Order p | 8 10

Ljung-Box p-value | .045 0089
Auxiliary: M2
Dicerences Levels

Test # Hypothesis | p-value | p-boot | p-value | p-boot

Test 0.1 | Am1 % Ay | 0000 | .00 | 0000 | .000
Test 02 | Am1 ‘% Ay | 0003 | .198 | 0000 | .002
Test 10 | Aml 5 Ay | .4933 | .466 | 0000 | .008

Test L1 | Aml -+ Ao .0000 .000 .0000 .000
Test 1.2 | Ao+ Ay .0383 244 0000 .000

Test 20 | Aml @ Ay .0092 .082 .0000 .000

Test 3.0 Aml £, Ay | .0170 126 .0000 .000
(4)

Test 4.0 Aml -+ Ay | .0088 .128 .0000 .000

Test 5.0 Aml (—é—z Ay | .0022 .066 .0000 .000

Test 11.0 | Am1 “Y Ay | .0000 | .006c | 0000 | .000f
Min. AIC VAR Order p | 10 12
Ljung-Box p-value | .370 183

Notes: a. p-values based on the chi-squared distribution; b. p-values based on parametric bootstrap.
c. Reject Am1 (c3) Ay at 10%-level, and reject Am1 &) Ay at bounded 13%-level.
2
d. Fail to reject Aml (33) Ay at 10%-level; or reject Aml (—/-2 Ay at bounded 5%-lewvel.
. . (o0) . - (1)
e. Fail to reject Aml - Ay at 10%-level; or reject Am1 - Ay at bounded 11%-level

. Reject Aml S Ay at 1%-level, and Aml -5 Ay at 1%-level.

—h
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Table 1 - Cont.

Auxiliary: Oil Price

Dizerences Lewels

Test # Hyp othesis p-value | p-boot | p-value | p-boot
(00)

Test 0.1 | Aml - Ay | .7900 856 0021 020
(c0)

Test 02 | Aml = Ay 0524 560 .0000 106

Test 1.0 | Am1 Ay 9590 954 .0038 026

Test 1.1 | Aml - Ao 3780 000 0379 .000

Test 1.2 | Ao - Ay 1925 | 194 | 3686 | 516

2
Test 2.0 | Aml (—/-2 Ay 9343 890 6230 670

5
Test 50 | Aml (—/—2 Ay 5664 734 8361 850°

Min. AIC VAR Order p | 4 6
Ljung-Box p-value | .004 .0014
Auxiliary: Rate Spread
Diaerences Lewels

Test # Hyp othesis p-value | p-boot | p-value | p-boot
Test 01 | Am1 % Ay | 7715 | 718 | 0000 | 000
Test 02 | Am1 ‘% Ay | oos1 | 166 | 0000 | 020
Test 1.0 | Am1 = Ay 9769 964 .0000 032

Test 1.1 | Aml % rr | 3240 | 000 | 0000 | .000
Test 1.2 | rr = Ay 0009 | 034 | 8579 | 5%

Test 20 | Aml D Ay | 9043 | 912 | osa7 | a4

Test 30 | Am1 P Ay | 7937 | 822 | 1264 | 39%
(4)

Test 40 | Am1 S Ay | 8208 | 892 | 1012 | 508

Test 50 | Am1 @ Ay | 6289 | 710° | 1145 | .526¢
Min. AIC VAR Order p | 6 8
Ljung-Box p-value | .009 .002

00) 5
Notes: a. Fail to reject Aml o Ay at 10%-level; or fail to reject Am1 ) Ay.
b. Reject Aml (s9)

oo
—

Ay at 10%-level, and reject Aml ER Ay at 5%-level, or
fail to reject Am1 (—i) Ay at bounded 5%-level

c. Fail to reject Aml (33) Ay at 10%-level; or fail to reject Aml (j») Ay.

d. Reject Aml (3 Ay at 5%-level, and reject Aml ER Ay at 5%-level or

5
fail to reject Aml (—H) Ay at bounded 5%-level.
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Table 2

