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ABSTRACT

We develop new tail-trimmed M-estimation methods for heavy tailed Nonlinear AR-GARCH
models. Tail-trimming allows both identification of the true parameter and asymptotic normality
for nonlinear models with asymmetric errors. In heavy tailed cases the rate of convergence is
infinitesimally close to the highest possible amongst M-estimators for a particular loss function,
hence super- n'/2-convergence can be achieved in nonlinear AR models with infinite variance errors,
and arbitrarily near n'/2-convergence for GARCH with errors that have an infinite fourth moment.
We present a consistent estimator of the covariance matrix that permits classic inference without
knowledge of the rate of convergence, and explore asymptotic covariance and bootstrap mean-
squared-error methods for selecting trimming parameters. A simulation study shows the estimator
trumps existing ones for AR and GARCH models based on sharpness, approximate normality, rate
of convergence, and test accuracy. We then use the estimator to study asset returns data.

1. INTRODUCTION It is now widely accepted that log-returns of many macroeconomic
and financial time series are heavy tailed, asymmetrically distributed, and exhibit clustering of
large values. In broader contexts extremes are encountered in actuarial, meteorological, and
telecommunication network data (e.g. Leadbetter et al 1983, Engle and Ng 1993, Glosten et al
1993, Embrechts et al 1997, Finkenstéidt and Rootzén 2001). GARCH-type clustering alone implies
higher moments do not exist due to Pareto-like distribution tails (e.g. Basrak et al 2002, Cline
2007).

We develop new methods of robust M-estimation for stationary nonlinear AR(k)-GARCH(1,1):

(1) yr = f(z4, ") +uy, where u; = o4e

U? =9 (ut—17 O-tz—la 90) where 90 = [¢0I7ﬁ0/]/ .

The response functions f and g are known, the regressors are x; = [y1—1, ..., y1—k), and BO are
parameters unique to the volatility process. We assume there exists a unique 8° such that {ys, u, 07}
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is stationary and ergodic, and #° minimizes our criterion asymptotically. See Section 2 for parameter
space specifications and the identification condition. We are particularly interested in heavy tails in
the AR error E[u?] = oo, and if we estimate the GARCH parameter 3° then we allow the volatility
error Ele}] = oo. Our limit theory does not exploit independence in €;, hence (1) includes weak,
semi-strong and strong -GARCH.

Nonlinear GARCH(1,1) models have evolved in the literature as essential representations of the
above stylized traits, while retaining parsimony (e.g. Nelson 1991, Engle and Ng 1993, Glosten et al
1993, Engle and Rangle 2007). Examples of models allowed here are Asymmetric-, 8-, Quadratic-,
Spline-, and Smooth Transition-GARCH. Allowing additional GARCH lags, or regressors other
than lagged y;, is only a matter of notation. Similarly, lags of u; can be included in f for nonlinear
ARMA-GARCH with only added notation (e.g. Lee 2007).

In this paper we tail-trim a smooth loss function to obtain an asymptotically normal Tail-
Trimmed M-estimator for §° [TTME]. We treat as special cases Quasi-Maximum Tail-Trimmed
Likelihood [QMTTL] which reduces to Nonlinear Least Tail-Trimmed Squares [NLLTTS] and Least
Tail-Trimmed Squares [LTTS] depending on the model. See Section 2 for TTME and Section 3 for
QMTTL. There are far more cases of (1), trimming strategies and loss types than can be treated
here, so we focus on NLLTTS for nonlinear AR, and QMTTL for nonlinear GARCH. The reader
can use Sections 2 and 3 to support other loss, trimming approaches and extensions of (1), including
non-Gaussian ML and Whittle estimation.

In many cases we can show how model parameters, tail thickness and trimming parameters
impact efficiency, while negligibility implies trimming never effects the asymptotic covariance matrix
in thin tail cases. Fixed quantile methods by construction influence efficiency irrespective of higher
moments, and may cause bias due to asymmetry in the model (e.g. Ronchetti and Trojani 2001,
Ling 2005, 2007, Cizek 2008, Boudt and Croux 2010). See Section 4 for comparisons.

In the case of nonlinear AR with an iid infinite variance error u; we show super-/n-convergence
can arise where n is the sample size, while the rate is always o(nl/ 2) for pure strong-GARCH models
with E[e}] = oo. In all cases, however, if the level or volatility error is iid and heavy tailed the rate
is infinitesimally close to the highest possible rate by following simple trimming rules discussed in
Section 4, hence QMTTL converges faster than QML (cf. Hall and Yao 2003).

In Section 5 we show classic inference applies as long as self-normalization is used, a nice
convenience since tail thickness and the precise rate of convergence need never be known. We
complete the paper with simulation and empirical studies in Sections 6 and Section 7.

Choosing the trimming portion in practice is not transparent, in particular because the
literature almost exclusively focuses on fixed quantile methods for outlier robust estimation (see
Ollila et al 2002 and Agull6 et al 2008 for reviews). In Section 5 we therefore adapt asymptotic
covariance and bootstrap mean-squared-error methods to tail-trimming.

A complete theory of QML for nonlinear AR with a semi-strong GARCH error is only recently
available. Meitz and Saikkonen (2009), hereafter MS (2009), establish asymptotic normality
provided E|y;|*™* for some ¢ > 0, and E[e}] < oo. See also Straumann and Mikosch (2006).
QML theory for linear strong and semi-strong GARCH is developed in Lee and Hansen (1994),
Lumsdaine (1996), Ling (2007), Escanciano (2009), and Linton et al (2010) amongst many others,
while Jensen and Rahbek (2004) treat non-stationary GARCH. In all cases ¢; has a finite 4" to
16" moment to ensure asymptotic normality See especially Francq and Zakotan (2004).

Sensitivity of minimum distance estimators to large values is now substantially documented.
Consider Huber (1977), Rousseeuw (1984), Ronchetti and Trojani (2001), Rousseeuw et al (2004),
Cizek (2008), and Boudt and Croux (2010). In AR(k) models y; = Zle OQyr—i + uy if uy is iid
and E[u?] = oo then M-estimators are not asymptotically normal, although super-/n-convergence
is achieved due to a leverage effect. Davis et al (1992) show smooth M-estimators and LAD are
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n/* L(n)-convergent for some slowly varying function® L(n), e.g. L(n) = 1 when ¢, exhibits Paretian
tail decay with index x < 2. Conversely, although GARCH models have ARMA representations,
error-regressor feedback diminishes QML convergence below /n when E[e}] < oo (Hall and Yao
2003, Linton et al 2010). A class of Log-LAD estimators for strong and semi-strong GARCH are
V/n-convergent if E[e?] = 1 and In(e?) is symmetric (Peng and Yao 2003, Linton et al 2010), while
Whittle estimation for GARCH requires E[ef] < oo (Mikosch and Straumann 2002).

Outlier robust M-estimators like Least Trimmed Squares [LTS] and Maximum Trimmed
Likelihood are based on fixed quantile trimming or weighting of criterion equations or the data
itself. See Rousseeuw et al (2004) and Cizek (2008) for reviews. In the vast majority of cases
trimming is based on residual magnitudes, hence time series data with infinite variance are typically
not covered. Ronchetti and Trojani (2001) propose symmetric truncated GMM, but require the
true distribution for a simulation step that controls for bias. Peng and Yao (2004) prove asymptotic
normality for an M-estimator of a bounded nonparametric response with heavy tailed dependent
errors, while boundedness rules out AR-GARCH.

Our approach blends Generalized M-Estimation (see Mallows 1973) with tail-trimming for
location estimation (see Hahn et al 1991 and Hill 2011 for reference). In the former vein Boudt and
Croux (2010) truncate a non-Gaussian QML criterion by a fixed quantile for multivariate GARCH
models with elliptical errors. They only prove consistency and require a specification for the true
density. Ling (2005) establishes asymptotic normality for the Least Weighted Absolute Deviations
[LWAD)] estimator arg mingeq > wi|y: — ¢’z for linear AR(k) models where w; belongs to a general
weight class, although he only exemplifies the theory with a weight w; based on a truncation function
yr_i(c) :== |yr—i| if |yr—i|] < c and otherwise y;_;(c) = ¢ > 0. Only y/n-convergence can be achieved
since the weights work like fixed quantile trimming indicators. Ling (2007) uses the same technique
to estimate linear ARMA-GARCH models by Quasi-Maximum Weighted Likelihood [QMWL], but
requires Ele}] < oo for asymptotic normality since w; only operates on lagged y;_;. Ling’s only
detailed weight uses y;_;(c), thus only symmetric DGP’s are covered®, and while infinitely many
yr_1(c),yi_5(c), ... are required for GARCH models Ling does not explain how to compute w; in
practice. Further, QMWL is always less efficient than QML (Ling 2007: Section 4).

The QMTTL criterion for GARCH(1,1), by comparison, is based solely on ¢; if we know there
are GARCH effects, and otherwise on only €, y;—1 and y;—2. We only require E[e7] < oo, and
if Ele}] < oo then QMTTL is asymptotically equivalent to QML. In a simulation study we find
QMWL for GARCH is both non-normal when El[e}] = oo (supported also by theory), while LWAD
for AR and Log-LAD for GARCH are resilient to heavy tails in different degrees. Overall NLLTTS
and QMTTL trump each in sharpness, approximate normality and therefore inference.

We use the following notation conventions. The indicator function I(A) = 1 if A is true, and
otherwise I(A) = 0. wy is an arbitrary random variable. Apin(A4) and Apax(A) denote the minimum
and maximum eigenvalues of A. The L,-norm is |[z(|, = (}_; ; Elz; ;|")Y", l-matrix norm |z| :=
>_ij |@ij|, spectral norm |[Al[ = Amax(A’A)1/2. (2)4 := max{0,z}. K denotes a positive finite

constant whose value may change from line to line; ¢ > 0 is an arbitrarily tiny constant. 2> and <,
denote probability and distribution convergence. z, ~ a, denotes z,/a, — 1; x,, = o(a,) denotes
Zn/an — 0, and =, = op(a,) means z,/an 2. L(z) is a slowly varying [s.v.] function that may

change with the context. ¢ % (0,1) states € is iid with zero mean and unit variance.

*Slowly varying L(n) satisfies L(¢n)/L(n) — 1 as n — oo for any ¢ > 0 (Leadbetter et al 1983).
Constants and power transforms of the natural log are classic examples (e.g. a(In(n))’, a > 0, b > 0).

3Ling’s (2005, 2007) general theory clearly extends to nonlinear models like (1). Tt is not clear, however,
that his suggested symmetric weight applies in this case since it should render #° non-identifiable. Tail-
trimming, however, ensures identification asymptotically due to negligibility.



2. GENERALIZED TAIL-TRIMMED M-ESTIMATORS Define the total set of
variables z; = [y;, 7)), and assume each w; € {y;,us, 07} is stationary, ergodic, and E|w|* <
oo for some tiny ¢ > 0. The response functions are f : R¥ x ® - Rand g: R x Ry x © — Ry,
where & C RP and © C RY are compact parameter spaces, and all parameters are collected as 8 =
[¢',8'] € ©. Implicitly 8 € R~P are unique to the volatility process. There are k > 0 regressors x;
= [yt—1, .-, yt—k)’, and ¢ > p total parameters. The case p = k = 0 corresponds to a pure GARCH
model y; = u; = oy, hence 6 = 3, while k = 0 and p = 1 imply y = ¢° + o4€;. Similarly, ¢ = p
corresponds to a pure AR model with § = ¢. We assume at least one parameter ¢ > 1.
Define the level error

u(¢) =y — [ (21, 9),

and an iterated volatility process
(2) hi(8) = wo > 0 for t =0, and hy(0) = g (ug—1, e—1(0),0) for t =1,2, ...

where wp is not necessarily an element of #°. Assume g(u, h,6) is twice differentiable in (u, h,6),
and define h? () := (8/80)hy(0) and h??(0) := (9/90)hY(6). If volatility parameters are estimated
we require stationary and ergodic solutions {h}(6), hi?(0), h;%?(0)} where h;(0) solves (2), and
{R;%(0), h:e’e(Q)} solve related difference equations in MS (2009: eq.’s (9)-(10)). See Appendix A
for sufficient conditions and a proof based on Lipschitz type bounds on f, g and their derivatives
(cf. An and Huang 1996, Carrasco and Chen 2002, Francq and Zakoian 2006, MS 2009).

Denote the loss function I(z¢, §) > 0, assumed measurable, strictly convex and twice continuously
differentiable in 6. If volatility parameters 8 are estimated then h:(6) enters I(z, ), we assume
{(z,0) can be written [(z, ¢, ht(0)), and (2, ¢, h) is thrice differentiable in h. The third derivative
is required to show asymptotics can be based on derivatives evaluated with {h(6), h?(0), h;*?(0)}.
If loss is QML this reduces to assuming only twice differentiability of f(.,#) and g(u, h, 8) as in MS

(2009). See Appendix A.
2.1 TAIL-TRIMMED LOSS AND CRITERION

Asymptotics for smooth M-estimators are based on the first and second derivatives (e.g.
Amemiya 1985) which we call estimating and Jacobian equations:

my(6) := %l(ztﬁ) € R? and Gu(9) := %mt(e) € R4,
Hereafter we drop 6°: m; = mt(ﬁo) and so on.

If we negligibly trim [(z;,6) when a large m;.(6) or G;;(#) occurs, then a consistent and
asymptotically normal estimator of 6° is achievable. Since m,(6) and G¢(6) can be computed by
numerical approximation if an analytic expression does not exist, we assume the analyst has m.(6)
and G¢(0) in hand. If m.(6) and G(#) reduce to simple functions of random variables we may focus
trimming there, which is the topic of Section 3.

Denote left and right tail observations and their order statistics for any w;:

wt(_) = wd (wy < 0) and wgl_)) <. < wgzg >0

(+) >0

wi ™ = wl (wy > 0)  and wEH > 2 Wiy

1) =
The determination of large m;(f) and G;;(f) is made by intermediate order sequences
(B B Y and (6D KSD Ve i {ky . ko } denotes either then 1 < ki, + kop < 0, Ky —

1,i,m° V2in 1,4,5,m0 V2,4,5,n
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oo and k;.,, = o(n). See Leadbetter et al (1983) and Hahn et al (1991). Define indicator selection
functions assuming asymmetry

e 11n) b

0 =1 (m oy (6) < mas(®) < )<e>)

°1,i,5.n ’J(k27.]n

and a composite trimming indicator

> F(m (e F(m (e
L@ = T 0@ =< ] 15,0 =170) < 1),

1<i<q 1<i<j<q
where [, ;<< a Il(?)n t(@) removes redundant indicators due to symmetry of G;.
The sample is {y;}?__, to simplify notation since we condition on the first k£ + 1 observations,

and the initial value ho(e) = wp. The Tail-Trimmed M-estimator [TTME] therefore solves

0,, = arginf {% > i, 9)1;,,5(9)} :
t=1

0€®

If either m, ; or G, j; is known to be symmetric at zero then use, e.g.,

im 0):=1 <|m,-t( )| < m'® )(9)) where ml(»,ut) (0) :=|m;+(0)], ™ — 0o and k;l('z) = o(n).

i,m,t (k(M) 7,M

If Elm; t] or E|G; ;| is finite then it can be dropped from Int(ﬁ), including constant G ;. for
an 1ntercept in (1). Such cases discussed in Section 3 can lead to substantial simplifications for a
particular loss or model.

Each k,, represents the number of trimmed [(z;,6) due to large negative or positive m; ((0)
or G, ;(0). We require k,.,, — oo for asymptotic normality, while negligibility k;.,,/n — 0 ensures
identiﬁcation, and allows super-y/n-convergence for AR estimation. Yet choosing a complete policy
{k;1 i 2";)7” 5(5)] o kécj J ) in practice is an outstanding challenge with few avenues provided by
the hterature although in many cases the problem reduces to choosing one, or very few, sequences
{krn}, depending on the model and symmetry (see Sections 3 and 4). We adopt existing covariance
and bootstrap methods for fixed quantile problems to our needs in Section 5.

In order to identify #° and characterize the limit distribution of 6,,, we need trimming indicators
with non-random thresholds. If h:(0) enters into [(z,0) then let [*(2;,0) denote the loss evaluated

with the stationary solution h;(6), and similarly define functions of {h}(6), h:?(0), h;%?(0)}:

0

9,
mj (0) = 551" (2,0) €RT and Gi(0) := =

m; (0) € RY*9,
Although we do not express it, technically these derivatives exist a.s. at any point {6, z; }.

The selection indicators and trimmed equatlons here are based on positive non-random
threshold sequences {£; m)( 0),U m)( )} and {£” ) (0),U'D (9)}:

,m R0 7,7,

17)(0) = 1 (~£(0) < mi, () < Ul ®)

2,m,t ,Mm 1,m

15.0:0) =1 (=£{5.(0) < G2, 0) <U$,(6)

,5,M,t 27,1 2,7,1



and a composite indicator

L@ = T] 1000 < ] 1500 =150 < 1570)

1<i<q 1<i<j<q

/n and U, 7")(9) the upper k™

2,i,n

where, e.g., £™(0) is the lower &™)

in Lin /n quantiles:

(m) (m)
k ks
m) 1,i,n * (7rz) _ 2im
P (m (0) < —£! (9)) 0 and P (mm(G) > U (9)) S,
b (0) = 1(jmz, (6)] < €7 (9)) where the
positive sequence {C(m (0)} satisfies P(|mft( )| > C('" 9) = m)/
Thresholds {E('” @), U™ ()} and {£! Z/I(G (0)} exist for any choice of fractiles k.,

©,m T,M %7, n ©,5,Mn
since we assume m; t(9) and G7 ; (0) have smooth dlstrlbutlons and under a mixing condition the

Under symmetric trimming for m; (), e.g., we use I, (m

order statistics are consistent for the above thresholds, e.g. m k“”) 0)/U; m)( 6) 2 1 uniformly

on O. See Lemma C.2 in the supplementary Appendix C followmg the main paper below.
Now define deterministically tail-trimmed equations

my, 1(0) == mi(0)1;,(0) and G, ,(0) = GF(0)1;,(0),

and long run covariance and Jacobian matrices:

n

(3) Su(0) = = 3" E [mi ,(0)m;, ,(8)] and Ga(6) := E [G5,(60)]

n s,t=1

We scale S,,(f) by 1/n to make clear in Section 4 how the rate of convergence compares to n'/2.
The identification condition is

E [m}, ,(0)] — 0 if and only if 6= 6" a unique interior point of ©.

Notice we do not explicitly require E[m}] = 0, allowing for very heavy tails in some cases. A simple
example is a stationary AR(1) y¢+ = ¢yr—1 + u¢ with an iid symmetric us, and least squares m; =

wyi—1: E[m? ] = 0 even if Flus| = co. Nevertheless, for a pure GARCH model and QML loss m}
= (e - 1)h9* /h¥ is in general asymmetric, so we can only say E[m n *.] — 0. Since by dominated
convergence E[m, ] — E[m}] at least E[ef] < oo must hold for E[m}, ;] — 0. See Section 3.

2.2 MAIN RESULTS

All assumptions are detailed in Appendix A, covering distribution smoothness and tails (D),
bounds for fractiles k! (F), identification (I), loss smoothness (L), mixing (MX), smoothness of

,4,m

E[m;, ,(0)] (MS), non-degeneracy of tail trimmed matrices (N), response bounds and smoothness
(RB) and (RS) required for a stationary solution, and stationarity and moments of {y;,us, 07}
(STM). Proofs of the main results are presented in Appendix B.

