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In this appendix we present omitted simulation robustness checks (Section C.1), omitted proofs for
Lemmas B.1-B.5 (Section C.2) and CLT Lemma B.6 (Section C.3), and supporting theory for the proofs
(Section C.4). All citations are presented in a self-contained bibliography at the end.

C.1. OMITTED SIMULATION RESULTS We present robustness Check #1 by performing the
omitted variables test with GMTTM and LAD plug-ins. Recall LAD satisfies fast convergence P1 when
variance is infinite (Lemma 3.1), and when variance is finite fails to satisfy either P1 or P2 due to a T''/?-rate
and nonlinearity.

GMTTM is computed from exactly identified least squares equations My (#) = (y; — 0'x;)x; where x;
= [Y4—1,%—2|. Under the null M,; = €y;—; is symmetrically distributed hence we symmetrically trim

miri(0) = Mt (0) x I(JM;(0)] < Mz(.a()];,TH)(@)). The two-step estimator is then computed exactly as
described above. The use of GMTTM and LAD leads to results qualitatively similar to the OLS case. See
Tables D1 and D2.

Although Ling’s (2005) Least Weighted Absolute Deviations is ruled out in all cases due to a

comparatively slow rate of convergence, or nonlinearity, it also performs roughly the same (not shown).
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Table D1 - Omitted Variables with GMTTM Plug-In
Heavy Tails (1.5) Thin Tails (4.5)
Test | Hp:I1ID° | Hy:AR Test | Ho:1ID | H;:AR
T = 100
TT-FIX® | .01, .06, .11° | .15, .32, .46 TT-FIX | .01, .04, .08 | .17, .40, 54
TT-MCD | .01,.06,.11 | .19, .38, .57 TT-MCD | 01, .05, .9 | .17, .40, .53

TT-OT 01, .07, .14 | .27, .50, .62 TT-OT .02, .06, .12 | .20, .40, .54

MC .00, .02, .04 | .09, .26, .41 MC .00, .01, .03 | .10, .32, .44

Wald .01 ,.03, .05 | .72, .86, .93 Wald .01, .05, .09 | .64, .80, .87
T =500

TT-FIX .01, .06, .12 | .87, .94, .99 TT-FIX .01, .04, .08 | .97, .99, 1.0
TT-MCD | ..01, .07, .12 | .76, .89, .92 TT-MCD | .01, .06, .12 | .94, .95, .99

TT-OT .01, .06, .12 | .96, .99, .99 TT-OT | .01,.07, .13 | .97, .97, .97

MC .00, .01, .04 | .19, .26, .50 MC .00, .02, .03 | .82, .91, .94

Wald 01,05, .11 | .99, .99, .99 Wald .01, .03, .06 | 1.0, .10, 1.0
T = 1000

TT-FIX | .02,.07,.13 | .97, .97, .97 TT-FIX [ .01,.06,.11 | .99, .99, .99
TT-MCD | .01, .05, .11 | .99, .99, .99 TT-MCD | .01, .06, .10 | .83, .90, .93

TT-OT .01, .06, .12 | .98, .98, .98 TT-OT | .01, .05, .10 | .98, .98, .99
MC .01, .03, .07 | .33, 51, 63 MC 01, .02, .04 | .90, .93, .96
Wald .01, .05, .10 | .99, 1.0, 1.0 Wald .02, .04, .06 | 1.0, 1.0, 1.0

a. The null is no omitted variables in an AR(2). The alternative is the second lag is omitted.
b. FIX indicates pre-chosen tail parameter A = .05 in kp = [AT/In(T)].
c. Values are rejection frequencies at the 1%, 5% and 10% levels.

Table D2 - Omitted Variables with LAD Plug-In
Heavy Tails (1.5) Thin Tails (4.5)
Test | Hy : IID | H; : AR Test | Hy : IID | H; : AR
T =100
TT-FIX | .01, .05, .11 | .16, .38, .51 TT-FIX | .01, .06, .09 | .21, 47, .61
TT-MCD | .01, .06, .11 | .19, .39, .54 TT-MCD | 01, .06, .11 | .22, .46, .58
TT-OT .01, .07, .12 | .33, .53, .66 TT-OT .01, .07, .12 | .26, .50, .60

MC .00, .01, .04 | .10, .27, .42 MC .00, .01, .03 | .16, .39, .51
Wald .01.,.03,.06 | .74, .91, .94 Wald .01, .05, .09 | .70, .84, .93
T = 500

TT-FIX | .02,.07,.13 | .88, .97, .97 TT-FIX [ .01,.04,.09 | 1.0, 1.0, 1.0
TT-MCD | .01, .06, .12 | .82, .93, .98 TT-MCD | .01, .06, .10 | .99, .99, .99
TT-OT 01, .06, .12 | .98, .98, .98 TT-OT .01, .06, .11 | .93, .97, .99

MC .00, .02, .06 | .23, .43, .57 MC .00, .02, .02 | 91, .95, .98
Wald .01 ,.05, .11 | .99, .99, .99 Wald .01, .04, .07 | 1.0, .10, 1.0
T = 1000

TT-FIX | .01, .06, .12 | .98, .98, .98 TT-FIX | .01, .05,.09 | 1.0, 1.0, 1.0
TT-MCD | .01, .06, .11 | .99, .99, .99 TT-MCD | .01, .04, .09 | .86, .94, .98
TT-OT .01, .05, .11 | .99, .99, .99 TT-OT .01, .05, .11 | .99, .99, .99
MC .01, .03, .06 | .36, .54, .64 MC .00, .01, .01 | .99, .99, .99
Wald .01, .05, .10 | 1.0, 1.0, 1.0 Wald .01, .04, .06 | 1.0, 1.0, 1.0
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PROOFS OF LEMMAS B.1-B.5 The proofs of some of lemmas require additional results

that were not required directly to prove Theorems 2.1 and 2.2. We therefore state in some cases an expanded
version of a previously stated lemma.