Horizon Rejection Frequencies: First Dicerences

Increasing Width Rolling Windows | Fixed Width Rolling Windows
Horizon U 0 T m2 Horizon U 0 rr m2
0* 2647 .6667 | .7281 | .8775 0 .5245 .9510 .8137 | 9069
[.0294 1° | [.6373] | [.7647] | [9608] [.0294] | [.2402] | [.8725] | [.9706]
1 .0000 .0000 | .0000 .2255 1 .3872 1176 .1520 | .1324
[.0000] | [.0000] | [.000Q] | [.2304] [.1716] | [.0490] | [.1569] | [.1275]
2 .2990 .2353 | .0147 | .3725 2 .0000 3775 1521 | .0931
[.0000] | [.1569] | [.0000] | [.3676] [.0049] | [.3824] | [.1078] | [.1029]
3 .3137 .0000 | .0733 | .0000 3 .2108 | .0000 | .0343 | .0196
[.4510] | [.0147] | [.0392] | [.0000] [.2010] | [.0000] | [.0343] | [.0049]
4 1422 .0000 | .0000 | .0000 4 .3725 | .00000 | .0000 | .0245
[.1275] | [.0000] | [.0000] | [.0000] [.5588] | [.0000] | [.0000] | [.0049]
5 .0000 0000 | .1618 .0049 5 .0000 | .0000 .0000 | .0833
[.0049] | [.000Q] | [.000Q] | [.0049] [.0049] | [.0000] | [.0000] | [.000Q]
> 1¢ 7549 .2353 | .2498 .6029 >1 .9705 .4951 .3384 .2696
[5785] | [.1716] | [.0392] | [.5980] [.9363] | [.4314] | [.2990] | [.2402]
0, > 14 1324 .0392 | .2500 .4804 0,>1 | .5245 | .4559 | .1666 | .2598
[.0098] | [.0294] | [.0392] | [.5735] [.0294] | [.1078] | [.2304] | [.2157]
Notes: a. h = 0 denotes noncausation at all horizons: values are window frequencies for
which we fail to reject H5°.
b. Bracketed values denote window frequencies based on bootstrapped p-values;
c. Window frequencies for causation at any horizon h > 1.
d. Window frequencies for noncausation at all horizons, h = 0, and causation at
some horizon h > 1.
Table 2 - Cont.
Horizon Rejection Frequencies: Lewels with Excess Lags
Increasing Width Rolling Windows | Fixed Width Rolling Windows
Horizon u 0 rr m2 Horizon U 0 rr m2
0 .0000 | 1.000 | 1.000 | .00000 0 2634 | 2488 | 1.000 | .0439
[.0000] | [1.00Q] | [1.000] | [0000] [.4008] [ [.3658] | [1.000] | [.0976]
1 .6049 | .0293 | .4634 | 1.000 1 9122 | 4049 | 4195 | .9561
[.5317] | [.0585] | [.4049] | [1.000] [.9024] [ [.6146] | [.4585] | [.9561]
2 3171 | .6341 | .0195 | .0000 2 0146 | .4537 | .1902 .0439
[.2341] | [.6683] | [.0488] | [.0000] [.0244] | [.1707] | [.0976] | [.0390 ]
3 .0000 | .0244 | .0000 | .0000 3 0049 | .0732 | .0000 | .0000
[.0098] | [.000Q] | [.0000] | [.0000] [.0439] [ [.0000] | [.0049] | [.0000Q]
4 .0000 | .0000 | .0000 | .0000 4 .0000 | .0000 | .0244 | .0000
[.0000] | [.000Q] | [.0000] | [.0000] [.0000] | [.0000] | [.0098] | [.000Q]
5 .0000 | .0000 | .0000 | .0000 5 .0390 | .0000 | .0000 | .0000
[.1756] | [.000Q] | [.0000] | [.0000] [.0000] | [.0000] | [.0000] | [.0000Q]
>1 .9220 | .6878 | .4829 | 1.000 >1 9707 | 9318 | 6341 | 1.000
[[9512] | [.7268] | [.4537] | [1.000] [.9707] [ [.7853] [ [.5708] | [.9951]
0,>1 | .9220 | .6878 | .4878 | .0000 0,>1 | 2341 | 2488 | 6341 .0439
[[9512] | [.7268] | [.4537] | [.0000] [.3805] [ [.2927] [ [.5707] | [.0927]
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Appendix B.5
Rolling Window Figures

