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EXERCISE 1:

Let X, ,n=1,2,... be a sequence of real valued random variables. X, converges almost
surely towards a variable X ( X, =4 X) if P { ®; X(®) = Limy—, X;, (0)} = 1. We have
seen in class that this is equivalent to:
Ve>0 , Limn— P[ Suppsn |XIl X< e]=1.
1.
a) Show that for any a>0:
e 10 IX, X |2 e] < X, —X[* .
b) Deduce that:
P[ IX, —X|=¢e] < (1/6“E X, -X [*.

¢) Deduce that for o(X) = [Var(X)]"?;
P[ X -E(X) | <26(X)] 2 0.75 .

2. We say that X, converges in probability towards a variable X ( X, —p X) if:
Ve>0 , Limas P[ [X, —X|>¢] = 0.
a) Show that:
(Xh —as X) = (X, —p X).
b) Show that:
Yt P P[ X =X > £] <00 = (X =45 X).

3. We say that X, converges L* (or in Mean Squared Error) towards a variable X
( Xn —>MSE X) ift
Limy—, E[(X, —X)*] = 0.
a) Show that:
( Xn =mse X) = ( Xy —=p X).
b) Show that:
> oe1” E[(Xn —X)*] < 00 = ( Xy —>as X).
c) Show that:
Xn —>MsE a , constant number,
If and only if:
E(X,) — a and Var(X,) — 0.



4. In this question we assume that:
n#q= Cov[X,,Xq,]=0,
and:
(1/n%) Xqet™ Var(Xy ) = 0.
We denote Y, the sample mean:
Yo=(1/n) Xg=1" Xq -
a) Show that the above assumption about the asymptotic behavior of variance is
fulfilled in particular if:
Var(X,) = o° , independent of n.
b) Show that:
Y, —p E(X).
c) Show that:
Y™ (1/m?) Tt Var(Xy ) < 0 = Yy —>as E(X).
Does it help in this respect to know that Var(X,) = o?, independent of n?

EXERCISE 2:

Let X, n=1,2,... be a sequence of real valued random variables. We assume in all the
exercise that X, is a martingale, that is:
vn, E[Xuy1 /By ]=Xn,
where B, = 6 [ X ; q<n].
1. Interpret the martingale property and show that:
E[Xuik / Bn ] = X, for any positive integer k.
2. We assume in this question that:
(1/n) Var(X,, ) == 0.
Show that:
(l/n) Zqzln (Xq+1 - Xq ) —wmsk O .
3. Show that:
vn, E[X,’] < E[Xn:12].
We assume throughout that Vn, E[X,’] < ¢ for some given number c.
4. Show that for n<q:
E[(Xq —Xa)*] = E[X,] - E[X,’].
5. Deduce that:
Lim,—, Supgsn E[(Xq —Xa) ] = 0.
We admit that this allows us to conclude that for some variable X, ,
Xn >MsE Xoo -
6. We want to show in this question that the result of question 1 even allows to
conclude that:
E[Xw/Bn =X, .
a) Show that for every Ae B, and for any positive integer k:
E[1a Xk | = E[1a Xi ]
b) Conclude.



