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In this technical appendix we detail a bootstrap/monte-carlo technique for
approximating the p-value of test statistics with non-standard limits. See Sec-
tion 1. Omitted proofs, and supporting lemmata required to prove the main
results of the paper, are presented in Section 2.

1. Approximating the Limit Distribution T he statistics avee, 77(0)
and supgee, 1n () have limit null distributions that depend upon the covariance
function V(01,02) and therefore upon the underlying distribution of {y:,x:}.

1.1 Asymptotics

Let Z,, denote the sample of pk + 1-vectors {Z%,...,Z,}, and let {v,} 7, be
iid standard normal random variables. De..ne the following processes, letting
g(+) denote any continuous function on ©:

ZA”(&? 07 0) = ‘7(9)_1/2\/5‘%" (&)7 Oa 9)
gﬂ (&7 an) = % gt'd}(é, Et)F(Tlgt)’Ut
t=1

Zn(9,0,0) = V(0)"Y2/nSn(,0,0)

(
Tn(0) = Zn(6,0,0) Zn(5,0, 0)

Itiseasy to simulate S, (Ezs, 0, 6) and compute a larger number (say .J) of statistics
T,(0) by which an approximate p-value, p;,, can be computed: see Section 1.2,
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below. In order to prove p/ converges to the true p-value under H,, we must
show Z,,(5, 0,60) ** converges weakly in probability" to the same Gaussian process
to which 2,,(¢,0, 8) converges, z(6), de..ned in Theorem 2, cf. Giné and Zinn
(1990).

Let Fyy(-) denote the asymptotic null distribution of ¢y, de.ne py = 1 —
Fy(g0), and de..ne the asymptotic p-value p, = 1 — Fy(g,,). Similarly, let £,(-)
denote the distribution of g,, conditioned on %, and de.nep,, =1 — F,(g,,).

Denote by =, weak convergence in probability (see Giné and Zinn, 1990:
Sections 2 and 3).

THEOREM C.1 Let £ > 0. Under Assumptions A-C, Z,(¢,0,0) =, z(0).
That is (cf. Giné and Zinn, 1990: eq. 3.4),

(B.1)

sup
x€R

€O, 0€O¢

— 0.

Remark 1: Assumption C may be replaced with Assumption D if the null
is linearity and w(d,2;) = Z:;. See Theorem 5.

Remark 2: By appealing to (B.1) and the continuous mapping theorem,
we deduce T, (#) =p T'(0) and ¢, =p g(T'(9)) = go. We immediately conclude
Fo(x) 2 Fo(x) uniformly in = € R, and therefore p, — p, = o0p(1). Because
Fy is a continuous function on the real line, p,, = py under H, by Theorem
3 and the continuous mapping theorem, where p, is uniformly distributed on
[0,1]. Moreover, p, 20 under by Theorem 3 (g. — oo with probability
one). Hence the asymptotic p-value satis..es p,, = po under H, and p,, — 0
under H;.

Proof of Theorem C.1. Fom Theorem 3, 2,,(¢,0, #) converges weakly to
some Gaussian element z(0) on C[O,] with covariance function E[z(6,)z(0,)']
= V(61)" 2V (61, 02)V(62)~ /2. In order to show Z.(5,0,6), conditioned on
the sample Z,, converges weakly to the same Gaussian element z(#), we must
demonstrate Zn(& 0,6), conditioned on Z,, and é(és,o, 6) converge pointwise to
the same multivariate normal distribution; and Z,, (d}, 0,0), conditioned on Z,,
is stochastically equicontinuous in C[O¢], cf. Giné and Zinn (1990: Theorem
3.1).