In order to show ,, — 6° is approximated by n—/2S,,*/? Zt 1{m — E[m;, ]} for asymptotic
normality, we must have Jacobian consistency 1/n> Gt(QH)In +(0 ) Gn % (1 + 0p(1)) which
requires 0,, 2 6° from first principles.

THEOREM 2.1 (consistency). Under Assumptions D, F, I, L, MS, MX, N, RB, RS and
STM 6,, 2 6°.



Remark 1: Response bounds RB and smoothness under RB are imposed to ensure stationary
solutions {h}(0),h:%(0), h; 0’0(9)} exist, which we require only if volatility parameters [ are
estimated.

Remark 2: Consistency requires all assumptions, and in general more assumptions than
imposed in Straumann and Mikosch (2006) and MS (2009). This is due to nonlinearities induced
by trimming: we require a first order condition under tail-trimming and loss smoothness allows for
almost sure criterion differentiability at 97“ we require a UCLT to relate I, +(0) to I,4+(0) and a
ULLN on mj, ;(0) to prove consistency, and both rely on mixing and smoothness properties. It does
not appear to be possible to prove consistency under weaker conditions.

THEOREM 2.2 (normality). Under Assumptions D, F, I, L, MS, MX, N, RB, RS and
STM VY, — 6°) 5 N (0,1,) where the scale is V,(6) := nGy(0)'S:1(0)Gn (6).

Remark 1: Although V,, = ng.S,,; LG, we cannot conclude the rate is n since in the
presence of heavy tails ||S,|| — oo and/or ||G,|| — oo are possible. This implies heterogeneous

1/2

rates Vl im — 00 below, at, or above n'/2 are possible depending on error-regressor feedback. See
Section 4.
Remark 2: The covariance S,, captures the pure damage to estimation accuracy due to

heavy tailed loss directional changes m; ;. Under heavy tails m;(6) := (9/00)l(2:,6) exhibits large
fluctuations, making a sharp estimate of 6° more difficult. Since my is a function of u; in general,
we call S,, the "extreme error" effect.

Remark 3: Although large estimating equations m; hamper sharp estimation of 6°, large
Jacobian equations Gy := (9/00)m.(6)|go may reveal leverage points. Consider least squares [LS]
loss for an AR(1) y; = 0°y;_1 + wy with iid we. Then my = usy—1 and Gy = —y? ;. Extreme errors
u; and regressors y;_1 both show up as extreme m;. Since a large m; does not reveal the source of
the extreme we have an extreme error effect. The Jacobian equation G¢, however, captures leverage
points in the design [y1, ..., yn)’. This is not always the case: a pure GARCH model estimated with
QML only has an error effect due to scaling. Nevertheless, we call G,, the "leverage effect".

Remark 4:  If each E|m;+|>™ < oo and E|G; ;| < oo then by dominated convergence®

- -1
Gl S G, — E[Gy] (E [mymy] + 2ZE [m1m2+1]> E[Gy] =:G'S7'G = V.

=1

The inverse V™! is the classic asymptotic covariance matrix, hence trimming has no impact

asymptotically on efficiency under thin tails: n*/2(6,, — 6°) 4N (0,Vv71h).

In the case of heavy tails it is impossible to identify unique "rates of convergence" and an
"asymptotic covariance" from V,, without first specifying a loss function, error dependence and
trimming fractiles. We fully treat this topic in Section 4.

3. QUASI-MAXIMUM TAIL-TRIMMED LIKELIHOOD If we entertain a particular
loss [(z¢,0) and version of (1) then we can focus trimming on the source of extremes. Indeed, under
QML loss trimming can be simplified, and if an error is iid then we can decompose the scale V,, into
components representing an asymptotic covariance matrix and rates of convergence. We therefore
restrict attention to I(z¢,0) = Inh(0) + (y; — f(xs, 8))?/he(6), hence Assumption L holds.

*Geometric B-mixing and E|m; +|*>T" < oo ensure ||S|| < oo (cf. Thragimov 1962). Under independence we
only need E[m?yt] < 00, in which case & = E[mimy]. See Appendix A for mixing details under Assumption
MX.
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Throughout, if w;(6) is a symmetric matrix on R7*? then I (0) = [licicj<q ™) (6) where

n,t ,7,m,t

1040 =1 () O <0300 <0 ©)),

1,5, ( 1,1'1]',”) ivjv(kgy»;,]'yn

and if w; ;¢ (0) is symmetric then fl(lj”)nt(H) = I(Jw; j,:(0)] < wfj)(k(u;)n)(@) If w} (0) is the stationary

version we write

52 0) = 0O 0) = wi0) T] 1(=£09.0) < iy, 0) <UlL0)).

1<i<j<q

w

3.1 NONLINEAR AUTOREGRESSIONS
We first treat a nonlinear AR(k) model

ye = f(z1,¢°) + uz, where z, € R¥, ¢ € RP, F |uy| < o0, E|fi(ff)| < oo and F [ug|z] = 0.

Define u: () = yr — fi(¢), () = (9/00)f: (¢) and [{**(¢) := (0?/060¢') f1(¢). The TTME
minimizes 1/n Y 1 u?(¢)l,+(¢), but we know extremes in my (¢) = (@) £ (¢) and Gy (¢) =
(8/8¢){us(9) f7 ()} arise from uy (¢), f7(¢) and f7?(¢). We therefore define the Nonlinear Least
Tail-Trimmed Squares [NLLTTS] estimator

PED nis

$,, = argmin {1 S w2 ()1 ()19, (9) it <¢>} .

In the same sense that TTME asymptotics are based on my, , = m¢l};, and G}, = Gl ,, for
NLLTTS we work with

o 1
m ) and Sn = E Z E [m;,ﬁﬁl;;l,t]

]
UV U
i,M - un,tfi,mt x In,t

b, b
p= el = I x 1) s )

n,t n,t n,t

. ) )
Gt = O g0 1 )

%,5,m,0 i,n,td jn,t n,tin,t

ol f00, < 1Y) and G, =B [é;yt} .

iyjmt

Notice E[mn},, ;] — 0 by dominated convergence given E [u¢|z;] = 0 and E| fi(ff)| < o0. Yet in general

uy, ; is not a martingale difference due to trimming, and ffb"b*

i,3,m,t

E| f,‘f”; f:ff’] need not hold. If u; is independent of z; then Elus| < oo and E| ft-(ff)| < 0o can be
relaxed and both S,, and G, greatly simplify. See Example 1, below.

may not be integrable, so G, ~ —

THEOREM 3.1 (NLLTTS).  Under D, F, I, MS, MX, N, RS.i and STM VY/*(¢, — ¢°) %

N(0, I,) where Vo = nG 871G

Remark: Relating the TTME scale V,, = nG,,’S;;1G,, to the NLLTTS scale Vn is intractable
for finite n due to the different trimming mechanisms, and rather technical if we take n — oo in
the case of heavy tails. We therefore omit any such comparison here.
EXAMPLE 1 (NLLTTS, iid symmetric u;): If u; is iidd and symmetric at zero then
symmetric trimming by u; is appropriate. Write uga)(qS) := |u(¢)| and define f,(Lut) (¢) = I(|ue(9)]

<t (8) and I.7(6) = I(ju(9)| < Ci(9)), where P(juy(9)] > Ci(9)) = kil /n.



Independence implies E[u;, ,|S¢—1] = Elu;, ;] = 0 for any £ hence Elu| = oo and E|fi(7f)|

4 o
= oo are allowed. Assumption I therefore holds, and S,, = E[ 2 x BIfSfoiT ,(Lt )] and G, =
E[f, O (r? )] Notice whether {I I(f )} and {I,L P (f )} are based on symmetric or

n,t nt n,t nt nt
asymmetric trimming is immaterial since E[ri, w.t) = 0 due to Elu n,t|\$t*1] = 0.
Asymptotics mirror the classic NLLS result (e.g. Amemiya 1985). Under Assumptions D, F,

MS, MX, N, and STM

w72 (Blu2)) ™ (B [ h 7)) < (80— 0%) £ N0,

f¢ »®)

Notice each f f;bt fd))I,(Lft is trimmed by the same compound I )I( , but

2 ) b, ¢
B [f82107) (1~ T 1015
?)
I:f:bf‘[l];, ti|

o B[ ) = el < 1 -

is proportional to E[f¢2l(f )

i Lim 1] due to negligibility and dominated convergence. Thus,

nl/2 (E[u;?t])_l/z X ([ <fl mt f it _]({Ld)t>:| e 1)1/2 X (&n*fﬁO) iN(O,Ip).

Geometric ergodicity and therefore Assumption MX hold under bounds like RB.i if the error
has a smooth distribution, covering Logistic AR, Semi-Parametric AR, Threshold AR with a known
threshold, and Smooth Transition AR. See An and Huang (1996), Meitz and Saikkonen (2008) and
their references.

EXAMPLE 2 (AR, iid symmetric u;): The AR model is

p
(5) yo =+ ZC?yt—z‘ +up = ¢V +
i=1

with roots outside the unit circle. Let u; be iid, zero symmetric, with an absolutely continuous
distribution, and power-law tail

(6) P(Jug| >u) =du" (1+0(1)),d >0, k € (0,2],

hence variance is infinite.

Since ff)t(¢)) =1, ff’ﬂt(d)) = y;—; is symmetric, and fl g) t(qS) = 0, symmetric trimming is based
entirely on u;(¢) and y;—; with indicators I,(m( ¢) = I(|ue(9)] < u§:2u>)(¢)) and Li’?t = I(|ye—il
< yé:iy))). Similarly 1) (¢) : = I(jui(¢) < C”(¢)) and 1LY, == I(jy,—i| < C*). The Least
Tail-Trimmed Squares [LTTS] estimator therefore solves

. 1 & "
b, = argmin & — > (g, — ') * 1\ () I -
S
The conditions in Theorem 3.1 hold, although we must impose fractile bound F.

COROLLARY 3.2 (LTTS).  Let (5), (6) and Assumption F hold. Then n/*(E[u;2])~1/?
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x (Elap iy )V? x (6 = 6°) 5 N(O. ).
3.2 NONLINEAR SEMI-STRONG GARCH
Let 8¢ := o(yr : 7 < t). The semi-strong nonlinear GARCH(1,1) model is

(7) Yt = Ot€¢, Ut2 = g(yt—ho_?—laﬁo)a where ﬁ € Rqa and {etagt} and {Ef - 17%t} are mds’s.

Write the error €2(8) := y2/hi(8), score s4(8) == h; 1 (B) x kY (B), and s/ (B) := (0/0B)s: (). The

equations are

U(B,2) = Inhy (B) + € (B)

me (8) = (¢ (8) = 1) s (8) and G¢(B) = (& (B) = 1) 57 (8) — € (B)s¢ (B) s (8)'-

Unless it is known that e, is symmetric, or s; +(5) > 0 or 5Z J, +(8) > 0 a.s., then asymmetric trimming
is required. The QMTTL estimator [QMTTLE] solves

B, = argmin {Z {Inhe (8) + & (B)} IUB) x 1) (8) x 1)) w)} ,

peB (=1

where B is a compact subset of R?. Write us(3) := €2(3) — 1, and define the Jacobian and long-run
covariance:

(8) i (B) = w(BILNB) x 55, (8) x I8 (B), S (B) =~ . E iy, (8)1ivs, (8)']

G (8) = B [u( DTN x 535, (8) < 15 (8)] — B[22 (8 sy (B) 52y (8) < 15 (5)]

Similar to Theorem 3.1, unless ¢; is iid we cannot in general deduce G, ~ —FEls}, ;5 ,].

THEOREM 3.3 (QMTTL). Let Assumptions D, F, I, MS MX, N, RB.ii-w, RS.% and STM
hold for (7). Then Vl/Q(ﬁ -89 KA N(0,1,), where V,, = nG., 871G

If ¢ X (O 1) then we can always assume all fractiles k., satisfy Efu I,(L ,)5] =

o((max{1, [|E[s25 1)1 1) and Eu )] = o(n=Y2||Els, 53,15, ][|71/2), similar to Assump-
tion I. Further, trlmmlng negligibility implies E[u Ifft] E[( 2 — 1)%], while E[(e% — 1)%] =

Elet] — 2Ele nt] + 1 ~ Elei4] — 1 since E[et] = 1. Finally, the logic of (4) applies here:
Els *ZI,(LEEI,(; )] ~ EleX ts*zlf;z ¢J. The QMTTL scale therefore satisfies

o 1 q
Y ~ e [E( J9) g 1) )} .
"Blei] -1 e X Stline)|

EXAMPLE 3 (Linear Strong-GARCH): The model is 02 = 39 + %2 | + B302 ,, where

B) >0, 69,63 >0, and E[In(83 4+ £3€?)] < 0 to ensure stationarity (Nelson 1990). Assume e; s
(0,1) is symmetric Wlth an absolutely continuous distribution, and if E[e}] = oo then €+ has tail (6)

with index k. € (2,4] as in Hall and Yao (2003). In general E[s; '] < oo and E[(s” )2 < oo for
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tiny ¢ > 0 if there are GARCH effects 35 + 9 > 0 (e.g. Francq and Zakoian 2004), in which case
we do not need to trim by these elements: I,, ;(8) = I, e )(B) and the QMTTLE solves

n,t

=

BeB

= argmin {Z (Inh: (B) + € (B)) A(fi(ﬁ)} .
t=1

The non-GARCH case 68 + 6g =0 implies 5, and 5?) ;,+ are constants or proportional to powers
of €1 and ¢ _o (e.g. 5; = (B))7'[1,e 1,60]), so we need to trim by €, y;—1 and y;_o. In this
case I, +(B) = I,S%(B)I W) where 1) = Ifyn t12 ‘¢ and I(y)t = I(|ye—i| < y(“) ). If we trim with

n,t n,t in (y))

I, +(B8) = f () (B, (yt) and there are GARCH effects 59 + 43 > 0, then by dominated convergence

and error 1ndependence i ot ) has no impact on the scale asymptotically.

All conditions are essentially trivial as in the linear AR case.

COROLLARY 3.4 (Strong-GARCH). Assumptions D, I, L, MS, MX, N, RB.ii-iv, RS.ii
and STM hold.

i. Assume there are GARCH effects 59 + 33 > 0. If I, +(8) = IA,(f,)g(ﬁ) or I, +(B) = f,(f,)g(ﬁ)f 7
Vo ~ n(Ele;t ] —1)7" x Els;sy].

ii. Assume there are no GARCH effects 85 + 85 = 0. If I,..+(8) = fffg(ﬁ) A,(lyt) then Vy ~ n(E[e;,
] -1~ x Eiﬁi‘l,tﬁfﬂt]-

Ling’s (2007) QMWL criterion Y i w{lnh(8) + y?/h(8)} has a weight wy =
w(Yt—1,Yt—2,...) based on infinitely many variables if the model is GARCH, although w; =
w(Ys—1,...,Y¢—p) in the ARCH(p) case. Ling proposes such a weight to robustify against heavy
tails in y;, but not in €, hence Ele}] < oo must hold for asymptotic normality, and he does not
show how to compute w(ys—1,yt—2,...) in practice. QMTTL then has two advantages: there are at
most three objects €2, y;_1 and y;_o to base trimming on, and we only require E[e7] < oo. As it
turns out this requires a substantially different weak limit theory because ¢; is not observed.

3.4 AR-GARCH

The last Case we consider is AR-GARCH: y; = ¢ + Z 1{ Yi—i + U = ¢ Tt + up where ug
= 046, and 07 = BY + Bou? | + BS0? ;. Assume the AR roots are outside the unit circle, £ >

0, 62,63 (0,1), and ¢ i (0,1) satisfies Example 3. The only source of extremes is ¢; and y;—;,
exactly as in AR and pure GARCH. The QMTTLE therefore solves

= argmin {Z <ln h(0 %) I 2(9)]( t)} .

geB | =

= I(|lyi—i| < y(k()y))) If we allow for no effects 89 = 33 = 0 then

by exploiting the logic from Example 3 it can be shown I =112, i l n . suffices. Further, although

where I(Lt) =TT I(gzt and ¥

znt

laborious to show the scale V, is block diagonal, and the block associated with GARCH parameters
B has the same form as in the pure-GARCH case (cf. Francq and Zakotan 2004). Stationarity
is shown in Lee (2007), Ling (2007) and Meitz and Saikkonen (2008) amongst others, while Cline
(2007) details power law properties.

4. RATES OF CONVERGENCE AND ASYMPTOTIC COVARIANCE The fo-
cused trimming of NLLTTS and QMTTL lends itself to elegant characterizations of convergence
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rates and asymptotic covariances. If any diagonal matrix N,, € Rixq with elements N;, — oo
satisfies V := lim,, 0 f)n x N-1 € (0,00) we call /\/;IT/L2 the rate of convergence® of 91‘,7“ and V the

inverted asymptotic covariance matrix. Characterizing unique N ,, and f), however, is impossible
without loss and response function specifications, and even then they depend upon a trimming pol-
icy. We therefore focus on nonlinear AR and GARCH, and symmetrically trim to reduce notation.

4.1 NLLTTS RATE OF CONVERGENCE
By Example 1 when y; = f(at,¢) + u with iid us then

. s nlelr =)
i,8,m /2
(B [ (juel < c)])

Assume u; and stochastic ff . have power law tails (6) with indices k,,%; > 0 and d,,d; > 0.

Karamata’s Theorem implies for some s.v. function L(-) each wy € {uy, ff’ + } satisfies

Ky

(10) E [wf](|wt| < c)] ~ oo .

AP (Jwg| >¢) if Ky €(0,2)

E [wiI (Jwy| < ¢)] ~ L(c) if Ky =2,
and by construction

(11) CID = d™ (kDY and € = dY/ e (n /K R

i,n

The case of non-stochastic fft and stochastic fft with k; > 2 are identical, so assume ff’t is
stochastic. Together (9)-(11) characterize VM2 if k; < 2 and Ky, < 2, for example, then

i,1,n"

. .
o1z 12\ Rin — fi (2 — Ru 0

(12) yi2 o pt/ (n/kiy, ) /e X (2 ) A
ivin (n/k§) Y/ mu=1/2 K (2 = K;) 4"

Independent errors u; with an infinite variance have a purely adverse affect, so maximal trimming
by u; should be imposed by optimizing k;,(Lu ) & . Conversely, regressors have a pure leverage

P .
effect, so minimal trimming by ff , is optimal, hence slow kl(];) — 00. The upper-bound S

Kn'/% follows by setting kY ~ Kn and kl(ij) ~ K, outside their allowed bounds for &k, = o(n)
and k,, — oo.

