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In this technical appendix we detail a bootstrap/monte-carlo technique for
approximating the p-value of test statistics with non-standard limits. See Sec-
tion 1. Omitted proofs, and supporting lemmata required to prove the main
results of the paper, are presented in Section 2.

1. Approximating the Limit Distribution The statistics ave£()
and sup2£() have limit null distributions that depend upon the covariance
function (12) and therefore upon the underlying distribution of fg.
1.1 Asymptotics

Let ~ denote the sample of + 1-vectors f~1~g, and let fg=1 be
iid standard normal random variables. De…ne the following processes, letting
(¢) denote any continuous function on £:

̂(̂0) ´ ̂()¡12p̂(̂0)

̂(̂0) ´ 1


X

=1
̂~(~)(0~)

̂(̂0) ´ ̂()¡12p
̂(̂0)

̂() ´ ̂(̂0)0̂(̂0)
̂´ (̂())

It is easy to simulate ̂(̂0) and compute a larger number (say ) of statistics
̂() by which an approximate -value, ̂can be computed: see Section 1.2,
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below. In order to prove ̂ converges to the true -value under 0 , we must
show ̂(̂0) "converges weakly in probability" to the same Gaussian process
to which ̂(̂0) converges, (), de…ned in Theorem 2, cf. Giné and Zinn
(1990).

Let 0(¢) denote the asymptotic null distribution of 0 , de…ne 0 ´ 1 ¡
0(0), and de…ne the asymptotic -value ´ 1 ¡ 0(). Similarly, let ̂(¢)
denote the distribution of ̂ conditioned on ~, and de…ne ̂´ 1 ¡ ̂().

Denote by )weak convergence in probability (see Giné and Zinn, 1990:
Sections 2 and 3).

THEOREM C.1 Let  0. Under Assumptions A-C, ̂(̂0) )().
That is (cf. Giné and Zinn, 1990: eq. 3.4),

(B.1)

sup
2R

¯̄
¯̄
¯

Ã
sup
2£

j̂(̂0)j1 ·j~
!

¡

Ã
sup
2£

j()j1 ·

!¯̄
¯̄
¯

! 0

Remark 1: Assumption C may be replaced with Assumption D if the null
is linearity and ~(~) = ~. See Theorem 5.

Remark 2: By appealing to (B.1) and the continuous mapping theorem,
we deduce ̂() )() and ̂)(()) = 0 . We immediately conclude
̂()

! 0() uniformly in 2 R, and therefore ̂ ¡ = (1). Because
0 is a continuous function on the real line,  ) 0 under 0 by Theorem
3 and the continuous mapping theorem, where 0 is uniformly distributed on
[01]. Moreover, 

! 0 under 1 by Theorem 3 ( ! 1 with probability
one). Hence the asymptotic -value satis…es ̂) 0 under 0 and ̂ ! 0
under 1.

Proof of Theorem C.1. From Theorem 3, ̂(̂0) converges weakly to
some Gaussian element () on C[£] with covariance function [(1)(2)0]
= (1)¡12(12)(2)¡12. In order to show ̂(̂0), conditioned on
the sample ~, converges weakly to the same Gaussian element (), we must
demonstrate ̂(̂0), conditioned on ~, and ̂(̂0) converge pointwise to
the same multivariate normal distribution; and ̂(̂0), conditioned on ~,
is stochastically equicontinuous in C[£], cf. Giné and Zinn (1990: Theorem
3.1).

Step 1 (̂(̂0)
! (0+1)): Operate conditionally on the sample

~, and de…ne

() =
1


X

=1
() () = ()¡12p(0)
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Using steps identical to the line of proof of Lemma A.1, recalling ̂and ̂()
are consistent under either hypothesis, and is (01)-iid, it is easy to show

sup
2£

¯̄
¯̂(̂0) ¡()

¯̄
¯
1

=(1)

Thus, it su¢ces to consider only () in the following.
Because is (01)-iid, the covariance function of (), conditioned on ~,

is1

[(1)(2)0j~] =(1)¡12 1


X

=1

2(1)(2)0(2)¡12

Using Theorem 17 of Bierens (1991) and Lemma B.2, it is straightforward to
show

sup
(12)2£

¯̄
¯̄
¯
1


X

=1
2(1)(2)0 ¡(12)

¯̄
¯̄
¯
1

=(1)

where (12) ´ [2(1)(2)0]. Mimicking the line of proof of Lemma
A.2, under 0 and 

» (01) it follows

()
! (0+1)

in distribution pointwise in £. This implies () and (0) have the same
pointwise limit distribution because mean-zero multivariate normal distribution
are fully characterized by their covariance functions. Hence, from Lemma A.1
we conclude ̂(̂0) and ̂(̂0) have the same pointwise limit distribution.

