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1 Introdução

Grandes bases de dados distribuidas em diferentes localidades são comuns em
grandes organizações. Sendo assim, existe um desafio para a mineração destas
bases de dados locais para retratar um contexto global, uma vez que tais infor-
mações resultantes da mineração local não são eficientes, pois não retratam toda
organização. Desta forma, é necessário o emprego de tecnologias de mineração
distribúıda ou paralela.

Limitações da mineração local no contexto global:

• Técnicas de mineração convencionais retornam muitos padões seqüênciais.
Muitos até trivais para o usuário;

• Técnicas de mineração convencionais encontram padrões seqüênciais de
combinação exata, ou seja, uma seqüência suporta um padrão se, e so-
mente se, o padrão está totalmente contido na seqüência. Desta forma,
tais técnicas são vulneráveis a rúıdos e variações nos dados.

• Somente com o suporte não podemos distingüir padões significativos de
ocorrências aleatórias.

Para uma eficiente mineração de padões globais a partir de multiplas fontes,
as informações das bases locais devem ser, primeiramente, mineradas e sumari-
zadas. E, então, enviadas para o processo de mineração global.

No entanto, tais processos de mineração estão sujeitos as limitações descritas
acima.

Para contornar esse problema temos os “Padrões seqüênciais aproximados”
que podem ser detectados a partir de tendências em grupos de seqüênciais simi-
lares e podem ser mais úteis para encontrar padões longos, interessantes e não
triviais.

1



Obeservação: Padrões seqüênciais aproximados são aqueles que são compar-
tilhados por várias seqüências no banco de dados, mas não estão necessariamente
e exatamente contidos nessas seqüências.

Na tabela 1 apresentamos um grupo de seqüências e um padrão que é apro-
ximadamente similar a estas. Os itens em negrito de cada seqüência represen-

Tabela 1: Representação de padrões
seq1 <() () (BC) (DE)>
seq2 <(A) () (BCX) (D)>
seq3 <(AE) (B) (BC) (D)>
seq4 <(A) () (B) (DE)>

approx pat <(A) (BC) (D)>

tam os itens compartilhados considerando o conceito de padrões aproximados.
Na primeira seqüência (seq1) os itens que estão no padrão aproximado (ap-
prox pat), embora não tenha o item A e tenha o item E. Algo parecido ocorre
com a quarta seqüência (seq4) que não tem o item C no terceiro itemset e tem
o item extra E no último itemset. Por outro lado as seqüências de número 2 e
3 (seq2 e seq3) tem todos os itens do padrão aproximado, contudo contém itens
extras também. Assim, o padrão aproximado representa efetivamente todas as
4 seqüências ressaltando os padrões comuns.

O trabalho tem por objetivo minerar os padrões seqüênciais globalmente
mais votado e excepcionais em múltiplos banco de dados. O padrões mais
votados são os comuns dentre os banco de dados locais e os excepcionais são os
padrões mais votados somente em algumas bases de dados.

Para ficar mais claro o desafio apresentamos a tabela 1 abaixo:

Tabela 2: Padrões locais

lpat11 California {diapers, crib, carseat}{mobile,diapers,shoes}{bibs, spoon, diapers}
lpat21 Maine {diapers, crib, carseat}{mobile,diapers}{bibs, spoon, diapers, shoes}
lpat31 Alaska {diapers, crib}{mobile,diapers}{bibs, spoon, diapers, shoes}
lpat32 Alaska {eskimo barbie, igloo}{sliegh, dogs}{boots, skies}

No processo de mineração local os padrões são minerados e enviados para a
mineração global. Esse procedimento ajuda a responder as seguintes questões:

• Quais grupos de clientes têm padrões similares e qual a similaridade entre
os padrões? Analizando os padrões os grupo são provavelmente formado
por pais. E os padrões mais comprados foram os lpat11, lpat21 e o lpat31.

• Quais as diferenças entre os padrões similares? Na Califórnia, os pais
compram sapatos para seus bebês mais cedo que os pais de Maine.

• Quais os grupos que existem somente em poucas filiais? Quais são as
filiais? No Alabama, existe um grupo de garotas que compram “barbies
esquiadoras” e, seguidamente, compram acessórios para as barbies.
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Nenhum outro método de mineração pode responder a tais questões. As
principais contribuições do trabalho são:

1. Propor o conceito de mineração de padrões seqüênciais aproximados que
tem o propósito de encontrar padrões compartilhados em muitas seqüên-
cias, ao ı́nves de procurar por padrões exatos. Padrões seqüênciais apro-
ximados podem resumir efetivamente e representar base de dados locais
para uma mineração de padrões seqüênciais globais eficientemente.

2. Desenvolvimento de um algoritmo denominado ApproxMAP (Approxi-
mate Multiple Alignment Pattern mining).

3. Formulação de um modelo de pós-processamento para encontrar padões
mais votados (freqüêntes) e excepcionais.

2 Definições

Mineração a partir de multiplas bases de dados foi definida como sendo um
processo de dois ńıveis, como pode ser visto na figura 1:

Figura 1: Mineração de multiplas bases de dados

Um ńıvel mais baixo, as filiais, onde a mineração ocorre localmente e um
ńıvel mais alto, central, onde ocorre a mineração global. As definições formais
são dadas a seguir:

Definição 1 (Multi-Seqüências): Seja I = {i1, . . . , il} um conjunto de itens
e um itemset X = {ij1, . . . , ijk} um sub-conjunto de I. Por convenção, o itemset
X = {ij1, . . . , ijk} é também escrito como (xj1, . . . , xjk). A seqüência S =
(X1, . . . , Xn) é uma lista ordenada de itemsets, onde (X1, . . . , Xn) são todos
itemsets. Uma seqüência local de dados Di é um conjunto dessa seqüência.
Então, multi-seqüência é um conjunto de seqüências locias: D1, . . . , Dn.

2.1 Mineração de Padrões Seqüênciais Locais

Cada base de dados local tem de ser minerada para que sejam encontrados os
padões comuns da maioria dos grupos. Como foi mostrado na tabela 1 um
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padrão aproximado resumi e representa eficazmente um grupo particular, pois é
similar a maioria das seqüências. Tal representação reflete, exatamente,a idéia
de formação de “clusters”.

Definição 2 (Grupos Similares): Seja Dx um banco de dados de seqüências
locais e dist(seqi, seqj) seja a distância de seqi e seqj , tal distância varia entre
0 e 1. Então, Dx pode ser particionado em grupos similares Gx1, . . . , Gxn de
tal forma que

∑
i 6=j dist(seqia, seqjb) é maximizada e

∑
i=j dist(seqia, seqjb) é

minimizada onde seqia ∈ Gxi e seqjb ∈ Gxj .

Definição 3 (Padões Seqüênciais Aproximados): Dados grupos simila-
res Gx1, . . . , Gxn de um banco de seqüências locais Dx, um padrão seqüêncial
aproximado para o grupo Gxi, indicado por lpatxi, é uma seqüência que possue
a mı́nima distância dist(lpatxi, seqa) para toda seqa semelhante no grupo Gxj .

Além disso, um conjunto de todos os padrões aproximados de Dx, indicados
por Lx, devem representar exatamente o banco de dados local Dx. Então, so-
mente Lx é enviado para o processo de mineração global.

2.2 Análise de Padrões Locais

Um bom caminho para identificação de padrões mais votados e, também, de
padrões excepcionais é agrupar os padrões locais de acordo com um ńıvel de
semelhança desejado. Assim, é necessário ter a noção de de conjunto homogêneo:

Definição 4 (Conjunto Homogêneo): Dado um conjunto de padrões locais
M, seu sub-conjunto HS é um conjunto homogêneo de escala δ quando a simi-
laridade entre dois padrões pi e pj é maior que δ. Por exemplo, pi ∈ HS ∧ pj ∈
HS ∧ sim(pi, pj) ≥ δ, onde sim(pi, pj) = 1− dist(pi, pj).

