Technical Appendix for
"Gaussian Tests of Extremal White Noise for
Dependent, Heterogeneous Processes with an
Application™
Jonathan B. Hill*

Dept. of Economics
Univeristy of North Carolina - Chapel Hill

February 29, 2008

In this appendix we study the bounds and decay properties of the co-relation,
and present omitted lemmas. Section A details co-relation bounds, and Section
B characterizes co-relation decay in linear and nonlinear distributed lags (Lem-
mas B.1-B.4). Section C contains the supporting Lemma C.1 used in the main
paper. The proofs of Lemmas B.1-B.4.

Write (z)— = min{z, 0} and (z)4+ = max{z, 0}. Recall for all ¢t as ¢ — ~©
there exist indices «; > 0 and scales c¢i1(x) > 0 and c2(x) > 0 such that
P(X,<—¢)=c¢ (2)e™(1+0E™")) (B.1)

P (X, >¢e) =co(x)e2(14 O %)),
and

ag:=min{ag,ay} and 6y := min{6,6,}.

A. CO-RELATION BOUNDS Write &, = o(X, : 7 < t). Suppose
there exists a Borel-measurable function ¢ : R — R such that for all t € Z

Xy = 9(Xy_p)- (B.2)
Then o(X:) C o(X:—n) for all ¢ hence

St =0 (Ur<to(X7)) C St—n = 0 (Ur<t—no(X7)) .
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But 3,_, C S, by assumption, therefore S,_;, = <. This implies ¢ must be a
Borel-measurable isomorphism (1-1 onto, where g and ¢! are Borel measurable),
and therefore monotonic. See Davidson (1994) and Doob (1994).

In this section we will prove almost everywhere continuity and |g(¢)| — oo as
e — oo imply g must be a power function in order for g(X;) ~ (B.1). Further,
(B.1) and (B.2) simultaneously hold if and only if ¢ is asymptotically a¢ne.
Co-relation bounds will then easily follow.

Although we do not claim the following discourse is exhaustive, it does reveal
from a reasonably general perspective that the co-relation measures the degree
to which extremes are linearly related. We do not prove that if a bound is
reached it must be one characterized below nor that the extremes must be
governed by a linear data generating process.

LEMMA B.1 Let X; ~ (B.1). Let g : R — R be continuous R- a.e., and let
lg(e)] — oo as |e| — co. Then

P(g(X,) < =€) =c1(g)e” ™9 (1+0(e9))
P(g(X,) < &) = ca(g)e ™29 (14 O(e7%29)))

with ..nite ¢;(g) > 0and ay(g) > 0 if and only if lim._, g(—¢)/e" =
by and lim. ., g(e)/e?2 = by for some ~,,v, > 0 and ..nite b, by € R.

If X, ~(B.1) and (B.2) holds then g must be a positive or negative identity
function asymptotically .

LEMMA B.2 Let X, ~ (B.1).

i. (B.2) holds if and only if g is asymptotically ac¢ne in the sense g(+¢)/e
— lor g(e)/e — 1as € — oo.

ii. If g(££)/e — 1 then
PO (X, Xe—n) =1 and p (X, Xy—p) = 2% —1fori=1,2.
If g(xc)/e — —1then

PO ( Xy, Xe—n)=1—2%"1 and p@(Xy, Xy—p) = —1 fori = 1,2.

Together,
min{l — 2% 0} <P (n) <1
—1<pP () <max{2' —1,0}},i =1,2
B. NONLINEAR DISTRIBUTED LAGS Wk characterize the tail

shape of extremal threshold and simple bilinear processes.

B.1 Extremal Threshold and Random Coe@ cient Autoregressions



Consider ..rst order extremal threshold processes

Xn,t = ¢Xn,t—11(|ut—1| S vn) +ut
Wit = oW I(Ju—1] > vy,) +uy

for some real sequence v,, — co asn — oo, where |¢| < 1 and w; “¢ (B.1) has
symmetric tails ¢y (u) = ¢ (w) =1, oy = @y = «w and 8, = 0, = 0. Cleady if
ug_1 > v, then X,, , is independent noise and W, , is AR(1). We again exploit
independence, this time to simplify arguments due to the nonlinear I(ju;_;| <

U’IL )
Notice X,, , and W, , trivially have Random Coe¢cient Autoregression rep-

resentations:

Xn,t = ¢n7t71Xn,t71 + uy, ¢n,t =9l (|ut71| < vn)
Wit = bnt-1Whio1 +up dpe = I(lw_q| > v,).