Figure 1: Z = ue (din., inc.)
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Figure 2: Z = rr (din., inc.)
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Figure 3: Z =0 (di=,, inc.)
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Figure 4: Z = m2 (dia., inc.)
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Figure 5: Z = ue (levels, inc.)
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Figure 6: Z = rr (levels, inc.)
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Figure 7: Z = o (lewels, inc.)
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Figure 8: Z = m2 (levels, inc.)
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Figure 9: Z = ue (levels, ..x)
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Figure 10: Z = r (levels, ..x)
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Figure 11: Z = o (levels, ..x)
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Figure 12: Z = m2 (levels, ..x)
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Appendix B.6 : Formal Proofs

Proof of Theorem 2.1. Consider (iv) and assume Y L 7z L X where Z is uni-
variate. Then either V' X|Ixz or Y X X|Ixz. Suppose YV X X|Ixz: we will
prove v "2 X|Ixz and Y L X|Ixz for some h > 2

From Lemma 2.1.2, below, for any A > 2 given Y 4 Z,ifY (1) X|Ixz then

y ¥ X|Ixz if and only if cz’,t—h—l—l,t—h-&-l = 0 with probability one for every ¢,
where Cgi—thl,t—thl denotes that unique component of the subspace Z(t — h +
1,t — h + 1] that enters into the orthogonal projection of X;y1 onto Ixz(t) +
Y (—o0,t]. However, because Z - X, it must be the case that S nitngr 70
with probability one for some h > 2. Therefore, by Lemma 2.1.2, Y (h 2D X|Ixz
and ci_ 1, . # O for some i > 2 implies Y 2 X|[Iy . O

Lemma 2.1.1  Let Z be scalar-valued. Denote by c! /3" _, that unique
element of the span Z(t — k,,t— k] that enters into the projection of Xt+h onto
Ixz(t — k3) + Z(—o00,t — k3], k3 < ko < ky. Forany h > 2, if y X|IXZ
and v 5 Z, then Y QZ) X|Ixz if and only if ci’,',?,tl = 0 with probability one for
every t.

Lemma 2.1.2 Let Z be scalar-valued. Forany h > 1, if Y *) X|Ix 5 and

Yy L Zthen v "5V X1y, ifandonly if ¢4}, . .., =0 with probability one
for every t¢.

Proof of Lemma 2.1.1. Assume v "=" X|Ixy for some h > 2. By iterated
projections for Hilbert space metric projection operators

P(Xi4u|Ixz(t) + Y(—o00,t])
= P(P(Xtsn|Ixz(t+ 1)+ Y (—o0,t + 1)) | Ixz (t) + Y (—00,t])
= P(P(XttnlIxz(t + 1)) [Ixz(t) + Y (=00, 1) .

Notice Ixz(t + 1) decomposes into

= H+ X(—oo,t]+ X(t+1,t+ 1]+ Z(—o0,t] + Z(t + 1,t + 1]
= Ixz()+ XE+1,t+ 1+ Z(t+1,t+1]

Hence, we may write P(Xi1n|Ixz(t + 1)) as
P(Xttn|Ixz(t +1)) = aitlt "y bfft}f}f t+1 + ol t+1 t+1>
where

tz—:lth € Ixy(t), bﬁ?ﬂtﬂ eX(t+1,t+1], Ctzﬁillb,tﬂ € Z(t+1,t+1].
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We obtain from projection operator linearity, the assumption Y R X|Ixz and
bﬁﬂ,tﬂ € X(t+1,t +1],

P (Xeyn|Ixz(t) + Y (—00,t])