Recall the fractile {k;; 1} and threshold {l; 7(0),u; ()} construction:

C.2.

kjir — 00, kjir/T — 0, 1<ki;r+keir <T
lir(0) — Li(#) and wu;7r(0) — U;(#) uniformly on compact © C R",
and

T
1
1) k141

P(mi,t(H) < —li,T(H)) =1 and

i P(mi,t (9) > ui,T(H)) =1.
2,i,T

Assume L(T) is a slowly varying function, L(T) — oo, whose value and rate may change with the
context. Write compactly throughout

G, T (9) = max{li;f (9) , U, T (9)} , CT (9) = Imax {Ct T (9)}

1<i<g

k@T = Imax {kl,i,Ty k27i7T} and ]CT = Imax {k?l T}
1<i<q

1 T
=7 z;m;;,t(e and m7.(6 Z
t= =1

Asymptotic arguments require the following constructions, some of which are already defined above
Estimating equation instantaneous and long run covariance matrices are

1 (0) = E [{mi, (0) = Elmi, (0]} {m¥, () — Elmi, ()]} ]| and Sz =3y (") € R

7.0 (0) = Elmiz(0)]}'] and Sz = 57 (6")

T,t(ﬂ)]}/} and 37 = Sp (90)

T,t(e)]}/:| and Sy = Sr (90) )

and

T
0) = > B [{Mi,(0) - ElM7,,(0)]} {Mi,(6) - EIMi,(0)]} ]
s,t=1

where M. ,(6) contains all unique m; 1, (6) and m; 1 ,(6)

We abuse notation since Y7(6), Sr(6) and &% (), which depict covariance in 7. ,(6), may not exist for
any 6. See conditions P1-P2 below. Population and sample Jacobia are

Jr(0) := %E [m},(0)] € RT*" and Jp = Jp(6°)

9 T
Jr.(0) = 2™ t(0) x L7 (0) ‘ and J5(0) := 7 Z



and a scale matrix is
Ve (0) := T2J} (0) S7* (0) Jr (0) € R™™ and Vi := Vp(6).

Finally, recall the assumptions. The first set concerns 9T.

P1 (fast plug-in convergence). VTI/Q(éT — 0% = 0,(1) and ||Vz V|| — 0 where $2 and St may not
exist.

P2 (slow plug-in convergence).
a. Vip ~ KVrp for some positive definite K € R"™";

b. ‘77]:/2(@'1“ - %) = Ap Zthl{ThT,t — Elrd} x (1 4 0,(1)) + 0, (1) for unique 6° € © where non-
stochastic Ay € R™ P has full column rank ApS;'Al, — I;

c. The limiting finite dimensional distributions for &4~/ 2{M*T,t — E[M7,]} belong to the same class as
those for S:Fl{m}i — E[m?t]}

The second set characterizes identification and related smoothness properties.
I1 (integrability). my is integrable under the null (1).

I2 (identification). Under the null (1) the thresholds {l; v, w;r} satisfy a sequence of fized point bounds:
Blmi,] = o(|[S||"/?/T).

I3 (covariance). supy||Ar(0)|| < co and liminfr>y info{Amin(Ar(6))} > 0 for each Ar(0) € {Xr(0),
2r(8), Sr(9), 65 (0)} if Lr(0) and &% (0) exist.

14 (moment smoothness). liminfr>y sup)g_go|<s{||E[mr ¢ (O)]|[} > [|[E[mT,]|| for some N > 1 and any
0> 0.

D1 (distribution).

i. The finite dimensional distributions of m.(0) are strictly stationary and absolutely continuous with respect
to Lebesgue measure on ©.

i. If supg E[m?,(0)] = oo then m;(0) have for each t a common power-law tail P(lm;.(6)] > m) =
d;i(0)m=" O (1 4 o(1)) where infg r;(0) > 0, k; = £i(6°) > 1 under the null (1), infy d;(0) > 0 where d;(0)
is for each 0 a constant, and supy{d; *(0)m" ") P(|m; +(0)] > m)} — 1.

The third set concerns distribution properties.
D2 (differentiability). m:(0) is continuous and differentiable on ©-a.e.

D3 (mizing). M7 ,(0) is for each T strictly stationary over 1 <t < T, and geometrically S-mizing: f; :
= SUP ygee E|P(A|St ) — P(A)| = o(p') for p € (0,1), where {S¢} is some sequence of o-fields adapted
to {M7,(0)}, and ¢ does not depend on T or 6.

D4 (moment envelopes). supg |m; (0)| and supy |[(0/00;)m;+(0)| are L,-bounded Vi, j.

D5 (Jacobia rank and smoothness).

i.supy ||[A7(0)|| < oo and Ar(0) has full column rank for each Ar(0) € {J7(0), J7.(0), E[J1,(0)]}
ii. For all {07}, o7 — 0, supjjg_gojj<s, JT(O)/[|ITl]} = 1 + o(1).

D6 (indicator class). {I;1:(0) : 0 € O} satisfies metric entropy with Lo-bracketing Hi(e, ©, || - ||2) =
O(In(g)), € € (0,1).

Finally, the HAC kernel function.
K1 (kernel). k(-) is a member of the class {k : R — [-1,1] | k(0) = 1, k(z) = k(—z) Vz € R, [~ |k(z)|dz



< oo, [T |@(§)]d¢ < oo, k() is continuous at O and all but a finite number of points}, where w(§) =

(2m) ! [, k(@) rdr < oo Further 320, k(s — 8)/77)| = o(T?), maxicssr Yoy (s = 8)/77)
o(T) and bandwidth v = o(T).

We require two preliminary results which we prove in Section C.4. The maximum thresholds ¢y (6) are
uniformly bounded, a property used variously to bound tail trimmed covariances.
LEMMA C.1 (threshold bound). Under D1 and I3 supp{cr(0)/||Zr(0)]|Y/?}
O((T/ mini<i<o{ki,r})'/?) and supg{cr(8)/[1Sr(0)]['/?} = O(1/ mini<i<q{kir}).

The equations 7.(0) satisfy a stochastic differentiability property which we use to prove sample Jacobian
consistency.

LEMMA C.2 (stochastic differentiability). Under D1-D6 and 13 for any § > 0

{ [{r5(0) — 5} — {E [m7,(0)] — E [my, ]} }
L+ [Tzl <[]0 = 6°]]
= sup {M}—i—op(l).

9eU0(5) 7|l

sup
0eU9(5)

We now prove Lemmas B.1-B.6. First, an expanded version of Lemma B.1.
LEMMA B.1 (covariance properties). Under D3 and liminfpr> n infg{ Amin (E7(0))} > 0:
a. limsupys y supy ||TS;1(9)ET(9)|| < K;
b. [ (0)l] = O((T/min{k;r}) x max{1,[|E[m7,((0))]l}) and supy|[Zr(0)]] = o(T" x max{l,
supy || E[m7 , ((0))]][});
c. If additionally D1 holds then ||St|| = O(T(T/min{k; r})).
PROOF.