Thus, we can never do better than the fastest rate n'/% amongst M-estimators (see Davis et
(w) p(F%)

no oy Vin

al 1992), but we can come close. Since any {k } effects the rate and covariance, consider a

simple class that permits identification of both: for each w; € {uy, ff .} assume

EC) o Al o i) is not a function of Ay, € (0,1), b — 00, 1 < b™) < n, b®) = o(n).
n n n n

n n

Thus, A, captures scale in &t} — oo while b} — oo is scaleless. Examples are b5 € {In(n),
¢
n/In(n), n%} where d,, € (0,1). The policy {bS?’,bEﬁ; )} = {n/In(n),In(n)}, for example, elevates

%Since V“n may be heterogeneous, linear combinations X@n may have different rates that can be
exploited for efficiency gains, an issue we do not treat. See Antoine and Renault (2010).
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error and diminishes regressor trimming, and if x,, < 2 and ; < 2 then from (12)

o 1/ki K (2 — K ) 1/2 dl/"iz )\l/nufl/Z .
] 12 0 (2= rm) )T _ N2
@) Vi~ Ty G @ =y LT AT Nin2 x Vil (k,d,N)

say. Trimming by u; at a rate nearly equal to a fixed quantile A\,n/In(n) < A,n and diminishing
regressor trimming almost to nothing, i.e. slowly varying \,In(n), ensures the rate /\/;IT/L2 =
n!/% /L(n) is infinitesimally close to n'/%. We believe this is a first in the literature: asymptotic
normality and (nearly) the highest possible rate. Obviously similar results are obtained if any s.v.
functions are used in place of In(n).
_ Heavier tailed regressors ; “\, 0 and/or d; /" oo are associated with greater efficiency
Vi il(n, d,A) \, 0. The same applies for thin tailed errors x; /* 2 and/or d; \, 0. Minimal regressor
trimming by scale \; \, 0 or elevated error trimming in the sense of large )\, optimizes efficiency®.
EXAMPLE 4 (AR and LTTS Rate): Consider the AR model of Example 2. Since we can
write yp = p + Y oo Ysue—; where 1; = O(p") and p € (0, 1), both u; and y, have tail index x, and
y; has scale dy = du (> o, |1;|") (e.g. Brockwell and Cline 1985). Stationary regressors y;_; are
all assigned the same fractile £, and put k%" = [Ayn/In(n)] and EY = Ay In(n)].

The constant term cannot provide leverage by scale formula (9), hence ‘2’1;” = 0,(n'/?) when
the error has an infinite variance x < 2. However, if k < 2 then by (13)

1/k
nl/n

14 ]")1/2 . K Au 1/k=1/2 _arl/2 ]")1/2 1
(14) 1+4,1+in ™ L(n) X Z Wj} )\_y =Niyin X Vitingti t=14-5D,
3=0

where small A\, and large )\, are optimal.
4.2 ASYMPTOTIC VARIANCES: LTTS, OLS, LWAD
We now compare LTTS to OLS and LWAD for AR(1) y; = ¢dyi—1 + ue, |¢| < 1. Denote by U

any asymptotic variance, e.g. U := V=1, Assume wu, is iid with power law tail (6) and index x >
0, and consider {k,g“), kS}’)} ~ {Ayn/In(n), Ay In(n)}. Then by (14)

B = Vrrrs = Vrrrs (A r,0) = (1 67" x (\y/A)" 7 if k€ (0,2), and 1 — ¢? if 5 > 2.

The case k = 2 can similarly be deduced from (9)-(10). Trivially U\, 0 as |¢| ,/ 1, identical to LS in
the finite variance case, and 2 \, 0 as regressor trimming is diminished A, \, 0. Further, efficiency
improves U \, 0 for heavier tails x \, 0 as long as \,/\, > (1 — |¢]7)? x |p[2R11"(A=181)7" We
already bias trimming toward the error, but since the right hand side is bounded from above by 1
for all |¢| < 1, if we further bias trimming A, > A, then greater error volatility leads to improved
efficiency. This follows since large u; lead to large future leverage points yi;.

By comparison, if 5 < 2 the least squares estimator n'/* x ((ES,LLS - 9) <, (1 —¢%) x (1 —
|p|%)~1/% x S1/Sy where (Sp,S;) are unit scale independent stable laws with indices (k/2, %), S}
is symmetric and Sy > 0 a.s. (Davis and Resnick 1986: Example 5.3). Thus

Vs (k,¢) = (1-¢>)" /(1 —|¢") ifr e (0,2).

Since LTTS trimming ensures standard asymptotics, the scale U g is more akin to LS for finite
variance u; than to LS for infinite variance u;.

bClearly A / co drives V;il (k,d, X) \, 0, but this is ruled out since 1 < kM < n must hold.
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Now consider Ling’s (2005) LWAD estimator argminscq{> ;" w¢|ut(¢)[} and let f(u) denote
the density of u;, assumed differentiable and §(0) > 0 (Ling 2005: p. 383). Then similar to Corollary
1 of Davis and Dunsmuir (1997)

1 Efw(c)y; ]
4(0)* (E [we () y21])*

As trimming is diminished ¢ — oo then 0 = O(1) x (4§ (0))72 x (E[yi_1I(Jyi—1] < )] — 2=%)~L
See Ling (2005: p. 384). Larger c are associated with smaller U, but only in the limit. Ling does
not characterize the O (1) term, nor U for fized ¢, the only case considered. This highlights another
advantage of LTTS: since our thresholds C, — oo as n — oo, we obtain an elegant asymptotic
variance expression.

4.3 STRONG-GARCH

Assume ,82 + ,80 > 0; the case of no GARCH effects being similar. By Corollary 3.4 the

QMTTL scale is Vlfn ~ nl/z(E[ejft — 1)~ Y¥(E [s7 tt])l/z = O(n'/?). The QMTTLE is never
Super—n1/2—convergent due to scaling in the QML criterion, and is o,(n'/?) if Efe}] = oo, hence

maximum error trimming is optimal. By Lyapunov’s inequality and (10), if k. € (2,4) then

(e) 2/ke—1/2 4 1/2
Vido ~n'l (H” ) x {(E[r:?t])”2 (—_ “6> d;l/"”e} N2 DM,
i . , -

Set k' = [An/L(n)] to obtain ML = n'/2/L(n) and V' = (Bls?,)) (k/4 —
ke))de/ " AT@/Re=D By (12) if k. = 4 then V}/% ~ n'/2/L(n). Hall and Yao (2003) show the

QML rate is n'~2/%< /L(n) < J\/”/L for any k. € (2, 4], with strict inequality if k. < 4. The rate ex-
tends to Ling’s (2007) QMWL since his weighting mechanism does not affect ;. Thus QMTTL has
the plural advantages of allowing k. € (2, 4], while obtaining asymptotic normality and achieving
a greater rate than QML and QMWL when x. € (2,4).

An estimator comparable to QMTTL is Log-LAD since it only requires F[e?] = 1 and symmetric

In(e?) for asymptotic normality, and is n'/2-convergent (Peng and Yao 2003: Theorem 1).

‘D = ‘DLAWD (C) =

5. INFERENCE AND FRACTILE SELECTION A natural estimator of the TTME
scale V,, = nG!, 8, 1G, is

Vi = Va(Bn) = 16,y (82)S, ! (0)Gn(B) where Gu(8) =~ Gr(0)1,.4(6)-

Clearly V, is used for inference (see Section 5.1), but we also propose a covariance determinant
method for selecting the fractiles k,, (see Section 5.2).

Unless the trimmed equations mj, , are uncorrelated, a convenient way to estimate the
covariance S, uses a kernel weight to ensure positive definiteness with probability one (Newey
and West 1987): for some integrable kernel function K(z) and bandwidth v,, — oo as n — oo

= % i K((s—=1) /v,) 1 S(e)mnyt(e)/ where mmt(e) = mt(e)jn,t(9)~

s,t=1

Notice é\n(ﬁ) and §n(9) are trimmed by the composite f,L7t(9). This is required to generate consistent
estimators of G,, and S,,, while the latter involve composite trimming due to the TTME criterion
construction 1/n Y | 1(z,0)1,.(0).
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Define Fourier coefficients w(¢) := (2m)~! [0 K(z)e""dz < oc.
THEOREM 5.1. Assume K(-) is continuous at O and all but a finite number of points, K :
R — [-1,1], K(0) = 1, K(z) = K(-z) Vz € R, [*_|K(z)|dz < oo, and [ |w(£)|dé < oco}. Let
Dot 1K((s = 8)/7n)] = o(n?), maxi<o<n 34y K ((S —1)/7,) = o(n) and bandwldth Tn = o(n).
Under D, F, I, L, MS, MX, N, RB, RS and STM V,, = V,(1 + op(1)).

Remark 1: Applicable kernels include Bartlett, Parzen, Quadratic Spectral, Tukey-Hanning
and others. See de Jong and Davidson (2000).
Remark 2: Notice V,, = V(1 + 0,(1)) only reduces to V, = V, + op(1) in the finite

variance case. The former still implies V,; 1wy, 4 I,, which has the important implication that
classic inference is available without knowing the true rate of convergence, nor even if trimming is
required.

Remark 3: HAC consistency exploits the Theorem 2.2 rate Vi/> (9 — 0") = 0,(1) by the
proofs of Lemma B.8 and C.3 in Appendix C. Any consistent plug-in V,/ (0, — 0°) = 0,(1) can
therefore be used, which is helpful for V,,-based fractile selection methods: see below.

Now consider QML loss. If u; is ud in a nonhnear AR, then by Theorem 4.1 and Example 1 a
natural estimator of V”n ~ nE[f 1 n tf t J n, t]/E[ (DSARE

-1
]}i,j,n VJ 'n (25 ( Z ¢n ) X f¢t(¢7L) ¢n ) ( Zut Ir(zut n)) :

A linear AR has ffb(qﬁ) =z := [1,Y—1,...,Yt—p) hence

-1
(15) ]}Jn*V,Jn ( Zyt ’LG)tyt JIJ(IL)t> ( Z“t r(Lu )> .

As above, any consistent plug-in V52 (¢, — ¢°) = O,(1) may be used.

COROLLARY 5.2. Let uy be #id. Under D, F, I, MS, MX, N, RS and STM f/n = Dn(l +
op(1)).

Scale estimation for QMTTL for GARCH is essentially identical in lieu of the form. If ,88 + ﬁg
> 0, for example, then by Corollary 4.4 the appropriate estimator is

(16) n< Zas;) ( iemﬁf:z(@n)l) ,

where 8, := ki 1(3,,)h7 (B,,), with initial values ho(8) = 3, and h5(8) = [1,0,0]".
5.1 Inference

A Wald statistic naturally follows for a test of parameter restrictions R(8) = 0 where R : RY
— R7 and J > 1. Assume R is differentiable with a gradient D(#) = (9/00) R(6) that is continuous,
differentiable and has full column rank. The statistic is

W = R(0,)' (D(0.)V; " (0,)D(, )’)AR(@n).

Use Theorems 2.2 and 5.1 to deduce W, - x2(J) under the null, and if R(A°) # 0 then W,, 2 oc.
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The proof of Theorem 2.1 shows the first order condition is 1/n 31 m(0,)1,.+(6,) = 0 a.s.
which naturally suggests a score test. A Lagrange Multiplier statistic based on the tail-trimmed
e ~C ~C
score 1/n Y 1 m¢(6,)1,,:(0,) and constrained estimator 6,, can similarly be constructed.

5.2 Fractile Selection

A variety of covariance methods have been proposed for outlier robust estimation, including
Minimum Covariance Determinant (e.g. Rousseeuw 1984, Rousseeuw et al 2004, Agullé et al 2008),
sign and rank methods (e.g. Ollila et al 2002), and bootstrap covariance for trimmed means (Léger
and Romano 1990). We adopt asymptotic covariance and small sample bootstrap mean-squared-
error methods for our purposes, while space constraints force us to leave deeper theory issues aside.

We focus ideas on LTTS for AR with iid u; and index £ > 0, and the choice of A := [Ay, A,/

€ (0,00)2 for {kM, Y} = {[Aun/In(n)], Ay In(n)]}. Write V,, in (15) as V,()) to reflect A.

Psuedo-MCD Define the normalized covariance determinant on compact A C (0, 00)%:
._ -1 -1
dy (V) = det V' (A)/ max {det Vs ()\)} e [0,1].

In practice LTTS, OLS and LAD are all valid choices as a plug-in &n for computing 1>n()\), in
particular since the latter two satisfy vy 2(\) x (¢, — ¢°) 2 0 in the infinite variance case.

If k < 2 then V;'()\) is proportional to (A\y/A.)?*~* by (14) and Corollary 5.2, in which
case minimizing d,(\) always leads to a corner solution, a dilemma that applies to all processes
studied in Section 4. But the improvement in d,,(A) by increasing A, and decreasing A, diminishes
precipitously, as shown in Figure 1. We plot a typical d,, () for an AR(2) v = .2 + .8y:—1 — 3ys—o
+ g, ug is iid Pareto with index k = 1.5, we use a least squares plug-in for ﬁ,z()\), and n = 100.
In simulation experiments essentially any A, € [.05,.25] and A, € [.10,1.5], corresponding to where
dn(\) flattens out, leads to a sharp and approximately normal estimator, even for n = 100 (see
Section 6). If k > 2 then V, is not affected by A, so a small sample technique is preferred.

Boostrap-MSE The statistic ]A/,,L()\) estimates the asymptotic scale f),,z()\), while the latter
does not reveal possible small sample bias due to trimming, and is not affected by A as n — oo when
k > 2. A better method may be to approximate the small sample mean-squared-error F[(¢,, —
°) (b, — ¢°)]. Let {(ES,,.,”()\) Rn. be a sequence of bootstrap LTTS estimates computed with A, use

any consistent ¢,, as plug-in for ¢°, and define M,,(\) := 1/R,, Zle@r,n@) —4,) X ((E),_n()\) -
#,)". See Gongalves and White (2005) for background theory. Any valid norm may be minimized
on A, including the matrix norm || M, (\)||. In Figure 2 we plot |[M, ()\)|| for the same AR(2)
sample, based on R,, = n bootstrap draws with replacement, and sub-sample size n/2 = 507. The
minimizing (A, Ay) are A, = .15 and A\, = .45, roughly aligning with where d,,(\) flattens. In

Section 6 we show ||M,,(\)| leads to a sharp, and approximately normal estimator.

"The " bootstrapped sample is {yez, Yz, ...,yt:+[n/2],1} where ¢y is a uniform random draw from
{1,...,n — [n/2] + 1}.
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Figure 1: d,()) for AR(2) with k = 1.5  Figure 2: ||mse(\)|| for AR(2) with k = 1.5

6. SIMULATION STUDY We now compare LTTS to OLS, LAD and LWAD for linear
and nonlinear AR models, and QMTTL to QML, QMWL and Log-LAD for GARCH.

6.1 AR, TAR, LSTAR : LTTS vs. OLS, LAD, and LWAD

We draw 2n observations of y; from three AR models and retain the last n € {100,800}. The
models are AR(2) y» = .2 + .8yt—1 — .3y1—2 + us, Threshold AR(1) vy = .2 + .6y:—11(ys—1 > 0)
+ uy, or Logistic Smooth Transition AR(1) y; = y¢—1(1 + exp{.25y;_1})~' + u, each denoted y;
= f(¢0, x¢) + us. The starting value is y3 = u1, and we retain the last n. We use iid or GARCH
errors u;. The iid errors are zero symmetric Pareto Py (u) := P(u; > u) = P(uy < —u) = .5 x (1
+ u)~* with index x € {.75, 1.5, 2.5}. The GARCH error is u; = o6, 02 = .3 + .6u?_, + .302_,
with iid €; governed by P»5, standardized such that e % (0,1), hence , = 1.50%. We simulate
1000 series {y; }7 4.

The AR and TAR models are estimated by LTTS ﬁ)n = argmind,e@{l/nzz;k (e
- ¢’xt)2f(u)(¢)f(y)}. We estimate LSTAR by NLLTS ¢, = argmingeo{1/n >, (e —

n,t n,t

. NeT
P o)L @I (0)) where f(2n0) = pia/(L + explon—)) and f2(6) = —ur x
exp{dy:_1}/(1 + exp{dy;_1})%. Note k = 1 for TAR(1) and LSTAR(1), and k = 2 for AR(2).

Both are computed with k{") = [A,n/In(n)] and k¥ = [\, In(n)]. Initially we fix {\,, \,} =
{.05,1.0}, where A\, = .05 matches Ling’s (2005) LWAD setting, discussed below, and since any A,
€ [.10,1.5] renders an approximately normal estimator we simply choose A, = 1. Clearly in any
one sample this amounts to trimming a fixed number of observations, so we investigate below the
rate of convergence as n increases.

We then use the bootstrap-mse procedure of Section 5.2, with R, = [n] sub-samples of size
n/2 with replacement, and a least squares plug-in. We choose A by minimizing ||M,(\)|| over A,
€ Ay(1) and Ay € A, (3), where A, (N) == {1/n,2/n,...,N}.

The LWAD estimator is argmingeqg{d ;1 we|us(¢)|} with Ling’s (2005) only suggested

weight: w; = 1 if a; = 0 and wy = (y&?n]))zg/a? if a; # 0, where a; = Zle lye—il I (|ye—i| >
y&?n])). The percentile is A = .05 as in Ling (2005).

Both LTTS and LWAD involve an iterative estimation algorithm. Starting values (257(10) are
randomly selected from a uniform distribution on ® = —[2,2]3, and‘ we update ¢,, iteratively

~ ~(j ~ ~(i—1
subject to ¢,, € ®. If ¢7(1J) is the j*" value we cease iterations when ||¢£Lj) - (bg )|| < .001.
We perform four experiments concerning estimation, rate of convergence and inference.

®The index in the GARCH case satisfies E[(.3¢7 + .6)"v/?] = 1 (e.g. Basrak et al 2002). The index £,
is computed as & = arg min.ex {|1/N N (367 + .6)"/2 — 1|} over K € {.01,.02, ...,10} based on N =
100, 000 iid random draws €; from P25. The 1% band half-length is less than .001.
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6.1.2 Estimation See Tables 1-3 for simulation means, mean-squared-errors, percent

of trimmed sample loss €2(¢), and Kolmogorov-Smirnov tests of normality for the estimator Ppon

of ¢2- The KS test is based on the standardization (épm
standard deviation of &’p,n based on the 1000 independently drawn samples. We relegate to the
supplementary Appendix C redundant results based on iid P, 5 errors and LAD estimation.

Each estimator for AR is accurate in all cases. Both LTTS and LWAD are roughly normal, even
for n = 100, while OLS and LAD fail normality tests when variance is infinite, as expected. Each
estimator exhibits negative bias for TAR, and LWAD substantially deviates from normality when
k < 1 like due to symmetric weighting based only on y;—;. LTTS exhibits the least bias, smallest
mse, and is closest to normal in most cases, arguably due to its focused treatment of error versus
regressor extremes. Finally, for LSTAR each estimator is sharp, but LWAD exhibits the greatest
mse, while in most cases NLTTS has the lowest mse and is closest to normal.

The bootstrap-mse method works very well. The simulation average parameters A in the AR
case, for example, have a range A, € (.10,.40) and A, € (.45,2.0) across cases, although fixed
(Aus Ay) = (.05,1.0) work just as well. If the mean is finite x > 1 the optimally selected \'s are no
larger than .5, suggesting remarkably little trimming is required to ensure approximate normality.
If variance is finite then for large n the optimal (A, A,) are small because trimming cannot improve

On-

- ¢2)/s,1,/5 where s,l,/ﬁ is the empirical

6.1.3 Rate of Convergence In a second experiment we use the fact that the empirical
standard deviation s,l,,/g_is proportional to the rate of convergence Npl/nz . We compute s,l,,/f for the
AR(2) model with iid Py 5 error for OLS, LWAD, and LTTS with fixed (A, Ay) = (.05,1.0) over

1000 samples for each size n € {400, 410, 420, ...,1000}. There it little difference amongst the three

estimators for n < 400. Recall s;l,/z is proportional to n'/? for LWAD, to n'/*/L(n) for LTTS, and
to n'/* for OLS. See Figure 3 for plots of b(n) € {n, s, ,}, standardized such that b(400) = 1. The
empirical rates match theory: OLS is fastest, LT'TS is above n!'/2 , and LWAD hovers around n'/2.

35
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25 —LTTS

20
=-+=0LS

15
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Figure 3: Sample MSE’s
6.1.4 Inference: t-Tests We perform three t-tests using simulation standard errors.