Logo, um conjunto homogêneo é um grupo de padrões similares que obede-
cem uma escala δ. Suponhamos que a similaridade de duas seqüências seqi

e seqj seja de 72%. Então, tais seqüências serão agrupadas em um conjunto
homogêneo se δ ≤ 72%, por outro lado, serão separados se δ > 72%.

Definição 5 (Voto): O voto de um conjunto homogêneo, HS, é definido como
sendo o tamanho do conjunto: V ote(HS, δ) = ||HS(δ)||, ou seja, o voto de um
conjunto homogêneo é o tamanho do conjunto de acordo com uma escala δ.

Definição 6 (Conjunto Homogêneo muito Votado): Dado um ńıvel de
similaridade desejado δ e um valor para Θ, um conjunto homogêneo muito vo-
tado é um conjunto HS onde vote(HS, δ) ≥ Θ.

Definição 7 (Conjunto Homogêneo Excepcional): Dado um ńıvel de si-
milaridade desejado δ e um valor para Ω, um conjunto homogêneo excepcional
é um conjunto HS onde vote(HS, δ) ≤ Ω

Logo, tem-se, por definição, que padrões seqüênciais muito votados são as maio-
res sub-seqüências das seqüências contidas no conjunto homogêneo mais votado.
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Definição 8 (Padrão Seqüêncial muito Votado): Dado um conjunto ho-
mogêneo muito votado, o padrão seqüêncial muito votado é a mais longa sub-
seqüência de todos os padrões locais do conjunto.

Definição 9 (Padrão Seqüêncial Excepcional): Cada padrão local em um
conjunto homogêneo excepcional é um padrão seqüêncial excepcional.

Enfim, dado um ńıvel desejado de similaridade δ, grupos homogêneos de pa-
drões locais em função de δ podem ser facilmente (segundo o autor) “clusteriza-
dos”. No entanto, o foco do trabalho está em detectar padrões seqüênciais locais
aproximados.

3 Quantificação da Distância

Nesta seção será definido como realmente a distância entre conjuntos de seqüên-
cias é medida para que a função sim(seqi, seqj) = 1−dist(seqi, seqj) represente
a similaridade entre as seqüências dadas.

O conceito de distância utilizado foi o de “Levenshtein Distance” onde a
distância é definida como sendo o custo mı́nimo de operações de edição (inserir,
retirar e substituir) requeridas para mudar uma seqüência para outra. Então,
temos que a operação de inserção e retirada são equivalentes, pois têm o mesmo
custo. Essas duas operações são denotadas por INDEL().

Para a operação de substituição, dados os conjuntos X e Y, a sequinte ine-
quação é assumida: REPL(X, Y ) ≤ INDEL(X) + INDEL(Y ).

Desta forma, dadas duas seqüências seq1 = (X1, . . . , Xn) e seq2 = (Y1, . . . , Ym)
a distância é computada pela equação:

D(0, 0) = 0
D(i, 0) = D(i− 1, 0) + INDEL(Xi) for(1 ≤ i ≤ n)
D(0, j) = D(0, j − 1) + INDEL(Yj) for(1 ≤ j ≤ m)

D(i, j) = min

 D(i− 1, j) + INDEL(Xi)
D(i, j − 1) + INDEL(Yi) for(1 ≤ i ≤ n)e(1 ≤ j ≤ m)
D(i− 1, j − 1) + REPL(Xi, Yj)

(1)
Para as distâncias poderem ser comparadas a normalização é feita pela se-

guinte equação:

dist(seqi, seqj) =
D(seqi, seqj)

max||seqi||, ||seqj ||
(2)

Logo, a distância sempre ficará entre 0 e 1.
Na tabela 3 temos um exemplo da normalização para duas seqüências. Note

que é mais valorizada a seqüência mais similar a outra.

Tabela 3: Exemplo
seq4 <(A) (B) (DE)>
seq2 <(A) (BCX) (D)>

REPL() 0 1
2

1
3

dist() ( 1
2 + 1

3 )/3 = 0.278
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Para as seqüências que não têm nada em comum o valor retornado por
REPL() será 1.

4 Mineração de padrões locais: ApproxMAP

Nesta seção será detalhado o método ApproxMAP (APPROXimate Multiple
Alignment Pattern mining). Dada a figura 2 (banco de dados de seqüências),
onde temos N = 10 seqüências o método faz o seguinte:

Figura 2: Banco de dados de seqüências

1. Calcula a distância entre as seqüências;

2. Particiona as seqüências em dois clusters(k=2);

3. Alinha as seqüências em cada cluster, o alinhamento comprime todas as
seqüências de cada cluster em uma seqüência com pesos por cluster;

4. Sumariza-se as seqüências com pesos para encontrar um padrão consen-
sual.

Logo, temos as figuras 3 e 4 que representam os clusters formados e as
seqüências com os pesos e o respectivo padrão consensual. Na próxima sub-
seção é dado explicado o que é uma seqüncia com pesos.

Figura 3: Cluster 1
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Figura 4: Cluster 2

4.1 Alinhamento Múltiplo de Seqüências

Uma vez “clusterizadas” as seqüências o problema é saber como sumarizá-las em
um padrão geral em cada cluster e descobrir uma tendência.

A idéia é encontrar um alinhamento que minimiza a distância entre todos as
seqüências de um cluster. Então, suponha um cluster C, onde há 5 seqüências
comforme figura 5:

Figura 5: Seqüências em um cluster e o alinhamento completo

O alinhamento começa a partir das seqüências menos densas, menores. As-
sim, primeiramente, S3 e S2 são alinhadas como na figura abaixo.

Figura 6: S3 e S2 com respectivo alinhamento WS

Logo, temos a seqüência com pesos WS1. Para armazenar os resultados do
alinhamento temos: WS = (X1 : v1, . . . , Xl : vl) : n, onde:

1. o alinhamento corrente é armazenado em n (denominado de peso global);

2. vi representa o número de itemsets que foram alinhados;

3. um itemset em alinhamento está na forma de Xi = (xj1 : wj1, . . . , xjm :
wjm) o que significa que, há wjk seqüências que tem o item xjk onde
(1 ≤ i ≤ l) e (1 ≤ k ≤ l).

Desta forma, temos em WS1 os primeiros itemsets das seqüências (a) e (ae)
ficando como (a : 2, e : 1) : 2. Isto significa que duas seqüências foram alinhadas,
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Figura 7: WS1 e S4 com respectivo alinhamento

Figura 8: Alinhamento final

tendo (a) aparecido duas vezes e (e) uma. Diferentemente, temos para o segundo
itemset (h : 1) : 1) que significa que somente uma seqüência foi alinhada e (h)
aparece uma vez. O procedimento é feito iterativamente até que todas as outras
seqüências sejam pesadas. Um exemplo é mostrado nas figuras 7 e 8.

4.2 Geração de padrões consensuais

A següência de pesos armazena estatisticamente o alinhamento das seqüências
em cada cluster. Intuitivamente, o padrão pode ser gerado pegando as partes
da seqüência de pesos que são compartilhados pela maioria das seqüências no
cluster.

Para a seqüência de pesos WS = ((x11 : w11, . . . , x1m1 : w1m1) : v1, . . . , (xl1 :
wl1, . . . , xlml

: wlml
) : vl) : n, a confiança de um item x11 : w11 no iésimo itemset

é definida como wij

n ∗ 100%.
Assim, o usuário especifica um valor para confiança (0 ≤ min conf ≤ l).

Um padrão consensual P é extráıdo removendo os items com confiança menor
que o informado pelo usuário.