Step 2 (Stochastic Equicontinuity in £): From Theorem 3.1 of Giné and
Zinn (1990), and appealing to the Cauchy-Schwartz inequality, it su¢ces to
show

lim
!0

lim sup
!1



Ã


"
sup

2£j1¡2j
j(1) ¡(2)j21

#


!
= 0(B.2)

for all  0, where  denotes the expectation only with respect to ()=1,
and

(1) ¡(2) =
1p


X

=1
(12)

say, where (12) = (1)¡12(1) ¡ (2)¡12(2). In order to prove
(B.2) it su¢ces …rst to bound



"
sup

2£j1¡2j
j(1) ¡(2)j21

#


1 We explo it the symmetry of ()¡12.
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and then bound



Ã


"
sup

2£j1¡2j
j(1) ¡(2)j21

#!

by some £ , 0 1.

Step 2.1 ([sup2£j1¡2j j(1) ¡ (2)j21]): FrByom Liaponov’s
inequality there exists some …nite 0 such that

(B.3)



"
sup

2£j1¡2j
j(1) ¡(2)j21

#

· £

"
sup

2£j1¡2j
j(1) ¡(2)j22

#

= £

"
sup

2£j1¡2j

+1X

=1

1


X


(12)(12)

#

· 
1


X

=1

2

+1X

=1

sup
2£j1¡2j

(12)2

· 
1


X

=1

2

Ã+1X

=1

sup
2£j1¡2j

¯̄
(12)

¯̄
!2

= 1


X

=1

2

Ã
sup

2£j1¡2j
j(12)j

!2

where the second inequality follows from [] = 0, 86=, and 1 otherwise.

Step 2.2 (([sup2£j1¡2j j(1) ¡(2)j2])1): The Cauchy-
Schwartz inequality and (B.3) imply



Ã


"
sup

2£j1¡2j
j(1) ¡(2)j21

#!
(B.4)

· 
1


X

=1



2
42

Ã
sup

2£j1¡2j
j(12)j

!2
3
5

· kk2
4

°°°°° sup
2£j1¡2j

j(12)j
°°°°°

2

4


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Now, by the mean-value-theorem and the de…nition of (12), for each 

sup
2£j1¡2j

j(12)j (B.5)

·
X

=1

sup
2£j1¡2j

¯̄
¯̄ 


h
()¡12()

ī̄
¯̄
1

£ j1¡2j

·
X

=1

sup
2£

¯̄
¯̄ 


h
()¡12()

i¯̄
¯̄
1

£

where = + 1 + (+ 1). Using the Minkowski inequality, from (B.4) and
(B.5) it therefore su¢ces to prove

lim
!0

X

=1

°°°°° sup
2£

¯̄
¯̄ 


h
()¡12()

ī̄
¯̄
1

°°°°°
4

£= 0

This will be true if jj sup2£ j()[()¡12()]j1jj4 is bounded for each ,
which follows from Lemmas A.5 and A.6.

1.2 Algorithm

The -value algorithm is identical to that of Hansen (1991, 1996), although
Giné and Zinn (1984, 1990) detail a generic procedure. Generate a double ar-
ray of iid standard normal variables, []=1=1. For each = 1compute
̂(̂0) =1

P
=1 ̂~2()(), ̂() = ̂(̂0)0 ̂()¡1̂(̂0),

and ̂= (̂()). The approximate asymptotic -value ̂ is simply the
sample frequency ¡1 P

=1((̂())  (())). Because the -samples
[]=1 are independent of each other, an appeal to the Glivenko-Cantelli The-
orem guarantees ̂

! ̂as ! 1, and Theorem 7 guarantees ̂) 0 under
0, etc.

2. Omitted Proofs (Lemmas A.2.1, A.5-A.6) Recall:

LEMMA A.2.1 Under the conditions of Lemma A.2, for each 2 £

plim
!1

1


X

=1

()2 = lim
!1

1


X

=1

[()2 ] = 1

and for some 0

plim
!1

X

=1

j()
p
j2+1 = 0
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LEMMA A.5 Under Assumptions A-B and under both 0 and 1,

i.
¯̄
¯̂(̂) ¡()

¯̄
¯
1

= (1)

ii. sup
2£

¯̄
¯̂(̂) ¡()

¯̄
¯
1

= (1)

iii. sup
2£

sup
2©

¯̄
¯̂() ¡()

¯̄
¯
1

=(1)

iv. sup
2£

¯̄
¯̂() ¡()

¯̄
¯
1

=(1)

LEMMA A.6 For some positive constants 1,

i. j()¡1 j1 ·
ii. sup

2£

j()j1 ·

iii. sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

·

iv.