We test ¢, = ¢ and ¢, = 0, and ¢, = ¢ + .1 for AR, and ¢, = ¢, — .2 for TAR. All tests are
asymptotic, performed at the 5%-level. We use the fixed trimming parameters (A, A,) = (.05, 1.0)
as a benchmark. See Table 4. In the AR case OLS and LWAD exhibit size distortions, while LTTS
performs best under the null overall. This is hardly surprising since LTTS trumps all estimators in
terms of approximate normality. Under the two alternatives LTTS exhibits fairly low power when
n = 100 where LWAD has a clear advantage when the errors are iid, but the advantage vanishes
for larger sample sizes.

In the TAR sharp size distortions exist for OLS and LWAD when wu; is iid P75 or IGARCH,
while LTTS dominates overall in size and power.

6.1.5 Inference: Wald Tests Finally, we simulate three AR(2) models with iid
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Pareto errors and x € {1.5,2.5}, and estimate AR(2) models by LTTS with benchmark (A, \,) =
(.05,1.0). We compute Wald statistics W,, = (R,, — q)'(RV;*R')" (R, — q) for three tests of
AR(1) against AR(2), hence R = [0,0,1] and ¢ = 0. We use the covariance estimator V; ! from (15)
with a LTTS ébn plug-in, perform tests at the 5% level, and present results in Table 5. Empirical
sizes are near the nominal level .05, and empirical powers are predominantly above 90%, and near
100% when the alternative is far from the null or n is large, as expected.

6.2 GARCH - QMTTL vs. QML, Log-LAD and QMWL

Finally, we draw 2n observations from a GARCH(1,1) y; = o€, 07 = .3 + .3y? , + .607_,,
with starting values 02 = .3, and retain the last n € {100,800}. The errors ¢; are iid symmetric
Pareto Py 5, or iid N(0,1), hence y; has power-law tails with index x, € {1.5,4.1}. We simulate
1000 series {y: 15 .

The QMTTL estimator solves argmingcs{1/n Y )", (5, zt)ff%(ﬁ)} where (8, z:) = In hs(B) +
y2 /hy(B) with initial hy(8) = B, and the parameter space is B = [0, 1]. We use symmetric trimming
with k') = [An/1In(n)], where either A = .05, or A is selected by bootstrap-mse minimization over
Aon A, (1), using R,, = [n] sub-samples of size n/2, with replacement, and a Log-LAD plug-in.

See Figures 4 and 5 for plots of typical asymptotic covariance determinant d,, (A) and bootstrap-
mse || M,,(\)|]. The error is iid Py 5, n = 100, and we use a Log-LAD plug-in. Notice d,,(\) ceases
falling once A > .1, where ||M,,(\)|| is roughly minimized.
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0.8 0.8 r\/J"V
0.6 06

0.4 04 \/\/_J/’"

0.2 02

0.0 . . . . 00
0 0.2 0.4 0.6 0.8 .00 10 20 .30 40 .50 .60 .70 .80 .90
lambda lambda
Figure 4: d,,(\) for GARCH Figure 5: ||mse(A)|| for GARCH

We also use QML, Log-LAD argmingcs{> ;. ,|In(y7/h:(B3))]} and QMWL
argminge s{>"/ o wil(B,7)} with Ling’s (2007) only suggested weight: w; = 1 if a; = 0

and wy; = (yEEl_())Sn])/at(R))‘1 if a;(R) # 0, where a;(R) := Zil i Nyl I (Jys—i| > y§ﬁ%5n])). Ling

(2007) requires R = oo but does not suggest how to compute w;. We simply use R = [n'/?] with
9

an iteration as(1), as(2), ..., ag+1(R), ..., an(R)”.
Let 3(1) be the j*" iteration on 3, with initial value 3(0) a uniform draw on [0,1]. We stop

iterating when ||B(j) - B(jil)

7.

|| < .01. Estimation and t-test results are presented in Tables 6 and

QMWL is biased and non-normal when E[e}] = oo, with smaller bias for larger n (recall
QMWL is not robust to heavy tailed €;). QMWL leads to the lowest empirical power for t-tests,
and slightly dominates QMTTL for thin tailed GARCH when n = 800. The latter likely arises due
to the smoothness of Ling’s weights, while QMTTL removes observations whether it is needed or
not. Log-LAD performs poorly in small samples, and roughly the same as QMWL for larger n. In

We obtain similar results if the first R — 1 = [nl/z] — 1 observations are dropped,
argming.z{> " w:l(B,2:)}, so that a:(R) is computed for each included t. If we simply fix R = 1
the results are similar, although QMWL performs less well in terms of mse and approximate normality.
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particular, Log-LAD is very sharp only when E[e}] = co and n = 800, and is worst overall when
Ele}] < oo.

QMTTL is resilient to heavy tails, and is closest to normal when tails are heavy. The bootstrap-
mse method renders a sharp estimator that is roughly normal for either n € {100,800}, with range
A € (.05,.13) although A € (.05, .08) was almost always optimal, while the fixed A = .05 also worked
well. If the error is Gaussian then all estimators perform somewhat poorly for small n, a well known
shortcoming of QML for GARCH models (e.g. Straumann and Mikosch 2006, Ling 2007).

7. EMPIRICAL APPLICATION We now analyze linear and nonlinear AR and GARCH
models for financial returns data. In order to draw comparisons, we study the same Hang Seng
Index [HSI] stock market data Ling (2005) used to demonstrate his LWAD estimator. The period is
June 3, 1996 to May 31, 1998 representing 491 daily observations, net of market closures!?. Consult
Ling (2005) for details on the HSI. We compute log-returns y; = In(zt/x1—1) where z; is the daily
closing value on the HSI, and plot y; in Figure 6.

In order to justify the use of robust methods we first estimate the tail index &, of HSI absolute
returns y§ := |y;|. The case for heavy tails can be made by a plot of the Hill (1975) two-tailed tail

index estimator &, ; = (1/ky, Zf"lln( “l)/yz‘]~€ +1)))_1 over fractiles k, € {5,6,...,200}. As long

as kn, — oo and k, = ()1tlsknown/£k gﬁyandknﬂ(fik )—>N(Ov)v < 00, for a
broad array of time series, including nonhnear AR-GARCH with hyperbohc or geometric memory
(see Hill 2010, 2011 for recent theory, and references). Further, Hill (2010) presents a consistent
kernel estimator ﬁ; of the asymptotic variance ”u; of 71 -

Ykn'
1> y(a) ko y(a) ko
~2 4 s _PFno—1 t _ B
Yy = n Z Wn,s,t In y(a) n H%kn x §ln y(~) n K:y,kn
s,t=1 (knt1)/ 4 (kn+1) +
where wy, s is a kernel function. We use a Bartlett kernel w, s+ = (1 — |s — t|/7,)+ with
bandwidth!! ~, = n??%. By the mean-value-theorem the asymptotic 90% confidence band

iy, & 1.640,72 ¢ /ky/?, which we plot in Figure 7.
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Figure 6: HSI Daily Log-Returns Figure 7: HSI Hill-Plot and Robust 90% Bands

Values of k, < 2 lie in the 90% intervals at every l;:n while k,; < 1 lies in the interval only at l;:n
= 5: we never reject the one-sided hypothesis x, < 2 against x,, > 2 at the 5% level, and we reject

10ur data were taken from finance.yahoo.com, which may be slightly different from Ling’s data. Ling
reports 497 observations.

" Simulation evidence not reported here suggests v,, € {n?°,n"?} is optimal for a large variety of linear
and nonlinear processes and sample size sizes n, including AR-GARCH and 50 < n < 100,000. We simply
use the midpoint v, = n??®.
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ky < 1in favor of ky, > 1 except at k, = 5. The evidence uniformly suggests HSI daily returns have
an infinite variance and finite mean, and that non-heavy tail robust methods are inappropriate.

7.1 AR MODEL ESTIMATION

Since a benchmark question is whether asset returns are white noise, we estimate AR(6), AR(8)
and AR(12) models with intercepts by LTTS and compute Wald statistics for tests that all slopes
are zero over p € {6,8,12}, denoted W, ,. All AR models in this study include an intercept, and
LTTS fractiles are {kﬁlu), kﬁly)} = {[Aun/In(n)], [Ay In(n)]}. In Figures 8 and 9 we plot the asymptotic
covariance determinant d,,(\) and bootstrap-mse ||M,,(A)|| for an AR(8), and use least squares to
compute Y, (M). In this study the bootstrap is always performed from R,, = n subsamples of size
[n/2] with replacement.

Similar to in our simulation study, d,()) flattens once A\, > .25 and A\, < .5, while the mse is
minimized at A, = .21 and A, = .10. In the following we use the minimum bootstrap-mse A for
each model, where in all cases A, € [.15,.50] and A\, € [.05,.50]. We also use fixed values below for
robustness checks. The statistics are W, ¢ = 45.02 (.000), W, s = 43.99 (.000), and W, 12 = 52.58
(.000) with p-values in parentheses, hence white noise is rejected.
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Figure 8: d,,(\) for AR(8) model of HSI ~ Figure 9: ||mse())|| for AR(8) model of HSI

We then estimate AR(p) models over p = 1, ..., 12 and test the residuals @; = y¢ — (Eb;xt for serial
dependence by computing W, 12 for 4;. Each AR(p) model with p > 3 has orthogonal residuals,
where AR(3) v = ¢ + Z?:l ®;Yt—i + up results in a residual Wald statistic W, 12 = 15.99 (.1914),
while AR(2) W12 = 26.66 (.009) and AR(1) W, 12 = 29.66 (.003). Wald tests of AR(2) against
AR(3) and AR(3) against AR(4) lead to the same conclusion: an AR(3) best describes the data:'?

Y = —.03 + .14yt71 — .05yt72 + '05yt73~
(07) (04)  (04)  (.04)

The result is robust to a higher order specifications. An AR(7) with (A, Ay) = (.25,1.0), for
example, results in

Y = —.02 + -14yt71 - '05yt72 + -10%—3 + -03yt74 - .O6yt75 — .OOyt,G + .Olyt77.
(06) (04)  (04)  (05)  (05)  (05)  (05)  (.05)

Similarly, if we simply fix A we obtain similar results. If (A, A,) = (.10,.75) the best model is again
AR(3) 9+ = —.07 + .12y—1 — .03y;—2 + .08y;—3 with standard errors (.07, .04, .04.05). If (Ay, Ay)
= (.05,1.0) as in our simulation study, then again AR(3) with ¢ = —.10 + .25;—17 — .02y;—2 +
Aly;—5 and (.08,.05,.05,.04).

'2Standard errors in parentheses are ]);17/12 from formula (15). The estimated AR roots of all models in
this study lie outside the unit circle.
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Finally, in the AR(3) model we test separately whether the first lag y;—1, or second lag y;_o,
or both {y:—1,y:—2} do not add any predictive power. The resulting Wald statistic values are 28.6
(.000), .165 (.685) and 28.9 (.000) suggesting the appropriate model is y; = ¢Jys—1 + Hlyi—s + .
Ling’s (2005) chosen model by similar Wald tests based on LWAD with A = .05 is also AR(3), but
with only the third lag §; = .123y;—3 and standard error .04.

7.2 THRESHOLD AR MODEL ESTIMATION

The HSI index reveals significant structure beyond a linear AR. Notice all models above suggest
the true intercept is zero hence E[y,] = 0 (recall we concluded , > 1), but symmetry remains to
be justified. Define Z;(z) := 2I(z, > 0) — 1 and Z,(2) :== 1/n Y1, Ty(2), where initial periods
are truncated if z; are residuals. A test of symmetry against positive skew is a test that E[Z;(z)]
= P(z > 0) — P(z < 0) = 0 against E[T;] > 0. We use a t-ratio n'/2Z,,(2)/d,(z) with kernel
variance estimator 92(z) = 1/n Zztzl K((s — t)/bn)Zs(2)I:(z), Barlett kernel  and bandwidth

b, = n'?. Under stationary S-mixing and symmetry n'/27,,(z) /6, — N(0,1) by a mixing central
limit theorem, and HAC consistency (Newey and West 1987)'3.

We find the HSI fn(y) = .132 (.07), and the AR(3) residual fn(u) = .06 (.13), where standard
errors ¥, /n'/? are in parentheses. Thus, while a linear AR may reasonably fit y; since the errors
appear to be orthogonal and symmetric, a better model may be nonlinear AR with symmetric error.
We therefore fit a two regime TAR(p) with zero threshold y; = (131 (y;—1 < 0) + (571 (ys—1 > 0)
+ u = ¢'wy + uy where (jFy = Cio T Z§:1 Ci jYt—i-

We estimate TAR(p) models for orders p = 1, ..., 12 using fractiles {k,g“), kS}’)} = {[\un/In(n)],
[AyIn(n)]} and minimum bootstrap-mse A, and again find p = 3 is the smallest order at which the
residuals are orthogonal, where TAR(3) W, 12 = 13.11 (.36) and TAR(2) W,, 12 = 25.76 (.01). The

results for the left-tail gllirt and right-tail &;a?t regimes follow:

~l Al
Clxt =—.03 + -15yt71 + .17:1/,572 + .Olytfg CQCL’t =.01 - .O4yt71 — '14yt72 + '13yt73
(09) (05) (.05  (.06) (09) (06)  (.06)  (.05)

Clearly the two regimes are different, which alone has important implications for impulse response
analysis, a topic almost entirely ignored in the extreme value theory literature (see Hill 2006). We
reject regime equivalence ¢; = (5 at the 1% level based on a Wald test, and evidence for error
symmetry is even stronger: fn(zl) = .018 (.34), suggesting omitted nonlinearity in the AR(3) is
simply appearing in the AR error.

7.3 TAR-GARCH MODEL ESTIMATION

Visually the Figure 6 plot of HSI returns suggests volatility clustering, although this is hardly
rigorous. Our last task is therefore to fit a TAR(3)-GARCH(1,1) model to the log-returns, where y;
=TI (ye—1 < 0)+ (5Tl (ye—1 > 0) + wg = ¢'wy, Ty = [1,y—1, Ye—2, Yt—3), we = over, and o7 = 34
+ Bou?_y + Bso?_. After accounting for k& + 1 = 4 initial periods, the criterion is Y} . (In h.(6)
+ (g — )2 /he(8)) x IS)NO)IY)(0) where 1)) = M, I%) (), with the fractiles {k}”, k{Y'}
= {[Aen/In(n)], [A\y In(n)]} and the minimum bootstrap-mse A. As a goodness-of-fit test we fit the
residuals %f — 1 to an AR(12) model and compute W, 12, test for symmetry, and compute the tail
index.

The estimated GARCH component is 67 = .12 + .10? ; + .82 , with standard errors .03,
.06, and .08. The latter are computed from the asymptotic variance block n(1/n )" ;555 )

13 All symmetry test results in this paper are robust to a range of bandwidths b, = n¢ for ¢ € (.15,.45).
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x (1m0 ek (0,)1)(B,) — 1)" where we write 85,0 := h; 1(8,)(9/9B)he(B)], . starting with
ha(9) = B, and hf = [1,0,0). The white noise statistic for the residuals ¢?(6,) — 1 is W, 12 =
15.3 (.225), and the symmetry statistic fn(et) = .002 (.48) points overwhelmingly to a symmetric
GARCH error. Finally, we reject a one-sided t-test for IGARCH 3, + 85 = 1 in favor of 5 + (5
< 1: evidence for an infinite variance in y; therefore suggests the GARCH error ¢; itself cannot
be Gaussian, and has a power-law tail (cf. Hall and Yao 2003, Cline 2007). A Hill-plot of the tail
index of |é/| reveals _j ~hovers between 3 and 5 for all k, € {5,...,200}, every & ok, > 2, nearly
every K i >3, R <4 in 84% of the bands, and values k. < 4 he in each 90% band See Figure

10 in Appendlx C. Evidence for E[€?] < oo is in accord with our assumptions, and the possibility
ke < 4 rules out QML and QMWL for standard inference.

8. CONCLUSION We develop a general class of tail-trimmed M-estimators for nonlinear
AR-GARCH(1,1), while added GARCH lags, additional regressors, and bounded forms of non-
stationarity are straightforward extensions. Specific estimators easily fall out, and are consistent
for the true parameter and asymptotically normal under regularity conditions. If the pure AR
or GARCH error is iid we can always choose the fractile in a simple way to obtain nearly the
highest possible convergence rate for M-estimators of stationary data. We show by Monte Carlo
experiment that LTTS and QMTTL dominate existing estimators based on approximate normality
and therefore inference. Asymptotic covariance and bootstrap-mse estimates give a clear picture of
how much to trim, in particular the minimum bootstrap-mse values lead to sharp estimates in all
cases. Nevertheless, simply choosing small fractiles leads to similar results, suggesting the analyst
has some freedom with how much to trim.

The next stage must involve a complete theoretical development of fractile selection, and model
specification tests including score tests, tests of GARCH effects, and moment conditions tests, each
robust to heavy tails. Additional possibilities for solving the fractile challenge may be by indirect
inference, or testing E[m;,t(ﬁo)] = 0 with a consistent plug-in for 6° (e.g. OLS, Log-LAD), but
these must be left for future development.

APPENDIX A: Assumptions and Stationarity

We now state all assumptions. Drop 6° throughout (e.g. My = m;t(eo)). First,
loss smoothness, response smoothness and bounds, and stationarity ensure stationary solutions
{h;(0), hy5(0), h;‘f’t”“’(e)} exist, a requirement if we estimate volatility parameters 3.

We require compact notation. We say a matrix function &(u, h,0) : R x R x © € R**b q,b >
1, is Lipschitz in h if ||(u, h1,0) — &(u, he, 0)|| < Klhy — hg| Vhi,he € R and 4,0 € R x ©. Now
let a,b € {u, h,0} be indices. For g(u, h,8) and f(z, ¢) let g, and f, denote first partial derivatives,
and g, and fy » second derivatives.

Assumption L (loss).
i. l(2t,0) is continuous and twice continuously differentiable in 0,

ii. If volatility parameters 3 are estimated then: E[supgeg |(8/00)'1(2:,0)]'] < oo for tiny ¢ > 0
and i = 0,1,2; l(2¢,0) can be written (2, ¢, he(0)); and I(z, ¢, h) is thrice differentiable in h with
Elsuppee [(0/0h)°1(z,0, 1) 2, 61, (0] < 00

Remark: Assumption L is obviously satisfied for QML loss.

Assumption RS (response smoothness). i. f(-,¢) is twice continuously differentiable on ®;
ii. g(u, h,0) is twice continuously differentiable on R x Ry x O.
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Drop response arguments for compactness (e.g. f = f(z,¢)). The following bounds apply at
least to linear and threshold-type models (see MS 2009).

Assumption RB (response bounds).

i |f1, [1£sll, and || £6l| are bounded by K(1 + 31, Jail);

. g < ph 4+ K(1 + u?) for some p € (0,1) and inf,ep her, oeo, l9| =: g > 0;
iii. ||gal] and ||gap|| are bounded by K(1 + u® + h) for each a,b € {u,0};

. g, go and gqp are Lipschitz in h, for each a,b € {u,h,0}.

Assumption STM (stationarity and moments). Each wi € {y:,us,0?} is stationary and
ergodic, and E|w|* < oo for tiny ¢ > 0.