= P(P (XewnlIxz(t + 1)) Ixz(t) + Y (00, )

1,n 1,
= P(ai—;,t F O e+ t+1t+1|IXZ( )+ Y (o0, t])

= " P (B M) Y (o0, )
+P (C?t}}}f,tﬂ |Ixz(t) + Y (—o0, t])
= a4 P (b (1)) + P (8 | () + Y (—o0,])

Because Y - Z, cLHLh € Z(t + 1t + 1], and Z(t + 1,¢ + 1] s a scalar-valued
Hilbert space, we deduce P( tzﬂr”ffHHXZ(t) + Y(—o00,t]) = P(ctzﬁr’itﬂuxz(t))
with probability one if and only if Czt+1t+1 = 0 with probability one for all ¢*.
Therefore if v "'%" Xl|xgz Y L Z, and Z is scalar-valued, then vy % X|IXZ if

and only if ciﬁﬂitH = 0 with probability one for every ¢t. Because ¢t and h are
t,h—1

arbitrary, we conclude Y &) X|Ixz ifand only if c; ++ = 0with probability one
for every t. O

Proof of Lemma 2.1.2. We prove the claim by induction exploiting Lemma 2.1.1.

Let YV -+ X|Ixz. By Lemma 211, Y € X|Ixz if and only if ci’}/’t = (0 with prob-
ability one for every ¢. This proves the claim for h = 1.
For any h > 2 asume ¥ 4 X|Ixz if and only if ot hint—kio = O With

probability one for every ¢t and each k£ = 2...h. We will prove Y’ G X|Ixz ifand

only if Ci’}s—hﬂ,t—hﬂ = 0.
By iterated projections, the assumption Y BN X|Ixz, and the decomposition
Ixz(t+h)=Ixz(t)+ X(t+1,t +h]+ Z(t + 1,t+ h],
we obtain
P(Xyynallxz(t) +Y(—00, 1)

= P (P (Xetht1|Ixz(t +h) +Y (=00, + h]) [Ixz () +Y (—00,1])
=P (P (Xeyny1lIxz(t + h)) [ Ixz () + Y (=00, t])
=P (aiﬁﬁ’hﬂ + b’:;iﬁih + ci;i’fﬁd[xz (t) + Y(foo,t]>
= at;;”;,thl + P <b;ﬁﬁ_illjgih|fxz(t) + Y(—OO, t])

+P (Ciﬁﬁﬁﬁhﬂxz )+ Y(—oo,t]) :

41f Z is multivariate, then elements of the single-period span Z(¢t +1,t + 1] may contain linear
combinations of the multiple Z; ; components hence ciﬁi}iﬁrl # 0 would be possible while also
Pttt iiilIxz(t) + Y(—oo,t]) = P(cthNY 41 lIx2(t) = 0 due to linearity of the projection
operator and causal neutralization.
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By Y % X|Iy b';t’jr'fﬁh € X(t + 1,t + h] and projection operator linearity, we
deduce
hoh+1 hoh+1
P (bZﬁLLhUXZ(t) + Y (=00, t]) =P (b:rtﬂ,;h |IXZ(75)) :
Moreover, the element /T, denotes that unique component of the subspace
Z(t+ 1,t + h] that enters into the orthogonal projection of X; n41 onto Ixz(t +
h) + Y(—o0o,t + h|. Because Z(t + 1,¢ + h] decomposes into

Zt+1L,t+h=Zt+1,t+1]+ ..+ Z({t+h,t+ h]

t+h, ht1

we deduce c,’, '), satis..es for every ¢

t+h,h+1 t+h, ht1 t+h,h+1

Cottl,tth = Cottitt1 T o T Covdhth
hence, because ¢t and & are arbitrary,

t,1 t,1

, t,1
Cotmht1t = Cotmhtig—hg1 T T Colep

By the induction assumption Ctz,,ifk+2,t7k+2 = 0 with probability one for every ¢

and each k = 2...h, thus
t+h,h+1 t+ h, h+1

Cott1,t4+h = Cotr1e41"
This implies

P (Xyynpallxz (t) + Y (—00,1])
= a5 P (U T () + Y (—o0,t]) + P (" i p(t) + Y (0,1

t+h,h+1 t+h,h+1 t+h, h+1
= T P (L) + P (AL L (0 + Y (—o0,t]).

