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Abstract7

In animal cells, blebs are smooth, quasi-hemispherical protrusions of the plasma membrane that form8

when a section of the membrane detaches from the underlying actin cytoskeleton and is inflated by9

flowing cytosol. The mechanics behind this common cellular activity are not yet clear. As a first step in10

the development of a full computational framework, we present a numerical model of overall cell behavior11

based upon the interaction between a background Newtonian-fluid cytosol and elastic structures modeling12

the membrane and filaments. The detailed micromechanics of the cytoskeletal network are the subject13

of future work. Here, the myosin-driven contraction of the actin network is modeled through stressed14

elastic filaments. Quantitative models of cytoskeletal micromechanics and biochemistry require accurate15

estimates of local stress and flow conditions. The main contribution of this paper is the development16

of a computationally efficient fluid-structure interaction model based on operator splitting, to furnish17

this data. Cytosol volume conservation, (as supported by experimental evidence), is enforced through18

an intermediate energy minimization step. Realistic bleb formation and retraction is observed from this19

model, offering an alternative formulation to positing complex continuum behavior of the cytoplasm (e.g.20

poroelastic model of [Charras et al., 2008]).21

1 Introduction22

In animal cells, a bleb is a fluid-filled protrusion that forms when the plasma membrane separates from23

the underlying actin cytoskeleton [Charras et al., 2005, Dai and Sheetz, 1999, Sheetz et al., 2006], and is24

pushed outward by pressure-driven cytosol [Albrecht-Buehler, 1982, Charras et al., 2005, Cunningham, 1995,25

Erickson and Trinkaus, 1976]. Blebbing occurs during apoptosis [Charras et al., 2005, Mills et al., 1998,26

Sheetz et al., 2006], mitosis [Albrecht-Buehler, 1982, Dai and Sheetz, 1999, Erickson and Trinkaus, 1976],27

and cell spreading and motility [Charras et al., 2005, Cunningham, 1995, Dai and Sheetz, 1999]. During bleb28

formation and retraction, the overall cellular volume remains constant [Albrecht-Buehler, 1982, Charras et al., 2005,29

Cunningham, 1995]. The biomechanical process behind the phenomenon is not yet completely understood.30

There are several topics under discussion in the literature [Charras, 2008], including how to characterize the31

cell’s cytoskeleton. One viewpoint posits the actin cortex to be a continuous medium, either as a poroelastic32

material [Charras et al., 2008] or as a highly viscous fluid [Alt and Dembo, 1999]. The continuum hypothesis33

excludes consideration of anisotropic microdynamics taking place within the cytoskeleton [Yoon et al., 2008].34

We present here an alternative modeling approach that couples the motion of a Newtonian fluid (the cy-35

tosol) with the deformation of elastic structures (the membrane and filaments). This volume conserving,36

fluid structure interaction model lays the groundwork for a full, micromechanical computation of cytoskeletal37

dynamics to be presented in future work.38
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A number of computational models have been made to simulate protrusive activities in cells. Bottino and39

Fauci [Bottino and Fauci, 1998] used an immersed boundary method to model directed motion in crawling40

cells. Alt and Dembo [Alt and Dembo, 1999] took a two-phase fluid approach to cell locomotion, treating41

both the actin filament cortex and the cytosol as viscous fluids. A system of generalized Stokes equations42

with Darcy’s law was used to model the fluid flow, including the transition between the two fluid phases.43

With respect to previous work, our model includes additional features such as a volume constraint to ensure44

accurate computation of fluid variables, the dynamic elastic stresses of the membrane, and a framework45

conducive to a forthcoming micromechanics description of the cytoskeleton.46

1.1 Biological Background47

1.1.1 Cellular Structures48

The cellular structures thought to be involved in bleb formation are the actin cytoskeleton, the cytosol, and49

the plasma membrane. The actin cytoskeleton is the peripheral, mesh-like structure composed primarily50

of cross-linked actin filaments which gives the cell its mechanical strength and shape [Alberts et al., 2002,51