A stationary solution follows'4. Let a:(0) € {ht(9),h?7t(9),hf7’f(9)} and a;(f) €
{h;*(@),h;‘ﬁ(@),hﬁ’e(e)} be arbitrary, let I, () denote I ,(0) evaluated with m.(0) and G¢(6),

and let wy(0) € {m;+(0), G ;+(0)} and wi(0) € {m;‘7t(9),Gﬁ‘,j7t(9)}.
PROPOSITION A.1 (stationary solution). Under Assumptions RB, RS and STM:

i. A stationary and ergodic solution ay(0) exists for each 0 € O, it is St_1-measurable, and
infgeo af(0) > 0 a.s. Further, hi(0°) = o2 a.s., and h%(0) = (8/90)h;(0) and h;*°() =
(0/00)h;%(0) a.s. at each 6;

it. Elsupgeg |a;(0)]"] < oo for some tiny ¢ > 0;

iii. If a.(0) is any other stationary solution then E[(supgee |a;(0) — a¢(0)])"] = o(p") for some p
€ (0,1);

iv. If additionally Assumption L holds then E[supgcg |wy(0) — wi(0)]] = o(p").

PROOF. Claims (7)-(4ii) follow from Propositions 1 and 2 of MS (2009) since their Assump-
tions DGP, C1-C4 and N1-N3 hold under our Assumptions RB, RS and STM.

We will prove (iv) for m; +(), the proof for G ;+(6) being similar given thrice differentiability
of the loss under Assumption L.ii. Since we implicitly estimate 3, by Assumption L.ii there exist
functions I, (¢, h) and 1y (¢, h) that satisfy Ip(¢, he(0)) = I(z,0) and 17 (p, he(0)) = my(6), where
my(p, h) is differentiable in h. Hence, by the mean-value-theorem, the Assumption L.ii envelope
properties, the Cauchy-Schwartz inequality, and (ii7) it follows as claimed E[supyce |m;(0) —
my(0)]'] < KE[supgee [he(0) — he(0)]"/%] = o(p"). QED.

Let £y (0) € {km,(0), kG, ;(0)} be the moment suprema of w:(0) € {m;,(0),G7; (0)}: rw(0)
i= SUP,so{ E |w(0)|" < 0o}. Notice £y, () = 0o is possible (e.g. exponential tail decay, or bounded
support). Let O2,, C © denote the set of all 6 such that k., (0) < 2.

Assumption D (distribution).

i. Bach yi, hi(0), m;,(0), and G}, (0) have absolutely continuous finite dimensional
distributions, and each wi(0) € {m;,(0),G};.,(0)} has a wuniformly bounded density
SUPgce SUP,cr{(9/00) P(wi(0) < a)} < occ.

In order to simplify notation we ignore measurability issues that arise when taking a supremum of a
stochastic process. We implicitly assume all functions in this paper satisfy Pollard’s (1984) permissibility
criteria, the measure space that governs all random variables in this paper is complete, and therefore all
majorants are measurable. Cf. Dudley (1978). Probability statements are therefore with respect to outer
probability, and expectations over majorants are outer expectations.
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ii. Each wi(0) € {m;,(0),G},;,(0)} has a bounded envelope Elsupycg |wi(0)|'] < oo for tiny v >
0. Assume infocg ky(0) > 0. If Ky, (0) < 2 or kg, (0) < 1 then the corresponding wy(0) €

{m;+(0), G5 ; 1(0)} has a power-law tail P(lw:(0)] > ¢)} = d(0)c O (1 + o(1)). In particular

(17) sup { O P (Jwy(0)] > ¢) — dw(e))} — 0 as ¢ — oo where inf {d,(0)} > 0.
0€O3 S
Remark: Distribution continuity of the loss [*(z;,6) permits a unique TTME solution

with probability one, and for w;(0) € {m;,(0),G;;(0)} ensures the existence of thresholds
{Eslw (0), L[,(Lw)( )} for all @ and any fractiles {k,,}. Uniform boundedness of the densities of

we(#) simplifies the verification that {Il(?:t 9),1 ffj}t(e)} satisfy a UCLT. We assume heavy tailed
m;,(0) and G7 ; () have power-law tails to simplify characterizing E [m;, ;my, ;] and E[G}, ;] and
therefore the scale V,,.

(m)

Assumption F (fractiles). In general min;—; g{k’”n

Further, if K, < 1 then minj—q, g{kJTZL}/nz(l wm )/ (2=km;) 0.

}/L(n) — oo for some s.v. L(n) — oo.

Remark: The property kJM/L( n) — oo merely sets a minimal amount of trimming,.
Consistency, however, requires a uniform law of large numbers for the trimmed equations

mft(ﬁ)lj,'f)t(ﬁ), even if m;,(#) does not have a mean. The far more profound lower bound

J in /712(1 wmi)/(2=Km;) oo ensures sufficiently many large equations are trimmed for such a

limit theory when k,,, < 1, and as k,,, \, 0 we must approach maximal trimming kJ(Tzl . If
the mean of m;; is finite or hairline infinite x,,, > 1 then there are no further restrictions.

In Appendices B and C we show 6, obtains the expansion Vrl/ 2(9n - ~

n128, 2y my, ,, hence n'/2S,; 1 2E[m:‘ht] — 0 must hold for asymptotic unbiasedness.

Assumption I (identification). E[m;, ,(0)] — 0 if and only if § = 0", a unique interior point of
compact © C RY, in particular ||n'/2S,, 1/2 Elm;, ]I — 0.

Conventional M-estimator asymptotics follows from stationarity, ergodicity and higher moment
bounds since then a martingale difference central limit theorem applies (e.g. Straumann and
Mikosch 2006, MS 2009). We do not require m; to be a martingale difference, and even if it
were under tazl trimming my, , is non-stationary and may not be a martingale difference. Further,
we require a ULLN and UCLT for non-martingale difference and possibly non-uniformly integrable
functions simply to show 7, ;(8) := m4(0)1,; is similar to my, (0) = [m;*)t(ﬁ)lﬂft)]l 1 uniformly
on A, which we must have just to prove consistency. Thus, ergodicity and martingale difference

arguments do not suffice here. But geometric S-mixing does suffice.

Assumption MX (mixzing). Let {y:} be geometrically 3-mizing. If volatility parameters B are
estimated then {hf(0)} for each 0 € © is geometrically B-mizing.

Remark: Although Proposition A.1 shows h} () is stationary and ergodic, demonstrating it is
mixing on O is to date extremely challenging. If we only estimate AR parameters ¢ then Assumption
MX can be replaced by sufficient conditions for geometric ergodicity, like continuity of the error
distribution and response bounds RB.i (An and Huang 1996, Cline 2007, Meitz and Saikkonen
2008).

Consistency of 9,” and the sample Jacobian require moment smoothness.

Assumption MS (moment smoothness). liminf,, . inf|jg_go|>s{[|E[m;, ;(0)]l|/ supgpee || E[m;, ,(0)]]}
> 0 for tiny 6 > 0.
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Remark: The property bounds E[m;, ,(6)] from 0 for 6 near 6", while the scale
supgee || E[m;, +(0)]]| is irrelevant if supyeg || E[m:(0)]]] < oco. Otherwise the scale ensures a uniform
law of large numbers applies to my, +(0), which expedites our proof of consistency.

Finally, we must rule out degenerate cases due to over trimming asymptotically.

Assumption N (non-degeneracy). Moment, covariance and Jacobian matrices A,(0) €
{EIm},, (0)[7,50(0),Gn(0)} for any p > 0 satisfy liminf, . infe{[[An(0)||} > 0. Further
lim inf,, o0 infp {Amin(Sn(0))} > 0 and ||Em;, my, My, LS = 0(1).

Remark: We prove in Lemma B.2 below ||S,(E[m}, ;m;/,])~!|| = O(In(n)). Conditions
similar to || E[m}, ;my ]S, || = O(1) are standard in the central limit theory literature for dependent

processes, ruling out degeneracy due to negative correlation since S,, ~ E[mj, ym;/ ] +2 3 1(1 —
i/n)E[my;, ymy ;. ]. See Dehling et al (1986) for references.

APPENDIX B: Proofs of Main Results

Our proofs of consistency and asymptotic normality are for the infeasible estimator based on
minimizing a trimmed [*(z,0) evaluated with hy(6). Let I ,(f) denote the composite trimming

indicator constructed with {h} (), h;%(6), b’ (8 0)}, and deﬁne
0" = argmin 1 il*(z 0)I*,(0)
" beo | n = bt It '

Similarly, define infeasible stochastically trimmed equations, their Jacobian and HAC:

n

Ak * Ak 1 Ak
mn,t(9) =m (Q)In t(e) mn(e) = E Zmn,t(e)
t=1
0) = = S GHO)5,(6) and Si(0) =+ S K (s — 1) /) i (O, (6)'
t=1 s,t=1

)

We also exploit various covariance, Jacobian and envelope equations, some of which are defined
in Sections 2 and 5:

50(6) 1= B [ 0)mi (6)] and $,(6) =~ S B [, (6)m, (0)]
G l0) 2= GFO)15,(0) and Gu(0) == B[G;,(0)] and G3(0) = 2 2 [m} (0)]

0) := % ZG;J(H and e, = 31618 |\ E [my, . (0)]]]-

The following result implies the TTME 6,, and its infeasible counterpart 92 are asymptotically
equivalent, hence we need only consider 9,” my, 1(0), G (0) and S;;(0) in all that follows. We exploit
supporting Lemmas B.2-B.7 detailed below.

PROPOSITION B.1 (infeasible estimator). Under Assumptions D, F, I, L, MS, MX, N,
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RB, RS, and STM VY*(0,, — 0,) 2 0, where ||[Va|| — oc.

PROOF. The following argument borrows from MS’s (2009) proof of their Lemma D.6. By
the proof of Theorem 2.1 the first order conditions are > ;. L7, mk (0, ) S ni(0n) = 0 a.s.

Therefore, in lieu of consistency of the infeasible estimator Qn 2, 6° by the proof of Theorem 2.1,
the Lemma B.5 asymptotic expansion and Lemma B.7 Jacobian consistency, it follows

n

1s) nWZ{mmé )} = eSS {0 i 00))

t=1

= n!/2871%G, x (92 — én) .

Jacobian consistency extends to 1/ny ), Gt(én)fn,t = Gn(1 4 0p(1)) by invoking Proposition
A.1 and replicating the proof of Lemma B.7. Similarly, asymptotic approximation Lemma B.3.a
and expansion Lemma B.5 extend to 7, ¢ and m,, ;. Therefore, by Jacobian consistency

(19) 1—/28n WZ{mm () = 1. (0) }

1 n - .
=—nl/zsv?”zzmn,t(l+0p(1))+n1/28 126, x ( n—eo) ~Lso 2N, (0,)

1/2
t=1 n t=1

= 1/2 n I/QZ{m’lt :L,t} (1+01) (1))+OP (1)7

Combine (18) and (19) to obtain n'/2S; /%G, (0, — 0,) = n~1/2S; '/ S {mne — my (1 +
op(1)) + 0,(1). By Loéve’s inequality, non-degeneracy liminf,,>n ||S,|| > 0 for some N > 0, and
Proposition A.1.iv, it follows for tiny ¢ > 0, p € (0, 1), and sufficiently large n and K

L 1 & . 1 &
1/2 1/22{77%15 iy, } SKWZE}mn,t—m:,t| SKWZPtZO(l)
t=1 t=1

Therefore V/ 2(9: —0,,) = 0,(1) by Chebyshev’s inequality and the construction V,, = ng,S,,'G,.
QED.

The proofs of the main results require supporting Lemmas B.2-B.7. We state them when
required, where Assumptions D, F, MS, MX, N, RB, RS and STM implicitly hold. Proofs are
presented in Appendix C.

The proof of consistency Theorem 2.1 requires variance bounds, asymptotic bounds on 772, ,(6)
— my, (0), and laws of large numbers.

LEMMA B.2 (variance and threshold bound). [1S(0)]] < Kln(n)||Z.(0)||
o(n/In(n)); b. £ (0) = o(n||E [my, ,(0)] ||*) and supce || (0 )|| = o(nsupyee || E[m;; ,(0)]]7)-
LEMMA B.3 (asymptotic appro:cimation) a. ||nV28, A (i, — my, 3]

= op(1); b, supgee{llm;(0) — my(O)ll} = op(supgee [[E[m;, (O)]]]); c. Sup0€®{||mn()
my, (O)]1/Ellms, 1 (0)][} = 0p(1).

LEMMA B.4 (LLN and ULLN). a. 1/ny i my, (6 Oy = 0,(1); b. supp{|lm:(8) —
Em;, (O]} = op(en).
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The proof of asymptotic normality Theorem 2.2 requires an asymptotic Taylor expansion for
the trimmed equations, a central limit theorem, and Jacobian consistency. Recall G} (6) :=

1/n Y1y GE(O)T;,(6) and Gi(6) := 1/n Y0, Gi(6)],.4(6).

LEMMA B.5 (asymptotic expansion). Choose 0,0 € © and let 6 > 0 be arbitrarily large
and finite. For o,(1) not a function of 6: a. m’(0) = m%(0) + G(0) x (0 — 0) + n™° x [|0 —
0l x 0,(1); and b. i (0) = 15 (0) + Gi(0) x (0 — ) +n=0 x ||§ — 0]|/* x 0,(1).

LEMMA B.6 (CLT). n V28,20 mz ,(6°) % N(0,1,).

LEMMA B.7 (Jacobian consistency). a. @\;(92) =Gn(1+0,(1)); b. G =G, x (1 + 0(1)).
We are now ready to prove Theorems 2.1 and 2.2.

PROOF OF THEOREM 2.1. Define M, (0) := E[m;, ,(0)] and ¢, := supycq || M;,(0)]]. We
establish a uniform approximation property (??) below, then prove the infeasible @Z 2. 6° by an

argument in Pakes in Pollard (1989), and then prove 6, 2 6°.

Step 1 (approximation): Combine supgeg || (8) — m}, (0)|| = 0p(e,) by Lemma B.3.b and
Supgee ||mi(0) — M (8)|| = op(en) by ULLN Lemma B.4.b to deduce

(20)  sup [|riy, (6) — M5 (0)|| < sup |7, (0) — my, (B)]| + sup [|my, (0) — MG (0)|| = op(en).
0c© 0co 0c©

Step 2 (6, 2 6°):  Note ¢(d) := liminf, . infoee g_gopssien’ X ||M @)} > 0 for

arbitrarily small ¢ > 0 by moment smoothness Assumptlon MS. Since P(||9 - 00|| > 0) <

P(e; M| M2(6, )|| > ¢(0)), it suffices to show || M (6 ,L)|| = 0,(¢,) in order to prove 9 290,
Use Mmkowskl s inequality and uniform approximation (??) to deduce

9,) (en)-

The loss has a smooth distribution and is differentiable under Assumptions D.i and L. Therefore
TTME criterion Q% (0) :=1/n ;L 1 (2 H)f:; +(0) is differentiable at 92 with probability one, hence
up to a scalar constant (9/90)Q% (0 )|0* =1 (9;) a.s. (Cizek 2008: Lemma 2.1). In particular, by
0 a minimum Q7 (0 ) < Q% () V6 € O it follows 0 = ||/ (A*)|| < K|z (6°)]).

Finally, ||/ (90)|| < Km0 + 0p(]|Sa]|/?/n'/?) = 0,(1) by approximation Lemma B.3.a,
the Lemma B.4.a LLN, and covariance bound Lemma B.2.a. This proves ||M2(9Z)|| = o0p(1) +

op(ey). Since Assumption N ensures liminf, _.o.{¢,} > 0 we have shown ||Mfl(§;)|| = op(ep) as
required.

|M:.87) s (0,) — M3(0,)| < || (0,)

Step 3 (911 2 90): The proof of 0, L 6° follows from Step 2 and Proposition A.1: see MS
(2009: Theorem 1). QED.

PROOF OF THEOREM 2.2. Note 1/n>7; ﬁz;‘l,t(QZ) = 0 a.s. by the proof of Theorem
2.1. Apply expansion Lemma A.6.b to deduce for some § > 0 arbitrarily large and finite,

A~ ax Ak 1 n
(21) -G, (0,) <9n - 90> +- Zmzt +n 0 x0,(1) =0 a.s.
t=1
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Consistency 9; 2, 6" ensures C?,*L(@Z) =G, (1 + 0p(1)) by Lemma B.7.a. Multiply both sides of (??)
by n'/2S, 12 rearrange terms and use V,, = ng!, S, G, to deduce

VA2 (8, - 6) = - l/zzm:;ﬁop(nl/znsnn‘l”n*‘*)

Since § > 0 is arbitrarily large and limsup ||S,||~1/?

op(m1 /2115, |20 = 0,(1).
Now use Yy {rivy, , — mis ,} = 0p(||Sal['/?n'/2) by Lemma B.3 and 6 > 0 arbitrarily large to
deduce

> 0 by non-degeneracy the last term

1/2 (p* 0\ _ 1 —1/2 S *
v/ (9 9) ——Si ;m7l)tx(1+o(1))+op(1).

d

Therefore Vy/ 2(@; — 0% 5 N(0,1,) by CLT Lemma B.6. The claim now follows from Proposition

B.1. Q&D.

PROOF OF THEOREM 3.1. All steps used to proved Theorems 2.1 and 2.2 carry over to
show V1/2(¢ —¢") <, N(0,1,) by straightforward alternations of Lemmas B.2-B.7. Q&D.

PROOF OF COROLLARY 3.2. The AR process {y;} is stationary, ergodic and geomet-
rically S-mixing (Pham and Tran 1985), hence Assumptions MX and STM hold, and response
smoothness RS is automatic. Assumptions D, L and N hold by smoothness, uniform bounded-
ness of P(u; < u) and (0/0u)P(us < w), and product convolution tail properties under (6) (see
Cline 1986 and his references). Further, E[m,, ;] = Eluy ;] x Ely,, , ;] = 0 by independence and
symmetry, hence I holds.

Lastly, we verify moment smoothness MS. By the definition of a derivative and an extension of
Lemma B.7.b to 1m;, ,(¢),

E [, (#)] = Gn x (6 —¢°) x (1+0(1)).

By distribution smoothness, E[y?] = oo, trimming _negligibility ~and  stationarity
infr—y v Ela}, a3/ Jr = infp—y E(30_ mxf, ;)? — 00, so G, is non-singular for each n >

N and some N € N. Therefore, since liminf,, ||gn|| > 0 and ® is compact it follows e, :=
supgeq || El . ()]]] < K[|Gall x (1 + o(1)), hence

i - i Gn_ 0
ol At Il @]l 2 K inf e x (6" x (14+0(1) >0

for every n > N, which verifies MS. QED.

PROOF OF THEOREM 3.3. The same argument as the proof of Theorem 3.1 applies.
QED.

PROOF OF COROLLARY 3.4. The process {y;, o} is stationary and geometrically (-
mixing, and a stationary geometrically S-mixing solution {h}(6)} exists (Nelson 1990, Carrasco
and Chen 2002, Francq and Zakoian 2006). Further, {m;.(0),G; ;:(0)} have power law tails in
heavy tailed cases since iid €; has tail (9). Therefore Assumptions D, MX, and STM hold, while
L, N, RB.ii-iv and RS.ii hold by construction, or by arguments identical to those used to prove
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Corollary 3.2. Assumption I can always be assumed to hold for some choice of {k§ 7)1, k } given
E[e?] = 1 and E|s;5}| < oo (Francq and Zakotan 2004). Finally, the scale forms follow from (8 (8) and
the remarks following Theorem 3.3. QED.

LEMMA B.8 (HAC).  8:(0,) = Su(1 + 0,(1)).

PROOF OF THEOREM 5.1. The claim follows from Jacobian consistency Lemma B.7.a
and HAC consistency Lemma B.8. Q&D.

