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In this appendix we characterize sufficient conditions for weak convergence in
DI[0,1]¥ by compressing results due to Bickel and Wichura (1971) and Neuhaus
(1971). See Section A.1. Section A.2 contains the omitted proofs of Lemmas
4.1,4.2,5.2,5.3 and A.7-A.9.

We assume
(A1) F(\x)/Fy(z) = A “asz —o00 & F(r)=2"L(x), >0,
for some slowly varying function L(x), and recall
(A.2) (n/kn,)P(X: >b,) — L.
Define {U,, ¢, U ,(u), }

Unt =k /2 (0 X /bn) 1 — E[(0 X /bn)+])

Up () =k, 2(I(Xy > bpe") — P(X; > bpe")), u€ Ry,
where {k,,b,} satisfy (B.2).
Al WEAK CONVERGENCE IN D[0,1]% Consider some D([0, 1]%)-

valued process X,(6), 0 € [0,1]%. The following is necessarily brief. Classic
sources are Bickel and Wichura (1971), Neuhaus (1971) and Billingsley (1968).

*Dept. of Economics, University of North Carolina - Chapel Hill; jbhill@email.unc.edu;
www.unc.edu/~jbhill.



Write Dy, := (D([0,1]%), ds(z,v)), the space of right continuous functions f
:[0,1]F — R with left limits metrized with dj,(z,y), a multidimensional version
of Billingsley’s (1968) extended Skorokhod Jj-metric. Denote by Ay, = A x - --
x A the collection of homeomorphisms! A = [\;]%_; from [0, 1]¥ to [0, 1]*, where
Ai(0) =0, A;(1) = 1. Then

dy(z,y) = _inf {||/\||° <e, sup [z(0) —y(A(0))] < 8}7

AEAe>0 96[0,1]k

where

01#02

I = 1§ia§Xk{ sup [In ([Ai(61) — Ai(02)] / [01,i — 92,1‘])|} :

D([0,1]* is separable and complete under dy,(z,y).
Let 6 € [0,1] and write X, (-, 6;) := X,,({0;};2i,0:). Define the moduli w
and w”

w(X,0) 1= sup | X,(0) = X, (0)] and w’(X,,0) = max {w!(X,,0)}

[0—0"|<6
where
W (Xp,0):=  sup  {|Xn(0:) = Xn(, 00,0 A X0 (5 0:) — X (-, 052)|} -
0;,1<0;<0;2
0;2—0;1<6

Prokhorov’s (1956) theorem equates relative compactness with tightness.
The following claim can therefore be deduced from an Arzeld-Ascoli-type re-
sult relating stochastic equicontinuity to relative compactness, and standard
inequality arguments. See the corollary to Theorem 2 in Bickel and Wichura
(1971).

PROPOSITION 1 Let X, (&, u) — X (& u) point-wise in finite dimensional
distributions. If for each i = 1...k and every € > 0,

;HI(I)P(an (,02 = 1) - X, (,91 =1 —(5)| > E) =0,

and if for every € > 0 and n > 0 there exists some § € (0,1) and ng € N
such that

P (w!(Xn,8) >¢e/k) <n/k, ¥n > ng,

then X, (§,u) = X (&, u) on Dy.

Bach \; : [0,1] — [0,1] is increasing, one-to-one, onto, continuous with a continuous
inverse )\;1.



A.2 OMITTED PROOFS Recall g, = o(K,(§)), (&) = [Kn(§)/9n]
and M, ; 1= max(;_1)g, +1<t<ig, C?L’t for some non-stochastic double array {c, +}.

LEMMA 4.1 Let K,(&)/n — a(§) > 0 a finite constant function. There does
not exist an array {c, .} that satisfies M, ; = 0(951/2) and Zil(lé) M?

= O(g,") such that {Un/cns} or {U}; [(u)/cns} are Ly-bounded for all
t and any r > 2.

Proof. By Lemma A.2 of Hill (2005)?

1/r
lim (:) I (X: > bpe”) — P(X¢>bpe)|, < Ke ", Vr>1,

n— oo n

hence Vr > 1

HU;,t(u)HT =0 (k;lm(n/kn)—l/r) .