(h+1
—>

We deduce if Y % X7y, then Y "5V X|Iy, if and only if P(c:HL I, (1)

+ Y (=00, 1) = P(IH | Ix 7 (t)]) for all ¢. Using the logic from the line of proof

2 1,641
of Lemma 2.1.1, because Z(t + 1, + 1] is a scalar-valued Hilbert space, .41}

e Z(t+1,t+1],and Y 5 Z, we deduce Y 5" X|Iy, if and only if Tl

= 0 with probability one for all ¢, or ctzi—thl,t— np1 = 0 with probability one for all
t. O

Proof of Lemma 3.1. Recall we assume Y 4 X|Ixz and Y 4 Z|Ixz. From

3.3), and the assumption m, = 1, we know Y’ Gar) X|Ixz if and only if (g
XZ1

0. Therefore, if Y - X|Ixz, thenY 2 X|Ixz if andonly if 7xz1 = 0.
Now, from (2.3) we deduce

(h) (h—1) (h—1) (h=1)

— - (h—1)
Txz1= Txzo TTxx1TX21+Txy  AYZ1+ Txz{ TZZ1- (B.1)

Forh=2,Y @ X|Ixz implies 7&)271 = 0 from above, hence

(2)
Txz1 = TXz2+TXXATXZ1 +TXYATY Z1 +TXZ1TZZ,1
= Txzo+tTxx1 X0+0X7myz1 +0X 7z,

= TXxZz2-
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Forh=3,Y @ X|Ixz implies W()?)ZJ = ng?Z . = 0 from above, hence

(3) _ (2) (2) (2) (2)
Txz1 = Txzo TTxx1Txz1 T Txy1Tyz1 T Txz1722,

= ”g?)z2 “‘Wg?)XJ X0+0x7myz1+0xX7mz21

- -2

= Txz2
where
Wg?)z o = Txz3TTxx1Txz2 TTxy,1Tyz2 T Txz21Tzz2
= mxz3+7Txx17Txz2+0X7Tyz2o+0Xmz22
TXZ3 +TXX1TXZ2.
Thus,

(3) (2) +
Tx7z1=Txz2 =TXx23 TTXX1TXZ,2-

Recursively we deduce for h > 2, Y “) X|Ixz implies

h—1

7T(X)Zl _TrXZh—i_Z TF)}(LXL17TXZ1 (BZ)
Notice in (B.2) we include the term ﬂg(;( 1)7rxz 1 = 0 which follows from above: YV
) X|Ixz for h > 2 implies Y (%X|Ixz, hence mxz1 = 0. O
Proof of Theorem 3.2. i. Consider h = 2 and assume Y - X|Ixz. By the
assumptions Y R X|Ixz and Y R Z|Ixz, and m, = 1, from (3.3) we deduce Y

&) X|Ixz if and only if 7x 71 = 0.
For the remainder of the proof, assume h > 2. Let Y ) X|Ixz. ThenY LA
Xl|Ixyz, k = 1..h, and we deduce from (B.1) that ’/TX)Zl =0, k=1..h — 1. Using

the zero identities ngZJ =0,k =1.h — 1, we deduce from formula (B.2)
(1)

0 = 7xz,1=7x21
0 = W(;?)zg =nxz2+ (wg)x,ﬂxm) =TXZ2
0 = Trg?)z,l =7XZz3+ (WQX,NTXZ 1) + (W&lt)x,l 7TXZ,2>
= sz,3+<7fgc2)x,1><0>+(7§)x1 XO) =TXz3
h—1
0 = ﬂ—g(Z,l)

h—2 (h—1—1)
= TFXZ,h—l"'E 1.21 ( TXx1 XO)ZWXZ,h—b

which gives Ty, = 0, k = 1...h — 1. This proves the ..rst direction.
Conversely, let Y R X|Ixz and wx,,; = 0,7 = 1..h — 1. From (2) we haw

k k—1 k k—1 k—1
Wg()Z,l = Wgcz,z) + (Wg(x 1)7TXZ 1+ Wg(y 1)7TYZ 1+ 7r(XZ 1)77221)

