Section 1.1

· Functions, variables, Functional Notation

· Domain of a function

· Composition of Functions

Variable:  an entity that takes different values

    notation :  any alphabet  x, y , z , u   
or symbols like  (, ( etc.

Function:  A mathematical formula in one or more variables.  For a given value of the variable, the value of the function is unique.

    notation :   f (x)  , g(t) , h(u)  etc.       f(3)  is the value of the function when x = 3.

    e.g. :   f (x) = 3x3 + 4 ;  h(u) = (2 - u)0.3    etc.

    For a given value of x, there is only one value for he function f(x). So, if  f(2) = 3  and f(2) = 5 , then f(x) is not a function.

Domain of a function :  All values of the variable for which the function is meaningful (function is defined).

Two common ways by which values of  x do not come in the domain of a function  f (x) are

1)  values of x which cause a division by zero(0)  

e.g. :    for  f(x) = 2 / (x - 3)  ,  x = 3 is not in the  domain of f(x)

2)  Values of x which produce a negative value inside a square root


e.g. :   for  f(x) = 4 +  ((2-x)   ,   any value of  x > 2 will make  (2-x)  a negative quantity. So x > 2  

does not come in the domain of the function.

Tip:  When asked to find the domain of a function, concentrate only on the denominator of the function  

         and on the part of the function under a square root ( but the square root can be in the numerator or  

         the denominator).

Composition of Functions :  Function of a function

     notation :  g( h(x) )   or  g(u)  where  u = h(x)  Here,  g is a function in u  and  u in turn is a function in x.

To find the composite function g(h(x))  when g is given in terms of  u   and u is given in terms of x, plug in the expression for u in terms of x  in the formula for g and  simplify.

Section 1.2

· Plotting of graphs, piece-wise functions

· Plotting of parabolas

· Discontinuities

Intercepts   The point at which the graph crosses(or touches) the X-axis is a X-intercept and similarly, the 

      point at which the graph crosses(or touches) the Y-axis is the Y-intercept.

Given a function f(x), to find the Y-intercept, put x=0. And to find the X-intercept(s), solve  f(x) = 0

Find the X and Y-intercepts and try to include them in the list of representative points taken for plotting a graph.

Graphing of parabolas 

The graph of     y =  Ax2 + Bx + C,  A ( 0        is a parabola (U-shaped)


If   A  > 0 ,  the parabola opens  upwards


If   A  < 0 ,  the parabola opens downwards

The vertex (peak or valley)  occurs at  x  =  - B / 2A 

So, to plot y =  Ax2 + Bx + C,    1) decide whether the parabola opens up or down( A>0 or A<0)




           2) Find the location of the vertex   (  x  =  - B / 2A )




           3) Find any intercepts     and        draw a representative figure

Examples:
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           Here,  A > 0      Y
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             Graph of   f (x) =  x2 - 4x + 3



 Graph of   f (x) = -x2 + 4x 

Q)   The consumer demand for a certain commodity is D(p) = -200p + 12000  units per month when the 

        market price is   p  dollars per unit. Express the total monthly expenditure for the commodity as a        function of p. Draw the graph of the expenditure function and find the price that generates the        greatest consumer expenditure.

        D(p)  =  -200p + 12000     (  # units in demand )

        Let's call the total expenditure function as  E(p).  Each unit in demand has a price of p dollars. So, total expenditure will be  the number of units in demand multiplied by the price.


So,  E(p)  = p *  D(p)   = p (-200p + 12000)  =  -200 p2  +  12000p    


This is in the   A x2  +  B x  + C   form where  A  =  -200 ,  B = 12000 and C = 0. So the graph is a parabola which opens downwards with the vertex at


p  =  - B / 2A  =  - 12000 / (2 * -200)  =  30 dollars.

        The x-intercepts are given by  E(p) = 0





   E(p)


( -200p2 + 12000p  =  0   

  
(  p  = 0 ,  p = 60. 