Por exemplo, Suponha um mı́nimo de 30% para a confiança no exemplo na
figura 5 acima. Logo, o padrão consensual extráıdo de WS4 é ((a)(bc)(de)).
Note que o padrão é compartilhado pelas seqüências do cluster, no entanto não
está contida exatamente em nenhuma delas sequer.
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Abstract. To efficiently find global patterns from a multi-database, information in each local database
must first be mined and summarized at the local level. Then only the summarized information is forwarded
to the global mining process. However, conventional sequential pattern mining methods based on support
cannot summarize the local information and is ineffective for global pattern mining from multiple data
sources. In this paper, we present an alternative local mining approach for finding sequential patterns in
the local databases of a multi-database. We propose the theme of approximate sequential pattern mining
roughly defined as identifying patterns approximately shared by many sequences. Approximate sequential
patterns can effectively summerize and represent the local databases by identifying the underlying trends in the
data. We present a novel algorithm, ApproxMAP, to mine approximate sequential patterns, called consensus
patterns, from large sequence databases in two steps. First, sequences are clustered by similarity. Then,
consensus patterns are mined directly from each cluster through multiple alignment. We conduct an extensive
and systematic performance study over synthetic and real data. The results demonstrate that ApproxMAP
is effective and scalable in mining large sequence databases with long patterns. Hence, ApproxMAP can
efficiently summarize a local database and reduce the cost for global mining. Furthremore, we present an
elegant and uniform model to identify both high vote sequential patterns and exceptional sequential patterns
from the collection of these consensus patterns from each local databases.

Keywords: data mining algorithm, sequential patterns, approximate sequential pattern, mining local pattern,
global sequential pattern, multiple alignment

1. Introduction

Many large organizations have multiple data sources residing in diverse locations. For
example, multinational companies with branches around the world have local data in
each branch. Each branch can mine its local data for local decision making using tradi-
tional mining technology. Naturally, these local patterns can then be gathered, analyzed,
and synthesized at the central headquarter for decision making at the central level. Such
post-processing of local patterns from multiple data sources is fundamentally differ-
ent from traditional mono-database mining. Obviously, efficiency becomes a greater
challenge that may only be tackled via distributed or parallel data mining. More impor-
tant, global patterns mined via distributed data mining technology may offer additional
insight than the local patterns. The problem formulation, difficulties, and framework
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for multi-database mining has been addressed in Zhang et al. (2003). Recently mining
global association rules from multiple data sources has been studied in Wu and Zhang
(2003) and Zhang et al. (2004a, b). However, to the best of our knowledge, no work has
been done in mining global sequential patterns from multiple data sources.

The goal of sequential pattern mining is to detect patterns in a database comprised of
sequences of sets. Conventionally, the sets are called itemsets. For example, retail stores
often collect customer purchase records in sequence databases in which a sequential pat-
tern would indicate a customer’s buying habit. In such a database, each purchase would
be represented as a set of items purchased, and a customer sequence would be a se-
quence of such itemsets. More formally, given a sequence database and a user-specified
minimum support threshold, sequential pattern mining is commonly defined as finding
all frequent subsequences that meet the given minimum support threshold (Agrawal and
Srikant, 1995). GSP (Srikant and Agrawal, 1996), PrefixSpan (Pei et al., 2001), SPADE
(Zaki, 1998), and SPAM (Ayres et al., 2002) are some well known algorithms to effi-
ciently find such patterns. However, such problem formulation of sequential patterns has
some inherent limitations that make it inefficient for mining multi-databases as follows:

• Most conventional methods mine the complete set of sequential patterns. Therefore,
the number of sequential patterns in a resulting set may be huge and many of them
are trivial for users. Recently, methods for mining compact expressions for sequential
patterns has been proposed in Yan et al. (2003). However, in a general sequence
database, the number of maximal or closed sequential patterns still can be huge, and
many of them are useless to the users. We have found using the well known IBM
synthetic data (Agrawal and Srikant, 1995) that, given 1000 data sequences, there
were over 250,000 sequential patterns returned when min sup was 5%. The same data
gave over 45,000 max sequential patterns for min sup = 5% (Kum et al., 2005).

• Conventional methods mine sequential patterns with exact matching. A sequence
in the database supports a pattern if, and only if, the pattern is fully contained in
the sequence. However, the exact match based paradigm is vulnerable to noise and
variations in the data and may miss the general trends in the sequence database. Many
customers may share similar buying habits, but few of them follow exactly the same
buying patterns.

• Support alone cannot distinguish between statistically significant patterns and ran-
dom occurrences. Both theoretical analysis and experimental results show that many
short patterns can occur frequently simply by chance alone (Kum et al., 2005).

For efficient global pattern mining from multiple sources, information from local
databases must first be mined and summarized at the local level. Then only the summa-
rized information is forwarded to the global mining process. However, the support model
cannot accurately summarize the local database due to the above mentioned inherent
limitations. Rather, it generates many more short and trivial patterns than the number
of sequences in the original database. Thus, the support based algorithms not only have
limitations in the local data mining process, but also hinder the global mining process.

In this paper, we consider an alternative local pattern mining approach which can
facilitate the global sequential pattern mining. In general, understanding the general
trends in the sequence database for natural customer groups would be much more useful
than finding all frequent subsequences in the database. Approximate sequential patterns



SEQUENTIAL PATTERN MINING IN MULTI-DATABASES 153

can detect general trends in a group of similar sequences, and may be more useful in
finding non-trivial and interesting long patterns. Based on this observation, we introduce
the notion of approximate sequential patterns. Approximate sequential patterns are those
patterns that are shared by many sequences in the database but not necessarily exactly
contained in any one of them. Table 1 shows a group of sequences and a pattern that
is approximately similar to them. In each sequence, the bold items are those that are
shared with the approximate pattern. seq1 has all items in approx pat, in the same order
and grouping, except it is missing item A in the first itemset and has an additional item
E in the last itemset. Similarly, seq4 is missing C in the third itemset and has an extra
E in the last itemset. In comparison, seq2 and seq3 have all items in approx pat but
each has a couple of extra items. These evidences strongly indicate that approx pat is
the underlying pattern behind the data. Hence, approx pat can effectively summarize
all four sequences by representing the common underlying patterns in them. We adopt
this new model for sequential pattern mining to identify local sequential patterns. It can
help to summarize and represent concisely the sequential patterns in a local database.

Given properly mined approximate local patterns, we are interested in mining global
sequential patterns from multiple data sources. In particular, we are interested in mining
high vote sequential patterns and exceptional sequential patterns (Zhang et al., 2003).
High vote patterns are those patterns common across many local databases. They reflect
the common characteristics among the data sources. Exceptional patterns are those
patterns that hold true in only a few local databases. These patterns depict the special
characteristics of certain data sources. Such information is invaluable at the headquarter
for developing customized policies for individual branches when needed.

To illustrate our problem let us consider a toy retail chain as an example. Each local
branch of the toy retail chain collects customer purchase records in a sequence database.
In the local mining phase, common buying patterns of major client groups are mined in
each local branch as shown in Table 2. Subsequently, from the set of common buying
patterns, high vote buying patterns and exceptional buying patterns can be found, and
they can help to answer the following questions:

• What client groups have similar patterns across most branches and what are the similar
patterns? Answer: expecting parents are a major group in most braches. The common
buying patterns for expecting parents are lpat11, lpat21, and lpat31.

• What are the differences in the similar patterns? Answer: It seems in California,
parents buy their first baby shoes quicker than those in Maine or Alaska.