Boal, 2002]. Motor protein polymers, myosin II, can be found interlaced among the actin filaments and are52

capable of producing contractile forces within the cytoskeleton [Alt and Dembo, 1999]. A typical cytoskeleton53

contains 100,000-400,000 actin filaments [Boal, 2002, Cano et al., 1991], with each 8 nm thick fiber ranging54

in length from 0.2-20 µm [Boal, 2002, Cano et al., 1991, Janmey et al., ].55

The cytosol is the fluid within the cell [Boal, 2002, Bray, 2000]. It is comprised of water and dissolved56

proteins [Bray, 2000] with a viscosity of 1.1-3.0 cP [Bicknese et al., 1993, Mastro et al., 1984]. The fluid57

pressure inside the cell is normally 20-300 Pa higher with respect to that of the external ambient fluid58

[Charras et al., 2008, Rand and Burton, 1964].59

The plasma membrane is a 4-5 nm thick, semi-permeable lipid bilayer that encases the actin cortex and60

cytoplasm [Alberts et al., 2002, Boal, 2002]. The plasma membrane can only stretch 2-5% of its area before61

rupturing [Evans and Skalak, 1980, Morris and Homann, 2001, Sheetz et al., 2006]. However, a cell houses62

extra membrane surface area in folds, ruffles, microvilli and internal vacuole-like dilations to accommo-63

date possible shape changes [Dai and Sheetz, 1999, Erickson and Trinkaus, 1976, Evans and Yeung, 1989,64

Herring et al., 1999, Schmid-Schönbein et al., 1980, Sheetz et al., 2006]. The plasma membrane and cy-65

toskeletal filaments are attached together via interactions with transmembrane proteins often mediated66

by adaptor proteins, as well as via interactions with lipids [Alberts et al., 2002].67
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1.1.2 Blebs68

Once a segment of membrane and cytoskeleton have separated, blebs take 3-10 seconds to fully expand69

[Albrecht-Buehler, 1982, Charras et al., 2005, Cunningham, 1995]. Their sizes range from 5 - 125 µm3 (about70

0.003% to 15% of the overall cell volume) [Albrecht-Buehler, 1982, Cunningham, 1995] but they can be larger71

for cells undergoing apoptosis [Sheetz et al., 2006]. A bleb usually remains expanded for 10-20 seconds and72

then slowly retracts for 30-60 seconds [Cunningham, 1995, Dai and Sheetz, 1999]. Retraction occurs due73

to the formation and subsequent myosin-driven contraction of a new actin mesh on the inside rim of the74

bleb [Charras et al., 2006, Keller and Eggli, 1998]. This new cortex is built from protein monomers recruited75

from the fluid within the bleb [Charras et al., 2006].76

The initial membrane-cytoskeleton detachment is hypothesized to be due to a myosin II-driven contrac-77

tion within the actin mesh [Charras et al., 2006, Pullarkat, 2006], creating a force that breaks the adhe-78

sive bonds. At the site of bleb formation the plasma membrane morphs smoothly [Cunningham, 1995,79

Dai and Sheetz, 1999], unfurling local folds and invaginations to provide for this shape change [Dai et al., 1998,80

Erickson and Trinkaus, 1976, Schmid-Schönbein et al., 1980, Sheetz et al., 2006].81

The overall cellular volume remains constant during bleb formation and retraction [Albrecht-Buehler, 1982,82

Charras et al., 2005, Cunningham, 1995]. This supports the hypothesis that it is an internal fluid-membrane83

interaction driving bleb expansion [Albrecht-Buehler, 1982, Charras et al., 2005, Cunningham, 1995], and84

excludes the possibility of external fluid flow moving across the membrane into the bleb [Cunningham, 1995].85