       From the graph, we can see that the price which gives 

       the greatest expenditure is the price corresponding to

       the vertex,   p  = 30 dollars  









    0
 
      30                     60

p -->



Continuous and Discontinuous Graphs

Continuous graph     A function is continuous if there are no breaks or gaps in its graph. 

example  :  f(x) = Ax2 + Bx + C             ==>   parabola, which has no breaks

The values  of x which are not in the domain of the function usually produce discontinuities.

Example for a discontinuous graph

                          
          ( x + 1)

Graph of the function   g(x) =  ————




          ( x - 2 )

x
-4
-3
-2
-1
0
1
2
3
4
1.5
2.5

y
0.5
0.4
0.25
0
-0.5
-2
Undf
4
2.5
-5
7

X = 2 produces the discontinuity here. 

X =2 is a vertical asymptote.

           

          





Y







 0                   2   
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Section 1.3  
Linear Functions

The equation of a linear function can be written in the form    y = m x + b ,  where  m and b are constants.

The graph of a linear function is a straight line. 

Slope   The constant m (co-efficient of x) in the linear function  y = m x + b   is called the slope of the straight line(which is the graph of the linear function). It is also the rate at which y is changing with respect to x.

The slope of a line passing through the two points (x1,y1) and  (x2,y2)  is given by


        (y2 -  y1​)
        (y
        Change in Y

  Y


m = -------------    =   -------- = ----------------------


        (x2  - x1)
        (x
        Change in X



     (x2,y2)
                        
  (y











     (x1,y1)
e.g.:  The slope of the line passing through 








          (2,4)  and  (-1,3)
is given by




          (x















        (3 - 4)






m =  ---------- =  1 / 3








   X
           

       (-1 - 2)


     

Note that you can take either of the two points as your (x1,y1).  Here, the value of the slope can also be

obtained as follows


       (4 - 3)


m = ---------- =  1 / 3.

 
       (2 - -1)

Information given by the slope of a line (m)

sign of  m --  positive ==>  height of line increases as x increases


       negative ==>  height of line decreases as x increases

magnitude of m  --   |m|  is small if slant of line is small



      |m|  is large if slant of line is  large









  Y







      m = -2







   m = -1


   m = 2


Graph of  y = m x   for 







      m = 1

different values of m





 m = -0.5





m = 0.5













X

Slopes of horizontal and vertical lines

For a horizontal line, the y-coordinate does not change. Hence  (y = 0. So, slope m = 0.

For a vertical line, the x -coordinate does not change. Hence  (x = 0. So, slope m is undefined(why?)





Equation of a horizontal line passing through (0,b) is

          Y

 y = b.



Equation of a vertical line passing through (c,0) is











  (0,b)


y = b

 x = c













      x = c













        X










      (c,0)

Slope-intercept form of the equation of straight line

The equation   y  = m x + b  is the slope-intercept form of the equation of straight line. Here m is the slope and (0,b) is the y-intercept.

Point-Slope form of the equation of straight line
The equation   y - y0 = m (x - x0)    is the equation of the straight line which passes through the point (x0, y0) and has slope equal to m.

To draw the graph of a straight line, you need to plot two points(minimum) and join them using a straight line.

e.g.  The equation of the line which passes through (4,-2) and has slope equal to 3/4  is given by


(y - -2) = (3/4) (x - 4)    ==>    y + 2  = (3/4) x  -  3

This can be converted to the slope-intercept form  ( y = m x + b  form). The equation can be written as


y = (3/4) x  - 3  - 2   or    y  = (3/4)x  - 5
      So, the y-intercept  is  (0,-5).

So, we know that the line passes through the two points (4,-2)  and (0,-5). So, we can plot these two points and draw the graph of the line by joining the two points by a straight line.
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Functional Models (Sec 1.4) - Outline of the Problems to be discussed in Class.
“Tips”   for formulating mathematical models for worded problems

· Read the worded problem Carefully 

· Note down the given quantities separately into known and unknown quantities (like cost, selling price , number of objects sold etc. as given quantities and total profit, sale during a particular year etc. as unknown quantities)

· Draw an illustrating picture (wherever applicable) showing the given dimensions and variables in the question

· Express the unknown (or required) quantity  in terms of  the known quantities and the variable(s).