If & = 1, then trivially 7, = 7xz, = 0, and by (B1) Y % X|I, follows.
Thus, along with Y EN X |I x5 by assumption, we obtain Y @ X|Ixz. However,
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by Theorem 1and Lemma 3.1, Y £ X|Ixz implies w(’“) =0,k=1,2j>1and

Wg{)21*7TXZ2+Z (WXX.)lﬂXZz):WXZ,QZQ
Thus, by (3.3), YV 3 X|Ixz follows immediately, and in conjunction with Y &
X|Ixz, we deduce Y £ X|Ixz. Recursiwely, for each k = 1...h — 1 that we have
y ® X|Ixz, from Lemma 3.1 we deduce

k—1 )
k k—1
7T(X)Z,1 =7TXzZk+ E i1 (W(Xxy)ﬂrxz,» ,

which reduces to

k—1
77()@2,1 TXZk+ Z (WXX 1TXZ, z)
0+ Zizl (r&xh x0) =0

By (B.1) and w\f), | = 0, we deduce Y’ "5 X|Iy, for k =1...h — 1. Combined with

the assumption Y EN X|Ixz, it follows that Y ) X|Ixz. This proves claim (3).
(ht1)

ii. The result is a direct consequence of claim (i): Y X|Ixz if and only if

Y X|Ixz and mxz,:=0,i=1..h. Thus, given Y’ @) X|Ixz, we have mxz,: =
0,i=1.h— 1, hence Y (1) X|Ix , follows if and only if 7x,;, = 0. O

Proof of Lemma 3.3. Fom (2.1), due to error orthogonality e; LW (—oo,t — 1]

oo

h
P(Xiynwllxz +Y (—o0,t]) = Zk 1”&())(19(“1%
+Zk 17TXYkYt+1 k +Z 7TXZkaH k-

Projecting both sides onto the subspace Ixz, + Y(—o0,t] C Ixz + Y (—o0, ], and
invoking iterated projections and projection operator linearity, we obtain

P(P(Xipnllxz +Y(=00,1) [Ixz +Y(-00,t])
=P (Xypnllxz, +Y(—00,1])

*Zl_l 7TX)thJrl z+Z 7TXlet+1 i

+Z:O g?)ZZP(ZtH—iUXZl + Y (—o0, t])

*Zl_l WXXlXtJrl Hrz WXletﬂ Z+Z 7TXZ11Z1 t41i
+Z Wg?)z P (Z2g1-illxz, +Y (—00,1])

*Z ﬂ-XX’LXt‘i’l z"‘z 7TXY1Yt+1 rl-z 7TXZ1, 2, t41—i
+ Zzl T [Z:O:l Lo X t+1—k}

(o) o) .
(h‘) J,t+1—1 Z gt 1 ’L
+ Zizlﬂxzz,z' E :k:1 Zoyk Yt+l-k + - Bk Z1t41—k
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o0 (h (h)
= Ziflﬂ-XXlXtJrl z+z 7TXYlYt+1 ¢+Z TI'XZ1, 41—

+Zk:1 Xit1-k (Zzl Wg?)zj,i JZnglk>
P Ve (5, 7, 85
—|—ZOO Z1, 41—k (Zjo g?)z i ]ijz_lzk)

= Zk lXt+1 k(WXxk+Z ij,z JZj)?k)
—i—zi:kYtﬂ—k (WXYk Z g?z i jzi;flk)
+Z:;Z1,t+1—k< ﬁ?’z k+Z¢:1 Wg?)zj,z‘ jz’iz,k)