°°°°° sup
2£

j()j1
°°°°°
4+

· 

v.

°°°°° sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

°°°°°
4+

·

vi. sup
2£

¯̄
¯()¡12

¯̄
¯
2

1
·(+ 1)

·
inf
2£

min(())
¸¡1

· 

vii. sup
2£

¯̄
¯̄ 


()¡12
¯̄
¯̄
1

· for = 1+1

Proof of Lemma A.2.1. By the normalization 0= 1, for each 

[()2 ] = 
h
0()¡12()

i2

= 0()¡12
£
2()()

0¤()¡12

= 0()¡12()()¡12=0= 1

The weak limit plim!1 1
P

=1()2 ¡ 1 = 0 then follows from

sup2£

¯̄
¯̄
¯
1


X

=1
2()()0 ¡()

¯̄
¯̄
¯
1

=(1)

proved in Step 3 of the line of proof of Lemma A.5, below.
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The second stated limit follows from the following bound. By 1-norm prop-
erties, the envelope inequality (e.g. Theorem 21.3 of Davidson 1994), Assump-
tion A, and Lemma A.6, for some small 0 and some …nite  0

j()j2+1

· jj2+1

¯̄
¯()¡12

¯̄
¯
2+

1
j()j2+1

· jj2+1 sup
2£

¯̄
¯()¡12

¯̄
¯
2+

1

°°°°° sup
2£

j()j1
°°°°°

2+

2+

· 

where jj2+1 is trivial2. Thus,
P

=1j()j2+1+2 = (12).

Proof of Lemma A.5.

Claim (). Under either hypothesis AssumptionA and Theorem 8.2.2 of Bierens
(1994) ensure ̂! . j̂(̂) ¡ ()j1 = (1) follows from

sup
2£

¯̄
¯̄
¯
1


X

=1

(~)0(~) ¡[(~)0(~)]

¯̄
¯̄
¯
1

= (1)

which follows easily from Assumption A and Theorem 17 of Bierens (1991).

Claim (). By the consistency of ̂sup2£ ĵ(̂) ¡ ()j = (1) follows
if

sup
2£

sup
2©

¯̄
¯̂() ¡()

¯̄
¯
1

=(1) (B.6)

Rate (B.6) follows from Theorem 17 of Bierens (1991) by writing for each =
1+ 1, each = 1and any 2 ©,

1


X

=1

()(¡() (~)) =
1


X

=1

(0~)(~)(~)

where ()(12) = 1 £ 2 for each and , and

¡() (~) =
³
()

1 (~)
()
2 (~)

´0

= ((0~)(~)(~))
0

By Assumption A we know()
 (~) is for each ~a continuous real function

on £ £ ©, and for each () Borel measurable functions on R+1 . We require
2 It is here that the restrict ion  0 is imperative. Using = 0 (i .e. £0 = £), from

Lemma B.2 we obta in for some …nite 0, sup2£ j()¡12j1 ·sup2£[0(())¡1]. If
0 2 £, either the right-hand-side supremum does not exist, o r sup2£[min(())¡1] = +1
i f we extend the real line. In either case, a …nite bound would st ill have to be established.
Depending on the speci…cat ion of ~(), 0(()) = 0 fo r any = (000)0 is certainly possible.
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supjj·

¯̄
¯()()()

¯̄
¯ =() as! 1whicheasily follows by Assumption

A for = 1. Moreover, for each and we need

max

(
sup
2£

sup
2©

¯̄
¯()

 (~)
¯̄
¯
)

· ¹(~)

for somenon-negative Borel function ¹(~) on R+1 such that sup
£ ¹(~)1++

¤

1 for some 0, where is de…ned above, and = 13 . Simply de…ne

¹(~) = sup
2£

j(0~)(~)j + sup
2©

j(~)j 

and sup
£ ¹(~)1++

¤
1 follows from Assumption A with = 1.

Claim (). Using the fact that each j̂¡ j1, sup2£ j̂(̂) ¡ ()j1
and j̂(̂) ¡ ()j1 is (1), it is straightforward to show under either hy-
pothesis sup2£ j̂() ¡ ¡1 P

=12()()0j1 = (1). In order to show
sup2£ j¡1 P

=12()()0 ¡ ()j1 = (1), apply Theorem 17 of Bierens
(1991) to each element 2()(): de…ne for each and , ()

1 (~) =
2() and ()

2 (~) = (), set ()(12) = 1 £ 2 and ¹(~) =
2sup2£ j()j + sup2£ j()j1, and put = = 1. Now use the Cauchy-
Schwartz inequality, and the moment bounds in Assumption A and Lemma A.6.
The result sup2£ j̂() ¡ ()j1 = (1) then follows from the triangular in-
equality.