Step 1 (Z,(¢,0,6) % N(0,I,,41)):  Operate conditionally on the sample
Z,, and de..ne

Su(6)= 1 D egn@)ur, Za(6) = V(B 2ViS.(6.0,0)
t=1



Using steps identical to the line of proof of Lemma A.1, recalling ¢ and V(6)
are consistent under either hypothesis, and v, is (0, 1)-iid, it is easy to show

sup | 2,(6,0,0) = Z,(0)] = o,(1).
0€ O 1
Thus, it su¢ces to consider only Z,(6) in the following.
Because v; is (0,1)-iid, the covariance function of Z, (), conditioned on Z,,

ist

E[Z7L(€1)Z7L(62)I|Z~n] = 1/2 Zet gt gt 92 V(GZ)_l/Q'

Using Theorem 17 of Bierens (1991) and Lemma B.2, it is straightforward to
show

sup Zetgt 01)ge(02) — V(01,02)] = op(1),
(91,92)695 ni 1

where V(64,60,) = E[etgt(e )g:(65)'].  Mimicking the line of proof of Lemma
A.2, under Hy and v; ~ N(O 1) it follows

Zn(0) 5 N0, L 41)

in distribution pointwise in ©¢. This implies Z,(0) and z, (¢, 0,0) have the same
pointwise limit distribution because mean-zero multivariate normal distribution
are fully characterized by their covariance functions. Hence, from Lemma A.1
we conclude Z,(¢,0,0) and (¢, 0,60) have the same pointwise limit distribution.

Step 2 (Stochastic Equicontinuity in ©¢): From Theorem 3.1 of Giné and
Zinn (1990), and appealing to the Cauchy-Schwartz inequality, it su¢ces to
show

w—0 pooo

lim limsup P (Ev

sup |Zn(01) —Zny (02)§‘| > E) =0. (B.2)

0:€0¢, |01 —02|<w
for all ¢ > 0, where E, denotes the expectation only with respect to (v;); ,,
and

n

Zn(01) — Zn(62) = Z et (01, 02),

say, where v, (A1,02) = V(01)""/2g4(61) — V(B2)"/%g:(02). In order to prove
(B.2) it succes ..rst to bound

E, sup 1Z,(01) — Z, (82)2]
91695,|01702|<w

1We exploit the sym metry of V (6)~1/2.



and then bound

B (Ev

by some C x w, 0 < C < .

sup | Zn (01) — Z"(62)|%]>

0,€0,,|0 1—05|<w

Step 2.1 (Eu[supg,coy .0, —02|< = 1Zn (01) — Zn (02)[3]): FrByom Liaponov’s
inequality there exists some ..nite B > 0 such that

(B.3)

E, [ sup | Zn(01) — Zn(92)|ﬂ
0;€O¢,|01—02| <w

< BxE, sup | Z,(01) — Z7z(92)|§]

0;€0¢,|01—02|<w
pk+1 n
sup > " D eservsvnth (01, 02)0, (01, 92)]

0i€O¢,|01—-02|<w 1=1 s,t

= B x FE,

1 n
< 35262 Z sup Uy (01, 05)

t
=1 =1 9i€®§,|91792|<w

1 n pk+1
< Bg € (Z sup |¢t,l(917 92)’)

-1 0;€O¢,|01— 02| <w

2

2
1 n
- B ( sup |¢t<91792>|>

0;€O ¢, |01 —02]| <w

where the second inequality follows from E,vsvi] =0, Vs # ¢, and 1 otherwise.

Step 2.2 (E(E,[supy,co, |0, —0,|<w | Zn(01) = Zn(02)|?]) < 00): The Cauchy-
Schwartz inequality and (B.3) imply

2
1n
<52 E 2( sup |wt<01,62>|>

91'6@5,\01792\<w

sup |Zn (91) - Zn(92)|?‘|> (B4)

0;€O¢,|01— 02| <w

2

< Blletl sup |[04(61, 02)]

91'695, |91 —04 |<w

4



Now, by the mean-value-theorem and the de..nition of +,(6,,6,), for each @

sup [1),(01,62)] (B.5)
9i€@§,|91 —92| <w

S

<y s ’a% V(0)24,(0)]