Claim (a): Assume ¢ = 1 for ease of notation, the general case being similar. Trivially

T—1 E e (0 m2 o
Sr(0) =TE [m? (0)] x | 1+2> (1= 1/T) s O i )
h=1 E [mi}%t (9)}

Under by non-degeneracy I3 it must be the case R := liminfy_, infyp Ry (0) > —1/2. Therefore

=TE [m7%, (0)] x (14 2Rr (9)).

1
li TSy () E [mi?, (0)]} < =K < .
H;l;}gpsgp{ r O E[mz 0)]} < 7055 %
Claim (b): If [[S7(0)|| < oo the claim is trivial, so assume at least one E[m?,(f)] = oo, and assume

without loss of generality m; .(0) is symmetrically trimmed with two-tailed thresholds ¢; 7(6) and fractiles
kir: (T/ki)P(Imit(0)] > cir(0)) = 1. Power-law tail D1.ii implies ¢; 7(8) = d;(0)Y/ %) (T /k; 7)*/%+(?) for
some k;(0) € (0,2] and d;(#) > 0 that is for each 6 a constant. Coupled with properties of trimmed variances
for regularly varying tails if x;(0) € (1,2) then?

E [(mi1.0))°] ~ K 0(0)P (miu(8)] > i0(8)) ~ Ke 1(6) (hizr/T) = K (T/hsr)?/ O,

It is easy to show (T/k; 1)/ %O~ = o(T) for all #;(0) > 1. Similarly if #;(f) = 2 then E[(m}7.4(0))?]
~ L(T) — oo a slowly varying function which is trivially o(T"). Now invoke the Cauchy-Schwartz inequality

3The trimmed variance property follows directly from Karamata’s Theorem. See Resnick (1987: Theorem 0.6;
Exercise .0.4.2.8).



6

to deduce X7 (0) = o(T) = o(T x max{L, [|[E[m 1 ,(0)]]|}). If x;(0) < 1 then |E[m] 1 ,(0)]| ~ c; 1 (6)(kir/T)
= K(T/kLT)l/infeE@N wi(0)— ! hence

£ [miz,0))°]
& [mz.0)]|

The uniform case is identical in lieu of uniform power law tail property D1.ii.

K(T/k;r).

Claim (c): Simplify notation by assuming ¢ = 1, E[m7,] = 0 and & € (1,2]. The case E[mr,| #
0 is identical, k > 2 is trivial glven geometric [S-mixing, and x > 1 is required for equation integrability.
Note Sy = TE[m#] + 2TZ (1 — h/T)ElmzymF 4], so in lieu of claim (b) it suffices to prove
ZiT;f E[m*T,imT,zH] = O(T/kr).

Define the quantile function Qr(u) = inf{m : P(Im7;| > m) < u} for u € [0,1], and recall under
geometric f-mixing ap, < B, < Kp' for p € (0,1), where oy, and 3, are a- and SB-mixing coefficients.
Assume f3;, = p" without loss of generality. Theorem 1.1 of Rio (1993) applies:

T-1 T-1 ,qp T—1 ph
> [Blmp il <23 [ @hwduz2y” [ Ghudu
h=1 h=1"0 h=1"0

Under Paretian tail Assumption D1.i it is easy to verify

Qr(u) =d"/"u™" (1 +o(1)),

and given tail-trimming P(|my| < cr) = kr/T and m7, = 0 V|m:| > er hence sup,,¢jo 1) Qr(u) = er or u
> kp/T. Therefore

T-1 T-—1 ph T-1
Z |E[m}71m},h+1]| < 2d?/r Z / w2 du = 24" Z max {O, (T/kT)(Q/“’l) — p—h(z/ff—l)}
h=1 h ke /T h=1
(In1/p)~ In(T/kr)
— 942/% Z {(T/kT)(Q/“fl) . pfh(Z/nfl)} '
h=1

Finally, Y00 1/7) " OO (o257 p=h@/5-D} < (In1/p) = In(T/kr) x (T/kr)?* ™" = O(T/kr) for
any k € (1,2]. This completes the proof. QED.

Next, an expanded version of Lemma B.2.

LEMMA B.2 (approrimations). Under D1-D4, D6, 13 and P1 or P2:

a || {5,0) = mi (0)}]| = o, (IS2(O)?) Jor any 6 € ©

b supg {||1/T L {0, (0) = i (0} |} = 0y (supy | Bz (0)]]]) -

Recall the kernel function krs, and define fig,(0) = mp ,(0) — m7(0) and pp,(0) == m7 () — m7(0).
If additionally moment smoothness 1 and kernel property K1 hold then:

c. SUPge 170 (57 {||ﬁ1}(9) —mk(9)|/ [1 + [|J7|| % H9 — HOHJ} =0, (1) V6 > 0.

d |87 Sy ke { B Or) = ity | = 00D

PROOF. Assume 0 and m;(0) are scalars and m;(f) is symmetrically trimmed for notational conve-
nience, and write I ;(0) :=1 — Ip4(0). Assume 6 and m,(6) are scalars and m,(6) is symmetrically trimmed




for notational convenience, and write I74(0) := 1 — I74(0).
Claim (a): Let 6 € © be arbitrary, and write m; = my(0), cr = cr(0), iy, = mip, (0), mp, = mz, (0),
nyt =1— Ip.(0), nyt = IATJ(@), and St := S7(0). First bound

mTt}

T
< g (o e 1)) 3 i -

By construction |[m;{Ir: — It }|| < 2||mgz) ) — c¢r||, where m )/CT =1+ Op(ky fin ) follows under D1-D4
and D6 by Lemma D.2.1 of HR (2010a). Now use threshold bound Lemma C.1 to deduce

s {|me {Tre = [} < 25, - er| = 2er mi) fer =1 = o, (Isrl*477).

1<t<T

Next, by construction and the triangle inequality

T
1 _ _
—73 O A0 — E [Ir.4]}
t=1

kr

1/2

< k2 + kY

T
Z HIT,t — I
=1

T
(Bt

which is Op(k:;/ %) by the threshold construction (1) and an application of HR’s (2010a: Lemma D.4) uniform
indicator law. Therefore Zle{m*ﬂt —mp,} = o, (||1ST|1*?).
Claim (b): Define

Mj = max {Sgp e 0) {ir.s (0) — I (e)}H} .
and repeat the above argument to reach
1/2

sup Z {7, (0) —mp, (9)}” < Mjx kT sup

352 0 £ )|

t=1

kY2 <%E [0 (6)] - 1) H .