PROOF OF COROLLARY 5.2.  Recall Vi, ~ nE[f2,1%) 810 /Eu:2].  The

i,m,t 7,n,t
proof of Lemma B7a in the Supplementary Appendix C, below can be altered to show

1/77“ Zt 1 ((?bn) Jan, t(d)n) X f]d)t((rbn) B nt((rbn) - [fz ti, ntf ,t j,n t] (1 + OP( )) Slmllarlyv the
proof of Lemma B.8 in Appendix C can be greatly simplified to show 1/n Y " | u; (qﬁn)I(u)((b) =
E[u2] x (1-+ 0,(1)). QFD.
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TABLE 1 : AR(2) Estimation Results (¢3 = —.3)
| n = 100 | | n = 800
| Mean | MSE | KS® [ A\, A} [ Tr%¢ | | Mean | MSE | KS [ Ao, \, [ %

k=75 (uy % P, (u))

LTTS-Fix* -.302 .014 .097 | .05, 1.0 .08 -.298 .0008 | .038 | .05, 1.0 .02
LTTS-MSE | -.294 .023 .092 | .09, 1.9 14 -.299 .0007 | .041 | .42, 1.6 .06
LWAD -.301 .032 112 - .05 -.300 .0006 | .043 - .05
OLS -.299 .004 .198 - - -.300 .0006 | .258 - -
k=25 (ue % P,(u))
LTTS-Fix -.303 .011 .028 | .05, 1.0 .09 -.301 .0007 | .020 | .05, 1.0 .02
LTTS-MSE | -.298 .007 .039 | .30, .48 .04 -.300 .0005 | .022 | .24, .46 .02
LWAD -.303 .022 .048 - .05 -.300 .0001 | .024 - .05
OLS -.302 .003 .043 - - -.301 .0003 | .043 - -
k=15 (uy ~ GARCH)
LTTS-Fix -.296 .020 .036 | .05, 1.0 .08 -.297 .002 .036 | .05, 1.0 .05
LTTS-MSE | -.292 .022 .051 | .18, .47 .03 -.298 .002 .039 | .11, .50 .02
LWAD -.304 .034 .055 - .05 -.301 .029 .048 - .05
OLS -.310 .029 .084 - - -.295 .016 .074 - -

a. Kolmogorov-Smirnov statistic for a test of standard normality on standardized &5“’3. The 10%, 5%, 1% critical
values based on 1000 iid draws are .043, .038, .034.

b. Fractile parameter in kgu) = [Ayn/In(n)] and kgy) = [AyIn(n)]. LTTS-Fix uses fixed (Ay, Ay) = (.05,1.0);
LTTS-MSE uses the minimum bootstrap-mse (Ay, Ay). The simulation average is shown.

c. The total sample proportion of least squares loss ef(d)) trimmed for LTTS. By construction Tr% — 0 as n — 00.
For LWAD this is the quantile at which down-weighting takes place.

d. LTTS = Least Tail-Trimmed Squares; LWAD = Least Weighted Absolute Deviations.

TABLE 2 : TAR(1) Estimation Results (¢9 = .6)
| n = 100 | | n = 800
| Mean [ MSE | KS | Ay, Ay | Te% | | Mean | MSE | KS | Ay, A, | Te%

k=75 (u i P,)

LTTS-Fix .589 .019 116 | .05,1.0 .06 .599 .000 122 | .05,1.0 .03
LTTS-MSE 584 .021 121 | .09,1.7 13 .602 .001 119 | .38,1.5 .05
LWAD .596 .019 241 - .05 .598 .004 189 - .05
OLS .559 .015 .269 - - 574 .008 373 - -
k=2.5 (uy s P,)
LTTS-Fix .591 .017 | .067 | .05,1.0 .08 .598 .001 .040 | .05,1.0 .03
LTTS-MSE .588 .022 .074 | .35,.52 .06 .599 .000 .041 | .26,.52 .03
LWAD .590 .068 .083 - .05 .600 .018 .038 - .05
OLS 579 .014 .097 - - .596 .002 .070 - -
k=15 (uy ~ GARCH)
LTTS-Fix 581 .026 .063 | .05,1.0 .07 .594 .004 .041 | .05,1.0 .03
LTTS-MSE .593 .022 .059 | .22,.54 .04 .599 .005 .040 | .09,.45 .02
LWAD 588 .086 .079 - .05 .598 .023 .039 - .05
OLS .543 .033 113 - - .568 .019 .109 - -

a. Fractile parameter in kl(lu) = [Ayn/In(n)] and kff’) = [Ay In(n)].



TABLE 3 : LSTAR(1) Estimation Results (¢° = .25)

| n =100 | | n = 800

| Mean [ MSE | KS | Ay, Ay | Te% | | Mean | MSE | KS | Ay, A, | Te%

k=75 (uy iszlp,i

LTTS-Fix .250 .021 .068 | .05,1.0 .16 .249 .020 .071 | .05,1.0 .03
LTTS-MSE .253 .020 .072 | .09,1.4 13 .250 .018 .069 | .22,1.3 .06
LWAD .250 .146 .072 - .05 .239 .143 .098 - .05
OLS 254 .026 .088 - - 257 .023 .096 - -
k=2.5 (uy s P,)
LTTS-Fix 251 .025 .066 | .05,1.0 .04 .254 .003 .070 | .05,1.0 .01
LTTS-MSE 251 .027 063 | .12,1.2 .08 252 .003 071 | .18,1.3 .03
LWAD .246 146 .076 - .05 .254 147 .068 - .05
OLS .249 .012 071 - - .249 .003 .103 - -
k=15 (uy ~ GARCH)
LTTS-Fix 261 .041 .102 | .05,1.0 .06 .253 .071 .061 | .05,1.0 .02
LTTS-MSE .258 .044 .096 | .20,1.6 .15 .253 .068 .064 | .22,1.5 .04
LWAD 251 144 .070 - .05 251 143 .067 - .05
OLS 238 .030 .094 - - .256 .020 .078 - -

a. Fractile parameter in kl(lu) = [Ayn/In(n)] and kg‘u) = [Ay In(n)].



TABLE 4 : AR, TAR and LSTAR t-tests at 5% level

itd 5

iid 5

k=15 @™ B)| | n=25w"2h)]| | x=15GARCH)
| Hp H{ HY | [ Hy H{ Hf | | Ho H{ H}
AR?, ¢ = —.3, n= 100
LTTS-Fix | .058® 376 .758 .051 .453 .784 .061 .186 .644
LWAD 074  .500  .998 .047 673 1.00 037 224 .948
OLS .041 143 980 .049  .248 .935 042 124 .535
AR, ¢ = —.3, n = 800
LTTS-Fix | .053 .995 1.00 050 1.00 1.00 050 894  1.00
LWAD 058 .791 1.00 .049 1.00 1.00 .041 837 1.00
OLS 034 988 1.00 .051 .826 1.00 .045 112 728
TARS, ¢ = .6, n = 100
LTTS-Fix | .067 .858 .971 .05 .810 .992 .056  .664 .993
LWAD .034 .998 1.00 .054  .993 .999 .056  .976 1.00
OLS 078  .828 985 .053  .765 .981 .064 479 .830
TAR, ¢3 = .6, n = 800
LTTS-Fix | .060 1.00 1.00 .053 1.00 1.00 052 .998 1.00
LWAD .053 1.00 1.00 .056  1.00 1.00 .044 992 .999
OLS .049  .960 .980 .050 1.00 1.00 .060 .781 .960
LSTARY, ¢V = .25, n = 100
LTTS-Fix .020 421 .852 .030  .407 .852 .009 .381 .626
LWAD .000 427 .835 .005 414 .820 017 437 .845
OLS .002 375 750 .082  .644 .969 074 305 .649
LSTAR, ¢° = .25, n = 800
LTTS-Fix | .029 .774 1.00 .053  .703 1.00 072  .600 941
LWAD .012 781 1.00 .023  .719 .837 037 .627 977
OLS .006  .520 .807 .059  .994 1.00 .051  .563 874
a. Hy: ¢p3 = —.3; Hl: ¢5 = —.2; and H2: ¢3 = 0. b. Rejection frequencies at the 5% level.

c. Hy: ¢y = .6; Hi: ¢y = .4; and HY: ¢y = 0. d. Hy: ¢ = .25; H: ¢ = .45; and H?: ¢, = 0.

TABLE 5 : LTTS-Fix® Wald Test of AR(1) vs. AR(2)®

| Kk =75 [ ] k=25
| n = 100 | n = 800 | | n =100 | n = 800
Sl 1% 5% 10% | 1% 5% 10% 1% 5% 10% | 1% 5% 10%
00 | 0117 045 071 [ .019 049 .084 .012 .058 .100 | .010 .049 .101
-20 | .374 551 .568 | .853 938 .961 391 617 732 | 991 994 999
-30 | .553 .768 .806 | .971 .985 .992 750 903 938 | 996 998 999

a. Fixed trimming parameters are {\,, A\, } = {.05,1.0}.
b. We simulate AR(2) models y; = .2 +.8y;—1 + (;Sgyt_g + up with uy i P, 5 and test @5 =0.

. Nominal test sizes are 1%, 5% and 10%. d. Values are rejection frequencies at the nominal level.
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TABLE 6 : GARCH
| n = 100 | | n = 800
[ Mean [ MSE| KS | A [Tt%* [ [Mean | MSE| KS | X | Tt%
ﬁg = .6and & ~ Py5: Ky = 1.5b

QMTTL-Fix® 611 146 | .048 | .050 .01 .603 .036 | .036 | .050 .01
QMTTL-MSE .588 151 | .051 | .121 .05 .606 .061 | .041 | .058 .01
QMWL .685 147 | 236 - .05 674 .082 284 - .05
QML .691 141 .252 - - .664 112 251 - -
Log-LAD .526 176 | 170 - - .603 .070 | .076 - -
5 =.6and ¢ ~ N(0,1): r, =4.1
QMTTL-Fix | 437 | .180 | 217 | .050 | .01 563 | .065 | .144 | .050 | .01
QMTTL-MSE 438 A81 | 233 | 074 .02 572 .065 | .136 | .063 .01
QMWL .509 196 | 191 - .05 571 .084 | 122 - .05
QML .502 181 | 186 - - 576 072 | 112 - -
Log-LAD 416 228 | 288 - - 537 127 | 192 - -

a. The total sample proportion of the QML loss trimmed for QMTTL where % — 0 as n — o0. For
QMWL this is the quantile at which down-weighting begins.

b. Tail index of yt is ky.

c. QMWL = Quasi-Maximum Weighted Likelihood; QMTTL-Fix = Quasi-Maximum Tail-Trimming
Likelihood with fixed trimming parameter; and QMTTL-MSE is QMTTL with a trimming
parameter chosen by minimizing the bootstrap-mse.

TABLE 7 : GARCH t-tests at 5% level (33 = .6)®
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| e~ Posi ky =15 | | e~ N(0,1): vy =4.1
| n = 100 | n = 800 | | n = 100 | n = 800
H¢ HI Hf [ Hy H] H} Hy H] Hf[ Hy, H{ H}
QMT-Fix 051 725 989 [ .049 1.00 1.00 058 167 .622 | .052 .985 1.00
QMT-MSE | .054 .683 .981 | .053 .911 .948 061 131 517 | .057 .937 .996
QMW .044 302  .632 | .034 351 .674 045 144 .398 | .041 .303 .609
QML 061 796 993 | .064 1.00 1.00 .045 .058 414 | .062 .976 1.00
Log-LAD 079 298 .829 | .035 1.00 1.00 034 .032 .258 | .067 .576 .957

a. The hypotheses are Hy: 33 = 33; Hl: B3 = 35 — .25; and H3: 85 = 0.
b. Rejection frequencies at the 5% level.
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Supplemental Appendix C
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We present omitted simulation results in Section C.1, the omitted Figure 10 from the empirical
application of Section C.2, and the proofs of Lemmas B.2-B.7 in Section C.3. References unique to
this appendix are presented last.

C.1 SIMULATION RESULTS In the main paper we omitted results for the iid Py 5 error
for all AR models; and all LAD results for all AR models. Below are all estimation results for AR
models.

TABLE 1 : AR(2) Estimation Results (¢3 = —.3)
| n = 100 | ] n = 800
| Mean | MSE | KS® | A\, A) | Tr%° | | Mean | MSE | KS [ Ay, )\, | Ti%

k=75 (u < P, (u))

LTTS-Fix? -.302 .014 .097 | .05, 1.0 .08 -.298 .0008 | .038 | .05, 1.0 .02
LTTS-MSE | -.294 .023 .092 | .09, 1.9 14 -.299 .0007 | .041 | .42, 1.6 .06
LWAD -.301 .032 112 - .05 -.300 .0006 | .043 - .05
LAD -.300 .012 134 - - -.300 .0005 | .046 - -
OLS -.299 .004 .198 - - -.300 .0006 | .258 - -
k=15 (u % P, (u))
LTTS-Fix -.301 .013 .036 | .05, 1.0 .088 -.300 .0007 | .029 | .05, 1.0 | .021
LTTS-MSE | -.297 .012 071 | .20, 1.2 .091 -.301 .0005 | .042 | .26, .55 | .040
LWAD -.302 .023 .064 - .050 -.300 .0004 | .040 - .050
LAD -.301 .029 .094 - - -.300 .0005 | .067 - -
OLS -.306 .006 153 - - -.300 .0007 | .102 - -
k=25 (uy % P,(u))
LTTS-Fix -.303 .011 .028 | .05, 1.0 .09 -.301 .0007 | .020 | .05, 1.0 .02
LTTS-MSE | -.298 .007 .039 | .30, .48 .04 -.300 .0005 | .022 | .24, .46 .02
LWAD -.303 .022 .048 - .05 -.300 .0001 | .024 - .05
LAD -.303 .046 .072 - - -.300 .0003 | .034 - -
OLS -.302 .003 .043 - - -.301 .0003 | .043 - -
k=15 (uy ~ GARCH)
LTTS-Fix -.296 .020 .036 | .05, 1.0 .08 -.297 .002 .036 | .05, 1.0 .05
LTTS-MSE | -.292 .022 .051 | .18, .47 .03 -.298 .002 .039 | .11, .50 .02
LWAD -.304 .034 .055 - .05 -.301 .029 .048 - .05
LAD -2.96 .086 .052 - - -.299 .037 .071 - -
OLS -.310 .029 .084 - - -.295 .016 .074 - -
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a. Kolmogorov-Smirnov statistic for a test of standard normality on standardized (25,L73. The 10%, 5%, 1% critical
values based on 1000 iid draws are .043, .038, .034.

b. Fractile parameter in kgu) = [Ayn/In(n)] and kgy) = [AyIn(n)]. LTTS-Fix uses fixed (Ay, Ay) = (.05,1.0);
LTTS-MSE uses the minimum bootstrap-mse (Ay, Ay). The simulation average is shown.

c. The total sample proportion of least squares loss etZ(QS) trimmed for LTTS. By construction Tr% — 0 as n — 00.
For LWAD this is the quantile at which down-weighting takes place.

d. LTTS = Least Tail-Trimmed Squares; LWAD = Least Weighted Absolute Deviations.

TABLE 2 : TAR(1) Estimation Results (¢5 = .6)
| n = 100 | ] n = 800
| Mean [ MSE | KS | Ay, Ay | Te% | | Mean | MSE | KS | Ay, A, | Te%

k=75 (uy @Pﬁ

LTTS-Fix .589 .019 116 | .05,1.0 .06 .599 .000 122 | .05,1.0 .03
LTTS-MSE .584 .021 121 | .09,1.7 13 .602 .001 119 | .38,1.5 .05
LWAD .596 .019 .241 - .05 .598 .004 .189 - .05
LAD .594 .034 .335 - - .599 .002 .143 - -
OLS .559 .015 .269 - - 574 .008 373 - -
k=15 (uy s Py)
LTTS-Fix 579 .016 .083 | .05,1.0 .08 .598 .001 .054 | .05,1.0 .03
LTTS-MSE 581 .019 .087 | .16,1.5 .10 .596 .001 .059 | .30,1.1 .04
LWAD 591 .046 113 - .05 .601 .009 .067 - .05
LAD .593 .045 137 - - .600 .007 071 - -
OLS 579 017 123 - - .594 .004 .143 - -
k=2.5 (uy d P,
LTTS-Fix 591 017 .067 | .05,1.0 .08 .598 .001 .040 | .05,1.0 .03
LTTS-MSE .H88 .022 .074 | .35,.52 .06 .599 .000 .041 | .26,.52 .03
LWAD .590 .068 .083 - .05 .600 .018 .038 - .05
LAD .589 .057 133 - - .599 .014 .038 - -
OLS 579 .014 .097 - - .596 .002 .070 - -
k=15 (ur ~ GARCH)
LTTS-Fix 581 .026 .063 | .05,1.0 .07 .594 .004 .041 | .05,1.0 .03
LTTS-MSE .593 .022 .059 | .22,.54 .04 .599 .005 .040 | .09,.45 .02
LWAD .H88 .086 .079 - .05 .598 .023 .039 - .05
LAD 575 .103 110 - - .594 .038 .083 - -
OLS .543 .033 113 - - .568 .019 .109 - -

a. Fractile parameter in kl(lu) = [Ayn/In(n)] and kgy) = [AyIn(n)].