• What client groups only exist in a few branches? Which branches are they? Answer:
In Alaska, there is a group of girls who buy eskimo barbie followed by assecories for
her.

kum
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Table 2. Local Patterns

lpat11 California {diapers, crib, carseat}{mobile, diapers, shoes}{bibs, spoon, diapers}
lpat21 Maine {diapers, crib, carseat}{mobile, diapers}{bibs, spoon, diapers, shoes}
lpat31 Alaska {diapers, crib}{mobile, diapers}{bibs, spoon, diapers, shoes}
lpat32 Alaska {eskimo barbie, igloo}{sliegh, dogs}{boots, skies}

No current mining method can answer these questions. In this paper, we investigate
how to mine such high vote sequential patterns and exceptional sequential patterns from
multiple data sources. In short, this paper makes the following contributions:

• We propose the theme of approximate sequential pattern mining. The general idea
is that, instead of finding exact patterns, we identify patterns approximately shared
by many sequences and cover many short patterns. Approximate sequential patterns
can effectively summarize and represent the local data for efficient global sequential
pattern mining.

• We develop an efficient algorithm, ApproxMAP (for APPROXimate Multiple
Alignment Pattern mining), to mine approximate sequential patterns, called con-
sensus patterns, from large databases. ApproxMAP finds the underlying consensus
patterns directly via multiple alignment. It is effective and efficient for mining long
sequences and is robust to noise and outliers. We conduct an extensive and systematic
performance study over synthetic and real data. The results show that ApproxMAP
is effective and scalable in mining large sequence databases with long patterns.

• We formulate an elegant and uniform post-processing model to find both high vote
sequential patterns and exceptional patterns from the set of locally mined consensus
patterns.

The rest of the paper is organized as follows. Section 2 formulate the local approximate
sequential pattern mining and the global sequential pattern mining problem. Section 3
details the distance function between sequences. Section 4 describes the ApproxMAP
algorithm for local pattern mining. Evaluation of ApproxMAP is given in Section 5.
Section 6 overviews the related work. Finally, Section 7 concludes with a discussion of
future work.

2. Problem formulation

Zhang et al. (2003) define multi-database mining as a two level process as shown in
Figure 1. It can support two level decision making in large organizations: the branch
decision (performed via local mining) and the central decision (performed via global
mining). In local applications, a branch manager needs to analyze the local database
to make local decisions. For global applications and for corporate profitability, top
executives at the company headquarter are more interested in global patterns rather than
the original raw data. The following definitions formally define local pattern mining and
global pattern mining in sequence databases.

Definition 1 (multi-sequence database). Let I = {i1, . . . , il} be a set of items. An
itemset X = {ij1, . . . , ijk} is a subset of I. Conventionally, itemset X = {ij1, . . . , ijk} is
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Figure 1. MDB process.

also written as (xj1 . . . xjk). A sequence S = 〈X1 . . . Xn〉 is an ordered list of itemsets,
where X1, . . . , Xn are all itemsets. Essentially, a sequence is an ordered list of sets. A
local sequence database Di is a set of such sequences. A multi-sequence database is
a set of local sequence databases D1 . . . Dn.

2.1. Local sequential pattern mining

First, each local data has to be mined for common patterns of major groups. In our toy
retail example, each branch must identify the major client groups, and then, mine the
common buying pattern for each group. As shown in Table 1, a sequential pattern that
is approximately similar to most sequences in the group can summarize and represent
the sequences in a particular group effectively. With this insight, we can formulate the
local sequential pattern mining problem as follows.

Definition 2 (similarity groups). Let Dx be a local sequence database and dist(seqi,
seqj) be the distance measure for seqi and seqj between 0 and 1. Then Dx can be parti-
tioned into similarity groups Gx1 . . . Gxn such that

∑
i�=j dist(seqia, seqjb) is maximized

and
∑

i= j dist(seqia, seqjb) is minimized where seqia ∈ Gxi and seqjb ∈ Gxj.

This is the classic clustering problem of maximizing the inter cluster distances and
minimizing the intra cluster distances. Given a reasonable distance measure dist(seqi,
seqj), similarity groups identified via clustering can detect all major groups in a local
sequence database. The distance measure is explored in detail in Section 3.

Definition 3 (approximate sequential patterns). Given the similarity groups
Gx1 . . . Gxn for the local sequence database Dx, an approximate sequential pattern
for group Gxi , denoted as lpatxi, is a sequence that minimizes dist(lpatxi, seqa) for all
seqa in similarity group Gxi.

lpatxi may or may not be an actual sequence in Dx. Basically, lpatxi is approximately
similar to all sequences in Gxi. Therefore, lpatxi should effectively represent the common
underlying pattern in all sequences in Gxi. Moreover, the set of all approximate patterns
from Dx, denoted as Lx, should accurately represent the local database Dx. Thus, only
Lx is forwarded to the global mining process.
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2.2. Analyzing local patterns

Let M be the collection of all local patterns, Lx . . . Ln. Note that a local pattern is
again an ordered list of sets. Hence, M will be in a very similar format to that of a
local database Dx except that the sequences are labeled with the local database id. An
important semantic difference is that in most cases M will be much smaller than Dx. In
our toy retail example, Dx is the local database of all customers’ sequences in a local
branch. However M is the collection of all local patterns from all branches. Typically,
the number of branches multiplied by the average number of major client groups is far
less than the number of customers in any one branch. Furthermore M will have much
less noise with local patterns forming natural distinct groups.

Mining the high vote pattern of expecting parents is important. In our toy retail exam-
ple, we cannot expect the common buying patterns of expecting parents to be identical in
all branches. Thus, when local patterns from one branch is matched with those from an-
other branch we cannot use exact match. However, the common patterns should be highly
similar. Hence, the local patterns representing the buying patterns of expecting parents
from each branch will naturally form a tight cluster. After grouping such highly similar
local patterns from each branch we can identify the high vote patterns by the large group
size.

Similarly, exceptional patterns are those local patterns that are found in only a few
branches. However, if exceptional patterns were found based on exact match, almost
all local patterns would be exceptional patterns because most local patterns will not be
identical to one another. Hence, as in the case of high vote patterns, we must consider
approximate match to accurately identify exceptional patterns. A true exceptional
pattern should be very distinct from most local patterns. Exactly how different the
pattern needs to be is dependant on the application, and should be controlled by the
user.

In short, the key to identifying the high vote sequential patterns and exceptional
sequential patterns is in properly grouping the local patterns by the desired similarity
level. Classification of local patterns by the desired similarity allows one simple model
for identifying both the high vote patterns and the exceptional patterns. The notion of
homogeneous set, defined below, provides an elegant and uniform model to specify the
desired similarity among the local patterns.

Definition 4 (homogeneous set). Given a set of local patterns M, its subset HS is a
homogeneous set of range δ when the similarity between any two patterns pi and pj in
HS is not less than δ, i.e., pi ∈ HS ∧ pj ∈ HS ∧ sim(pi, pj) ≥ δ, where sim(pi, pj) = 1 −
dist(pi, pj).

A homogenous set of δ range is essentially the group of local patterns that are
approximately similar within range δ. The larger the δ, the more likely it is for the
local patterns to be separated into different homogenous sets. In the extreme case when
δ=100% (i.e. a HS(100%) is a subset of all local patterns with dist(lpati, lpatj) ≤ 0 =
0), almost all local patterns will belong to its own homogeneous set. On the other hand,
too small a δ will lump different local patterns into one homogeneous set. The similarity
between seq4 and seq2 in Table 1 is 1–0.278 = 72% (see Table 4 for details). Thus, they
will be grouped into one homogeneous set if δ ≤ 72%, but separated if δ > 72%.
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Definition 5 (vote). The vote of a homogeneous set, HS, is defined as the size of the
homegenous set. Vote(H S, δ) =‖HS(δ)‖.

Definition 6 (high vote homogenous set). Given the desired similarity level δ and
threshold �, a high vote homogenous set is a homogeneous set HS such that vote(HS,
δ) ≥ �.