Uniform indicator law Lemma D.4 in HR (2010a) and the threshold construction (1) imply the right-hand-
side is O, (Miki/?/T).
We need only prove M} = o,(supy ||E[mi}t(9)]||T/k;/2) to complete the proof. Since

[0 (0) { T2 (0) = 1 (0) }| < 260(0) i) (0)/ex(8) -1,

and supy |mgz)T)(9)/cT(9) — 1] = Oy(ks 1/2) by Lemma D.2.1 of HR (2010a), use threshold bound Lemma
C.1, and covariance bound Lemma B.1.b to deduce

k1/2
+ M7 % T sup

Mi < Kswper(®)sup|m( (0)/er®) - 1] < o, (sup @) 722

= o, <81;p | E [mi . (0)]] T/k;/z) )

Claim (c): The claim follows from (b) and Jacobian smoothness supge o (o) ||J7(0)[|/|[J7|] = O(1) under
condition D5.ii, since by the definition of a derivative

15 0] 1 ]+ 192 @) o - &)
sSup 0 < sup 0
pevo(s) | 1+ || Jzll x ||6 — 6 e L+ ||z x ||6 — 6°]]

HE[mi}t]H
: + K.
ﬁ%LHWWWOW

IA
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Under the null [[E[m} ]/ — 0, while under the alternative use moment smoothness 14 to deduce
SUpgepo(s) || E[my (0 )]|| > ||E[mT /J||. Under either hypothesis, therefore,

E *
- | E [mi,0)]]] Gy
ocvos) | 1+ 17l x || — 6°|

Claim (d): We will prove the simpler result under the null

S Z ks {st )m;“,t(éT) - méﬁsm;l,t} | = op(1).
sit=1
A proof of the claim under either hypothesis
53 e A O Or) = o aaiit | = 0p(1)
s,it=1
is similar, but with tedious added steps to handle stochastic centering ﬁ})t(éT) = ﬁzi}t(ézp) —

1/T2t lmTt( T)-

erte my = mt(QO), jTﬂg = fTﬂg(eO), IT,t = IT,t(00)7 fT,t =1 IT,t7 m}yt = mth,t, and m%yt = mtITﬂg. We

— — T Ak Ak * * — — T Aok h Ak )
prove ||T' 1ST1 Zs,t:1 kT,s,t{mT,smT,t - mT,smT,t}H = 0p(1) and [T 1ST1 Zs,t:l kT7S,t{mT,s(9T)mT,t(0T)
— g g | = op(1) in two steps. The claim then follows by the triangle inequality.

Step 1: Observe
T

2 S;l Z kT,s,tms (jT,s - IT,S) m?]‘”,t

s,t=1

T
Syt Z k1 s tms (IT,s - IT,s) me (IT,t - IT,t)

s,t=1

T
—1 Ak Aok * *
St Z kr,st {mT,smT,t - mT,smT,t}
s,t=1

| =Air+Asr.
We only bound A; 7 since A 7 is similar. Define for any § > 0

ns () == exp {—2%07%/2} and 051 ;=05 (/77

(25271') 1/2

o1 T
Avrs= > ( Z (1/7vr) Sz P mag <I;“,t+l - I;",t-i-l) Io<i< [7T/5])>
’YT

t=—T+1 I=1—

X 1/2 Z 52557 My 10 <5 < [v2/3]) | x (140, (1)
Jj=1—t

By CLT Lemma B.6
T

551/2 Z m},t

t=1

=0(1).
2
Similarly, approximation Lemma B.2.a coupled with CLT Lemma B.6 and the Helly-Bray theorem imply

T}/Z o Zmﬂ (ITf ITf)

| = 0(1).



Now imitate de Jong and Davidson’s (2000: Lemmas A.2-A.3) arguments to deduce?
(2) hn%hmsupH.AlT—Ang><(1+op( Nl = 0.

T—o0
Next, consider the components of A 5. It is straightforward to generalize approximation Lemma B.2.a
to a weighted version with k(t/~vr) under K1. Specifically, define Nr(8) := min{T,[y;/d] + 1} and note by
construction and variance non-degeneracy 13

-1
hmsupN r() < K and sup{SNT )/ Ny 1/2 (0 )} {ST/TI/Q} =0(1).
T>N 1

Now use stationarity to deduce for any ¢

1 g-1/2
T'/? _rhiSi<or 1/2 St / Z k(l/yr) {mTt+l mTt+l}I 0 <1< [yp/0])
== I=1—t 9
1/2 Nr(6)
N;/%(6) 1/2 -1 12N - .
: H Lo { Svao/Ne*(0) } { /142 % Snrtey 2o k) (g, —mi )
Yr t=1 9
—0asT — oo.
Similarly, by a straightforward generalization of CLT Lemma B.6 for any ¢
= )
1/2 1/2 4 )
T _rir 1/2 21::5775 T, T1/25 M1 (0 <5 < [v7/6])
J 2
1/2 Nr(6)
N2 (6) 1/2 -1 12 X .
< Tli/z {SNT(a)/NT/ (5)} {ST/Tl/Q} X S[WT//a] Z s, M| +o(1)
T t=1 5
—0asT — oo.
Therefore
(3) lim limsup || A1 75|, =0
=0 T—oo
Combine (2) and (3) to conclude Ay 7 = o, (1).
Step 2: Note
‘S Z kr.s { eT)mTt(éT) — iy smT,t} ‘
s,t=1
St Z kiTst{st or) — st}mTt
s,t=1
Syt Z B { o (Or) = i b {rivg, (Or) = vz, } | :
s,t=1
‘Define Z7; := S;l/zm}’t. Recall an array {yr, S¢} forms an L,-mixingale with geometric decay if ||yr,: —
Elyr.t|Sitdlllp < erep® and ||Elyr,e] — Elyre|Si—dl|lp < erp® for some constants {er.} and p € (0,1). See

Andrews (1988), cf. McLeish (1975). Under geometric S-mixing {mF ;,$:} is an Lz-mixingale with constants et
hence 1 = E(3/_, Zr¢)? < KY.[_, €%,/Sr (McLeish 1975: Theorem 1.6, Lemma 2.1). We can therefore always

assume under stationarity er; = KS’;/2/T1/2 for each t. Thus {Z7,, ¢} is an Lo-mixingale with constants K/Tl/z,
so de Jong and Davidson’s arguments apply to our setting. See also the proof of Lemma B.5, below.
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We will bound the first term, the second is similar. Use the Taylor expansion argument in the proof of
expansion Lemma B.3.a to deduce for some |07, — 6°|] < ||07 — 6°||

T
-1 Aok h Aok Aok
St E ks ¢ {mT,s(eT) - mT,s} mr

s,t=1

T
<NS2' D ks edrs(Or)m,

s,t=1

<[or =]