=1 0i€9¢,[01—02|<w

X |6, —

1

S

X T,
1

ngup

V(0)~/2g:()
o |5 | }

891

where s = pk + 1 + (pk + 1)q. Using the Minkowski inequality, from (B.4) and
(B.5) it therefore su¢ces to prove

0
20,

X w =0.
4

This will be true if |[supsee, [(0/00:)[V (6)~'/2g:(6)]|1]|4 is bounded for each ,
which follows from Lemmas A.5and A.6. &

V(O 24.0)]

1

1.2 Algorithm

The p-value algorithm is identical to that of Hansen (1991, 1996), although
Giné and Zinn (1984, 1990) detail a generic procedure. Generate a double ar-
ray of iid standard normal variables, [vt,j];”‘llj For each j = 1...J, compute
n ](d)ao 9) *1/71 Zt 161‘221‘(5)F1‘( )vf]iTn ]( ) 7nS’n](¢’ O 9) ( ) 1Snj(¢70 9)
and gn; = g(Tn](H)). The approximate asymptotic p-value p; is simply the
sample frequency J—! ijl(g(TAn’j(e)) > ¢(T,,(6))). Because the J-samples
[v,,;]7, are independent of each other, an appeal to the Glivenko-Cantelli T he-

orem guarantees p; 2 p, as J — oo, and Theorem 7 guarantees p,, = p, under
H,, etc.

2. Omitted Proofs (Lemmas A.2.1, A.5-A.6) Recall:

LEMMA A.2.1 Under the conditions of Lemma A.2, for each 0 € ©;

plim — Zwt _JLH;OEZEW =1,

n—oo 1

and for some « > 0

plim Z Elw (0)/y/n|3 =0.

’I’L*)OO



LEMMA A.5 Under Assumptions A-B and under both H, and H;,

i |46) - A@)| = an(1),
i sup [6(9.6) = b(6,0)| = o,(1),

)

iii. sup sup |b(¢, §) — b(¢,9)‘ =0,(1)
0€© pcd 1

iv. sup [V(0) = V(0)| = op(1).
0co 1

LEMMA A.6 For some positive constants C, K < oo,

i [A@) 7 < K,

i, sup [6(6,0)], < K.
0€O¢

<K

— )

1

iii. sup
96@5

0

iv. <K,

44K

sup |g, (60) |y
0€O,

0
sup |=—gq (6
P |9 1 (6)

V. <K,

44K

1

Vi. sup
96@5

V()™ 1/2‘ < C(pk +1) [961& )\min(V(G))] - <K

9 yp-112
1

vii. sup

<K, foril=1.pk+1.
96@&

1

Proof of Lemma A.2.1. By the normalization r'r = 1, for each ¢

P = B ea'VO) Val0)]

r'V(0)"Y2E [€]g,(0)g,(6)'] V(0)'/?r
V(O V2V (O)V(0) V2 =r'r = 1.

The weak limit plim,,_,__1/n>"}" ; w,(0)2 — 1 = 0 then follows from

—_

= "2 gi(0)g:(0) — V(0)

t=1

SuPgco =op(1),

1

3|

proved in Step 3 of the line of proof of Lemma A.5, below.



The second stated limit follows from the following bound. By [, -norm prop-
erties, the envelope inequality (e.g. Theorem 21.3 of Davidson 1994), Assump-
tion A, and Lemma A.6, for some small x > 0 and some .nite M > 0

Elw(0)[7™"

2+kK
< Il vwrw\ Blg (0)R*
1
2t 24k
K
<Ir T sup V(o —1/2 ‘ sup g+ (0) |1 < M,
9€@§ 2tk

where |r[>t* < oo is trivial?. Thus, S;_, E|w(0)[*1"/nltr/2 = o(1 /n=/2). m

Proof of Lemma A.5.