(o0}

h h 00 h
= Zi:k 65())(,]@Xt+17k + Zk:l 5()(3),’,6Y,§+1,k + Zk:l 5&()Zl,kzzl,t+1—k:

hence
P(Xpynllxz +Y(—00,1]) = Z;O . 0% 1 X1k
+Z XYkYt-H k *Z le, k2141
where

h) h 1—1
5&(1)/ k= Wgcy + Z g()Zg,iBZQY,IN

and 5Z2Yk denotes the Y'-speci.c coeCcients in the projection of each vector
Z2,t+177, onto IXZ1 + Y(—OO,t], 7 2 1. O

Proof of Theorem 3.4. i. Let Z» R X|Ixz,. Then nxz,; = 0, Vj > 1, hence
from Lemma 3.3, cf. (3.7), we obtain dxv,; = mxyv,;. Therefore dxy,; = 0 if and

only if 7xy,; = 0, which implies Y’ BN X|Ixz, if andonly if Y R X|Ixz.

ii. Let (Y] Z,) EX X|Ixz, and Y &) X|Ixz, forany h > 1, and recall 5§h) denote
the VAR coeccients in the projection of Wy onto Ixz () + Y (—oo,t]. By the
assumption Z, R X|Ixz ,we justproved Y “) X|Ixz, ifandonly if YV (ﬁ») X|Ixz
for h = 1. Therefore let h > 2. By Lemma 3.1 and Theorem 3.2, Y -» &) X|IXZl
implies 6XZ 1 =0xz,k=0k=1.h—1, and using Lemma 3.3 for 6XZ and
5%“)%1 we deduce

(h) _
0y =Ty +Z T B2y
k 1—1
N1 = 0xz k= mx20 + Zz’:l TX22iB 7,2 1 = O-
. 1 . - .
The assumption Zo - X|Ixz, implies mxz,: =0, i > 1, hence mxy,; = dxv,;

=0Vj>1,giving Y BN X|Ixz, cf. Theorem 2.2. Additionally, the zeros dxz, «
=0,k=1.h—1,imply 0xz, s = 7xz,kx =0, k = 1..h — 1, hence nx z1 =

(Tx2z 1, Tx2z,1] = 0. From (3.3) we deduce Y ) X|Ixzgivenrx z1mzy,; = 0.
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Similarly, using (2.3) non-causation Y <) X|Ixzand mxz, = 0imply

2
Wg()ZJ = TXz2 +tTXX1TXxZ1+TXY,1TYZ1 +TXZ1TZZ,1

= 7mxz2+7Txx1 X0+0x7myz1+0X7T221

= TXZ2.

If h > 3, then non-causation Z R X|Ixz, andthe identity dxz, x =7xz, 1k =0,
k= 1..h — 1 again imply 7x ;o = 0, thus wg)z,lwzy,j = 0 for all 5, giving Y @
X|Ixz, cf. (3.3). Repeating this logic,

(3) _ (2) (2) (2) (2)
Txz1 = TxzotTxx1Txz1 T Txy1Tyz1 T Txz1722,1

= TF()?)Z,Q + Wg?)X,l X0+0x7myz1+0xXmz21

(2)
TXZ2

= TXZ3+TXX1TXZ2 +TXY,ATY 22 + TXZ1TZZ2
Txz3 T Txx1 X0+0X7Tyzo+0xX7Tzz9

TXZ,3s
and so on. Recursively we deduce (Y, Z,) R X|Ixz and Y &) X xz imply
Oxzik =7xz2,k =0, k=1.h—1 7x2,:=0Vi>1, and TX Zk = Wg](c)Z,l' k=
L.h — 1, hencen$) | =0,k =1.h— 1,givingY ¥ X|Ix 7.

i, and . For any h > 1, if (Y,Z2) + X|Ixz,, Y B X|Ixz, and v "5
X|Ixz,, thenY () X|Ixz also holds by (ii). Moreover, by Theorem 2.1 causation
Y "' X|Iy,, implies a causal chain ¥ % Z; % X must exist. Using the above
logic, we recursively deduce w()’;)ZJ = Txyz . Because Z, EN X|Ixz,, Y ) X|Ixz,,

and Yy " X|Ixz , by Theorems 2.2 and 3.2 it must be the case that x4, ; =
0,Vi > 1, xz,.n # 0, hence