Definition 7 (exceptional homogenous set). Given the desired similarity level δ and
threshold �, an exceptional homogenous set is a homogeneous set HS such that
vote(HS, δ) ≤ �.

For example, a user might look for high vote homogeneous sets that hold true in
at least 80% of the local databases with 90% similarity (vote(HS, 90%) ≥ 80%). An
exceptional homogenous set of interest might be local patterns that are true in at most
10% of the local databases with 60% similarity (vote(HS, 60%) ≤ 10%).

Once the highly similar patterns have been identified as a homogeneous set, we
have to consider what information will be of interest to the users as well as how
to best present it. Given highly similar sequences, the longest common subsequence
can effectively provide the shared pattern among the sequences in the group. That is
the common pattern among all the expecting parent’s buying pattern can be detected
by constructing the longest common subsequence. This shared pattern can provide a
reasonable representation of the high vote homogenous set. Thus, we have defined high
vote sequential patterns as the longest common subsequence of all sequences in the high
vote homogeneous set.

Definition 8 (high vote sequential pattern). Given a high vote homogenous set, the
high vote sequential pattern is the longest common subsequence of all local patterns
in the set.

However, in most cases just presenting the high vote patterns will not be sufficient
for the user. Users at the headquarter would be interested to know what the different
variations are among the branches. Some variations might give hints on how to improve
sales. For example, if we found that in warmer climate expecting parents buy the first
walking shoes faster than those in colder climates, branches can introduce new shoes
earlier in the warmer climates. The variations in sequences are most accessible to people
when given in an aligned form as in Table 3. Table 3 depicts how a typical high vote
pattern information should be presented. The longest common subsequence on top
along with the percentage of branches in the homogeneous set, will give the user a quick
summary of the homogenous set. Then, the actual sequences aligned and the branch
identification gives the user access to more detailed information that could potentially
be useful.

Unlike the high vote patterns, sequences grouped into one exceptional homogeneous
set should not be combined into one longest common subsequence. By the nature
of the problem formulation, users will look for exceptional patterns with a lower δ

compared to the high vote patterns. When the patterns in a homogenous set are not
highly similar, the longest common subsequence will be of little use. Rather, each of
the local patterns in the exceptional homogenous set is an exceptional pattern. Nonethe-
less, the results will be more accessible to people when organized by homogenous
sets.
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Table 3. High vote homogeneous set and pattern

3
3 = 100% {diapers, crib} {mobile, diapers} {bibs, spoon, diapers}

CA {diapers, crib,
carseat}

{mobile, diapers, shoes} {bibs, spoon, diapers}

MA {diapers, crib,
carseat}

{mobile, diapers} {bibs, spoon, diapers, shoes}

AL {diapers, crib} {mobile, diapers} {bibs, spoon, diapers, shoes}

Definition 9 (exceptional sequential pattern). Each local pattern in an excep-
tional homogenous set is an exceptional sequential pattern. Exceptional sequen-
tial patterns are made more accessible to users by organizing them by homogenous
sets.

Given the desired similarity level δ, the homogeneous set of local patterns with
range δ can be easily identified by clustering the local patterns in M using the com-
plete linkage algorithm. The merging stops when the link is greater than δ. Both
high vote homogeneous set and exceptional homogeneous set can be easily identi-
fied by the same process. With the appropriate local pattern mining, detecting the
global sequential patterns from the homogeneous sets is simple. Hence, in the re-
mainder of this paper, we focus on efficiently detecting local approximate sequential
patterns.

3. Distance measure for sequences of sets

Both the local sequential pattern mining and the post-processing for global patterns rely
on the distance function for sequences. The function sim(seqi, seqj) = 1− dist(seqi, seqj)
should reasonably reflect the similarity between the given sequences. In this section, we
define a reliable distance measure for sequences of sets.

In general, the weighted edit distance is often used as a distance measure for variable
length sequences (Gusfield, 1997). Also referred to as the Levenstein distance, the
weighted edit distance is defined as the minimum cost of edit operations (i.e., insertions,
deletions, and replacements) required to change one sequence to the other. An insertion
operation on seq1 to change it towards seq2 is equivalent to a deletion operation on seq2

towards seq1. Thus, an insertion operation and a deletion operation have the same cost.
I N DE L() is used to denote an insertion or deletion operation and RE P L() is used
to denote a replacement operation. Often, for two sets X, Y the following inequality is
assumed

REPL(X, Y ) ≤ INDEL(X ) + INDEL(Y )

Given two sequences seq1 = 〈X1 . . . Xn〉 and seq2 = 〈Y1 . . . Ym〉, the weighted edit
distance between seq1 and seq2 can be computed by dynamic programming using the
following recurrence relation.
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D(0, 0) = 0
D(i, 0) = D(i − 1, 0) + I N DE L(Xi ) for (1 ≤ i ≤ n)
D(0, j) = D(0, j − 1) + I N DE L(Y j ) for (1 ≤ j ≤ m)

D(i, j) = min

⎧
⎨

⎩

D(i − 1, J ) + I N DE L(Xi )
D(i, j − 1) + I N DE L(y j )
D(i − 1, j − 1) + RE P L(Xi, Y j)

for (1 ≤ i ≤ n) and (1 ≤ j ≤ m)

(1)

To make the edit distance comparable between sequences of variable lengths, we
normalize the results by dividing the weighted edit distance by the length of the longer
sequence in the pair, and call it the normalized edit distance. That is,

dist(seqi , seq j ) = D(seqi , seq j )

max{‖ seqi ‖, ‖ seq j ‖} (2)

3.1. Cost of edit operations for sets: normalized set difference

To extend the weighted edit distance to sequences of sets, we need to define the cost of
edit operations (i.e., INDEL() and REPL() in Eq. (1)) for sets. The similarity of the two
sets can be measured by how many elements are shared or not. To do so, here we adopt
the normalized set difference as the cost of replacement of sets as follows. Given two
sets, X and Y,

RE P L(X, Y ) = ‖ (X − Y ) ∪ (Y − X ) ‖
‖ X ‖ + ‖ Y ‖ = ‖ X ‖ + ‖ Y ‖ −2 ‖ X ∩ Y ‖

‖ X ‖ + ‖ Y ‖
= 1 − 2 ‖ X ∩ Y ‖

‖ X − Y ‖ + ‖ Y − X ‖ +2 ‖ X ∩ Y ‖ = DS(X, Y )

DJ (X, Y ) = 1 − ‖ X ∩ Y ‖
‖ X ∪ Y ‖ = 1 − ‖ X ∩ Y ‖

‖ X − Y ‖ + ‖ Y − X ‖ + ‖ X ∩ Y ‖

(3)

This measure is a metric and has a nice property that, 0 ≤ RE P L() ≤ 1. Following Eq.
(3), the cost of an insertion/deletion is given in Eq. (4) where X is a set.

I N DE L(X ) = RE P L(X, ()) = RE P L((), X ) = 1, (4)

Clearly, the normalized set difference, REPL(), is equivalent to the Sorensen coefficient,
DS, as shown in Eq. (3). The Sorensen coefficient is an index similar to the more
commonly used Jaccard coefficient, DJ , also defined in Equation 3 (McPherson and
DeStefano, 2002). The difference is that RE P L() gives more weight to the common
elements because in alignment what are shared by two sets is most important.