Claim (). Under either hypothesis Assumption A and Theorem 8.2.2 of Bierens
(1994) ensure ¢ > ¢. |A(¢) — A(d)1 = op(1) follows from

- OP(1)7

sup | =3 0 (6, 2)0 £ (6. 50) — E[0F (6,200 £(6,7)
t=1

$cO | N

which follows easily from Assumption A and Theorem 17 of Bierens (1991).
Claim (ii). By the consistency of ¢, supgce |b(¢,0) — b(¢,0)| = o0p(1) follows
if

sup sup |b(¢, ) — b(qb,@)’ =0,(1). (B.6)
€0 D 1

Rate (B.6) follows from Theorem 17 of Bierens (1991) by writing for each i =
1l...pk + 1, each j = 1..m,and any ¢ € o,

n

L3I0 (24,6,0) = = 30 F( Zwi(6, 2001 (6,2)
t=1

t=1
where () (¢, ¢,) =& x &, for each i and j, and
F(Z)j) (Zt7¢70) = ( 7J)( Zt, d) 0) (LJ) t7¢7 >/
= (F(7z)wi(8,7), 9,16, %))

By Assumption A we know 71”7” (2t,¢,0) is for each z a continuous real function
on © x ®, and for each (¢,6) Borel measurable functions on RP**1. We require

21t is here that the restriction £ > 0 is imperative. Using £ = 0 (i.e. © = ©), from
Lemma B.2 we obtain for some ..nite B > 0, supycg [V (0) /21 < Bsupgeg[ro(V(0)) 1. If
0 € ©, either the right-hand-side supremum does not exist, or supyce[Amin(V(0)) 1] = +oo
if we extend the real line. In either case, a ..nite bound would still have to be established.
Depending on the speci..cation of Z, (§), Ag(V(0)) =0 forany 6 = (§’,0")" is certainly possible.



SUp|¢|<d ‘ (8/85)1/)“’”(5)) = O(d*) as d — oo, which easily follows by Assumption
A for p = 1. Moreover, for each ¢ and j we need

ma) {sup sup |1 (31.6.0)| } < pd(%)
0cOpecd

for some non-negative Borel function d(z,) on R?*+1! such that sup, E [d(Z,)'*+#+%]
< oo for some k > 0, where  is de..ned above, and p = 13. Simply de..ne

d(2y) = sup |F(7'Z )w (3, Z,)| 4 sup |9 f (¢, Z,)| »
0co D

and sup, E [d(%,)"t#1*] < oo follows from Assumption A with ;= 1.

Claim (ii4). Using the fact that each [¢— |, supyce |0(¢,0) — b(¢,0)|
and |A(¢) — A(¢)1 is op(1), it is straightforward to show under either hy-
pothesis supyco [V(0) — n=! S, €29:(0)9:(0)'; = 0,(1). In order to show
SUPge o [P Y1 €29:(0)9:(0) — V(0)|1 = 0,(1), apply Theorem 17 of Bierens

(1991) to each element €7 g ;(0)g:;(6): de..ne for each i and j, 7§i’”(zt79) =

G gei(0) and 247 (2,0) = g14(0), set 0 (€1.6) = & x & and d(z) =
€ supgeo |9:(0)] + supgee |ge(0)],, and put u = p = 1. Now use the Cauchy-
Schwartz inequality, and the moment bounds in Assumption A and Lemma A.6.
The result supgce [V(0) — V(0)1 = op(1) then follows from the triangular in-
equality.

Claim (). Immediate from Claims ()-(¢4:). ®

Proof of Lemma A.6.