Write p%o) (h) to denote the possibility that the co-relation depends on n through
Up -

LEMMA B.3

i. Each {Xn,t, Xnt £ Xne—n} and {Wy ., Wi £ Wy_s} satis..es (B.1) with
indices a; and as.

ii. {Xn,s} is extremal white noise:

lim sup sup |0\ X,,.¢, Xpo—)| = 0.
n—oo heN

{Wh,} is .rst-order extremal dependent:

im pO(Woe, Wht—n) = (1—(1—¢)%)/2 for h =1,

n—oo

and lim,, o i (W0, Wy y—p) = 0 for all h > 2.

B.2 Bilinear

Consider a simple bilinear process
X = BXquy gy +uy, u (B, P(u; < 0)=0.
Let 8 € (0,1) satisfy 8*/2E[«/? < 1.

LEMMA B.4
i. Bach Z; € {X;, Xy £ X;—p } has tails (B.1) with tail index «/2.

1. The co-relations are identically represented by (B.4) with v, = B



C. LEMMA C.1 The following lemma is invoke in the proofs of Theorem
6.2 and Lemma A 5.

LEMMA C.1 Recall S,, is the subset of

{%%}1<nz<n/m ~nd U2<5<Imn{ 2id }}.

o<i<2 | 20; + oy

such that mn/mn =1+ o(1) ¥{m,,m,} € S,,.Under Assumptions A,
B.1 and C &; = Gy 5, + 0,(1//my,) Ym,, m,, €S,

1, Mnp

Proof of Lemma C.1. Consider dgl . an identical argument proofs holds
for any aL m. - For notational convenience drop the tail signi..er ", simply

write ami, and write X; for the associated process with support on [0, co) and
tail

P(X;>x) =ca 1+ o(xz™?), ¢>0.

Denote by b,,, the associated threshold sequence: (n/my)P(X: > bm) — 1
De..ne for any v € R

{Un,1} ={(InX; —Inbp, ), — E[(In X; — Inby, ), ]}
ﬂ%tWWT}{(&>mWﬁﬂ [(&>%wwqw

Lemma C.1.1, below, implies

mn’

1 « N I
1/2 Z (Umn,t -« 1Umn )t ('U/\/m”))
t=1

My

where (m,,/m,,)'/2 = 1 + o(1) by assumption, hence

1 n o
7 (Ut — a7 Us, /)

Mn =1
1 - —1lyr* I
S ; (Umn,t -« U,;Lmt(v/\/m,)) = o0p(1).

Now use Lemma A.1 to deduce
\/m ( mn —a ) \/mn( ’”Ln 1)
= 1/2 Z Myt —a U':;Ln,t (U/an))

- 1/2 Z ( Tt a_lU;;z”,t (U/\/m_n))

=0,(1).




Therefore
Vi (85, =) = /i (a5, — o)
= Vit (@it = @) (1= i/ m) + i (G = az1)
= op(1).
Theorem 5 of Hill (2005) implies 4, — o' = O(1/my/?), and by assumption
1 - Th}/Q/m}/Q = o(1). Therefore 7 1/2(04 L anl ) =op(1).m

My, Mn

LEMMA C.1.1 Under Assumptions A, B, and C

E E Us +=0,(1)
\/mn — "ln7t \/_n Mt p
1 - —
E U v E U: (v/\/m,) =
\/mﬂ My /\/mn) \/Tn—nt:1 m,t( /\/ n)
Proof. For notational convenience assume m. < m, for each n, and write

1 n 1 n .
\/m Z M ot Z Myt — \/_m ; (Ummt - (mn/m )I/QUﬁLn,t) .
(B.4)

Clearly
Ut — (min)1000) Y2 Upi, ¢
= (In X /byn,) . — (mn/m)3/? (In Xi/bin,) |
+ (my /)2 E(In X /bg, ), —E (In X /by, 4

By Lemma C.1. 2 (Tn’n /mn)l/zE (lnXt /bmn) (ln Xt/b'rnn) - 0(777,}/2/71)
It is easy to show b,,, < b, if and only |f m, < m, as n — oo. Assume
without loss of generality that n is large enough such that b,,, < bs,,. De..ne

Ap1={t:bm, > Xt > bm,}, An2={t:X; >bn,}.
Identity (B.4) reduces to
.o
Vn =

(Ummt — (my, /My, /zUmn 775)

3

== (0 X% /b, )y = (/17 )2 (0 X/, )4 ) +0(1)

1

1
Xy b+ = (X /by, = (/)2 10 X /b, ) + 0(1)
n te A'n.,l Mn tEAn,z
1 n

L N WX, /by, +1n(bg, b, ) X mTZI(Xt > b )+ o(1).