+

9
-

ks ds(07,%) {fT,s (Or%) — jT,s} || X HéT - 90H

w
-
Il
—

+
9
‘Mﬂ

raeds(0r.0) {Irs (0r) = In pi, | x or —0°|

w
-
Il
—

+ kT,s,tms {jT,s (QT) - jT,S} m?]",t

%
MH

»
“N
Il
—

4
= E Bir.
i=1

The gist of de Jong and Davidson’s (2000: p. 419-420) Fourier inversion argument applies. Extend their
equation (A.51) to our environment to obtain

K/ (nJTn‘l

_ K / e () Dr (&) [ (9)] de,

Bir

)

IN

T
« T—1/25:;1/2 Z eiﬁt/va},

t=1

T

1 its N

TE :e 55/'YTJT78(9T7*)
s=1

: |> | (§)]d€

where w(§) is defined under K1. Lemma B.2.a and Lemma B.6 render Dr (§) = O,(1). Further, Jacobian
consistency Lemma B.4 with ||07. — 6°|| < ||07 — 6°|| = O,(T~'/2||Sz||"/? x ||Jr||=*) under P1 or P2,
and K1 properties Z:tzl |kr,s¢| = o(T?), maxj<s<r Zthl |krstl = o(T) and v = o(T) imply Cr (§) =
op(1). Therefore [* Cr (£) Dr (€) | (§)| d€ = o, (1) by dominated convergence and K1. Similar arguments
extend to the remaining terms. QED.

LEMMA B.3 (expansions). Under D1-D6:

a. miy(0) = mip(0) + J5(6.)(0 — 6) + 1 x 0,(1) and 1y (0) = 1i5(0) + J5(0.)(0 — 0) + ro x |16 — 8|/
X 0p(1) for ||6, — 0|| < [|0 — 0]|| that may be different in different in each case, and tiny ¢ > 0.

b. Blm.,(0)] — E[m7,(9)] = Jr(0)(@ — 8) + o(||Jr(@)| x 1 — 6]]) for any 6,6 € ©.
PROOF.

Claim (a): Assume 6 and my(6) are scalars and m;(#) is symmetrically trimmed to simplify notation.
We only expand m7.(6) since i (6) is similar. Write mi. ,(0) = mq(0) x I7,:(0) where Ir+(0) = I(|m.(0)]
< ¢r(0)), and choose || — || < & for any § > 0. Use differentiability D2 to deduce by Taylor’s theorem

mi o (0) = {mu(0) + Ji(02,5)(0 = ) } x I, (0)
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where [|6r5 — 0] < ||0 — 0]|, and J;(8) := (9/d0)m(6). Therefore
T
(4) mi(0) =mi(@) = Ji(0rs) x (0-0)+ %mee) x {11, (0) = I1.4(0) }

T
Z (01.6) x {Ir,t (0) — It (0r.6)} x (0 — 0).

We will show the second and third terms are op(rr x [|6 — é~||1/b).
Consider the second term in (4) and use It () — Ir+(0) € {—1,0,1} to bound

szt {ITt IT,t(é)}‘ > Tl/?Z‘mt {ITt IT,t(é)H

y ﬁ Z 120 6) ~ 12, B)| = Ar(6,5)  Br(6.5).
t=1

The threshold construction (1), I7:(0) € {0,1} and triangle inequality imply for any p > 0

~_|P
sup E |17, (0) fIT,t(H)‘ — O (kr/T)
6,0c©

where O(-) is not a function of . Combined with D1.i continuity and boundedness of the finite dimensional
distributions of m,(#) and the mean-value-theorem, it follows E|I7+ (0) — Ir ()P = O((kr/T)) x ||6 — 0]].
Now invoke stationarity D1.i, envelope bound D4 and the Cauchy-Schwartz inequality to deduce for tiny ¢
>0

1/c

(£ [ar@.67])" <12 [E|m0) {12 0) ~ 12, ®} ] = 0 (72 (o)) x 0 -] "

Since ¢ > 0 can be chosen arbitrarily small and k7 /T — 0 by tail trimming, invoke Markov’s inequality to
conclude for some rp — 0 arbitrarily fast and o,(-) not a function of ¢

AT(079) =0, <T1/2 (k;/Z/T)l/L 0_ éHl/L> = o, (r7) HQ _ Hl/L

Since E|Br(6,0)| < T'/? follows trivially from |I7; () — Ir+(0)| € {0,1} we have shown for some rr
— 0 arbitrarily fast

th {ITt ITt( )}

Repeat the argument for the third term in (4) by invoking envelope bound D4 for J.(6).
Claim (b): The claim follows from the definition of a derivative. QED.

1/
< Ar(9,0) x Br(0,0) = o, (rr) He B H

LEMMA B.4 (Jacobian). Under D1-D6, and P1 or P2 J3(07) = Jp(1 + op(1)).

PROOF. Recall Jr = Jp(6°) = (0/00)E[mi ,(0)]]g0 and write i (0) = 1/T Sy iy, (0).

Denote by e; € R” the unit vector (e.g. e2 = [0,1,0,...,0]), deﬁne a sequence of bounded positive
numbers {e7} that satisfies liminfzsy ep||Jr|| > 0 and ||@7 — 6°||/er 2> 0. This is always possible in lieu
of the plug-in rate and Lemma B.1.c: |07 — 6°||/er = O,(T~1|S7||"/?) = 0,(1). Define

Tt r(0,e7) X = Z {1, (0 + eier) — 105140 — eser) } -
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Minkowski’s inequality implies for arbitrary 6

Apply asymptotic expansion Lemma B.3.a to deduce for some éT,* € {éT — eer, Or + eeT}

J5(0r) — JTH < '

Ji(0r) = T50,0) | + | J(0, 1) = Ja |

Ji(0r) = Ji ;1 (Bree0) + 0y (IJ1ll), hence |

J3(@r) = T5(0.21)|| = 0, (121

Since [|07,. — 0°]| < ||0r — 6°|| = 0,(1) it remains to show ||J&(0r,e7) — Jr|| = 0,(||Jr||) for any ||6r
— 6°|| & 0. Define

U%(61,62) :={0€0:61 <||6—6°|| <02} for 0 <61 <6

Jr (81,02) ;== sup {

0eUO9(51,02)

177(6) — JT|}
1z

Stochastic differentiability Lemma C.2 and the fact that U%(d1,82) € U (0,45), and consistency 67 = 6°
imply for large K and any non-zero constant vector a € R” /0