TABLE 3 : LSTAR(1) Estimation Results (¢° = .25)

| n =100 | | n = 800

| Mean [ MSE | KS | Ay, Ay | Te% | | Mean | MSE | KS | Ay, A, | Te%

k=75 (uy %IPH

LTTS-Fix .250 .021 .068 | .05,1.0 .16 .249 .020 | .071 | .05,1.0 .03
LTTS-MSE .253 .020 | .072 | .09,1.4 | .13 .250 .018 | .069 | .22,1.3 .06
LWAD .250 146 | 072 - .05 .239 143 | .098 - .05
LAD .248 141 .078 - - .255 147 | 079 - -
OLS .254 .026 | .088 - - 257 .023 | .096 - -
k=15 (uy s P,)
LTTS-Fix .261 .016 | .081 | .05,1.0 .06 .258 .015 .074 | .05,1.0 .04
LTTS-MSE .260 .016 | .080 | .15,1.2 .06 .258 .016 | .073 | .14,1.0 .04
LWAD 257 138 | 078 - .05 .259 140 | .073 - .05
LAD .256 142 .067 - - .254 143 | 075 - -
OLS 277 .020 | .000 - - .268 .015 | .080 - -
k=2.5 (uy d P,
LTTS-Fix 251 .025 .066 | .05,1.0 .04 .254 .003 | .070 | .05,1.0 .01
LTTS-MSE .251 .027 | .063 | .12,1.2 .08 .252 .003 | .071 | .18,1.3 .03
LWAD .246 146 | .076 - .05 .254 147 | .068 - .05
LAD .248 .140 | .061 - - .260 139 | 091 - -
OLS .249 012 | .071 - - .254 .003 | .103 - -
k=15 (ur ~ GARCH)
LTTS-Fix .261 .041 .102 | .05,1.0 .06 .253 071 .061 | .05,1.0 .02
LTTS-MSE .258 .044 | .096 | .20,1.6 .15 .253 .068 | .064 | .22,1.5 .04
LWAD 251 144 | .070 - .05 251 143 | 067 - .05
LAD .253 141 .069 - - 257 147 | .091 - -
OLS .238 .030 | .094 - - .256 .020 | .078 - -

a. Fractile parameter in kl(lu) = [Ayn/In(n)] and kg‘u) = [AyIn(n)].
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TABLE 4 : AR, TAR and LSTAR t-tests at 5% level

itd 5 iid 5

=™ )| |n=15w“P)| |v=25@™p)| | n=15(cARCH)
| Hy Hi HY [ [Hy Hf H} | |Hy Hi Hf | | Ho HI H}
AR®, ¢3 = —.3, n = 100
LTTS-Fix? | .058¢ .376 .758 048 452 .705 .051 .453 784 .061 .186 .644
LWAD 074  .500 .998 068  .914 1.00 .047 673 1.00 037 224 .948
LAD .054 1.00 1.00 069  .942 1.00 .060 .634 1.00 .049 185 .927
OLS .041 143 980 .059 284 .976 .049  .248 .935 042 124 .535
AR, ¢3 = —.3, n = 800
LTTS-Fix .053 995  1.00 052 1.00 1.00 .050 1.00 1.00 .050 .894 1.00
LWAD .058 791 1.00 .059 1.00 1.00 .049 1.00 1.00 .041 837 1.00
LAD .022 1.00 1.00 .055  1.00 1.00 .052  1.00 1.00 .047 831 .999
OLS 034 988 1.00 069 1.00 1.00 .051  .826 1.00 045 112 728
TARY, ¢3 = .6, n = 100
LTTS-Fix 067 .88 971 .058 .851 .985 .053 .810 .992 .056  .664 .993
LWAD 034 998 1.00 .048  .858 .979 .054  .993 .999 056  .976 1.00
LAD 017 997  1.00 .064 1.00 1.00 .064  .998 1.00 .054  .938 994
OLS .078 .828 985 .064  .828 1.00 .053  .765 .981 .064 479 .830
TAR, ¢3 = .6, n = 800
LTTS-Fix .060 1.00 1.00 .054 1.00 1.00 .053 1.00 1.00 052 998 1.00
LWAD .053 1.00 1.00 .054 1.00 1.00 .056  1.00 1.00 .044 992 .999
LAD .023 1.00 1.00 062  1.00 1.00 .060 1.00 1.00 .056  1.00 1.00
OLS .049 .960  .980 .052  1.00 1.00 .050 1.00 1.00 .060 .781 .960
LSTAR®, ¢° = .25, n = 100
LTTS-Fix .020 421 .852 030  .527 .975 .037 407 .852 .009 381 .626
LWAD .000 427 835 .002 .583 .984 .005 414 .820 017 437 .845
LAD .000 452 .853 .001 458 .860 .001 434 .858 .003  .445 .857
OLS .002 375 750 024  .737 .922 .082 .644 .969 074 .305 .649
LSTAR, ¢° = .25, n = 800
LTTS-Fix .029 774 1.00 .055  1.00 .981 .053  .703 1.00 072 .600 941
LWAD .012 781 1.00 .028 1.00 1.00 .023 .719 .837 037  .627 977
LAD .002 454 818 .002 449 .844 .017  .503 .866 .019 .554 874
OLS .006 520 .807 037  .842 .906 .059  .994 1.00 .051  .563 874
a. The AR hypotheses are Hy: ¢35 = —.3; Hi: ¢35 = —.2; and H?: ¢3 = 0.

b. LTTS with fixed trimming parameters {Ay, Ay} = {.05, 1}.

c. Values are rejection frequencies at the5% level.

d. The TAR hypotheses are Hy: ¢y = .6; Hi: ¢ = .4; and H?: ¢y = 0.

e. The LSTAR hypotheses are Hy: ¢ = .25; Hi: ¢ = .45; and H?: ¢y = 0.



TABLE 5 : LTTS-Fix® Wald-Test of AR(1) vs. AR(2)®

| k=.75 | | k=15 | | k=25

| n = 100 | | n = 100 | | n = 100
o | 1% 5%  10% 1% 5% 10% 1% 5% 10%
.00 | 0119 045 071 .008 .048 .086 .012  .058 .100
-.20 374 551 .568 307 531 .652 391 617 732
-.30 553 768  .806 .645 794  .886 750 903 .938

| n = 800 [ ] n = 800 [ ] n = 800
& | 1% 5% 10% 1% 5% 10% 1% 5% 10%
.00 .019 .049 .084 .009 .049 .093 .010 .049 .101
-.20 .853 938  .961 983 991  .997 991 994  .999
-.30 971 985 .992 997 998  .999 996 998  .999

a. Fixed trimming parameters are {A,, Ay} = {.05,1}.

b. We simulate AR(2) models y; = .2 +.8y;—1 + ngyt,Q + uy with g g P,.5 and test ¢3 = 0.

c. Nominal test sizes are 10%, 5% and 1%.
d. Values are rejection frequencies at the nominal level.

C.2
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OMITTED FIGURES In Section 7 we estimate a TAR(3)-GARCH(1,1) model y; =

CGEd (ye—1 < 0) + (@I (ye—1 > 0) + wp = ¢'wy, T = [L, y—1, Ye—2, Ye—3), ue = 016y, and o7 = B

+ Bou?_; + B302 ;. The Hill-plot for the residuals |¢;| is presented in Figure 10, below.
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Figure 10: Hill-Plot and Robust 90% Bands for TAR-GARCH Residuals

The Hill-plot of the tail index of || reveals the Hill (1975) estimator %_j, ~hovers between 3
and 5 for all k, € {5,...,200}, every Ref, > 2, nearly every &_j >3, k. < 4 in 84% of the
bands, and values k. < 4 lie in each 90% band. Evidence for E[e?] < oo is in accord with our

assumptions, and the possibility k. < 4 rules out QML and QMWL for standard inference

C.3 PROOFS OF LEMMAS

B.2-B.7 By Proposition A.l stationarity solutions

{hf(@),h;‘e(@),hfe’e(ﬂ)} exist. Further, by Proposition B.1 it suffices to treat the infeasible es-
timator @Z and components m;(#) and G;(0). We therefore state and prove all lemmas for m;(6),

G5 (0), and so on.
Since the notation "x"

hi(0) = hi(0), mi(0) =my;(6), mn(0) =m;,

is repetitive we drop it everywhere: we write 6,, for 9;, and

nt(0), Gi(0) = G{(0), Gne(0) =G, 4(0) = GYI; 1(0)
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Recall all Jacobian and covariance matrices:

Ga(0) = B[Gos(0)] and G3(0) == S5 [ (0)]

G(0) = = S GiO)Tal6) and Gu(6) = = 3" Guel®) = = 3" GuO)T(0)
t=1 t=1 t=1

S0(0) := E [my, [(0)m;, 4(0)'] and S,(0) == % > Elmy, (0)m;,,(0)] -

Assume symmetric trimming throughout to simplify notation. Let w:(0) denote any scalar
m; () or Gy ;+(0) and let {kS;“’%c,Sw)(e)} be the associated fractile and threshold sequences:

k)

wi(0) € {mys(6), Giju(®)}, P (lwe(8)] > (6)) = ==

We simply write C,,(0) and k, whenever w;(6) is understood, and drop 6°.
In order to shorten arguments, and in lieu of power-law tail Assumption D.ii, we assume w;(6)
has power law tails for any 6:

@

O P (lw(0)] > ¢) — dw(9)’} — 0 as ¢ — oo where grelé {dw(6)} >0,

By construction of C,(0) and tail (22) we have the following wniform fractile and threshold
properties: if k,,(0) < 2 then

(UFT) inf Ca(9) — K and sup Cn(0)

0€6 (n/ky)"/rw(®) 0co (n/]gn)l/nw_(g) — K.

Applications of Karamata’s Theorem therefore gives the following trimmed moments:

i £y (0) <20 B [wl(O) (lwi(0)] < Cal6))] ~ K (Cu(6)) X (kn/n) = K (k)51

if Kw(0) =2:F [wi(0)I (Jwe(0)] < Cn(6))] ~ L(n).
Uniform bounds are similar in lieu of (UFT): for example if x,,(0) < 2 then for finite K > 0

n (Ca(0))°

(UTM) sup {

0€{O:r,,(0)<2}

The proofs of Lemmas B.2-B.7 require several supporting results. First, intermediate order
statistics are uniformly bounded in probability, and trimming indicators satisfy a uniform law.

Notice we require RB, RS and STM throughout to ensure stationary solutions for the volatility
process and its derivatives by Proposition A.1. Recall RB is not required if GARCH parameters
are not estimated. We do not mention stationarity to reduce repetitive declarations.

LEMMA C.1 (uniform indicator law). Let Assumptions D, MX, RB, RS and STM
hold.  Let T,.(0) denote ((n/kn)"/>){I(Jw:(0)] < C.(0)) — E[I(Jwi(0)] < Cn(0)]}. Then
{(n"V2Y T,,(0) 1 0 € ©) = {Z(0) : 6 € O} and Elsupgeo In? Y, ,.(0)]] = O(1)
where Z(0) is a Gaussian process with uniformly bounded and uniformly continuous sample paths
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with respect to La-norm, and =* denotes weak convergence on a Polish space'®.
PROOF. By construction Z, () is La-bounded uniformly on 1 < ¢ < m, n > 1, and O,
and under MX Z,, ;(0) is geometrically S-mixing. Further, {Z, .(f) : § € ©} satisfies the metric

entropy with Lo-bracketing bound!® fol H1(e,0,]] - ||2)de < oo. This follows since the finite
dimensional distributions of w;(#) are absolutely continuous under D.i, hence the thresholds Cy,(6)
are continuous. Further, fdd’s of w¢(0) have bounded densities uniformly on © by D.i. Therefore
Z,+(0) is Lo-Lipschitz: E[(Z,.(0) — Z,,+(0))?] < K||@ — 6]|. Proving the Lo-bracketing numbers
satisfy fol H;1(g,0, |- ||2)de < oo is then a classic exercise (Giné and Zinn 1984, Pollard 1984, 1989,
van der Vaart and Wellner 1996).

We may therefore extend Doukhan et al’s (1995: Theorem 1; eq. (2.17), Application 4) uniform
central limit theorem {1/n'/23"" 7, ,(0) : 0 € ©} =* {Z(0) : § € O}, a Gaussian process with
a version that has uniformly bounded and uniformly continuous sample paths with respect to ||+ ||2-

Finally, Doukhan et al’s (1995: Theorem 2) uniform maximal inequality applies since their

required bound (2.10) holds under their (2.17), which fol Hi(e,0, |- |[2)de < oo ensures. Therefore
E[(supy [n"Y2 31 Z,,4(0)|] = O(1) which completes the proof. QED.

LEMMA C.2 (uniform order statistic).  Define w” (0) := |w(0)|. Under D, MX, RB, RS
and STM supgee |wij.) (8)/Ca(6) — 1] = O, (kn/?).

PROOF. We first prove the pointwise limit, then the uniform limit.

Step 1 (pointwise): Define Z,, (u) := 1/ky, > py I(wy > Cne“/kim) for arbitrary v > 0. Under

geometric B-mixing and power-tail decay MX and D.ii {k, Y2y (wy > Cpe*)} satisfies the conditions
of Hill’s (2009: Theorem 2.1, Lemma 3.1) central limit theorem. Therefore point-wise

(23) kM2 4T, (u) — B{Z, (u)} <, N(0,w?(u)), where w: Ry — R, and supw?(u) < co.
u>0

We need only show k> In(w, +1)/Cn) 4, N(0,v%) follows from (23). By construction

fen/? In(wk, +1)/Cn) < u sufficiently if Z,,(u) < p for any p € [0, 1] to be chosen below, and Z, (u) <
p if

ka? (Zo (u) = B I (w)])

IN

n

kL (p - kﬁp (wt > cneu/ki/2)>

P (i > Coeii)
gz fp- Zp .,
" p ky, (we > Cn) P (wy >Cp)

Let b : Ry — R satisfy kb (Cn) — 0. Power-law tail decay implies by a generalization of Hsing’s
(1991: p. 1553) argument for some b

kip (W > Co) = O(1) X [L+ O (6(Cp))] = O1) + 0 (1/k}/2) as n — 00

1%See Dudley (1978), Giné and Zinn (1984), and Pollard (1984).
The brackets {I,u} of an index function class F satisfy | < f < u for every member f € F, where
{l,u} may not be members of F; an e-La-bracket {l,u} satisfies ||| — u|| < e; the La-bracketing numbers

N (e, @, ||-||2) are the number of e-Ly-brackets required to cover F, and metric entropy with Lo-bracketing
is Hii(e, @,]] - ||2) = In(N] (e, @, || - ||2)). See Giné and Zinn (1984) and Pollard (1984). The property
fol ’H[I]/2 (g,®, ]| - |]2)de < oo ensures a required stochastic equicontinuity condition for weak convergence of

a partial sum of 7, ¢(¢) (Dudley’s 1978).
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and
P (wy > Cpe™)

P ('UJt > C'n)
where O(w) € [0,w] is a contraction mapping. Now put p = O(1) € [0,1] to deduce
ey ? In(w, +1)/Crn) < u sufficiently if

= O(e™") x (14O (b(Cp))) = O(e™) x (1 +o (1/k,1/2)>

KUY (T, (u) — BT, (W)
< g2 <p _ ((’)(1) Yo (1/1@;/2)) x O(e™"") x (1 +o0 (1/1@,1/2)))
< w2 {p— 0 () o (140 (1/82))}

T {un/k}/z +o (1/1@’}/2)} =u-+o(l).
Since k> {Zn(u) — E[Z,(u)]} % 7 a mean-zero normal law with finite variance, it follows

(24) tim P (k2 (wie, +1)/Ca) < )

n—oo

~ lim P (n_lk}lﬂ (T (1) — BT, (w)]) < u+ 0(1)) =P (Z<u).

n—oo

Therefore k> In(wk, +1)/Cn) < N(0,v%) where v? < 0o, hence w;/C, = 1 + O,(kn /?) by the
mean-value-theorem.

Step 2 (uniform): Define Z,, (u,0) := 1/k, > 1, I(wt(a) 0) > Cn(e)e“/ki/z) and

o\ 12
Z, (u,0) = ky (k’_> T, (u,0).

n

Repeat the argument leading to (24) to obtain
P (k:,l/z In (mggi)(e) /cn(e)) < u) —p (ﬁ_ln_lﬂ (2, (u,0) — B[Z, (u,0)]} < u+ 0(1)) .
Lemma C.1 implies the right-hand-side converges weakly: for any v € R
P (Kfln*W (2, (u.0) — E[Z, (u,0)]} <u+ 0(1)) —*P(Z(0) <u),

where {Z(0) : § € ©} is a Gaussian process with a version that has uniformly bounded and
uniformly continuous sample paths with respect to the La-norm. Therefore sup, |w§ZZL)(9) /Cn(0) —

1| = Op(kn 1/ 2) by the continuous mapping theorem. QED.

Finally, we require an expansion of kernel weighted equation cross-products for HAC asymp-
totics. Write compactly

Su(0) :=nS,u(0) = Y E[m;, ,()m;, 1(6)']

LEMMA C.3 (cross-product approximation). Under D, F, I, MS, MX, N, RB, RS and
STM &1 370 ) Ko at{rn,s (0n) 1 (0) — M o (0°)ma 1(6°)} = 0,(1).
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PROOF. Drop 6° throughout, and assume ¢ = 1 to simplify notation. It suffices to show

1 n A A
(25) 6_ Z Kn,s,t {mn,smn,t - mn,smn,t} = Op(l)
n s,t=1

(26) o z Kot {10, 01 1 (0r) = 1 st } = 0y(1).

@
3

Step 1 (bound (25)): By the triangle inequality |&,,! Z;, ve1 Ko s {1 s e — My s 1}
is bounded by

Z ’Cn s,tMs ( n,s — In,s) {mn,t -F [mn t Z ’Cn ERAUT ( n,s In,s) E [mn,t]

’I’L ’I’L

s,t=1 s,t=1

j — .

6 Z ICn 5,tMs < n,s In,s) my <In,t - In,t) = Al,n + A2,n + A3,n-
™ ogt=1

Consider A4, ,, and define for any § > 0
1 _ .
ns (z) == W exp{—x26 2/2} and Nsm,j = s (3/7n)
s

t=—n+1 \ V7 |=1—¢ n

2n
1 .
Ainsi= Y ( 72 Z KAl/vn) 61/2 17z M+ <In,t+l - In,t+l> Io<i< [’)/n/5])>

n—t
1
X 1/2 Z 77§IL,J

Gl/zmn t+JI(O <.] < h/n/é]) X (1+Ol) (1))
Tn j=1-t

Trivially since &,, = nS,,
n

2
27) ( 1/2 Z {mn+ — mnyt]}> —1= Z (1/711/2)27

t=1

and by approximation Lemma B.3.a

2
n 2
(28) ( l/zzmt(nt_ nt)) :O(l)SKZ(l/nl/z) :K
n t=1
Therefore, by Lemmas A.2-A.3 of de Jong and Davidson (2000) we have!”

(29) hn})thUp HAl n - Al,n,é X (1 + OIJ (1))”1 =0

n—oo

"de Jong and Davidson (2000: Lemma A.1) invoke a mixingale maximal inequality due to McLeish (1975)
solely to ensure partial sum variance bounds. It suffices to replace their Lemma A.1 with (27) and (28)

since these duplicate the same bound implied by Theorem 1.6 of McLeish (1975) with mixingale constants
1/n'/2,
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Now consider Aj , 5, define N,,(0) := min{n, [v,,/d] + 1} and note by construction and variance

non-degeneracy
N (6 S35/ N ()
1imsupJ < K and SOOI O(1).
n—oo ’yn 6”/“
Approximation Lemma B.3.a and CLT Lemma B.6 generalize in a straightforward way to kernel-
weighted versions under the suppositions of Theorem 6.1: for any

ni/?2 = i
7,}/2 % 7111{1112)15%271 6»}/2 l;tlc (1/77L) M4 <I’n,t+l - I7L,t+l> I (O <I< h/n/é])
- 2
Na2(8) [ S0/ Na'*(6) 1 W
< & X K(t/v,){m -m
> ’7}/2 6,}/2/711/2 SNn(zS) s ( /7 ){ n,t+1 n,t—H} 2

— 0 asn — oo,

and
’I’Ll/2 n—t 1 .
71/2 —n—ir-Illg:fSZn Z Nsn.j 61/2 mn,t—i—jl (O <Jj< ['Yn/(s])
n j=1-t n 9
Na2(6) [ Sn,()/Na"*(6) 1 e )
S —p 12 X g N5 n,j 1T (In,t - In,t>
Yn Sy /n1/2 Nn(9) =1 9
— 0 asn— oco.
Therefore
(30) ;in%) limsup || A 5], = 0.

Together (29) and (30) imply Ay, = 0, (1). A similar argument applies to As ,
Finally, Az, and Ajs,, follow by the same argument for ms(I,, s — Ip,s). For E [m, ] in As,
use the Theorem 6.1 supposition maxi<s<¢ Yy [Kn,s,e| = o(n), identification Assumption I and

S, = nSy, to deduce o(||n6;1/2E[mn,t]||) = o(||n1/2851/2E[mn7t]||) =o0(1).