™t Ann " oi=1

3
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3
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We will show each term on the right-hand-side is o,,(1). First, by Assump-
tions A and B, Minkowski’s and the Cauchy-Schwartz inequalities,

H S 2 X,
e

€EAn

1
1

Mn

> (b, > Xi > b)) (I X1/bm, ),
1

ﬁ

< (n/m2)[P(X; > b)) — P(X; > b, )] |0 X /b, )
~ (n/mE2) [ /nn — mn /0] 2 (0 Xt /b, ) |

=0 (1) x [m/ym, — 1]'/* x O((m, /n)*/?)

= o(1) x O((m,/n)*/?) = o((m,, /n)"/?).

The ..rst equality follows Assumptions A and B and arguments in Hsing (1991.:
p. 1548).

For the second term, Assumptions A and B and Lemma C.1.3 imply

12
n
12

n

Tn ZI(Xt 2 bfnn)
t=1

(ln b’rhn / bmn) X

1

< o(mn"?) x (n/y/mm)P (Xt > bm,) =o(1) x O(1) = o(1).

Lemma C.1.2 Under Assumptions A, B, and C (m/1in) /2 E(In Xy /b, ),
— E(InX,/b,,,), = o(my/*/n).

Proof. Using Assumption A and (In X¢/bm,,), > 0,
(mn /1) 2 E(In X1/bi, ), — E (In Xt fborm,,)

= (W/ﬁln)l/Q/ F(bmne“)duf/ F (b, ) dudu
0 0

= (o) 2F ) [ e~ P, [ S

~ (m/nmn)l/2F (b'rhn)/ e_audu—p(bm”)/ e “du
0 0

—a ' X F(bm,) [(2—”) v % - 1] :

n

Assumption A and the construction of b,, imply F' (b,, ) = O(m,/n). The
claim now follows from Lemma C.1.3. m



Lemma C.1.3 Under Assumptions A, B, and C, ¥Ym,,,m,, € S,,

n

/2 &
(m) Pona) — 1 4 om;2) and by, /b, = 1+ o1/m}/2).

Proof. Under Assumptions A and B Goldie and Smith’s (1987) condition (SR1)
is satis..ed (see Haeusler and Teugels 1985), hence

(/) F (byn,,) = () )b L(byn,, ) = 1+ 0(1/my/?)

()

given, VYmy,,m, € Sm,

e (o(rh;” e o(m#”)) _ (o(mi/ * i) o<1>>
n ~—1/2) ~—1/2)

1+ o(7m, 1+ o(mn

and

n/m,)b=% o(1/m/?
(bmn) - ( / n)bmn N 1+ (1/ n ): 1+0(1/m}l/2), (B5)

(bm)  (/mabnl 14 o(1/m?)

|

{1 F0(1) X o(1) = o(1) _ oft)
B 1+ oy, V%) ST

But (B.5) and m/witn = 1 + o(1) imply b /bm, = 1 + o(1/mi/?), hence
F(bm,)/F(bm,) =1 + o(1/m¥?) and
(2)

- = = 1+ o(1/ml/?).
m" F(bmn) ( / )

Appendix 1: Proofs of Lemmas B.1-B.7

Proof of Lemma B.1. For notational simplicity assume a1 = a2 = a. All
arguments extend to the general case an § az. Note | X¢| has a right-tail (B.1)
with scale ci1(z) + c2(z) and index «.

Step 1 (only if): Let lim. oo g(—¢)/e" = b1 and lim.— g(g)/e" = ba.
By cases, assume by < 0 and b2 > 0. For some ..nite c2(g) > 0 property (B.1)
implies

eo(g) = lim 2P (g(X;)> ¢) = lim /726572 p (Xt > 51“2)

E— 00

= b % oy (a).

_ b?/"/l

An identical argument implies ci(g) x c1(x).