H{mT(éT +aer) — mT} - {E [m}ﬂ5 <9T + asTﬂ -E [mi}t]}H
<K {1 ||| % HéT +aer — eOH} x 0p (1) % (Jr (81,8) + 0p (1))
< K {1+ [zl x B = 6| + 121l x llaszl| } x (Tr (31, 2) + 0, (1)

= op (e [J7)) + Op (e |J7[| X T (61,02)) -
Similarly, by differentiability of E[m. ,(6)],

E [m}ﬂf(é;ﬁ + aET)] - F [mi}i]

€T

— aJT

= HJTa;l (éT +aer — 00> —aJr+op (HJTH E;l (éT +er — 90>) H

= [[rez" (82— 6°)|| + 00 (121) = 05 (171 -
Replace Or + aer with 07 — aer to deduce the same bounds. Therefore

TATL;«(@T + ET) - m;(éT - ET)
2€T

|30, er) = 2| = H — Jr|| = 0p (19 ]) + Oy (|2l x Tr(5:1,52))

hence we have shown J&(07) = Jr(1 + 0,(1)) + Op(||Jr|| x Tr(81,02)).
Since 0 < §; < d5 are arbitrary, the proof is complete if we show for some sequence of positive numbers
{61,T}7 61,T — 0 and 62,T = 2(517TZ
Jr(61.7,627) 2 0.
Define

mp(61,02) = sup || E[mEp, (0)]]
0€UO(81,02)
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Now, for each 6 € U° (§) we can always find a sequence {075} € U°(61,82), 01,5 # 6° for each finite T >
N, such that

E [m}t (9T,6)] -F [mi} t] mi (Or,5) — mp my(01,62)
) ) — ) _"_ 1 X
[0rs — 7] fors - W ons— 07|
i (01,5 — 90) my(dy,02)
= J5 (0 e —T 1 (1 o (1 —_—
T()XHQT,S*GOHX( +0p())+0p()XH9T75790|7

where each 0, (1) term does not depend on 6. Moreover, by moment expansion Lemma B.3.b

E [m},t (9T,6)] - B [m},t] _J (QT,S - 90)

5 X ——or X (L+0(1)).
[6r5— 7] ors —oo) <o)

Further, by construction ||f7,5 — 6°|| > §2.7/2. Together it follows

sup {M} =0, (1) + 0, <M) .

0cU0(5) [l Jz |l da.1 |||l

Therefore Jr (01,7, 02.7) 2 0 if mgp(81.7,02.7)/[62.7||Jr|]] = O(1). By the definition of a derivative, the
construction U%(81 7, 827) C UY(0,d,7) = U%(d2,77) and moment smoothness 14

mr (517'1“,527'1“) S K(SQ)T sup HJT(H)H X (1 + 0(1))
€U (d2,7)

Now invoke Jacobian smoothness D5.ii to conclude

mr(01,05) _ Koz ||J7| (1 + o(1)) + o(1)
Sar||Jrll ~ Sa,7||J7||

= O(1). QED.

LEMMA B.5 (HAC estimator). Under D1-D6, K1, I3, and P1 or P2 Sp(6r) = Sr(1 4 0,(1)) and
ST(HT) = ST(QT)(l + Op(l))

PROOF. We will only prove S7(67) = S7(1 + 0,(1)), the remaining claim being similar. Define fir ¢ (0)
i 1 (0) — 103 (8), i, (6) i= iy, (6) — m3(6) and

T T
Avri=Sp" Y kra {ﬂ},sz)ﬂ},t(@T) - M*T,SM*T,t} and Ay 7= Sp" Y kraaity iy — 1o
s,t=1 s,t=1

)

By the triangle inequality we must show each A; 7 () 2. 0. Uniform cross-product approximation Lemma
B.2.d states A; v = 0.

Next, we apply Theorem 2.1 of de Jong and Davidson (2000) to prove Asg 2. 0. Tt suffices to verify
their Assumptions 1-3. de Jong and Davidson’s Assumption 1 holds by K1. Now define Z7; : = S lmi}i
and note under geometric S-mixing D3 {m7.;,3:} forms a geometric Lo-mixingale with constants er (cf.
McLeish 1975: Theorem 2.1). Therefore {Z7, 3} forms a geometric Lo-mixingale with constants &7 =

Sy 2er,, hence E(SL 22,) < KSp' S0/, €3, by Theorem 1.6 in McLeish (1975). Since E(Y,_, 22.,)
= 1, under stationarity may can always assume er; = K Sjlw/ 2 / T1/2 hence {Zr+,3¢} has constants Ep; =

K/ T'/2. Therefore de Jong and Davidson’s Assumption 2 holds. Finally, their Assumption 3 states Y X
maXlgth{g%,t} = 0o(1) which holds given & = K/T"/? and 4 = o(T) under K1. QED.
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C.3. PROOF OF LEMMA B.6 Recall the claim.
LEMMA B.6 (clt). Under D1, D3 and I3 +'S;"> S0 {ms, — E[ms,]} % N(0,1) for any
conformable r'r = 1. If P2 also holds then 7"’6;1/2 Zthl{Mifm — E[M7} ]} A N(0,1).

Define for conformable A\ = 1

T T
(V) =3 2re (V) = NS 2N i, — Elmi,)}
t=1

t=1

and note

(5) lers (V)] < ma {eir} x || S7| ™2

The first claim follows from the Cramér-Wold theorem if we prove Zthl 21 (A) 4N (0,1). The second
claim follows instantly from the first and P2.c.

Notice by (5) zr () is bounded exactly like a scalar self-normalized tail-trimmed random variable. In
particular, the following does not require A and is not sensitive to symmetric or asymmetric trimming. Thus,
to ease notation assume ¢ = 1, F [m?t] = 0 and symmetric trimming, hence in compact notation

— 1/2 — . gl/2
zre =mp /Sy " = mr/or where myy = ml (|my| <cr) and or:=S7".

If Elm?] < oo the claim follows from extant results for mixing arrays (e.g. de Jong 1997, Hill 2009).
Therefore assume E[m?] = oo, hence the tail index £ < 2 in Assumption D.1. The following proof borrows
heavily from arguments presented in Hill (2010) based on a well known martingale difference approximation
argument dating to Gordin (1969, 1973) and McLeish (1974, 1975).