Note that dist() inherits the properties of of the RE P L(), i.e. dist() satisfies the metric
properties and is between 0 and 1. Table 4 illustrates some examples of the distance
between sequences and itemsets. Given an itemset (A), the normalized set difference
RE P L((A), (A)) = 0. Given itemsets that share no items RE P L((LM), (PW)) = 1.
Given sets that share a certain number of items, RE P L() is a fraction between 0 and 1.
Similarly, when two sequences do not share any items in common, e.g., dist(seq9, seq10)
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= 1 since each itemset distances is 1. The next example shows two sequences that share
some items. When seq4 and seq2 are optimally aligned, three items, A, B, D, can be
lined up resulting in dist(seq4, seq2) = 0.278. In comparison in the third example, when
seq2 and seq6 are optimally aligned, only two items (A and B) are shared. There are
many items that are not shared, which results in dist(seq6, seq2) = 0.708. Clearly, seq4

is more similar to seq2 than seq6. That is, dist(seq4, seq2) < dist(seq6, seq2).

4. Local pattern mining: ApproxMAP

In this section, we detail an efficient method, ApproxMAP (for APPROXimate Multiple
Alignment Pattern mining), for multiple alignment sequential pattern mining. We will
first demonstrate the method through an example and then discuss the details of each
step in later sections.

Table 5 is a sequence database D. Although the data is lexically sorted it is difficult
to gather much information from the raw data even in this tiny example. The ability to
view Table 5 is immensely improved by using the alignment model – grouping similar
sequences then lining them up to construct the consensus patterns as in Tables 6 and 7.
Note that the patterns 〈(A)(B)(BC)(DE)〉 and 〈(IJ)(K)(LM)〉 do not match any sequence
exactly.

Given the input data shown in Table 5 (N = 10 sequences),ApproxMAP (1) calculates
the N ∗ N sequence to sequence proximity matrix from the data, (2) partitions the data
into two clusters (k = 2), (3) aligns the sequences in each cluster (Tables 6 and 7) – the
alignment compresses all the sequences in each cluster into one weighted sequence per
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cluster, and (4) summarizes the weighted sequences into consensus patterns (Tables 6
and 7).

4.1. Clustering sequences: organize into similarity groups

The general objective of clustering methods that work on a distance function is to
minimize the intracluster distances and maximize the inter-cluster distance (Jain et al.,
1999). By clustering the sequences in the local database Di using the pairwise score
between sequences (Eq. (2)), we can identify the similarity groups in Di.

Density based methods, also called mode seeking methods, generate a single partition
of the data in an attempt to recover the natural groups in the data. Clusters are identified
by searching for regions of high density, called modes, in the data space. Then these
clusters are grown to the valleys of the density function (Jain et al., 1999). These valleys
can be considered as natural boundaries that separate the modes of the distribution
(Fukunaga and Narendra, 1975). In short, density based clustering methods have many
benefits for clustering sequences:

• The basic paradigm of clustering around dense points fits the sequential data best
because the goal is to form groups of arbitrary shape and size around similar sequences
(Ertoz et al., 2003; Sander et al., 1998).

• Density based k nearest neighbor clustering algorithms will automatically estimate
the appropriate number of clusters from the data.

• Users can cluster at different resolutions by adjusting k.
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We found that in general the density based k-nearest neighbor clustering methods
worked well and was efficient for sequential pattern mining. In fact, in recent years
many variations of density based clustering methods have been developed (Ertoz et al.,
2003; Sander et al., 1998). Many use k-nearest neighbor or the Parzen window for the
local density estimate (Sander et al., 1998). Recently, others have also used the shared
neighbor list (Ertoz et al., 2003) as a measure of density. Other clustering methods that
can find clusters of arbitrary shape and size may work as well or better depending on the
data. Any clustering method that works well for the data can be used in ApproxMAP.
In the absence of a better choice based on actual data, a reasonably good clustering
algorithm that finds clusters of arbitrary shape and size will suffice. For the purposes
of demonstrating ApproxMAP, the choice of a density based clustering method was
based on its overall good performance and simplicity. The following sections detail the
clustering method used in ApproxMAP.

4.1.1. Uniform Kernel Density Based k Nearest Neighbor Clustering. ApproxMAP
uses uniform kernel density based k nearest neighbor clustering. In this algorithm, the
user specified parameter k specifies not only the local region to use for the density
estimate, but also the number of nearest neighbors that the algorithm will search for
linkage. We adopt an algorithm from SAS Institute (2000) based on Wong and Lane
(1983) as given in Algorithm 1. The algorithm has complexity O(k· ‖ D‖).

Algorithm 1 (Uniform kernel density based k-NN clustering)

Input: a set of sequences D = {seqi}, number of neighbor sequences k;
Output: a set of clusters {Cp}, where each cluster is a set of sequences;
Method: 1. Initialize every sequence as a cluster. For each sequence seqi in cluster Cseqi ,

set Density(Cseqi ) = Density(seqi, k).
2. Merge nearest neighbors based on the density of sequences. For each se-

quence seqi, let seqi1 ,. . ., seqin be the nearest neighbor of seqi, where n =
nk(seqi) is defined in Eq. (5). For each seqj ∈ {seqi1 ,. . ., seqin}, merge cluster
Cseqi containing seqi with a cluster Cseq j

containing seqj, if Density(seqi,
k) < Density(seqj, k) and there exists no seq ′

j having dist(seqi, seq ′
j ) <

dist(seqi, seqj) and Density(seqi, k) < Density(seq ′
j , k). Set the density of

the new cluster to max{Density(Cseqi ), Density(Cseqj )}.
3. Merge based on the density of clusters – merge local maxima regions. For all

sequences seqi such that seqi has no nearest neighbor with density greater
than that of seqi, but has some nearest neighbor, seqj, with density equal to
that of seqi, merge the two clusters Cseq j

and Cseqi
containing each sequence

if Density(Cseq j
) > Density(Cseqi

).

Intuitively, a sequence is “dense” if there are many sequences similar to it in
the database. A sequence is “sparse,” or “isolated,” if it is not similar to any oth-
ers, such as an outlier. Formally, we measure the density of a sequence by a quo-
tient of the number of similar sequences (nearest neighbors), n, against the space
occupied by such similar sequences, d. In particular, for each sequence seqi in a
database D, p(seqi ) = n

‖D‖∗d . Since ‖ D ‖ is constant across all sequences, for
practical purposes it can be omitted. Therefore, given k, which specifies the k-
nearest neighbor region, ApproxMAP defines the density of a sequence seqi in
a database D as follows. Let d1, . . . , dk be the k smallest non-zero values of
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dist(seqi, seqj) (defined in Eq. (2)), where seqj �= seqi, and seqj is a sequence in D.
Then,

Density(seqi , k) = nk(seqi)

distk(seqi )
, (5)

where distk(seqi) = max{d1,. . ., dk} and nk(seqi ) =‖ {seq j ∈ D|dist(seqi , seq j ) ≤
distk(seqi )} ‖. nk(seqi) is the number of sequences including all ties in the k-nearest
neighbor space for sequence seqi, and distk(seqi) is the size of the k-nearest neighbor
region for sequence seqi. nk(seqi) is not always equal to k because of ties.

Theoretically, the algorithm is similar to the single linkage method. In fact, the normal
single linkage method is a degenerate case of the algorithm with k = 1. The single linkage
method builds a tree with each point linking to its closest neighbor. In the density based
k nearest neighbor clustering, each point links to its closest neighbor, but (1) only with
neighbors with greater density than itself, and (2) only up to k nearest neighbors. Thus,
the algorithm essentially builds a forest of single linkage trees (each tree representing a
natural cluster), with the proximity matrix defined as follows,

dist ′(seqi , seq j ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dist(seqi , seq j ) if dist(seqi , seq j ) ≤ distk(seqi )∧
Density(seq j , k) < Density(seqi , k)

M AX DI ST if dist(seqi , seq j ) ≤ distk(seqi )∧
Density(seq j , k) = Density(seqi , k)

∞ otherwise

(6)

where dist(seqi, seqj) is defined in Eq. (2), Density(seqi, k) and distk(seqi) are defined in
Eq. (5), and MAX DIST = max{dist(seqi, seqj)} + 1 for all i, j. Note that the proximity
matrix is no longer symmetric. Step 2 in Algorithm 1 builds the single linkage trees with
all distances smaller than MAX DIST. Then in Step 3, the single linkage trees connected
by MAX DIST are linked if the density of one tree is greater than the density of the other
to merge any local maximal regions. The density of a tree (cluster) is the maximum
density over all sequence densities in the cluster. We use Algorithm 1 because it is more
efficient than implementing the single linkage based algorithm.