Actin polymerization does not play a role in bleb formation [Cunningham, 1995]. There is visual evidence of86

the lack of actin in growing blebs [Albrecht-Buehler, 1982, Charras et al., 2006]. Figure 1 lists the sequence87

of assumptions utilized in this model.88

2 Model Development89

2.1 Mathematical Equations90

We present here the equations for a two-dimensional model of bleb formation and retraction. A two-91

dimensional model was chosen due to the protrusion’s approximate radial symmetry.92

2.1.1 Actin Filaments93

The cytoskeleton is a complex structure composed of approximately 105 cross-linked filaments [Boal, 2002].94

We are currently constructing a detailed micromechanical network description of the cytoskeleton to be95

4



presented in future work. Here, we consider the average effect of the cytoskeleton upon the blebbing phe-96

nomenon, which appears in the form of filament forces imposed on the membrane.97

Due to their length scale and mechanical properties [Janmey et al., ], actin filaments are modeled as one-98

dimensional, elastic strings. Their forces are computed via Hooke’s Law and added as external forces to the99

membrane equation. Two types of filament forces are present in this model: (1) Filament forces at the cell’s100

periphery that model the membrane-cytoskeleton attachments and (2) Retraction filament forces that occur101

inside the bleb as a myosin-driven contractile force on the protruded membrane.102

2.1.2 Monomer Concentrations103

In accordance with experimental evidence, retraction occurs when protein monomers present in the cytosol104

are polymerized into filamentous actin and myosin polymers to form a new cortex [Charras et al., 2006].105

These protein subunits diffuse [Kolega and Taylor, 1993, Zicha et al., 2003] and are advected [Zicha et al., 2003]106

into the bleb by the locally surrounding fluid. We include the motion of these protein molecules via advection-107

diffusion equations:108

qt + uqx + vqy = α(qxx + qyy) + φ(q)

where q is the free monomer concentration, u and v are the local fluid velocities and α is the diffusion109

coefficient (see Figure 3 for coefficient values). The term φ(q) represents the transition of monomers to the110

polymer state or vice versa, depending on polymerization and depolymerization rates. In blebbing, φ(q) is111

mainly a sink term representing the net loss of monomers that get transformed into filament form within112

the protrusion.113

2.1.3 Plasma Membrane114

Though the plasma membrane can be described by a fluid model [Alberts et al., 2002], micromechanical115

measurements by scanning force microscopy suggest that an elastic model with varying elasticity mod-116

ulus is also valid [Künneke et al., 2004]. Similar to the filament case [Boal, 2002, Dai and Sheetz, 1999,117

Nichol and Hutter, 1996, Rawicz et al., 2000], the lipid bilayer is represented as a one-dimensional elastic118

string. The membrane typically contains ruffles and invaginations which are unfurled to allow for cellular pro-119

trusions [Dai et al., 1998, Erickson and Trinkaus, 1976, Schmid-Schönbein et al., 1980, Sheetz et al., 2006].120

The presence of folds is modled by a strain-dependent elasticity modulus. A wrinkled membrane segment121

is modeled by a compressed spring with a low, positive elasticity modulus representing the energy required122

to overcome small membrane bending moments (≈ 10−19J [Boal, 2002]). This allows for large membrane123
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displacements that create small material stress. Once the strain reaches zero this equates to the biological124

membrane being completely unfolded. As strain increases, the elasticity modulus increases by several orders125

of magnitude [Künneke et al., 2004] to represent the membrane’s resistance to stretching. Figure 1 shows a126

schematic of the membrane’s stress-strain curve.127

The motion of the membrane is modeled with a damped wave equation with forces from fluid pressure,128

viscosity, and the filaments added as source terms. Pressure pushes outward on the membrane, so this force129

is written as ∆p · n where p is pressure and n is the normal vector. The filament forces are computed130

from Hooke’s law. The viscous forces are computed from the viscous stress tensor T that arises in the fluid131

equation. The membrane equation is:132

λδtt = EδSS + ∆p · n−

∑
k(∆S · n + ∆S · t) + η(T · n + T · t)

where δ is the two-dimensional displacement vector, S is arc length, t is time, λ is a linear mass density, E is133

the varying elasticity modulus, η is the fluid viscosity, k is the filament spring constant, ∆S is the filament134

length displacement from equilibrium and t is the membrane tangent vector. This is the equation of motion135

for the membrane when it is attached to the cytoskeleton. For a detached segment of membrane the filament136

force term is zero.137

2.1.4 Cytosol138

Blebs form due to the flow of pressurized cytosol [Albrecht-Buehler, 1982, Charras et al., 2005, Cunningham, 1995,139