Define sequences of positive real numbers {hr, jr, 77} used to form telescoping or Bernstein sums of
zr 4 assume hp — 00, jp — 00, and

(6) rr =[T/hr], 1 < jr <hr and jr=o(hr).
Now define an array of o-fields {Fr;}: for any sequence of positive finite numbers {gr}, gr — oo,

Fri=o0(my:—gr <t <ihp)= %T;T, fori=1,.. rp,

and define telescoping sums of zr;, and a martingale difference:
ihr
Zr; = Z zre and Wy := E [ 27| Fri] — E 27, Fri-1]-
t:(i—l)}LT+jT+l

Thus hr is the block size, rp the number of blocks, and jr the buffer between blocks. Trivially we have the
decomposition

T rr rr rr
(7) Z rre = Z Wr,i + Z (21, — E 27| Fri]) + Z E 27| Fri1]
t=1 i1 i=1 i=1
rp  (i=1hr+jr

T
+Z Z 2T+ Z 2Tt

i=1 t:(i—l)hT+1 t=rrhr+1

Since gr is finite and my; is geometrically S-mixing, Fr ;-measurable Wr; is both geometrically S-mixing
and an adapted martingale difference.

Decomposition (7) with sequence properties (6) are well known devices for dependent process CLT’s
(Gordin 1969, 1973, McLeish 1974, 1975, de Jong 1997). Under (6), however, we can otherwise restrict the
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sequences {jr, hr} anyway we choose without loss of generality. Under tail-trimming it helps to restrict the
block size hr in order to bound dispersion in Zr; and therefore Wr ;:

(8) hr — oo such that hy = o <min {k:%p/z, T5}> for tiny § > 0.
Next, define functions of Wr ;
Ur,;:=orWr,;, and Kp ~ KOT‘sc% for some Ky > 0 and tiny § > 0,
a truncation function
2/712“1 (K) = u:ZF,iI (U%l < K) = UZTW%,J (UZTW%,i < K) and a%l = Z/Nl%l(ICT)
and index sets
I, = {t:tel(i—1)hr+jr+1,..,ihr]} and Zp:= {t it e UZl I}l} .

Since Wr; is Fr;-measurable and Uy ; is a Borel function, Uy ; is S-mixing.

The required limit follows instantly from Lemmas C.5 and C.6 below: Zthl 27t = Z:LWTz + 0p(1) N
N(0,1). Lemmas C.5 and C.6 require two preliminary mixingale properties. The following assumption
merely formalizes (6) and (8) which are imperative for proving the decomposition and mds CLT.
ASSUMPTION B1 (Bernstein sequences). Let 1 < hy <T,1 < jr < hy, jr — o0 and jr/hr
— 0. Further ht — oo such that hr = o(min{k;/z,T‘s}) for tiny 6 > 0.

Lemma C.3 (mizingale). Under D3 {mrq+, 3¢} forms a geometric Lo-mizingale array with constants
ery < Kop/TY? (McLeish 1975): ||Elmr+] — ElmrSi—d)ll2 < ersCy and |/mrs — Em[r¢|Seva)ll2 <
eT,th—i—l? where Cd = O(pd)7 p e (07 1)

Lemma C.4 (mixingale). Under Bl and D3 {mp; — E[mrdFri),Sitez, and
{E[mT,t|FT,i,1], St trez, form geometric Lo-mizingale arrays with constants eT,tC;T and coefficients
{;T_”, where er and C;,. are defined by Lemma C.3.

Lemma C.5 (decomposition). Under B1, D1, D3 and I3 Y1 21 = S5 Wri + op(1). In
particular a. ZtT:TThTH 21 2 0; b. pyan Zizfl)hTﬂT e 2 00; ¢ St E2r,i| Fri-i) L.0; and d.

—(i=1)hr+1
ST (Zri — E2rilFri)) 2 o.

Lemma C.6 (mds clt).  Under B1, D1, D3 and I3 37", Wr; % N(0,1).

CA4. PROOFS OF LEMMAS C.1-.C.6 We repeatedly use an implication of Meng and Lin’s

(2009) array version of McLeish’s (1975: Theorem 1.6) maximal inequality for geometric Lo-mixingale arrays
{yrt, 3¢} with constants er s

T 2 T
o) v (zy) <Ky,
t=1 t=1

PROOF OF LEMMA C.1. Under power law tail decay D1.ii Karamata’s Theorem applies:

< K X sup

sup {maxl<i<q {Ci,T(e)}} < —
’ " (2 2O kir/D))

maxj<i<q {Ci,T(Q)} -0 < T1/2 )
PRGOS

ming <;<q {kir}
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The second bound supy{cr(6)/||Sr(0)||*/?} = O(1/ miny<;<,{k; 7}'/?) follows from the first and Lemma
B.l.a. Q&ED.

Recall .
Z E [ st st } {st mfr,s(e)]}l} .

s,t=1

PROOF OF LEMMA C.2. Apply Minkowski’s inequality and the Lemma B.2.c uniform approxima-
tion to obtain

. { [ {77 8) = i} = {E [mz,(6)] — B [mz ]} }
0cU0(s) L+ [l gzl < [|o - 6°)]

< s { [0 0) = mi = (B o (0)] = B [ )} }
00 (5) L+ [[Jr]| x [|o — 6%

+2 sup HmT(e)*mT(e)u
oevo) | 1+ [zl x [0 — 67|

= sup { H{m;(e) i {E [m;’t(e)} — B [m},t] }“ }
0EU0(5) L+ [|Jz]| > [|6 = 6°]]

+ 0, (1)

Equation and moment expansions Lemma B.3.a,b imply the last line is bounded by supgegos {l[/7(0) —
Jrll/IlJ7}y + opl). QED.

PROOF OF LEMMA C.3. The mixingale claim follows from Lemma 2.1 in McLeish (1975). Use (9)
to deduce trivially 1 = E(Zthl mrifor)? < K Zthl e?p)t /o%, hence by stationarity we can always set er
= Kop/T'?. QED.

PROOF OF LEMMA C.4. Since S is increasing it follows Fr ;1 = \S(fg Dhr %TOZ)T for each 1 <
i <rpandall (i — Dhr + jr + 1 <t <ihp, and Sl OJOT c § d for sufficiently large T since jr — oo.
Apply Lemma C.3, Jensen’s inequality, jr > d for sufficiently large T since jr — oo under Assumption B1,
and geometric memory to deduce

| E (B [mps| Fri-1]) [S" d||2 < HE< [m tl\s(‘ 1) hTD A OOH
= |m (o [ (st ) 1990 ) 1t
< KHE {mT & O,éT:| ‘2 <ery x (i, = Kerylly, x ¢,
where C;T_L = O(p(*=497). An identical argument applies to {mr; — E[mr¢|Fr.], ¢ }rez,. QED.