Claim (). Immediate from Claims ()-().

Proof of Lemma A.6.

Claim (). Each 0 () 1 because is positive de…nite. By Liaponov’s
inequality for some …nite 0

j¡1j1 · j¡12j21 · j¡12 j22
= £

³
¡120¡12

´
= £

¡
¡1¢

= 
X


(¡1) =

X

1() ·

3 The identity = 1 is trivia l here because we do not include moving average terms: see
Bierens (1991).
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Claim (). By Assumption A and the envelope and Cauchy-Schwartz inequal-
ities:

sup
2£

j()j1 · 

"X


sup
2£

j(0 ~)(~)j1 sup
2©

j(~)j1
#

·

0
@

"
X


sup
2£

j(0~)(~)j1

#2
1
A

12

£

0
@

"X


sup
2©

j(~)j1
#2

1
A

12

=

°°°°° sup
2£

j(0~)(~)j1
°°°°°

2

°°°°° sup
2£

j(~)j1
°°°°°
2

· 

Claim (). Similarly:

sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

·
°°°°° sup
2£

¯̄
¯̄ 


(0~)(~)
¯̄
¯̄
1

°°°°°
2

°°°°° sup
2£

j(~)j1
°°°°°

2

· 

Claim (). Next, by Assumption A, Minkowski’s inequality, and properties of
the 1-norm, and () and ():

°°°°° sup
2£

j()j1
°°°°°
4+

·
°°°°°
+1X

=1
sup
2£

j(0 ~)(~)j1
°°°°°

4+

+ sup
2£

j()j1 £ j¡1j1 £
°°°°°
+1X

=1
sup
2©

j(~)j1
°°°°°

4+

=

°°°°° sup
2£

j(0 ~)(~)j1
°°°°°
4+

+ sup
2£

j()j1 £ j¡1j1 £
°°°°° sup
2£

j(~)j1
°°°°°

4+

·
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Claim (). Similarly, by Assumption A, () and ():
°°°°° sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

°°°°°
4+

·
°°°°° sup
2£

j 


()(~)j1
°°°°°

4+

+ sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1
£ j¡1j1 £

°°°°°sup
2©

j(~)j1

°°°°°
4+

· 

Claim (). Next, by Liaponov’s inequality for some …nite 0:

j()¡12j21 · j()¡12 j22 =£
³
()¡120()¡12

´

= £
¡
()¡1¢ =£

X

=0

(()¡1)

= £
X

=0

1
(())

· £ (+ 1)min(())¡1

hence

sup
2£

j()¡12 j21 · £ (+ 1)
·

inf
2£

min(())
¸¡1

· 

which is guaranteed for some …nite by Assumption C: inf2£min(()) 
0.

Claim (). By standard properties of matrix di¤erentiation




()¡12 = ¡(12)[()¡12 £ 


() £()¡1 ]

Hence, for some …nite 0, by Liaponov’s inequality and (),

sup
2£

¯̄
¯̄ 


()¡12
¯̄
¯̄
1

· sup
2£

¯̄
¯̄()¡12 £ 


() £()¡1

¯̄
¯̄
1

· sup
2£

¯̄
¯()¡12

¯̄
¯
3
¯̄
¯̄ 


()
¯̄
¯̄
1

· (+ 1)32
·

inf
2£

min(())
¸¡32

sup
2£

j 


()j
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where inf2£min(())  0 by Assumption C. The proof is complete when
we show the 1-normed j()()j is uniformly bounded by some …nite  
0.

The covariance matrix derivative ()() is computed as




() =




£
2()()

0¤

=
µ


·
2




()()
¸¶



+
µ


·
2()




()
¸¶




By the envelope and repeated Cauchy-Schwartz inequalities,

sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

· 2
+1X

=1

sup
2£

¯̄
¯̄

·
2




()()
¸¯̄
¯̄

· 2

"
2

+1X

=1

sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1
£

+1X

=1

sup
2£

j()j1

#

· 2kk2
4

°°°°°
X+1

=1
sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

°°°°°
4

°°°°°
X+1

=1
sup
2£

j()j1

°°°°°
4

= 2kk2
4

°°°°° sup
2£

¯̄
¯̄ 


()
¯̄
¯̄
1

°°°°°
4

°°°°° sup
2£

j()j1
°°°°°

4

·
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