If b, > 0 and b, < 0 then
ci(9) =" xesx), i# .
If b1 > 0 and b2 > 0 then ¢1(g) = 0 and
eog) = lim /™02l pgx) > e)

£—00

—  lim e/ max{n,%}p (Xt > bz—l/% 51/72)

E— 00

+ lim &/ max{vlvvz}p(Xt < b tm 51/’71)

E—0Q

= bg‘/W lim e/ max{y1vo}t —a/vo 0/ va p (Xt > 51/72)

E— 00

45 Tim ga/max{vlmz}—a/vlga/vlp(Xt <gl/%)

= bMen(@) } (11 < ) + 15 ea(a) x I (30 < 1)
etc. Therefore g(X¢) ~ (B.1) with indices a/~;.
Step 2 (if): Now assume
P(g(X) <—¢) = el (1+0(= ")

P (g(X1) >¢) = c2(g)e 29 (1 + O(~%)),

for some «;(g),0:(g) > 0, where 0 < c1(g), c2(g) < oo with at least one ¢;(g) >
0. Let c2(g) > 0. Because |g(¢)| — oo as || — oo and g has at most countably
many discontinuity points, there exists functions g1, g2 : R — Ry satisfying g; (¢)
— 00 as € — oo and!

(g = slilgo 5“2(9)P(9(Xt) >¢€)

= lim e®@[P(X, <=4, () + P(X, > §(e))]

£—00

= lim 5a2(g)cl(x)§1 ()" “' + lim 29 ¢, (2)G2(g) ™.
E—0Q

E— 00

Therefore both limits exist and at most one lime o £22(9¢; (2)gi(e) ™ = 0.
Consider the case lime oo e29cq ()1 (€)™ = 0

c2(g) ]
i az(g)/e2 /5 — | 2Y)
511,1208 /92(5) |:62(£E):| )
hence as ¢ — oo
P(g(Xy) > €)= P(X;>gsle))
()]
_p (x> eva(9)/0z {ﬂ}
c2(g)
:|a2/a1

ca(9)

I Notice gi(e) = oo is possible. If g(e)/e — 1ase — oo then §i(e) = oo for all e. If
g(e)/e? — 1 as e — +oo then g;(e) = |e| /2.

x (1+0(e7"))

_ o) [02 (z)




But this implies
ge) _ [eal)
ga2/a2(g) CQ(g)

Similar arguments apply to P(g(X;) < —¢) and to all other cases concerning
lime o0 €229 ¢5(2) i (€)™ € [0, 00). W

1/0(1
:| as € — oo.

Proof of Lemma B.2. Assume X: ~ (B.1) for all ¢.
Claim (i):

Step 1: Let X, = g(X;_p,). Then{X;, X,;_,,9(X;_;,)} all have an iden-
tical tail shape (B.1) for all ¢:

P(X;>¢e)=P(g(Xy) >¢) and P (X; < —¢) =P (9(X;) < —¢).

Moreover, g must be a Borel measurable isomorphism, and therefore monotonic
(see the discussion proceeding the statement of the lemma).

Suppose g is monotonically increasing. Then there exists a function & : R
— Ry satisfying g2(¢) — oo as e — oo, and z1 = g(e1) < x2 = g(e2) — oo if
and only if g2(z2) > ga2(z1) — oo @s e1 — oco. Therefore, as ¢ — oo

PXi>e) = a@e=(1+0(1) =P (9(Xin) >¢)
= P(X;_p> ga(e)) = c2(x)ga(e) (1 + 0(1)),
hence g2(¢)/e — 1 ase — oo, and
ge)=a+¢e(l+o0(1)) forany €R.
An identical argument holds for the left tail P(X; < —¢).

For Yis = X; — X;—p, we deduce as ¢ — oo

P (i/th >€) =P(gX¢-n)— Xi—n >e)=P(Xt—n— Xi—nh >e)=0

P(Yin < —€) =P (g(Xi-n) — Xe—n < —£) = P(Xe—h — Xi—n < —€) =0,
hence
c1(yn) = c2(yn) = 0.
Similarly
P(Yip>e) =P (9(Xi—p)+ Xpp>e)=P(2X,p, >e) =2 P(X;_p, > ¢€)

P <—€)=P@gXip)+Xin<—¢)=P2X; p, < —€) =2"P(X;_, <—¢),
hence

ci(yp) = 2% x ¢;(x), i =1,2.