PROOF OF LEMMA C.5. By (7) we need only prove (a)-(d).
Claims (a) and (b): By Lemma C.3 (9) applies. Use the construction r7hy ~ T and er; = Kop/T"/?

to deduce
T 2 T
E ( > m) =0 ( > eQTJ/a%) =0 ((1 —rphy/T)) = o(1).

t=rrhr+1 t=rrhpr+1
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Similarly, in conjunction with Assumption B1

2
re (i—1)hr+jr rp (i=)hr+jr
FE Z Z 2Tt =0 Z Z €%t/0'%w =0 (’I“TjT/T) = O(]T/hT) = 0(1)
=1 t= (’L 1 hTJrl =1 t:(i*l)hT+1

Claims (a) and (b) now follow from Chebyshev’s inequality.

Claims (c) and (d): Invoke rrhy ~ T, Lemma C.4, (9) and (;, — 0 since jr — oo:

2 ihr 2
h
(z{zm— zTL|fTZ]}> oy % f—T i zo(rTTT 5;)=0(<§;)=o<1>.

1=1t= (’L l)hT+jT
Similarly E(Z:il E[[ZT,A]:TJ?IDZ = O((TThT/T)CiLF) = 0(1) QSD

PROOF OF LEMMA C.6. We will show maxi<;<, [Wr,i| is 0p(1) and uniformly Lo-bounded, and
SiZ W2, % 1. The CLT then follows from Theorem 2.3 of McLeish (1974).

By construction and threshold bound Lemma C.1 max;<i<,, |Wr;| < Khper/or < Khy/ky
where by Assumption B1 (8) holds: hp/ k;/ 2
Lo-bounded by dominated convergence.

Next, by the triangle inequality | >3/T, W7, — 1| < S0 Er.i where

12,

— 0. Therefore maxi<i<r, [Wr,| is both 0p,(1) and umformly

Ay ~
Erq = O_%;(um uTl) , Erp= EE(M%E[L{%D'
T T
ers = = S |B[) - LB, era=|X (B - E[25])|, Ers=[> B[R] -1
T =1 i=1 i=1

Use Steps 1-3 and Markov’s inequality to deduce Er; = op(1) for ¢ =1 — 4, and Er5 = 0p(1) by Step 4.
Therefore Y77, W3 ; 2.

Step 1 (o72307, E|ﬁ%l — U}l = o(1)): By construction 0W7.; < Khicg. Use rohy ~ T, hy =
o(T?) for tiny 6 > 0 by Assumption B1, /o2 = O(1) by Lemma B.1, ICT ~ KoT?c2 by construction, and
stationarity to deduce for sufficiently large Ky

1 &
. ZE‘uﬂ Uz | = J—ZZE U7 .1 (Ut > Kr)] < K;—:gE (U7 .1 (KT°ch > KoT'c3)] = o(1).
T =1 T =1 T

Step 2 (0;4E(Zgl{b~{%i - E[L?%l]})z = o(1)): By Lemma C.3 {mg;, 3¢} forms a geometric Lo-
mixingale array with constants er; < Kor/T'/? and coefficients (;, = O(p?) for p € (0,1). Similarly
by Lemma C.4 {mr; — E[mr | Fr;l, Sttiez, and {E[mri|Fri—1], St ez, form Lo-mixingale arrays with
constants eT,tQT and coefficients le; ‘. Since sums and products of geometric S-mixing random variables
Ur,; are geometric S-mixing, and

Z/[% ) thr tht ihr
= o aa— Y e —ElndFridy— ). ElrdFrial|
T t=(i—1)hr+jr t=(i—1)hr+jr t=(i—1)hr+jr

it is straightforward to show {ﬂ%l / O’%,fTﬂ‘} forms a geometric Lo-mixingale array with constants



;2(22%(& Dha+ir €T3t) 2¢% by the argument of Lemma C.3. Apply (9) to conclude

( Z{um

2 . 4
1 rTT ’LhT
4
Um]}> = 0|=> Y. en] G
T i=1 \t=(i—1)hr+jr

1 rphdod h3. 4,
(4 -o((he) o
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where the second equality uses ep; = Kop/T"2, the third rohy ~ T, and the last C;l; — 0 and hy = o(T?)
by Assumption Bl for tiny > 0.

Step 3 (B| 2L, (Wh,; — 27,)| =
Lemma C.5: for some tiny ¢ > 0

e hiZ B2
act-o(u5.) o (8. ) o (5

o(1)):

pLjT>

hl®
|(Zri — B2 Fral}ll, = O (TL/p> |

Invoke Lemma C.4 and an argument identical to the proof of

Further, by construction and the conditional Jensen’s inequality ||Wr; + Z7;||2 < K||Zr,||2, while by (9)

max
1<i<ry

1/2

K (hp)T)"?.
=1

hr
[Z7:ll, < K (ZezT,t/UZT>

Now apply Minkowski and Cauchy-Schwarz inequalities, Lemma 3.1 and rrhp ~ T to obtain

T

> (Wi, -z23)

i=1

1

Step 4 (3iZ, E[27,] > 1):

T
E Zrt =
t=1

ZWTL-FZ Zri—FE

T
< Z IWr,i — Zr,illy IWrs + 27,1y
=1
rT
< > AIBEZrlFriallly + 1Zr: — B2 Frall,} x 120l

i=1

B2 B2 ‘
= 0 (TT X Tl/zp TT/Q) =0 (pLjT) = o(1).

The proof of Lemma C.5 reveals by the definitions of Z7; and Wy ;

(21, Fr,]) +ZEZT1|-7:T¢ 1)

i=1
rp (i—1)hr+jr T
+ Z Z Zrt + Z 2Tt
i=1t=(i—1)hr+1 t=rrhr+1
rT thr
= Z Zr; + Op Z Z 27t + Op(l)'
i=1 i=1 t=(i—1)hp+jr+1
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Further E(ZZ’:1 zr+)? = 1 by the construction of zr ;. Therefore (cf. de Jong 1997: Appendix)

rT T 2
= D E[23,]-E (Z zT,t>
=1 t=1

T
Z E[2%,]-1
1=1

ihp

ZE[Z%A—E Z Z e | | +0(1)

i=1 t=(i—1)hp+jr+1

IA

ihr ihr

2> > > Y Elerserd| +o(1) = Ar,

i=1 j=it+1t=(i—1)hr+jr+1 s=(j—1)hr+jr+1

say. By Lemma C.3 {zr;, S} forms a geometric Lo-mixingale array with constants bounded by K/ T2,
hence de Jong’s (1997) Lemma 4 applies: Ar = o(1). QED.
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