Erickson and Trinkaus, 1976]. The fluid found in expanding blebs is devoid of filament fragments [Charras et al., 2005],140

thus the cytosol is modeled as an incompressible Newtonian fluid. During blebbing the cytosol undergoes141

low Reynolds flow (Re ≈ 10−6) due to the cell’s small length scale. The Stokes equations is utilized to solve142

for the fluid motion:143

−∇p + η∆u = 0

∇ · u = 0

where u is the velocity vector.144
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2.2 Numerical Methods145

The numerical fluid-structure interaction problem is solved through the operator splitting approach outlined146

in Figure 2. We have developed a publicly available software implementation based upon the Bearclaw147

framework for solving time dependent partial differential equations (PDEs) [Mitran, 2001].148

2.2.1 Solution methods for the individual equations149

To solve the hyperbolic elasticity portion of the membrane equation and the advection part of the concen-150

tration equations, we employ a wave propagation algorithm [LeVeque, 1997]. The diffusion component of151

the concentration equations is solved with a Crank-Nicolson scheme. Source terms are incorporated into the152

solution of each equation via a fractional step method. The Stokes equations are recast in a vorticity-stream153

function formulation [Fletcher, 1988], and solved using a multigrid iterative scheme.154

2.2.2 Grid Generation155

The cell is discretized with a curvilinear grid that is mapped to a Cartesian grid upon which all numerical156

procedures are carried out. A conformal, orthogonal grid allows for straightforward implementation of157

the numerical methods. Such a grid can be generated given the current cell boundary by solving a set of158

PDEs derived from the Euler-Lagrange variational principle [Jose and Saletan, 1998, Ryskin and Leal, 1983,159

Zhang et al., 2006]. To make the grid truly orthogonal requires that the boundary points be allowed to “slide”160

along the boundary curve to orient themselves in orthogonally favorable positions that satisfy the Riemann161

mapping theorem [Bak and Newman, 1997]. This results in a non-linear problem. To avoid the complications162

of a non-linear solve, we enforce orthogonality in the domain’s interior and use general curvilinear grid163

mapping procedures to compute boundary conditions for the fluid equations.164

2.2.3 Volume Constraint165

Biological experiments show that the fluid volume remains constant during blebbing [Albrecht-Buehler, 1982,166

Charras et al., 2005, Cunningham, 1995]. The operator splitting procedure employed in the simulation offers167

economy in computation but does not necessarily conserve volume. At a constant temperature, fluid stresses168

and volume are related, so any artificial changes in volume will cause an artificial change in fluid stress.169

To fix this issue, at an intermediate step in time advancement after the membrane has been moved to a170

new position, we apply Gauss’ principle of least constraint to obtain a corrected membrane configuration171
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[Papastavridis, 2002]. Using the idea of Lagrange multipliers, we wish to minimize the following function:172

L(xi, yi, λ) = E(xi, yi) + λ(V (xi, yi) − c)

where λ is the Lagrange multiplier, V is the current cell volume, c is the cell’s initial volume that we wish to173

maintain, and xi, yi are the membrane coordinate points. The total energy E expended by the cell includes174

the elastic energy of the membrane and the work done by fluid pressure and filaments on the membrane.175

The solution to this minimization problem is found using a quasi-Newton method [Bertsekas, 1982].176