Wg?)z,l =nxzn = [Tx7 1,0
Therefore, by (3.3), Y (i) X|Ixz if and only if

h
Wg()Z,NTZYJ =TXZhTZY,j = TXZ1,hTZY,j =0

for all j > 1. Because Y 4 Z1|Ixz, it must be the case that 7z,v; # 0 for at

(

least one j, therefore Y Y X|Ixyifandonly if 7y, , = 0. Because mxy, ) #

0and Y % X|Ixz, we conclude Y "5 X|Ix 2. 0

Proof of Lemma 4.1. We reject Y - X if we reject Tests 0.1- 0.2 (¥ (3 X)
and Test 1.0 (Y % X):

P (rej. aHVHM s true)
=P (rej. 0.1Nrej. 0.1Nrej. 1.O|H(§1) is true)

<P (rej. 1.0|H(§1) is true) = 10.
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We reject Y & X if we reject Tests 0.1- 0.2 (VY (3 X), and either reject Test
1.0 (Y BN X)), or fail to reject Test 1.0 and reject Tests 1.1 and 1.2 (Y % Z and Z
R X) and Test 2.0 (Y % X, mxz1 = 0). We have

P (Tej. H(§2) |Hé2) is true)

-p ((rejO.l N7ej0.2) N (rejL0U [faill.0Nrejl.l N rejl2 Nrej2.0]) |HSY is true) .

There are four cases to consider;: Y -+ Z 5 XY Lz XY + 7 » X and
Y 575 X. Under H?,ifY 5 Z 5 X then Y & (X,2) istrue, (Y,Z) » X
is false, and Test 2.0 represents only a su€cient condition for non-causation Y )
X. Hence

P (Tej. HPH is true)

e ((rejO.l Nrej0.2) N (rejL0U [faill.0N rejl.l N rejl2 Nrej2.0]) |HSY is true)
<P (rejO.l N (rejl.0U[faill.0Nrejl.lNrejl.2Nrej2.0]) |H(§1) is true)

< min {%,hp (Tejl.() U[faill.0Nrejl.lnrejl.2Nrej2.0] \Hél) is true)}

< min {ao_l,al_o + P ((rejl.l Nrejl.2Nre;2.0) \Hél) is true) }

< min{ag 1, 010+ a1}

fvy L2z 5 X, thenY - (X,Z) is false, (Y, 2) % X is true, and Test 2.0

(2)

represents a valid necessary and su¢cient condition for non-causation ¥ -+ X,

P (rej. HP|H? is true)
—p ((TejO.l Nrej0.2) N (rejLOU [faill.0Nrejl.lNrejl2 Nrej2.0]) [HY is true)
<P (TejO.Z N (rejl.0U[faill.0Nrejl.lNrejl.2Nrej2.0]) |H(§1) is true)

< min {ao.z,cn.o + P (rejl.l Nrejl.2N rej2.0|H(()1) i true) }

< minfag.2, 1.0 + min{a1.2, 0.0}

Ifboth Y - Z 5 X, then both Y - (X,Z)and (Y,Z) - X are true, and Test
2.0 does not present a necessary condition, and

P (rej. HP|HP is true)
=P ((rejO.l Nrej0.2) N (rejLOU [faill.0Nrejl.lNrejl2 Nrej2.0]) |H((]1) is true)

< minfag 1, Qg 2,10 + minf{ay 1, o o}]
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Finally, if Y L 7z L X thenbothY (X,Z)and (Y,Z2) + X are false, and
P (Tej. HP|\H? is true)

-p ((rejO.l N7ej0.2) N (rejL0U [faill.0N rejl.l N rejl2 Nrej2.0]) |HSY is true)
< a1o + 2.0

Repeating the above for each H(gh), h > 2, gives the case-speci..c size bounds. [
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