Now [|Uy 1(w)/cnillr = O(1) Vt if and only if cn = O(k,l/z(n/k:n)l/’“) Vt. de
Jong and Davidson (2000: Theorem 3.1) require Zzl(f) M2, = O(g; '), hence

n,:

U o) /el = O(1) ¥t and 728 M2, = O(g;") if and only if

Olra()/2h, 2 (n/ k) /") = O(g;12),

n

But by construction
7‘n(€)1/2k;1/2 (n/kn)l/r ~ ([(n(f)/n)l/2 97:1/2 (n/kn)l/Qil/r = 0(9;1/2)

if and only if r = 2 when K, (§)/n — a(&), a finite positive function. An
identical argument applies to {Uy, /¢y }, cf. Lemma A.2 of Hill (2005b). m

Recall S, := Zle[I(Xt > bpet) — P(X¢ > byet)] and o2 := E[S?].

LEMMA 4.2 If X, is iid with distribution tail (11) then 02 — oo, ||E(S,|X0)||2
=0, and o2 /n is reqularly varying with index 1. Further, o2 /k, is slowly
varying.

Proof. Since X; is iid E(S,|Xo) = E(S,) = 0, so ||E(Sx|X0)||2 = 0.
Further, X, ud (A.1) and the construction of b,, imply

o? Y E(I(X; > bye") — P(X; > bye))? (A.3)
t=1

= n [P(Xt > bpe") — P(X; > bne")Q] ~n X % =k, — oo.

2This paper has since been published in Econometric Theory; see Hill, J.B. (2010). On
Tail Index Estimation for Dependent, Heterogeneous Data, Econometric Theory: in press.



We now prove [(An)/l(n) — A~' for all A > 0. First, use (A.1) and the con-
struction

zﬁp(xt > ban) — 1

to deduce

n

An -1/«
P (X0 > bya) ~ P (Xt >\ bm> 1

n
hence

ban = A,
But this implies from (A.1) and (A.3)

2
o
(An) = 52

= P(X; > byne®) — P(X; > bype®)?

2
~ATVP (X, > bpet) — A72P (Xt > Al/o‘bne”)
hence
2
Dion) ~ AL P (X, > bet) — A2 1P (Xt > Al/"bne“)
N Afle—au
and
n n o2 n n —ou
Ez(n) == HP(Xt > bpet) — EP(Xt > bpet)’ — e
Therefore
I(An) _ (n/kn)1(An) e
ln) — (n/kn)l(n)
Now define
2
~ g
l = -
(n) o

and note by construction for any A > 0
2

o
I(An) = A
(An) T

An u w2 —au
= [P (Xt > bane") — P(X; > bane")"| ~e " 4 0(1)

An



Since ) is arbitrarily it follows instantly I(An)/I(n) — 1, hence I(n) := o2 /ky
is slowly varying. m

Recall
Z’nﬂt(A’u’ h) = k;/zAiU;,n,t—h(ul) x U; (u2)

J,n,t
LEMMA 5.2 Forallr > 1 and finite h > 1, || Zn 2 (A, u, B)||r = O(kn /2 (kp /n)V/7)
= O(n="), a(1) > 1/2, where a(2) = 1/2, and 2a(2r) > a(r). Further,
a(r) > 1/r for all v > 2.
Proof. Use the Minkowski and Cauchy-Schwartz inequalities to get for any r
> 1

h
1Zn,6 O s )] < /2D I X U7 o () [, X ([ U e (w2)]], -

i=1 :
By Lemma A.1 of Hill (2005b)
{HUZn,t—h(Ul)H2T7 U;:n’t(UQ)HQT} - O((kn/n)l/rkrjl/?),
hence

HZn,t()" U, h‘) H

0 (k,ll/2(kn/n)1/27»k;1/2(kn/n)1/2rk;1/2)
= 0 ((kn/n)l/rk;1/2) -0 (k;(l/zﬂ/r)n,lﬁ) .

r

The remaining argument O(k‘;(l/Qfl/r)n_l/T) = O(n~=") simply mimics
Lemma 3.1. m

LEMMA 5.3 Let {X1+, X2} satisfy Assumption 2.a with ¢ =4. Then {Z,+(A\,u,h)}
is La-NED on {F 51} with constants dy, +(\, u), SupP,e(o,1)2, 7 A=1,6>1 n,t (A )
= O(k;l/Q(k:n/n)l/T) and coefficients o, = 0((kn/n)1/2_1/"l;1/2). More-
over, E(Z, +(\u,h))? = O(1).

Proof.