3 Results177

We present results for a model cell. Parameter values (see Figure 3) were chosen to be close to those found178

in the literature but do not model a particular cell type or scenario. The model can handle arbitrary initial179

membrane conformations and filament distributions. We chose a circular membrane with filaments equally180

distributed across the cell as a test case.181

3.1 Model of Bleb Formation and Retraction182

At the start of the simulation, filaments are in an extended state, the membrane is compressed (wrinkled), and183

the pressure inside the cell is positive. A small number of adjacent filaments are released from the membrane184

in one area of the cell. During subsequent time steps, filaments at the edges of the freed membrane are released185

at a constant velocity. This velocity represents the average speed of membrane-filament detachment based on186

comparing the membrane-cytoskeleton adhesion energy [Sheetz, 2001] and the energy in the membrane at the187

edge of the bleb. As the freed membrane expands driven by fluid pressure, it entrains fluid that transports188

actin and myosin monomers into the bleb. At each time step, a percentage of these actin monomers are189

removed from the fluid and added to newly forming retraction filaments. This percentage parameter is190

determined from the difference in polymerization and depolymerization rates for an actin filament under the191

given monomer concentration. A similar procedure is carried out for myosin. Once a base cortex has been192

established, the retraction filaments become active, contractile springs within the model. These filaments193

collectively produce an inward force on the membrane. Figures 4-7 show series of simulation time steps,194

displaying different variables such as fluid velocity, pressure, free actin monomer concentration, and the195

presence of filament forces.196

Figure 8 displays a graph of the total contractile force generated within the bleb as a function of the bound197
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myosin concentration. Initially, there is no retraction force because the proteins have not yet built up198

enough within the bleb to form a basic cortex. Once thresholds have been reached, the new network begins199

to contract. As protein levels continue to increase, so does the total force. The variability in force seen later200

in the graph can be attributed to the fluctuating balance between the decreasing forces needed to pull the201

shrinking bleb inward versus the increasing amount of bound proteins.202

3.2 Validation203

The numerical implementation of the various equations of motion were individually validated by comparing204

the results against known analytical solutions for simpler problems. The curvilinear grid mapping was also205

tested to ensure that it produced reasonable grids for the fluid domain.206

As a test of the volume constraint, conditions were created to induce bleb formation, and the program was207

run with and without the volume conservation procedure. In both cases, the volume of the initial membrane208

configuration was compared to the volume of the blebbed membrane. The results are displayed in Figure 9.209

With no constraint there is clearly a decrease in volume, while in the volume constraint case although the210

bleb forms, the rest of the membrane adjusts to maintain the overall cell volume.211

As a general validation of the overall model, the code was run using three levels of fluid grid discretization:212

12× 12, 24× 24 and 48× 48. We compared the perimeter and area of a bleb at different points in time given213

the same initial parameters for the three grids. The results are shown in Figure 10.214

4 Discussion215

We have developed an entire-cell, fluid-structure interaction model of cellular blebbing. It is a first step216

in the construction of a continuum-microscopic framework, to be completed in subsequent work with a217

micromechanical computation of the cytoskeleton. The complex actin cortex micromechanics are represented218

here through average forces exerted through an equivalent elastic filament network. In the next stage of the219

model, the micromechanical computation will be used to more accurately update these average forces at each220

time step. We adopt a reductionist approach [Mogilner, 2009] in the construction of the computational model221

in which separate components are modeled individually. Some biologically relevant conclusions can already be222

drawn from the current computational model: (1) Bleb retraction is successfully predicted by the formation223

of a new cytoskeleton built from actin and myosin subunits, using accepted values for protein diffusivity and224

the computed advection velocity field. Also, the model simulates blebs of realistic geometric complexity. (2)225
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The model constitutes an alternative to invoking complex continuum behavior for the cytoskeleton immersed226

in cytosol such as the poroelastic hypothesis of [Charras et al., 2008]. Localized in space and time stress227

nonuniformities are obtained in the model. Furthermore, these nonuniformities can readily be linked to228

detailed micromechanics of the cytoskeleton through the equivalent filament force concept introduced here.229