Step 2 (bound (26)):  Note |G, 30, ) Kn s t{rin,o ()it 1(0n) — 1 o771} is bounded
by

n

1 R A N N
6_ Z Icn,s,t {mn,s(an) - mn,s} mn,t
" ost=1

S,l=

2 +

6%1 S Ko (it s(0n) = 1, } L o(B0) = |

s,t=1

Consider the first term, the second being similar. Similar to the proof of Lemma B.5, apply a
Taylor expansion and multiple applications of Minkowski’s inequality to deduce for some ||6,, . —
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6°1l < 116, — 6°]

1
6” s,t=

1 o . R
< 6_ Z IC’IL s tG.s(en *)I .s(an,*)mn,t

H

Gn s,t=1 {
+le ;1 [SRUARE SO A S g
+ GL,L sil Kn,s,tms {fn,s(én) - } Tt ZBz -

By Theorem 2.2 [|0,,.. — 0°]] < |10, — 6°]] = O,(|[Val|=/2). Now define i := (—1)'/2 and apply de
Jong and Davidson’s (2000: (A.51)) argument under the maintained kernel assumptions to deduce

0o 1 1 n it
- imt/ v, .5
s K/MQQJ 7 2 ¢

ST
= K/ Cy Dy, |w (m)| dm,

n

1 —ims [
E Ze /A/"Gn,s(e"h*)lnvs(en’*)
s=1

) | (m)| dm

where w(m) is defined in Theorem 6.1. We have C,, = 0,,(1) by Jacobian consistency Lemma B.7 in
view of 8, 2 6°, and the Theorem 6.1 suppositions 3.7 ,_, [Kp.s.¢| = 0(n?), maxi<s<n Sopy [Kns.t]
= o(n), and v,, = o(n). Further D,, = Op(1) follows from approximation Lemma B.3.a and CLT
Lemma B.6. Therefore By ,, = 0, (1) by dominated convergence given the assumed kernel properties.
By exploiting the arguments used in the proof of expansion Lemma B.5 the remaining terms follow.

QED.

We are now ready to prove Lemmas B.2-B.7, and implicitly invoke Assumptions D, F, MX, N,
RB, RS and STM where ever needed. We present an expanded version of Lemma B.2 to aid in
proofs that follow.

LEMMA B.2 (variance and threshold bounds). a. ||Sn(@)]] = Krn(0)||20(0)]] =
o(n/1In(n)) for some sequence of positive numbers {r,(0)}, where in general liminf,, _,~ infpce 7 (6)
> 0 and supgegrn(d) = O(n(n)), and r,(0) ~ K if my(0) is finite dependent
or each E[mi,(0)] < oo; b ¥a(0) = o(nl|[E[m;,(0)][1?) and supyee ||Sn(0)|] =
o(nsupgee ||E[m;, (0)]]1?); ¢ for each wi(0) € {mi,(0),Gi;:(0)} with index k., (0) < 2 we have

SUPpe (0ums, (0)<2} 1Cn (0)/(E[wi (O) IS ()2} = o((n/ka)"/?).

PROOF.
Claim (a): Assume m;(0) is a mean zero scalar to reduce notation, and drop 6 everywhere
since it does not play a role.

Note S, ~ E[m;3] + 237 (1 — i/n)E[m my, ym ] If E[m}] < oo then S, ~ K under

geometric B-mixing (c. Ibraglmov 1962). If my is finite dependent then S, = K E[m}%] has a finite
limit if E[m?] < oo.



48

Finally, assume m,; is non-finite dependent and E [mt] = oo and recall the Assumption D tail
index € (1,2]. By Assumption N liminf,, ... S, /E[m;; *2] > 0 so we need only prove S,, = K In(n)
x Efm:2] and E[m:%] = o(n/In(n)).

Define the quantile functions Qn(u) =inf{m : P(|m}, ;| > m) < u} and Q(u) = inf{m : P(|m]
> m) < u} for u € [0,1], recall geometric 3-mixing implies a-mixing with coefficients o, < Kp”
for p € (0,1). Since we assume non-finite dependence, without loss of generality set oy, = p" for
notational simplicity. By Theorem 1.1 of Rio (1993)

n—1 n—1 o n—1 ph
SO |E [myam ]| <23 / QA wdu <2y / Q2 (u)du
i=1 i=1 70 i=1 70

By tail-trimming Q,,(u) = 0 Vu < k, /n and @, (u) = Q(u) otherwise. Further, under tail decay
Assumption D Q(u) = O(u~"/*). Therefore

n—1 n—1 n—1
S IE[mamanl] < K3 / u?du = Ky max {0, (/) /0 < pmiC/n
i=1 =1

In(n/ky)

= K Z { n/kn Q/K 1) 7i(2/l{71)} .

Finally, S0 /5) { (0 /K, )2/5=1 — p=i@/5-D} = KIn(n/ky,) % (n/ka)2/*"1(1 + O(1)). If s € (1,2)
then by Assumption D and therefore Karamata’s Theorem (Resnick 1987: Theorem 0.6) E[mfft] ~
chl(kn/n) K(n/k,)?/"1 hence St Em, my, ym ]l < Kln(n) x E[m;?]. Similarly if & = 2
then E[m;%] ~ L(n) hence Z CE[m;, ymy, i0]| < K(In(n)/L(n)) x Elmi2] = L(n) x E[ %)
By Karamatas Theorem 1f = 2 then E[m;3] is slowly varying in n hence E[m;; t] =
o(n/In(n)). If k € (1,2) then E[m;2] ~ Kc2(kn/n) = K(n/kn)?/"~! where (n/kn)?*~! =
o(n/lnn).
Claim (b): Define £ := infgpco km,; (0) where £, (0) is the moment supremum of m;(6).
By (UFT), (UTM) and the claim (a) argument if £ > 1 then supgeg E[m3, (0)] = o(n) =
o(n|E[m;n:(0)]]). If & < 1 then apply (UTM) to m;,+(0) to deduce supycg |E[m; . +(0)]] ~
(n/kip)t/51

R I 0

sup | E [m n.1(0)]]? (n/ki ) 2(/5=1) = (n/ki;n) =0(n).
€0

The same argument implies E[m7,, (0)] = o(n|E[m; n.(0)]]).
Claim (c): The claims follow from (UFT) and (UTM) under Assumption D. QED.

LEMMA B.3 (asymptotic approximation). a. ||n*1/2851/2271{“* — my i}
= 0,(1); b, suppeollmn(0) — mu@)l}} = op(supgee | Em; (O]l e suppeef|lis(6) —
my (O)]/Elm3, ()|} = 0p(1).

PROOF. Assume m;(0) and 6 are scalars for notational convenience, hence X,,(0) = E[m2 ,()].

Claim (a): Note by Lemma C.2 supycg |m§ZZL) (0) /C(0) — 1] = Op(l/kl,l/z), and uniform in-
dicator law Lemma C.1 and the threshold construction imply

1 - 7(m) F(m) —
e e AR G| BT

(31) sup {

p [ﬂ’” (9)} - 1'} =1
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Now let § € © be arbitrary, and write m; = m(0), C,, = C,,(8), 11 = Mt (8), My = Myt (6),
fn,t =1- Inj(e)a In,t = In,t(0)7 and S’n, = Sn(e)

Bound
n .
‘; {m”,t i t} = llgta<xn {‘mt {In,t - In,t})} X ;

By construction |mt{fn¢ — I} < 2|mEZl) — Cpl, and under the Lemma B.2.a,c bounds it follows
Cn = o(n'/?||S,||*/?), hence

g {|me {10~ L.}

Next, by construction and the triangle inequality

2

since (n/kn)E[I,4] — 1 = 0 by the threshold construction, and e M2 Sici{lng — E L4} =
O,(1) by (31). Therefore Y ;" {1, —mp1} = op(n_l/zS,l/z).
Claim (b): Define

In,t - In,t .

f<2mie), -

m(kl)/cn - 1‘ =0, (n1/2S,11/2k:;1/2) .

< kM2 + kL2

B (2 (] 1) = 0,87

n,t = nt

3 (s~ B[]}
t=1

mn

M, = max {Sup e (0) {Lne (0) — s (9)})}.

1st<n |9co
By the Claim (a) argument, (n/kn)E[l,+ ()] — 1 = 0 and uniform indicator law Lemma C.1 it
follows
1/2

kn
< Mnx sup
0cO

sup |—
[A<C]

n Z {mn t — Mn,t ( )}

1/2 Z {In.:(0) = E [L. (9)]}‘ =0, (Mnk,,llm/n) .

n

It remains to prove M,, = op(supgee |E[mn,t(9)]|n/k}/2). Since

e (0) { 1.0 0) = L 0)}| < 2€a(6) [ m{3) (0)/C0(0) ~1

?

and supgcgo |ngi)(9)/Cn(9) -1 = Op(k*;l/z), use the Lemma B.2 bounds to deduce

My < K sup (C(6)) sup 2 (0)/C,(9) = 1] < 0 (s { (8 o 60)) 7} /2 52 ) = o, (sup B 0]

0€© 0cO

/

Claim (c): Observe

< lxgtag(n {)mt(O) {jn,t(e) - In,t(e)})} X i

By construction [me(0){[,e(0) — L)} < 2c.(0)lmy) (0)/ca(0) — 1| where
supgeo iy (6)/ca(0) — 1] = Op(1/ky/*), and

Z Lo(6)] < ki ( IL/Z E[L.(0)]}

Z mn t mn,t (9)}
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which is O,(kx/?) by (31). Hence

sup Z {mn t mn,t(a)}

gco |NE |mn t

=00 (s @} ) = O (P

If infypco km(f) < 1 then by power-law tail Assumption D and Karamata’s Theorem
supgee i £||mnt(0)||/cn(0)} = K(kn/n) hence D, = O(1/k,) = o(l). Otherwise note
liminf,, . infoee E|my,(0)] > 0, and power law decay and the threshold construction together
give supgegicn(0)/n} = K(n/ky,)'/ oo kn(0) /n = o(1). QED.

LEMMA B.4 (LLN and ULLN). a. 1/n>0 imne = op(1); b supg{||mn (0) —
Elmn (]|} = op(en).

PROOF.

Claim (a): 1/nS7 mp +(6°) = 0,(1) follows from E[m,, ;(6°)] — 0, the Lemma B.2.a,b vari-
ance property ||S,|| = o(n), and Chebyshev’s inequality.

Claim (b): Define for any ¢ € {1, ...,q}

Mint (0) — E [min(0)]

hn,t (9) = sup ||E [mn,t (@]H
4SS

Use variance relations Lemma B.2.a,b to deduce 1/nd") | h,+(f) = op(1) by Chebyshev’s
inequality. Further, h, () is uniformly L;-bounded so it belongs to a separable Banach space,
hence the L;-bracketing numbers satisfy Njj(e,©, || - [[1) < oo (Dudley 1999: Proposition 7.1.7).
Now combine the pointwise law and Njj(e,0,]| - ||1) < oo to deduce supy |[1/n> 7 hny (0)| =
op(1) by, e.g., Theorem 7.1.5 of Dudley (1999). QED.

LEMMA B.5 (asymptotic expansion). C’hooseﬁ,é € © and let finite § > 0 be arbitrarily
large. For o,(1) not a function of 0: a. my,(0) = m,(0) + G.(0) x (0 — 0) +n=¢ x [|0 — 0||**
x 0p(1); and b. 1, (0) = Mn(0) + Ga(8) x (0 — 0) + n=¢ x |8 — 0]|"/* x 0,(1).

PROOF. We prove (a), the more difficult of the two. Assume 6 and m;(6) are scalars to reduce
notation. Choose || — 6|| < § for any § > 0. By Taylor’s theorem for some ||6,, s — 8|| < ||6 — 6|

M4(6) = {ma(0) + Gr(0,5)(6 = )} L (6),

+ Z Ge(0n,5) X {Int (0) — Int(0ns)} x (0 —0).

We need only show the second and third terms are o,(n~¢) x [|6 — ]|'/.
Consider the second term in (32) and use I,,; (8) — I,+(0) € {—1,0,1} to bound

th { nt In,t(é } n1/2 Z’mt { it ( *In,t(é)}’
e Z

nt (0) = Lot (B)] = A0 (0,0) x B.(0,0).
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Consider A, (6,6), and observe by the threshold cim (6) and trimming indicator I, ; (f) construc-
tions

(33) sup F
6,6c©

In,t (9) — In,t(é)‘ < S}lp E
0,0c©

15 0)] < swp P (mu(0)] < Co (8)) = O (kn/m).
0,0c0

Now use stationarity, L,-boundedness of m;(#) for some tiny ¢ > 0 under D.i, compactness of ©
and the Cauchy-Schwartz inequality to deduce

sup <E [.A,,L(Q,G)LDUL < sup nt/? {E ‘mt {In,t 0) — Im(é)}

L:| 1/¢
0,6c© 0,0€0

-0 (n1/2 (kn/n)m> .

where O(+) is not a function of 6.
Now, by D.i m,(6) is uniformly L,-bounded with a continuous distribution, hence by (33) and
the mean-value-theorem E[|I,: (6) — I,+(0)]'] = O(kn/n) x ||6 — 6]|, and m(0) is L,-bounded.
But this ensures for tiny ¢ > 0
~ l/L ~ v l/L
(B[4n@.0)]) " <0t/ [B]m(0) {1.s 0) - 1.0} ]

=0 (/) o -]

where O(+) is not a function of 6.
Now use k,,/n — 0, the fact that « > 0 is arbitrarily small, and Markov’s inequality to deduce
for £ > 0 arbitrarily large, and op(-) that is not a function of 0,

oy (0 () o) a0 -]

Since supy g){Bn(O 0)} < n'? by construction, and © is compact, we have shown
/>0 my(0){L: (0) — wt(0)} = n7¢ x 0,(1) x [|0 — 6]|*/* for 0,(1) that is not a function
of 6.

The same argument applies to the third term in (32) in lieu of Jacobian distribution and moment
properties D.i. QED.

LEMMA B.6 (CLT). n~Y/25,'*S™ m,, % N(0,1,).

PROOF. We prove the claim for the scalar case under symmetric trimming and E[my, ] = 0,
(m)

the general case being similar. Write k,, = /ﬂ(lm), Cn =Cy" and &2 := E(3"1, myt)?.
By the geometric S-mixing property and stationary, we need only verify (2.1) and (2.2) in
Pelgrad (1996: Theorem 2.1), stated below:

squ ZE | <oo (22) 622]5 I (Imn| > €6,)] — 0.

n21 Yn nj—1

By non-degeneracy Assumption N and stationarity nE[m;%]/S, = O(1), hence (2.1).
By stationarity for (2.2) we must how E[ . tI(|mn t| > £6,)]/62 — 0. Assume E[m, ] =0
to reduce notation, and observe since nE[m? ]/ &2 = O(1) it follows

E[m} I (|mnyl >e6,)] = E[miI(Imy <Co) I (Imel I(Ime] < Cp) > e6,)]

= B[mi(y < |mi| <C)] < B [mi1 (en'/? (B [m},])"*

< Imel <€)
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Write (2)4 := max(0, 2). If k,, € (0,2) then by Karamata’s Theorem E[m? ] ~ C2P(|my| > Cy,)
C2(kp/n). Therefore

2 2 1/2 1/2 1/2
n'/ (E [mn,t]) _ (nE [ n t] ) ~ (nC,ZL (k”/n_)) = k?71/2 — 00.

Cn c2 C?

This implies there exists an N € N sufficiently large that Vn > N we have E[m7I(en'/?(E[m2 ,])!/?
< |my| < Cn)] = 0. If k = 2 then E[m?. ;] = L(n) — oo is slowly varying and C,, = K(n/ky), hence

W2 (B [m3 )" Lm)\Y?  (nLm)\"*
(Egn n,]) N( 27(21 )) _ (#E{;n)) :(k7LL(n))l/2—>oo.Q5D.

LEMMA B.7 (Jacobian consistency). a. C:;;(@Z) =Gn(1+0,(1));b. G5 =G, x (1 +0(1)).
PROOF.

Claim (a): We need only show Gy, (6n) = Gn(6n) x (1 + 0p(1)) where o,,(1) is not a function of
0, and [|Gn(0,) — Gul| = 0,(||Gnl|). The former holds by the same argument used to prove Lemma,
B.3.c. Drop #° throughout. We have for the latter

1« A N
E Z Gt(en)In,t(an) - E [GtIn,t]
t=1

n

iZ{Gt(éz) In(0) — GtIn,t}

t=1

Z{Gt n,t — Gt nt]} +

If any G, j+ is Li4,-bounded (or merely uniformly integrable) then by geometric S-mixing As-
sumption MX {G; j I, } satisfies Andrews’ (1988) L;-mixingale LLN: &, ; ,, :=1/n > 7 {Gi jtlnt
— E[Gij+In4]} & 0. Otherwise &, = 0,(||E[G¢I,.]||) can be shown by exploiting geometric S-
mixing and using the argument in the proof of ULLN Lemma B.4.b. In both cases, therefore A, =
op([[E[GeIn 4]l])- A

Finally, arguments from the proof of Lemma B.5 can be generalized to show B,(6,) <
K0, —6°[|*/* for tiny ¢ > 0. Therefore By (6,) = op(1) given consistency 6,, 2 6° by Theorem 2.1.
In lieu of non-degeneracy Assumption N the proof is complete: ||Gn(6n) — Gn|l = 0p(1) + 0,(]|Gnl|)
= OP(HgnH)

Claim (b): By expansion Lemma B.5.a we have for arbitrarily large finite £ > 0, and tiny ¢ >
0,

= A, + Bn(60,).

%Eg{mwx Mg} = = }:thtx(e 9%4%15XH9 9H”Lx%,n

Now invoke dominated convergence to deduce
Emn (0)] = Emn] _
16— 6] -

E Gl x (140 (||6 - QOH))-FO (n_ﬁ) =Gux(1+0(]|0— QOH))—i-o (n_ﬁ) )

Since ¢ > 0 is arbitrary and ||G,,|| is non-degenerate under Assumption N, it follows

E [mn,t (9)] -F [mn,t]
16— 6°]

=Gn x (1 +0(H9 90”)) +o(llGnll) -
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Identically, by the definition of a derivative G (6) := (9/00)E[m,, ; (9)]:

E [mn,t (9)] -F [mn,t]
16— 6°]

=G x (L+o([[6—6°)) +olGal)-

Equate the right hand sides of each identity and take || — 6°|| — 0 to prove the claim: G = G,
x (1 + o(1)). QED.

LEMMA B.8 (HAC).  S8,(0,) = Su(1 + 0,y(1)).

PROOF. Assume m;(0) and 6 are scalars to simplify notation, drop 6°, and define

l,n = Si Z ’Cn,s,t {mn,s(én)mn,t(én) - mn,smn,t} and AZ,n = Z Kn ,8 tmn Smn L 1.
n s,t=1 s,t=1
Since Aj 20 by Lemma C.3, we need only show Az, 2, 0 and invoke the triangle inequality
to prove the claim. We will apply Theorem 2.1 of de Jong and Davidson (2000), denoted DJ. It
suffices to verify their Assumptions 1-3. Assumption 1 holds by our maintained kernel assumptions.

Their Assumptions 2 and 3 impose Near Epoch Dependence and relate the property to
bandwidth +,,. Both conditions are only used to promote partial sum variance bounds for a
standardized process by invoking McLeish’s (1975: Theorem 1.6) maximal inequality.

Define Z,, ; : = n~"/28, m,, +(6°). Under geometric 3-mixing {m,, ;(6°), 3} forms a geometric
Loy-mixingale with constants e,; (cf.  McLeish 1975: Theorem 2.1)!8.  Therefore {24, S}
forms a geometric Lo-mixingale with constants &, := n~Y28,; v zemt. By inspection of DJ’s
proof of their Theorem 2.1 it follows E(3 7, Z,4)? = 1 < K> 1 (1/n'/?)?2 = K suffices in
place of their Assumption 2. Finally, their Assumption 3 is =, X maxlgtgn{é}%yt} = o(1).
By supposition ¥, = o(n). Theorem 1.6 in McLeish (1975) states 1 = E(> 1, Z,4)? <

Ky €& t = Kn_lS LS e +- Therefore, in view of stationarity we we assume e, ; = KSI/Z,
hence max1<t<n{ t} —n—1. Thus Assumptlon 3 holds. QED.
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