Step 1 (NED): Minkowski, Cauchy-Schwartz, and conditional Jensen’s
inequalities imply

2o - szt ]

n,t—ln

= k'rjl/Q HZl,’n,t(ul)ZQ,n,t—h(UQ) - E[Zl,n,t(UI)ZQJL,t—h(UQ)‘F:;rtlﬁl”]

)

2
< b2 (121 e ()l + || Zrmen) = BLZy () I ]

n,t—ly

% || Zoma-n(u2) = BlZamoon(ua)lF 552, ]

4
1 Zom ()l b2 || Zain e (02) = ElZrm o) 55 )|

<3 Z1ni(un)lly X don—n(ur) X 9o, + [ Z2n—n(u2)|ly X dine(ur) X @1, -




From Lemma 3.1 each [|Z; ¢ (u;)||, = O(n=*®¥), a(4) > 1/4, and by construc-
tion d; . ¢(u) = O(n=%"). Thus, for some finite K > 0

2204w h) = BLZ Zo i, 0)IF 1)

n,t—l,

9 < Egln,t(uy h) X (Zj\(/pl”
ddy o (u,i) = K x n=W x max{dy ¢ (u1), do - (uz)} = O(n=a@=a(r))
P, = IE?%‘{%',Z"} = o(n®" =14 7172y,

Hence

HZZ”’t(u’ h) - E[Zznvt(u7 h’)|Ft+l” ] 2

n,t—l,

< dpi(u,h) X o,

where d,, ;(u, h) := n®¥Y x Zi\(/in,t(u, h) = O(n=") and ¢, :=n"*W x gp,

= o(n*M~1/2 x l;l/z) due to a(4) + 1/4 > 1/2, cf. Lemma 3. This proves
{ZZp1(u,h)} is Ly-NED.

Under the maintained assumptions the conditions of Theorem 17.8 of David-
son (1994) are met. Thus, any linear combination

h
Z Z s, N 1) 5= " NiZ Z (1)
1=1

is Lo-NED with constants d,, ;(u, A, h) = maxy<;<p{Nidni(u,i)} = O(n=m)
and coefficients b x ¢, = O(ne(M=1/2) x o "*™.

Step 2 (Mixingale): Using Step 1, Theorem 17.5 of Davidson (1994) im-
plies {ZZ, +(u, A\, h), F 1} is an Ly-mixingale with size —1/2 and constants cc,, +
= O(n~'/2). If the base {e;} is F-Strong Mixing, then for r > 2

HZZn,t(uv )\» h) - E[ZZn,t(uv )\7 h)|Fn7t—ln] ”2
< max{||ZZuo(u, A )|, die(u, A, h)} x max{6e,”* 7, o) }.
By Lemma 5.2 || Z Zp, 4 (u, A, h)| |y = O(kn */? (kn/n)"/7) = O(n=*"), where a(1)

> 1/2, a(2) = 1/2, and 2a(2r) > a(r) in general, and a(r) > 1/r for r > 2.
Thus, for some finite K > 0

HZZn,t (U, >‘7 h) - E[ZZn,t (U, >" h)‘Fn,t—ln] ||2
< max{[|Z Zno(u, A, 1)), , dp o (u, A, h)} x max{6e,* ", o, }

1/2—1/r
< Kn~1/2 x maX{(n(l/Q—a(r))2r/(r—2)€ln) ’ nl/Q—"(T)@ln}
= Cn,t(ua )‘7 h) X '(/)l,ﬁ

say, where ¢, 1(u, A, h) = O(n~1/?), and sup,, ¢, = O(lﬁl/Qﬂ) for some small ¢
> 0 follows from the F-Mixing and FE-NED coefficient properties. A similar ar-
gument holds for the other mixingale bound || ZZ,, ;(u, A\, h) — E[ZZ,, 1 (u, A, ) |F nt41,, ]2



< cnyi(u, A h) x 1P 4 and in the F-Uniform Mixing case.
Step 3 (Bound): B ZZn4(u, N\ )2 =03, e 4 (u, A b)) = O(1)
now follows from McLeish’s (1975a) bound for Lo-mixingales with size —1/2. m
LEMMA A.7 Under the conditions of Theorem 5.1 for any u € [0, 1]
[n€] o
B2 (@ 1©) = a™t) = (U = a7 05wl 977)) 4 0,(1),
t=1
Proof. Write
(A.4)
b (e, (€) —a™")
[kn€]

1
1/2 -1
=k | = D X/ X (kg — @
=1
1 [kn€] 1 [n€]
1/2
= kjn/ . In X(z‘)/b[ng] —F T Z (hl Xt/b[ng])+
moi=1 " t=1
1 [n€]
1/2 1/2 -1
— B WX e by + R | E | Y (I Xe/bg), | —a
=1

Use Assumption C and arguments in Hsing (1991: p. 1554) to deduce

[n€]

(A5) E ki > (0 Xi/bpug), —a” | =0 (1/k/?)