Claim (7). Each 0 < X;(A4) < oo because A is positive de..nite. By Liaponov’s
inequality for some .nite B > 0

AT < [ATVRR < BlATYR
= BxTr(AV2A7Y2) = BxTr (A7)
= BY XNAT)=BY 1/A(4) <C

3 The identity p =1 is trivial here because we do not include moving average terms: see
Bierens (1991).




Claim (). By Assumption A and the envelope and Cauchy-Schwartz inequal-
ities:

sup [b(0,9))1 < E
0€O¢

> sup IF(Tlft)wi(fS,ft)12161%|3jf(¢,5t)|1]

¥:J 0€O ¢
(E

IN

v 0€95

o\ 1/2
S swp |F<r'zt>wi<a,zy>|1] )

o\ 1/2
Zj ;g%lajf(cb,it)ll] )

— |lsw [F(rw(s, 21| ||sw 076200 <c
96@5 9 96@& 9
Claim (3). Similarly:
0
—b(0,
sup 20 ¢)1
0 .- . .
<||sup | = F "z )w(d, z) sup |0f(o,Z)1]| < C.
9c0, | 00 1], [lo€e )

Claim (iv). Next, by Assumption A, Minkowski's inequality, and properties of
the [;-norm, and () and (¢7):

sup [g¢(0))1
0cO¢ Atk
pk+1
<[ sup |F(F2)wi (8, %)
i=1 0c ©¢ dbre
pk+1
1 ~
+ sup [b(e, O)h x |[A™ x| Y sup [9if (@, 2
0€O; 5 b i
= ||sup |F (7' Ze)w(d, 2 )1
9O, in
+ sup [p(p, O)ly x [A7 |1 x || sup |0f (¢, Z)h|| <C
0€O¢ 0O, dbr




Claim (v). Similarly, by Assumption A, (¢) and (é):

0
sup | =29 (9)
0€O¢ 1 dtr
d -
< || sup |@Ft(7')w(5,2t)\1
96@5 dtr
0 _ -
=+ sup %b(@e) X |A 1|1 X ||sup \8f(¢,zt)|1 S C.
0€O¢ 1 oed At

Claim (vi). Next, by Liaponov’s inequality for some ..nite B > 0:

VO R < BIV(O) 2B = Bx Tr(V(0) V2 V(0) 1)
pk
= BxTr(VO) ) =Bx> XN{V(O)™)
- 1 =0
PP w a0}
< B x (pk+1) dmin(V(9)) 71
hence
-1
;andm*NESBxum+1ﬂ£gAmavw»} <q

which is guaranteed for some ..nite C' by Assumption C: infgco, Amin(V/(6)) >
0.

Claim (vii). By standard properties of matrix dicerentiation

0

9 -1
0 Z_v(0) x V(0)7!].

VO =~V (0) 7 x

Hence, for some ..nite B > 0, by Liaponov’s inequality and (vi),

0

—V(0 —1/2
Qseu@pg 891 ( ) 1
< sup [V(0)V? x iV(@) x V(0)™!
9cO; 90, 1
0
< sup |V(9)"/? ‘—V@
96@5‘ ( ) ’ aal ( ) 1

-3/2
< Bk + 10 | nf dn (V)| sp [ 2-V0)

10



where infgco, Amin(V(0)) > 0 by Assumption C. The proof is complete when
we show the {;-normed |(0/06;)V (9)| is uniformly bounded by some ..nite M >
0.

The covariance matrix derivative (0/99;)V(0) is computed as

0 0

89;V(9) = a_HZE [efgt(e)gt(Q)’]

(2[4 gen0m,0)])
+ (E |:€t2.gt7i(6) a%lgt’j (9)} )U

By the envelope and repeated Cauchy-Schwartz inequalities,

0
sup | =—V(0
AT
pk+1 , 0
<2 SupE{e—gieg‘QH
Z: sup |B | g,91:($)9.5(0)
pk+1 6 pk+1
< 2F | €2 sup |=—9g::(0)] x sup |g;; (0
' ;966 00,”" ()1 ;eee£| 0 O
2 pk+1 0 pk+1
<2ely D2 S '89l9t,z(9)‘1H4 - lge.4(0) |y )
= 2|ler|l3 Sup '%gt (0) eseupglgt( It ) <M.

11