1)

A manufacturer can produce radios at a cost of $2 apiece. The radios have been selling for $5 apiece, and at this price, consumers have been buying 4000 radios a month. The manufacturer is planning to raise the price of the radios and estimates that for each $1 increase in the price, 400 fewer radios will be sold each month. Express the manufacturer’s monthly profit as a function of the price at which the radios are sold.

      given data 






unknown
      Cost of production

=
$2 / piece

         new selling price

      Initial  selling price
=
$5 / piece

         monthly profit

      Initial sale


=
4000 / month

      Decrease in the # radios for $1 increase in price = 400
Let  ‘x’ be the price at which  the radios are sold (new price per piece)  and let  P(x) denote the monthly profit.

      Profit per radio


=
$(x - 2)

      No. of  $1 increases in price
=
(x – 5)   
{ new price – initial price} 

      No. of radios sold


=
4000 - 400(No.of  $1 increases)






=
4000 - 400(x –5)






=
400[ 10 – (x – 5) ]






=
400(15 – x)

      ( Profit per month  P(x) 

=
(No. of radios sold) * (profit per radio)






=
400(15 – x)(x-2)






=
400(-x2 +17x - 30)




(
P(x)
=
- 400 x2  +  6800x  -  12000 

2)
In this type of problems, the desired quantity can be expressed more naturally in terms of two variables. Then, with the help of given data, one of these variables can be eliminated.

The highway department is planning to build a picnic area for motorists along a major highway. It is to be rectangular with an area of 5000 square yards. It is to be fenced off on the three sides not adjacent to the highway. Express the number of yard of fencing required as a function of the length of the unfenced side.
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y










 




highway






















We will start with two variables to describe the length and the breadth of the rectangular area -  x and y.

Length - x    and breadth – y . 

Area   =   xy   =   5000 sq. yards



(given)

Let F be the total fencing length required in yards.

(unknown)

F = x + 2y  

Now, to express F as a function of x alone (unfenced side), we eliminate y from the above equation.

Area =  xy  =  5000.   ( y  =  (5000 / x).

· F  =  x  + 2 * (5000/x)

F  =   x   +   (10000 / x) 

3) An open box is made from a square piece of cardboard, 18 inches by 18 inches, by removing a small square from each corner and folding the flaps to form the sides. Express the volume and lateral surface area of the resulting box as a function of the length  ‘x’ of the side of the removed squares.  Draw the graph and estimate the value of x for which the resulting volume is greatest.



                                                                                                                  x 

                                                          18      











                                                                                              y            


Length of the side of a square removed  =  x

As we can see, the base of the open box will be a square while the height of the box will be  x.





Volume

Let us take the side of the square base of the box as  ‘y’  and the volume of the box as V(x).

Volume of the box   V(x)
=  (Area of base) * height





=   y2  *  x 






=   x y2  


From the original piece of cardboard, we get 

x  + y  +  x  =  18 

· y  =  18  - 2x   =   2(9 – x) 

(  V(x)  =  x [2(9-x)]2   =   4x(9-x)2  

                                                                                                                                                            

x
0
1
2
3
4
5
6
7
8
9

V(x)
0
256
392
432
400
320
216
112
32
0

As we can see from the graph, the value of  x  for which V(x) is maximum is  x = 3.

Maximum volume  V(x)max   =   V(3)  =  432  cubic inches.

lateral surface area

Let us take the lateral surface area(surface area of the sides alone) as  L(x)

L(x) = 4xy

(   L(x)  =  4x*2(9-x)   =  8x(9-x)

(   L(x)  =  -8x2  +  72x

Break-even analysis
4)
During the summer, a group of students build kayaks in a converted garage. The rental for the garage is $600 for the summer, and the materials needed to build a kayak cost $25. The kayaks can be sold at for $175 apiece.

a) How many kayaks must the students sell to break even?

‘

b) How many kayaks must the students sell to make a profit of $450?