" op=1
Moreover, from Corollary 3.3 we deduce

[n€] [ng

]
> U > Usy (wl077) & = {1(6). W ()}
t=1 t

=1

jointly on D[, 1], where each W;(§) is Gaussian, and | In X [,x,.¢)) — In bn (p[kn€])|
— 0 for all p in an arbitrary neighborhood of 1 by Lemma 1 of Hill (2005b).

Therefore an argument identical to Theorem 2.2 of Hsing (1991: eq. 2.4-2.7)

applies:

(A.6)



[kné] [n€]
k'rlz/Q l/kn Z In X(z)/b[ng] —FE l/kn Z (ln Xt/b[ng])Jr =W (g)

i=1

[ng]

a X Z (u ! ) = Ws(&).

Together, (A.4)-(A.6) imply

Un,t - a71U7t,t(u[§kn]7l/2)> + Op(l)-

k2 (6l (©) —a7t) =)

/N

LEMMA A.8 Let {X;} be L,-NED, p € (0,2], on {F,+} with constants dy,
sup;>q dy < 00, and coefficients ¥y, of size X > 0. Then {X;} satisfies
the Lq-FE-NED property

k12 HI(Xt > bp/u) — P (Xt > bn/ulFtil"z") Hq < dnt(u) X @1,

for any q > 2 and some displacement sequence {l,}, l,, — oo, with con-
stants dp¢(u) and coefficients @, —of size A x min{p,1}/(2q). In particu-

lar, dp,i(u) is Lebesgue measurable, supyc(o 1],¢>1 dn,t(u) = O((kn [n) Tk 1/2)
and f& utdy, 1 (u)du = O(ky 1/2(kn/n)1/7 ) for some v > q. Further sup,,>; ¢,
€ 1[0,1), and ¢, = 0((kn/n)1/p’1/rl;)‘).

Proof. Define I, ;(u) = I(X; > b,/u) and v := — Inu such that I, ;(u) = I(X;

> bpe?). For some 1 > 0 that may depend on n to be chosen below and any ¢
> 2, since |1, ¢(u) — E[L4(u )|Ft+l ‘]| < 1 it follows
E|Tnsw) = B [Loe()lr 2] [

< 8 (Listw) ~ B[Lyw)r 7))

< B (Ina(v) - I(E Tl ] >0)) 1 ([ B [z
# 8 (R = 1 (B [Tustonlr 5] > b)) 1 ([ = B [ur 7%
< B[ (bpe’ —1 < X; < bne” +1)] +P(‘Xt {X”FW] )
= [Fi (bue” =) = Fy (bue” +m)] + P (| X, - B[ XilF*iz] | > n)
< [Fy(bue” =) = Fy (bue” + )] + E (| X = B [X0r 4] [) /e

< [Fy (bne” —n) = Fy (bne” + )] + d707 /n°

The second inequality is due to the conditional expectations minimizing the
mean-squared-error, and a trivial identity. The third follows from basic logic,

- )



and a trivial inequality involving the indicator function. The fourth is Markov’s
inequality, and the fifth follows from the L,-NED property.

Without loss of generality let sup;cy ¢ € [0,1). Put n = e“bnﬂli{ 2, and use
lim, o 2P F;(2) = 0 and the mean-value-theorem to deduce

Fy (bpe' £1) = F (bn <1 + 19l1n/2> e“)

b,? (1 + 19117{2> e« op(1)
= Kb,79,%e7 x 0,(1).
Therefore
E (Lua(w) = E [La(wlr 7] )2
<[ (on (1=0%) ) = B (b (14 00%) )| + e mapop
_ {Ft (bn (1 _ <p11n/2> ev) ol (bn (1 + <p}n/2) eﬂ + e P PP
= Kb Pe P (@llf x 0,(1) + dfﬁff)
< Kb;pe_p”dfﬂzin{p’l}/z,
hence as n — oo

2| L) — 2 Ll 5]

| (K gy e i) gy bR
q n

= dn’t(u) X Q.

where for arbitrary r > ¢ and some a > 0

i (u) = Kk Y2 (ky /n) Y7 dP e P10 = Kk (K /)7 dP Tuk/4.8)