Together the above implies

© @), al@n) tealdn)

PO = 1 2eo(a) =1 ) —1
: cilyn) 4 _2%ci(x) 1 o1

o (h) 2ci(;)*1* 2¢;() Sl=ameoL

Now suppose g is monotonically decreasing. There exists a function g, : R
— R, satisfying ¢ (¢) — coase — oo, and x5 = g(e3) < z1 = g(g) — —o0 if
and only if g(xz3) > G1(xq1) = —oc0ase; — oo. Thusas ¢ — oo

P(Xt>¢) = P(9(Xt-n) >¢)= P(Xt-n <g1(¢))

= P(g(Xt—2n) < q1(e)) = P(Xt—2n > g1 (q1(8)))
hence

dim g(51(51(€)))/9(e) =1 = 9(31(91(¢))) = g(e) (1 +0(1)).-
This implies the slope between the two points {e,9(¢)} and {g(G1(gi (¢))),
satis..es

e}
gle) —¢ gle) — .
e—9(G1(g1(e)) e—gle)1+ ( )] 1+ o(1).
From g(¢) — —oo and g(§,(3:(c))) — —oo as € — oo, it must be the case that
gle)/e — —1.

In this case X, must have symmetric tails oy = ay = o aSe — o0

P(X;>¢) =P (9(Xsp) >e) =P (X;pn <—¢),

and we assume X; has for each ¢ the same tail shape
For Y, we deduce as e — oo

P(Yyp >¢) = P(9(Xy—p) +Xyp >¢)
=P(-Xin+Xin>¢e)=0
P(Y;p < =€) =P (g(Xip) + Xop < —¢)
=P(-X;_p+Xyp<—€)=0
hence
c(yn) = c2(yn) = 0.
Similarly

P(ﬁ,h>5):P(9(Xt h) — Xi_p >¢)

( — X > ) =29"P (X, < —¢)
(Q(Xt n) — Xi—p < —¢)
= P(_Xt h — Xt r< ): 292p (Xt—h > 6)

10



hence

ci(Un) = 2% x cj(x), i# j.

In this case
~ U 0—1 apg—1
Ony = 1—M:1_2CY co(z) +2 Co(x):1—2a0—1
p- (h) 2¢o(x) co(2)
Step2:  Ifg(e)/e = 14 o(1) then g(X,_,) = X,_,(1 + (1)) hence

P(g(Xt—n) >¢) = P(Xe—n(14+0(1)) >¢)
~(1+0(1) ™ x P(Xt—n >e)~ P(Xi—n >¢).
The case g(e)/e = —1 + o(1) is identical.

We deduce Y, j, = X, + X,_, satis.esas ¢ — oo

P(KEJL >5) = P(g(Xt—lz)+Xt—}L >€): P(QXt—h >5)
= 2%¢(x)e "2(1 +o(1)).

In general ¢; (yn) = 2% ¢i(x).

Step 3:  Recall p)(h) = 0 if X; is serially independent. Thus, the above
bounds must be amended to captured this case:

min{l — 2%~ 0} <p®(n) <1
—1< pD(h) <max{2%t —1,0}}, i=1,2.

Claim (ii): Immediate from Steps 1 and 2. m

Proof of Lemma B.3. Decompose

00 %
X'n7t = ut+ Z¢iut—i H In,t—j, a.s. where Inﬂf—j = I(|ut—_]‘ < Un)
i=1 =1
o i
Wn,t = U + Z(ﬁlut,i H In,tfj! a.s. where In,tfj = I(|ut,]\ > U’n)’
i=1 =1
and de..ne

Pp=P(lw—j| < wvn) and Pn = P(|ut—j| > vn).

Let ¢ € ]0,1) for brevity. Derivations in the general case |¢| < 1 are similar but
tedious.