Let  x  be the number of kayaks sold. Let C(x) denote the total cost for making x kayaks and let R(x) denote the total revenue obtained on selling x kayaks.

(  profit P(x) for selling x kayaks  =  R(x)  - C(x)


C(x)  =  600  +  25x



(fixed rent + cost for the materials to make x kayaks)

R(x)  = 175x

a) At break-even point, C(x) = R(x)

600 +  25x  =  175x

(175  -  25)x   =  600     ( x  =  4 kayaks.

b) Profit  =  $450

 
( R(x)   - C(x)  = 450


( 175x  -  (600  +  25x)  =  450


  150x  =  1050    ( x  =  7 kayaks.

Break-even analysis for Decision Making

5)
The charge of maintaining a checking account at a certain bank is $4 per month plus 10 cents for each check that is written. A competing bank charges $3 per month plus 14 cents per check. Find a criterion for deciding which bank offers a better deal.

Here, we can see that while the first bank charges less per each check written, the second bank charges less per month(the fixed rate).  Hence, to decide which deal is better, we will have to look into the number of checks written.

Let  x be the number of checks written in a month and let C1(x)  and C2(x)  denote the total charges for maintaining a checking account offered by the banks 1 and 2 respectively, both in cents.


( C1(x)  =  400  +  10x       and





       C2(x)


    C2(x)  =  300  +  14x












  C1(x)
Break-even point

To find the break even point, we put C1(x)  = C2(x)

( 400 +10x  = 300 +14x    This gives   4x  =  100  

(  x  =  25  checks.














Thus we can see that  for  

x  >  25  checks,  the first bank offers a better deal


x  <  25  checks,  the second bank offers a better deal


x  =  25  checks,  both the deals are equally good.

Supply and Demand  (Market Equilibrium)

6) When electric blenders are sold for p dollars apiece, manufacturers will supply  p2 / 10 blenders to local retailers while the local demand will be 60 – p  blenders. At what market price will the manufacturer’s supply of electric blenders be equal to the consumers’ demand for the blenders? How many blenders will be sold at this price ? Draw the graphs of the supply and demand on the same set of axes.

Using the standard notations, let p be the price of the blender and let  S(p)  and  D(p) denote the supply and the demand respectively of the blenders.

(  S(p) =  p2 / 10     and    D(p) =  60  -  p 

At  market equilibrium,  S(p)  =  D(p)


         Y

this gives    (p2 / 10) =  60  - p


p2  +  10p  -  600  =  0


(p + 30)(p - 20
) = 0       

this  gives   p = -30  and  p = 20

Price cannot be negative   (  peq =  $20.

supply at equilibrium  =  S(20)  =  (20)2  / 10  = 40 

Note that   D(20)  =  40.

Plotting  S(p)  and D(p)













         X

p
  0
10
20
30
40

S(p)
  0
10
40
90
160

1.5 Limits 

Left and right hand limits  


lim         f(x)   =  L-                and 
lim         f(x)   =  L+

x—>c-




x—>c+ 
Limit of a function

lim         f(x)   =  L 
if       L-  =  L+  =  L


x—>c

Properties of limits

1.
lim     [ f(x)  +  g(x)]     =    lim    f(x)  +   lim   g(x)    



{ sum rule }


x—>c

           x—>c
    x—>c


2.
lim     [ k f(x) ]      =     k   lim    f(x)
     where  k is a constant




x—>c

          x—>c

3.
lim     [ f(x)  -  g(x)]     =    lim    f(x)  -   lim   g(x)    



{difference rule}


x—>c

           x—>c
    x—>c


4.
lim     [ f(x).g(x) ]
      =  [ lim    f(x) ].[ lim   g(x) ]



{product rule}


x—>c

            x—>c
  x—>c


5.
lim      [ f(x) /  g(x) ]    =   [ lim    f(x) ]  /  [ lim   g(x) ]          as long as    lim   g(x)  (  0 


x—>c

             x—>c
       x—>c

           x—>c 












{quotient rule}

6. lim     [ f(x)]p     =     [  lim  f(x)  ]p       




{power rule}                                                                          

x—>c

      x—>c

7.
lim      k    =   k     

x—>c

8.
lim      x    =   c


x—>c

Computation of limits
If  p(x) and  q(x)  are polynomials, then         lim     p(x)    =   p(c)  

and






       x—>c


lim    [p(x) / q(x)]    =  p(c) / q(c)            as long as    q(c)  (  0 


x—>c

If   q(c) = 0  and p(c) ( 0, then the above limit does not exist.