1/q
—1/r n — —a a qmin{p,
¢1, = ((kn/n)"/a71T) [(k) il 11,”19[” {1}/0),

n

Clearly sup,cjo,1)>1 dn,t(u) = O(k;l/z(kn/n)l/r) given sup;s; d; < oo, and
dp,(u) is Lebesgue measurable. In particular, by a change of variables

1 1
1
/u‘ldn,t(u)du — Kk,fl/z(kn/n)l/Tdf/q/ wP1Z du
0 0

u

0 (k;lﬂ(/cn/n)lﬁ) ></ e=Plidy = O (k;lﬂ(kn/n)lﬁ).
0

Finally, ¢ = o((kn/n)"/a /7, A ™MP I/ COYay 56 6 v satisfies n/[k, b8 199] =

O(1) for some a > Amin{p,1}/(2q). Since {I,,} is arbitrarily outside of I,, —

0o, we can choose [, — oo sufficiently fast and a to be sufficiently tiny such

that both n/[k,b012%] = O(1) and (n/k,) /= 1/ e/ G0, 0 hence

the size is Amin{p, 1}/(2¢). m



LEMMA A.9 Let {X;} be L,-NED on {F 1} with constants d;, sup;~; d; <
00, and coefficients ¥y, of size X > 0. Then {X,} satisfies the Ly-FE-NED

property
,

M%)

k,fl/Q

n

I (ur,un) — B | Ly (uy,us) | }

nyt—ln

< (dn,t X max ) ‘Ug,i — U1l X Pl.,

1<i<k—

for any q > 2 with constants a?n,t, SUp;>1 Jn,t = O((kn/n)l/rkglm) for
some T > q and coefficients ¢, .

Proof. Let 0 < uy < ug < 1, define v; := — Inwu; and define
Ingi(ui,ug) =1 (bpe —n < Xy <bpe’+n).
We will first show

2 .
E (In,t (ug,us) — E [In,t (u1,us) |F§4_'§ZD < Kd¥ (ug —uy) b;l’ﬁ?:n{p,l}/z.

Suppose p € (0, 1] and choose

_ 1 1/2
77 - (eU1 — eUg) bnlﬁln

e’ 1/2 e’ 1/2
N = (evl — 6”2) bnﬂl” and n, = <ev1 o bnﬂl" .

Use n; > n to deduce by an argument similar to Lemma A.8

2
B (Lng (uryu2) = B [T (wr,u2) |F 1)
< [Bu(bue™ =) = By (bue™ + )] + 77, /7
< [ (bne™ = my) = By (bne™ + )] + 207, /0P
—pu1 —pva —p
< Kb;PﬁZI/Q ( e B e ) + d{) <1> b,;p’ﬂf/2
’ eVt — ev2 n

v1 _ pv2\ P v1 _ pv2 ) P
(e ev?) (e ev?)

Y0 S — — b Py
(7 —en)
< K (uz — ur )P B0 )2
< Kd? (uz —uy) by, P9y 012
where the second to last line follows from 0 < @ < {uj,us} since
p p

and the last line exploits us — uy € (0,1) and p € (0, 1].

10



Now suppose p > 1 and choose

1 1/p 1/2
77 = <eU1 — e'l)2> bn/&ln

evl 1/2 evz 1/2
n = (e — e) by0,/? and n, = (e o L

such that 7, > 7 since ¥ > (e¥* — e¥2)(P~1)/P and

E (In,t (ur,u2) — E [In’t (u1,uz) ‘Fﬁﬁ:} )2

—pv2 —puv1 ]_ -1
< KbPo)/? R — N S
n (61)1 _ evz) P (eful _ 61)2) P evl — e¥2 n
<K x (2= L) xporgminte 112
= Aty u up n Vi,

< Kd) x (uz —wy) x b, P9 012,
The remainder of the proof simply mimics (A.7)-(A.8):
kfl/Q

In,i(un, uz) = B [jwl,t(U1,U2)|F§féZ] ‘2
< Kk;l/zdfm X (up — u1)1/2 y b;p/Qﬂ}‘ﬂiﬂ{p,l}/ﬁL

— (K(k7z/n)1/?”k;1/2df/2) X (’Ug _ u1)1/2 « (n/kn)1/rb;p/219;:in{p’1}/4
1/

:dvn’tx <u2_u1) 2Xg0ln7

where sup,> dn,¢ = O(kn *"*(ky, /n)Y/7) and o, = o((kp Jm) /4= 1/ry Amin{p1}/(2a)y
for some {i,,}, 1, — c0. m
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