Claim (i):

11



Step 1(X,,+, W, ~(B.1)): Consider X, ;, and note u, is independent
of >3, ¢"ue—i [T, Ins—;. Moreover, the event

—i Ing—j>€>0
Zi:l ¢ ut lszl nit—j > >

occurs if guy_y > &, v, > u;_y and y_y > v, OF Sl Hluy_; > &, {v, >
. 3 %

wi—i oy, and {ue—s > v} or >0 dur— > e, {vn > w—i}>_,, and {us—s >

vn }; etc. Therefore,

oo i
P> ¢ui[[Inii>e
i=1 j=1

o'} 7
= ZP Z(éjut_i >eN{u—j < onkjoy | % Py,
j=1

=1

~ ZZW“P (v >uy_y > ) x Pt x B,
i=1j=1

= Py PN 0 e = (o) + O /),

= {-;_O‘Cn(d)),

say. This implies >0, ¢'u—i [[;_; In,+—; has tail (B.1), with index a and scale

cn(9).
Clearly for each n > 1 there exists a &, > 1 such that [1 — (¢/vn)® +
O((e/vn)™)]+ = 0 Ve > &, and

PSPy o =
i=1 j=1

hence convergence is guaranteed:

£—00 £—00 - .
=1 =1

lim " P (Xn+ > €) = lim &P (ur > €) + lim *P (Z ¢ i [[ Int—j > a)
= lim ¢®P (4 >¢) =1.
£—00
Similarly lime o e*P(Xnt < —) = 1 implies

lim &P (| Xn| >¢) = 2.
E—0Q

12



Consider W,, ;. Using the same logic as above
P quiut—iHjn,t—j > €
=1 =1

o] 7
= P> duj>en{uy_;>v,}._ | xB,
i=1 =1

~ SN $OP (w—i > max{e, vn}) x B x P,

i=1j=1

= max{e, v, } (1 + O(max{e,v, } %)) x ¢*P, ip; (1:?:)
=0

P oo
= max{e, va }~* (1 4 O(max{e,vn} %)) x %
Therefore
eli{goaaP(Wm >e) =1+ . f"g;a = ]15n¢a
and
lim &P (Wi > &)= — =
e 1— Pno

hence W,, , ~ (B.1).

Step 2 (X,,; £ X, (B.1)): It is straightforward to show
Xn,t + Xn,t—h

SDITLTEY | RITRTESALS rovamy ) p
=0 Jj=1 i=0 j=1

h—1 i
=uy +u g+ Y S [[ 1wyl <vn)

i=1 j=1
IDITLTRY | (TSRS SR | (TSN
i=h j=1 i1 i

13



h h—1 i
=wr+uen | 1+¢" [ I(u—s| <va) | + D 'ws [[T(w—i| < vn)
i=1 j=1

j=1
i+h

oo oo [
+ Z Uy g H I(jue—j] < v,) + Z PUp_p— H I(u—p—j] <wvp)
i=1 j=1 =1 j=1

h h—1 .
h i ¢
=utF+ur-n | 1+¢ HI(|Ut—j| <wvp)| + élqﬁut—iH]‘:lI(Wt—ﬂS’Un)

j=1
h

0 %
+ > 6w i [ [ I(lwn—j] < v) [ 146" [T (il < 0n)
i=1 j=1

Jj=1

Arguments similar to Step 1 imply

cop (ut_h [1 +gh szl I(ju_| < vn)} > s)

_ cop (un >y, >e/(1+ th)) x ph-

+ P (us_p, > max{e,v,})
—1 as € o0, Vn2>1,

and

h—1 i
P <Z ¢iut_7; an,t_j > 6)
i=1 j=1

h—1 i

= Z P Zqﬁjut,i >en{us_; < ’Un};.zl x P,
i=1 j=1
h-1 i .

~SONT P W, 2w > &) x P x B,

=1 j=1

h—1 i
=T P B0 (1 (fen) 4 O ((e/en) )
i=1 J=1

— 0 as n — oo,
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and

o) i h
e P> dwni [ [ I(ur-n—s| <wvn) |1+ 6" [] I(u—sl < vn)| > ¢
i=1 j=1

j=1

=S P (S P [1 + (ﬂ > e {unoy Sva}l_ | x PITUx B,

i=1 j=1

+5D‘ZIP Z(bj’u,t,h,j >eN {ut,h,j < Un};zl X (1 _ Pnfllfl) « pn

J=1

~ {1 + (bh} P,?_lanPfLqujae“P (U > Ut—h—j > €)
=1 =1

+(1=PFY P> Py ¢ P (v > wonej > <)
i=1 j=1
—0 a8 €— oo,

where we use

P (v, >uy_p_j >¢) — 0 as € — oo

and
&> ) i ) o B 1 ¢a
PR Y EY e = (Lme (-0
=1 =1 1-9¢ Pn 1-PF,¢
o etp P”
T I-P T 1-¢0 =%
T herefore

’EQP (Xn,t + Xn,tfh > E) —2
An identical argument can be used to show

lim e*P(Xnt = Xnt—n>¢e)= lim e*P(Xn,t = Xnit—n < —¢) =2,

E—0C £ —00

hence

lim e*P(| Xnt £ Xni—n| >¢) =4.