If both p(c) = 0 and  q(c) = 0, then try to simplify the fraction  [p(x) / q(x)]   by canceling out some common factor.  Try to find the limit of the simplified fraction.

e.g.:
lim         ( x - 2 
        lim
            ( x - 2
            lim               (( x - 2)             lim              1                  1


x—>4    ———--     =   x—>4    —————--     =     x—>4    ———————-- = x—>4   —————  =  ——


               x  -  4

        ((x)2  -  (2)2 

            ((x - 2)((x + 2)                     ((x + 2)             4 

1.6   Continuity
The function f(x) is continuous  if there are no breaks in the graph of  f(x).

Definition

The function f(x) is continuous at x = c if

1. f(c)  is defined

2. lim   f(x)    exists

x—>c

3.
lim   f(x)  =  f(c)


x—>c
In particular,


If   lim   f(x)  =  f(c)      then, the function f(x) is left-continuous at x = c


    x—> c- 

If   lim    f(x) =  f(c)      then, the function f(x) is right-continuous at x = c

 
    x—>c+
When both these limits exist and are both equal to  f(c), then the function is continuous at  x = c.

· All polynomial functions are continuous

· Rational functions (of the form   p(x) / q(x) , where p(x) and q(x) are polynomials )  are continuous at all points where  q(x) ( 0.

Continuity in open interval  (a,b)

f(x)  is continuous in the open interval (a,b) [ i.e. all values of x such that  a< x< b ]  if  the function is continuous at all points in (a,b).

Continuity in closed interval  [a,b]
f(x)  is continuous in the closed interval  [a,b] (i.e. all values of x such that a ( x ( b)  if the function is continuous in the open interval (a,b)  and 

lim    f(x)  =  f(a)    and            { f(x) is right-continuous at x = a}

x—>a+

lim    f(x)  =  f(b)

        { f(x) is left-continuous at x = b}


x—>b-

2.1  Derivative - definition

The rate of change of a function f(x) at a particular value of  x is equal to the slope of the tangent to the function at that particular point(or value of x). This quantity is called the derivative of the function. This is denoted by


f '(x)  = 

[image: image1.wmf]m

dx

dy

=


{said as "'f-prime-of x"  or  "dee-y - dee-x" }

For a straight line,  slope(m) is a constant. Hence derivative(or rate of change) of a linear function 

y = m x + b is a constant(= m). For a non-linear function, the slope changes as the value of x changes. 

Thus, for a non-linear function, the slope of the tangent, and hence the derivative  will itself be a function of x

For a straight line, we have seen that the slope is given by
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    m(varies)

So, to calculate a slope, we need two points. But the


tangent to the function at a particular value of x touches

only that point! (so, we know only one point).

Nearby secant-line method to find the derivative of any function

We use the concept of limits here to help us out. To find the slope of a function y = f(x) at a particular value of  x(say, point A), we take an extra point(point B1) near the original point (x,y) and find the slope of the line passing through these two points. Obviously, this line is not a tangent(as it passes through two points). Such a line is called a secant to the function.

Then we allow the point B1 to tend to A itself. In other words,



when we take the nearby point closer and closer to the original

point(A), the secant will move closer and closer to the tangent.

So, the slope of the tangent will be given by the limit of the 


slope of the secant as B1 --> A

How do we make the point B1 approach the original point A?