The uniform kernel density based k-NN clustering has major improvements over
the regular single linkage method. First, the use of k nearest neighbors in defining the
density reduces the instability due to ties or outliers when k > 1 (Ertoz et al., 2003).
In density based k nearest neighbor clustering, the linkage is based on the local density
estimate as well as the distance between points. That is, the linkage to the closest point
is only made when the neighbor is more dense than itself. This still gives the algorithm
the flexibility in the shape of the cluster as in single linkage methods, but reduces the
instability due to outliers.

Second, use of the input parameter k as the local influential region provides a natural
cut of the linkages made. An unsolved problem in the single linkage method is how to
cut the one large linkage tree into clusters. In this density based method, by linking only
up to the k nearest neighbors, the data is automatically separated at the valleys of the
density estimate into several linkage trees.

Obviously, different k values will result in different clusters. However, this does not
imply that the natural boundaries in the data change with k. Rather, different values of
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k determine the resolution when locating the valleys. That is, as k becomes larger, more
smoothing occurs in the density estimates over a larger local area in the algorithm. This
results in lower resolution of the data. It is similar to blurring a digital image where
the boundaries are smoothed. Practically speaking, the final effect is that some of the
local valleys are not considered as boundaries anymore. Therefore, as the value of k
gets larger, similar clusters are merged together resulting in fewer number of clusters.
The benefit of using a small k value is that the algorithm can detect more patterns. The
tradeoff is that it may break up clusters representing strong patterns (patterns that occur
in many sequences) to generate multiple similar patterns (Ertoz et al., 2003). As shown
in the performance study (Section 5.3.1), in many applications, a value of k in the range
from 3 to 9 works well.

4.2. Multiple alignment: compress into weighted sequences

Once sequences are clustered, sequences within a cluster are similar to each other. Now,
the problem becomes how to summarize the general pattern in each cluster and discover
the trend. In this section, we describe how to compress each cluster into one weighted
sequence through multiple alignment.

The global alignment of sequences is obtained by inserting empty itemsets (i.e., ())
into sequences such that all the sequences have the same number of itemsets. The empty
itemsets can be inserted into the front or the end of the sequences, or between any two
consecutive itemsets (Gusfield, 1997).

As shown in Table 8, finding the optimal alignment between two sequences is math-
ematically equivalent to the edit distance problem. The edit distance between two se-
quences seqa and seqb can be calculated by comparing itemsets in the aligned sequences
one by one. If seqa and seqb have X and Y as their ith aligned itemsets respectively, where
(X �= ()) and (Y �= ()), then a RE P L(X, Y) operation is required. Otherwise, (i.e., seqa

and seqb have X and () as their ith aligned itemsets respectively) an INDEL(X) operation
is needed. The optimal alignment is the one in which the edit distance between the two
sequences is minimized. Clearly, the optimal alignment between two sequences can be
calculated by dynamic programming using the recurrence relation given in Eq. (1).

Generally, for a cluster C with n sequences seq1, . . . ,seqn, finding the optimal global
multiple alignment that minimizes

∑n
j=1

∑n
i=1 dist(seqi , seq j ) is an NP-hard problem

(Gusfield, 1997 ), and thus is impractical for mining large sequence databases with many
sequences. Hence in practice, people have approximated the solution by aligning two
sequences first and then incrementally adding a sequence to the current alignment of
p − 1 sequences until all sequences have been aligned. At each iteration, the goal is
to find the best alignment of the added sequence to the existing alignment of p − 1
sequences. Consequently, the solution might not be optimal because once p sequences
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have been aligned, this alignment is permanent even if the optimal alignment of p + q
sequences requires a different alignment of the p sequences. The various methods differ
in the order in which the sequences are added to the alignment. When the ordering is
fair, the results are reasonably good (Gusfield, 1997).

4.2.1. Representation of the alignment : weighted sequence. To align the sequences
incrementally, the alignment results need to be stored effectively. Ideally the result
should be in a form such that the next sequence can be easily aligned to the current
alignment. This will allow us to build a summary of the alignment step by step until
all sequences in the cluster have been aligned. Furthermore, various parts of a general
pattern may be shared with different strengths, i.e., some items are shared by more
sequences and some by less sequences. The result should reflect the strengths of items
in the pattern.

Here, we propose a new representation for aligned sequences. A weighted sequence,
denoted as wseq = 〈WX1 : v1, . . . , WXl : vl〉 : n, carries the following information:

1. the current alignment has n sequences, and n is called the global weight of the
weighted sequence;

2. in the current alignment, vi sequences have a non-empty itemset aligned in the ith
position. These itemset information is summarized into the weighted itemset WXi,
where (1 ≤ i ≤ l);

3. a weighted itemset in the alignment is in the form of WXi = (xj1 : wj1,. . ., xjm : wjm),
which means, in the current alignment, there are wjk sequences that have item xjk in
the ith position of the alignment, where (1 ≤ i ≤ l) and (1 ≤ k ≤ m).

We illustrate how to use weighted sequences to do multiple alignment using the example
given in Table 6. Cluster 1 has seven sequences. The density descending order of these
sequences is seq2-seq3-seq4-seq1- seq5-seq6-seq10. Therefore, the sequences are aligned
as follows. First, sequences seq2 and seq3 are aligned as shown in Figure 2. Here, we
use a weighted sequence wseq1 to summarize and compress the information about the
alignment. Since the first itemsets of seq2 and seq3, (A) and (AE), are aligned, the first
itemset in the weighted sequence wseq1 is (A:2,E:1):2. It means that the two sequences
are aligned in this position, and A and E appear twice and once respectively. The second
itemset in wseq1, (B:1):1, means there is only one sequence with an itemset aligned in
this position, and item B appears once.

4.2.2. Sequence to weighted sequence alignment. After this first step, we need to
iteratively align other sequences with the current weighted sequence. However, the
weighted sequence does not explicitly keep information about the individual itemsets in
the aligned sequences. Instead, this information is summarized into the various weights
in the weighted sequence. These weights need to be taken into account when aligning a

Figure 2. seq2 and seq3 are aligned resulting in wseq1
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sequence to a weighted sequence. Thus, instead of using RE P L() directly, we adopt a
weighted replace cost as follows.

Let WX = (x1 : w1, . . . , xm : wm) : v be a weighted itemset in a weighted sequence,
while Y = (y1. . .yl) is an itemset in a sequence in the database. Let n be the global weight
of the weighted sequence. The replace cost is defined as

RE P LW (W X, Y ) = R′ · v + n − v

n
where

R′ =
∑m

i=1 wi+ ‖ Y ‖ v − 2
∑

xi ∈Y wi
∑m

i=1 wi+ ‖ Y ‖ v
(7)

Accordingly, we have

I N DE L(W X ) = RE P LW (W X, ()) = 1

and

I N DE L(Y ) = RE P LW (Y, ()) = 1 (8)

We first illustrate this in our running example. The weighted sequence wseq1 and the
third sequence seq4 are aligned as shown in Figure 3. Similarly, the remaining sequences
in cluster 1 can be aligned as shown in Figure 4.