E—00

Step 3 (W, =W, ) ~ (B.1)): Similarly

15



Wy

where

and

~ e*P (u; > max{e,v, }) x B,

= e*P (uy_; > max{e, v, }) X

it + Wn,tfh

h h—1 i
=uptu;y [ 1£6" H I(lwg—s] >v,) | + Z¢zut—i HI(|Ut—j\ > v,)
i=1 j=1

Jj=1

) i h
£ up i [[Honsl > vn) ([ 1E " T 1(lue—sl > v0) |
=1 j=1

=1

h
eP | up |1£" [T L(ueyl >v0) | >
j=1
— cop (ut_h (1 + ¢h> > max{s,vn}) x Pyt
+ P (us_p >max{e,v,}) x (1 - Pv?_l)
+EaP(vn > U > 8)
o _
e (1 + ¢h> P (ut—p, > max{e, v, }) x Ph~1
+ e P(Ut_h > max{s,vn}) X (1 - P’?—l)
P(vn >y > €)

N <1j:¢> x P14 (1= PF 1) 40 ase— oo,

h—1 i
P [ St [ Ml > 0) >
i=1 j=1

h—2 14

=1 5=1

ahiQ D 179751.0‘ ph 17¢h(1
nd) ;P’:L<1_¢Ck +Prz 1_¢o¢ ®e— 0

(ba

L=¢ "

16

n(bazpt( _¢a>—|—PflL

h
. X ZZP‘WO‘ +e*P(uy > max{e,v, }) X P,?Z(bm
i=1

()

_ B ¢aPn Pn(ba PZLL ¢a (h—1) B 1— ¢ho¢
17¢aPn(1—Pn ) — a( ) + P | ——



and

Jj=1

(Z¢uth1HIuthj|>vn [1:|:¢ HI\ut J|>Un)} 5)

= ZP (Z S g {1 + ¢h} > e N {up_p_; > U”};—l) x Ph=1 5 p,
i=1 j=1

j=1
(1- B P, ZP‘ D @I P (urn—j > €)
Jj=1
_ 1 _ _ 1
“Ntoh| Pt (1-P P, —
—@ [ ¢ } " (1— Pg®) ot (=P " (1 = Png®)
_ ¢a % ph D _ ph
g (CORE]
Therefore
€hm SaP(Wn,t + Wn,tfh > 8)
=1+ (12¢") X Pr 4 (1 PEY)
O 5 0 Baeay  O°Pn [Pt = PholgtTN
+1_¢apn(1 Pn ) 1_¢a 1_Pn¢a +Pn
¢° N 50, B Bh
1B ((1=0") BB EL).
Claim (ii): Use Steps 1 and 2 of Claim (¢) above to deduce
. 4
Jim p0 (X Xogon) = 1= 5= =0, VA= 0.

i=1 j=1

%

~ {1 + ¢hr P, P! iﬁ,ﬁ Z&%ap (Ut—h—j >€)

17
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Finally, Steps 1 and 3 of Claim (i) imply
pgl(]) (Wn,t7 Wn,t—h )

a5 ah T
1] o (1- o) o
— = |ph-1 ep,——~ 7 _ (1_4") pr-1
r a5 ah T
1 _ _ ¢ P7? 1 _¢ «@
— — | ph-1 ap 1_oh) ph-t
1. . ]
— 5[1—(17(;5) ] ifh=1
—0 if h> 1.
]
Proof of Lemma B.4.
Claims (i) and (ii): The process {X;} has a convergent series representa-

tion

o) ) ) j—1
X; = Z,B]Xt(]), where X” = u; and XV = up_ (H ut_z) j > 1.
=0 i=1

See Davis and Resnick (1996) and Resnick and Staricg (1998). Corollary 2.4
of Davis and Resnick (1996) implies Xt(j) and X, have regularly varying tails
(B,1), where Xt(j), j > 1,and X; have tail index «/2. In particular, only Xt(j) =
u?_;(MJZui—i) provides relevant tail information, and each X" is independent
of any other Xt(j), i < j. Therefore Lemma B .5.v delivers the desired result. =
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