For this, we make the difference in the x-coordinates of the

two points tend to zero. So, we take A as (x,y) and B1 as the

nearby point  (x+Δx , y+Δy), where Δx and Δy denote small

   A

  B1
changes in the x and y coordinates. As y = f(x),  y+Δy  can also



be denoted by f(x+Δx). Using these notations




     B2
slope of secant =  
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Hence, slope of the tangent(and hence the derivative of f(x) ) at A(x,y) is given by
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You can use the above formula for finding the derivative of a function at a particular value of x.

Example 

Find the derivative of  
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So, f '(2) = -2 / (2)3   =  - 0.25

We can also find the equation of the tangent to the function at x = 2. The slope of the function at x = 2 is given by f '(2) = -0.25. Also, the value of the function at x = 2 is given by


f (2) = 1 / (2)2  = 0.25.  So, the tangent line passes through  ( 2, 0.25 )  Hence, using the slope-point form, the equation of the tangent line is


(y - 0.25) = -0.25(x-2)  (  y = -0.25x + 0.75

Maximum/ minimum of a function

The derivative(slope of the tangent) of a function f(x) will be zero at the point where the value of the function is a maximum or a minimum. For instance, in the case of the parabola, the peak or the valley will have(i.e. at the vertex) derivative equal to zero.










     m = 0 at vertex


2.2 Techniques of Differentiation
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    OR     (f + g)' =  f ' + g'          { sum rule }

5) 
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  OR   (fg)'  =  fg' + gf'   { product rule}

6) 
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       (f/g)'  =  ( gf ' -  fg' ) / g2   { quotient rule }


It is better to remember  the quotient rule in the following form:


N = numerator,   D = denominator      { both being functions of x }
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7)  In Particular         
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2.3 Derivative as a rate of change

For a function y =  f(x) , the instantaneous rate of change of y with respect to x is given by the derivative of y.  Unless mentioned otherwise, rate of change means the instantaneous rate of change.


Rate of change = f '(x) =  
[image: image19.wmf]dx

dy


Percentage rate of change

The percentage rate of change of y = f (x) compares the instantaneous rate of change of y ( = f ' (x) ) with the value of the function ( y = f(x) ). 

Percentage rate of change =  
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Rectilinear motion

The motion of an object along a straight line is considered here. The object starts from a reference point (called origin O) and moves to the left or right along the straight line. At any point of time t, the distance from O to the current position of the object is called the displacement of the object. This is called the displacement of the object and is denoted by s(t). The rate at which the object is moving along the line is called the velocity of the object and is denoted by  v(t). It is given by the derivative(with respect to time t) of s(t). [ Velocity is very similar to speed ]


So ,  v(t) =  s'(t)

If  v(t) > 0 , the object is moving forward(or to the right) or it is advancing

If  v(t) < 0 , the object is moving backward(or to the left) or it is retreating


If  v(t) = 0 , the object is not moving or it is stationary.

The rate of change of velocity is called acceleration and is denoted by a(t) . It is given by the derivative of v(t) [taken with respect to time].


So,  a(t) = v'(t)

If a(t) > 0 , the object is accelerating

If a(t) < 0 , the object is decelerating

Consider the motion of the object starting


4

from O at t = 0. At t = 3, it reaches A. At

t = 5, it reaches B. then it stops there and

turns back. At t= 6, it reaches C. So







       O

            C       A                B  

s(0) = 0, s(3) = 5, s(5) = 7








and s(6) = 4





                5                           2       

But the total distance covered by the object from t = 0 to t = 6 is given by OA + AB + BC = 5+2+3 = 10

Thus to find the total distance covered by the object, you have to find the times when the object stops ( v(t) = 0 ) and add all the distances between each stop.

Motion of a projectile

Here, the motion of an object thrown vertically up(or down or dropped vertically down)  is considered. The object moves in a vertical line. Here, there is always the constant acceleration downwards due to gravity. This acceleration is denoted by g and the value is 32 ft/s2    or 9.8 m/s2 . Vertically upward direction is taken as positive(in place of right hand direction in the rectilinear motion) and downward direction is taken as negative.   


Consider an object thrown up with velocity V0 m a height






H0 at time t = 0.








                     g = 32 ft/s2      


Then, the height of the object after time t is given by


   V0
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