In contrast, a complex, time-dependent constitutive law would be required in a poroelastic descriptions of230

the cytoskeleton-cytosol ensemble. (3) The behavior of the membrane is realistically captured by a strain-231

dependent elasticity modulus as supported by scanning-force microscopy data [Künneke et al., 2004]. Again,232

this modeling approach can more readily be linked to microscopic computations of membrane dynamics233

by comparison to a fluid mosaic model [Alberts et al., 2002]. (4) The volume constraint present in the234

model ensures accurate computation of cytosol flow. In immersed interface or immersed boundary methods235

[Bottino and Fauci, 1998], the distributed singularity techniques often lead to small numerical fluid fluxes236

through the membrane which should be impermeable at the scale of the blebbing phenomenon. Though such237

errors tend to cancel out globally and have little effect on overall quantities (e.g. bleb volume), they would238

adversely affect local micromechanical and biochemical network descriptions like those we intend to add to239

the model. The least constraint step used in the algorithm we present here ensures that accurate fluid stress240

and velocity fields are obtained everywhere, even close to the membrane.241

In the future, we plan to add more biological factors to the model such as levels of the membrane-cytoskeleton242

adhesive proteins. We are currently working on including a micromechanics model of the cytoskeleton to243

furnish the filament equivalent forces introduced in this model. The current work is a step in providing a244

software platform to answer quantitative questions about blebbing, one of the current challenges in compu-245

tational biology [Mogilner, 2009].246
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Figure Captions347

Figure 1: Sequence of model assumptions for a blebbing scenario (left) and a schematic graph of the348

stress-strain relationship of the plasma membrane (right).349

Figure 2: The sequence of steps which occurs during one time step of the simulation.350

Figure 3: List of parameter values used in the simulation.351

Figure 4 and 5: A series of snapshots of the cell membrane as the bleb forms and retracts. The full352

cell figures (left) show fluid velocity vectors, while the zoom view figures (right) depict either the pressure353

contours or the free actin monomer concentration contours. Pressure values shown are the actual values354

minus the initial uniform pressure of 103 Pa. Note that the pressure is slightly higher inside the bleb during355

expansion, but drops to lower values during retraction. Also note that the free actin monomer concentration356

(in mg/ml) decreases in the bleb over time as the monomers are converted to filamentous actin.357

Figure 6 and 7: A series of zoom view snapshots of the membrane and filament forces as the bleb forms358

and retracts. The filaments which appear in the later time steps within the bleb are there to represent the359

forces generated by the newly forming and contracting actin cortex.360

Figure 8: The total force generated by the retracting bleb cortex versus the bound myosin concentration361

within the bleb.362

Figure 9: In the left column, the dotted circles depicts the initial position of the membrane, while the solid363

line represents the membrane at a later time once blebbing has begun. The top figure does not have a volume364

constraint imposed, while the bottom one does. The two graphs to the right plot the relative error between365

the radii of the blebbed membrane vs. the initial membrane with respect to position on the membrane. If366

volume is being conserved, the integral of the graph should be close to zero, which it is for the bottom graph367

but not for the top graph.368

Figure 10: These graphs show the evolution of the perimeter (left) and area (right) of a bleb over time for369

three grid discretizations using the same parameter set.370
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Figure 1:

Figure 2:
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Parameter Value in SI units
Cell Diameter 10 µm
Regular Filament Equilibrium Length 3.4 µm
Regular Filament Strains < 1%
Filament Spring Constant 20.5 pN/nm
Percentage of Excess Membrane 25%
Approximate Expansion Time 10 s
Approximate Stasis and Retraction Time 30 s
Total Number of Filaments in Model 1024
Filament/Membrane Detachment Rate 5 filaments/s
Bleb Diameter (fully expanded) 0.7 µm
Fluid Viscosity 1.3 cP
Pressure Difference across Membrane 103 Pa
Actin Diffusion Coefficient 10−8cm2/s
Myosin Diffusion Coefficient 10−9cm2/s

Figure 3:
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