Now let us examine the example to better understand the notations and ideas. Table 9
depicts the situation after the first four sequences (seq2, seq3, seq4, seq1) in cluster 1
have been aligned into weighted sequence wseq3, and the algorithm is computing the
distance of aligning the first itemset of seq5, s51 = (AX), to the first position (ws31) in
the current alignment. ws31 = (A:3,E:1):3 because there are three A’s and one E aligned
into the first position, and there are three non-null items in this position. Now, using
Eq. 7, R′ = 2

5 = 36
90 and RE P LW = 11

20 = 66
120 as shown in the first two lines of the

table. The next four lines calculate the distance of each individual itemset aligned in the
first position of wseq3 with s51 = (AX). The actual average over all non-null itemsets

Figure 3. Weighted sequence wseq1 and seq4 are aligned resulting in wseq2.

Figure 4. The alignment of remaining sequences in cluster 1.
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is 35
90 and the actual average over all itemsets is 65

120 . In this example, R′ and RE P LW

approximate the actual distances very well.
The rationale of RE P LW () is as follows. After aligning a sequence, its alignment

information is incorporated into the weighted sequence. There are two cases.

• A sequence may have a non-empty itemset aligned in this position. Then, R′ is
the estimated average replacement cost for all sequences that have a non-empty
itemset aligned in this position. There are in total v such sequences. In Table 9,
R′ = 36

90 which well approximates the actual average of 35
90 .

• A sequence may have an empty itemset aligned in this itemset. Then, we need an
INDEL () operation (whose cost is 1) to change the sequence to the one currently
being aligned. There are in total (n−v) such sequences.

Equation (7) estimates the average of the cost in the two cases. Used in conjunction
with RE P LW (WX,Y), weighted sequences are an effective representation of the n
aligned sequences and allow for efficient multiple alignment.

The distance measure RE P LW (WX,Y) has the same useful properties of RE P L(X,
Y) – it is a metric and ranges from 0 to 1. Now we simply use the recurrence relation given
in Eq. (1) replacing RE P L (X, Y) with RE P LW (WX,Y) to align all sequences in the
cluster.

The result of the multiple alignment is a weighted sequence. A weighted sequence
records the information of the alignment. The alignment result for all sequences in
cluster 1 and 2 are summarized in the weighted sequences shown in Tables 6 and 7.
Once a weighted sequence is derived, the sequences in the cluster will not be visited
anymore in the remainder of the mining. Hence, after the alignment, the individual
sequential data can be discarded and only the weighted sequences need to be stored for
each cluster.

4.2.3. Order of the alignment. In incremental multiple alignment, the ordering of the
alignment should be considered. In a cluster, in comparison to other sequences, there
may be some sequences that are more similar to many other sequences. In other words,
such sequences may have many close neighbors with high similarity. These sequences
are most likely to be closer to the underlying patterns than the other sequences. Hence,
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it is more likely to get an alignment close to the optimal one, if we start the alignment
with such “seed” sequences.

Intuitively, the density defined in Eq. (5) measures the similarity between a sequence
and its nearest neighbors. Thus, a sequence with high density means that it has some
neighbors very similar to it, and it is a good candidate for a “seed” sequence in the
alignment. Based on the above observation, in ApproxMAP, we use the following
heuristic to apply multiple alignment to sequences in a cluster.

Heuristic 1. If sequences in a cluster C are aligned in the density-descending order,
the alignment result tends to be near optimal.

The ordering works well because in a cluster, the densest sequence is the one that
has the most similar sequences – in essence the sequence with the least noise. The
alignment starts with this point, and then incrementally aligns the most similar sequence
to the least similar. In doing so, the weighted sequence forms a center of mass around
the underlying pattern to which sequences with more noise can easily attach itself.
Consequently, ApproxMAP is very robust to the massive outliers in real data because
it simply ignores those that cannot be aligned well with the other sequences in the
cluster. The experimental results show that the sequences are aligned fairly well with
this ordering.

But most importantly, although aligning the sequences in different order may result
in slightly different weighted sequences, it does not change the underlying pattern in the
cluster. To illustrate the effect, Table 10 shows the alignment result of cluster 1 using
a random order(reverse id), seq10-seq6-seq5-seq4-seq3- seq2-seq1. Interestingly, the two
alignment results are quite similar, only some items shift positions slightly. Compared
to Table 6, the first itemset and second itemset in seq10, (V) and (PW), and the second
itemset in seq4, (B), each shifted one position. This causes the item weights to be reduced
slightly. Yet the consensus patterns from both orders, 〈(A)(B)(BC)(DE)〉, are identical.
As verified by our extensive empirical evaluation, the alignment order has little effect
on the underlying patterns.
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4.3. Summarize into consensus patterns

Intuitively, a pattern can be generated by picking up parts of a weighted sequence shared
by most sequences in the cluster. For a weighted sequence WS = 〈(x11 : w11, . . . , x1m1 :
w1m1 ) : v1, . . . , (xl1 : wl1, . . . , xlml : wlml ) : vl〉 : n, the strength of item xij : wij in the
ith itemset is defined as wi j

n 100%. Clearly, an item with a larger strength value indicates
that the item is shared by more sequences in the cluster.

Motivated by the above observation, a user can specify a strength threshold (0 ≤
min strength ≤ 1). A consensus pattern P can be extracted from a weighted sequence
by removing items in the sequence whose strength values are lower than the threshold.

In our running example min strength = 40%. Thus, the consensus pattern in cluster
1 selected all items with weight greater than 2 sequences (w ≥ 40% * 7 = 2.8) while
the consensus pattern in cluster 2 selected all items with weight greater than 1 sequence
(w ≥ 40 % * 3 = 1.2).

5. Empirical evaluations

It is important to understand the approximating behavior of ApproxMAP. The accuracy
of the approximation can be evaluated in terms of how well it finds the real underlying
patterns in the data and whether or not it generates any spurious patterns. However,
it is difficult to calculate analytically what patterns will be generated because of the
complexity of the algorithm.

As an alternative, we have developed a general evaluation method that can objectively
evaluate the quality of the results produced by any sequential pattern mining algorithm.
Using this method, one can understand the behavior of an algorithm empirically by
running extensive systematic experiments on synthetic data with known base pattern
(Kum, 2006).

5.1. Evaluation method

Central to the evaluation method is a well designed synthetic dataset with known
patterns. The well known IBM data generator takes several parameters and outputs
a sequence database as well as a set of base patterns (Agrawal and Srikant, 1995). The
sequences in the database are generated in two steps. First, base patterns are generated
randomly according to the user’s specification. Then, these base patterns are corrupted
(drop random items) and merged to generate the sequences in the database. Thus, base
patterns are the underlying template behind the database. By matching the results of the
sequential pattern mining methods back to these base patterns, we are able to determine
how much of the base patterns have been found as well as how much spurious patterns
have been generated. We summarize the parameters of the data generator and the default
configuration in Table 11. We changed the notations from the original paper (Agrawal
and Srikant, 1995) for clarity. The default configuration was used in the experiments
unless otherwise specified.

In Kum (2006), we present a comprehensive set of evaluation criteria to use in
conjunction with the IBM data generator to measure how well the results match the
underlying base patterns. We define pattern items as those items in the result pattern that
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Table 11. Parameters and the default configuration for the data generator

Notation Original notation Meaning Default value

‖ I ‖ N # of items 1000

‖ � ‖ NI # of potentially frequent itemsets 5000

Nseq ‖ D ‖ # of data sequences 10000

Npat NS # of base patterns 100

Lseq ‖ C ‖ Avg. # of itemsets per data sequence 20

Lpat ‖ S ‖ Avg. # of itemsets per base pattern 0.7 · Lseq

Iseq ‖ T ‖ Avg. # of items per itemset in the database 2.5

Ipat ‖ I ‖ Avg. # of items per itemset in base patterns 0.7 · Iseq

Table 12. Evaluation criteria

Criteria Meaning Level Unit

R Recoverability: the degree of the base patterns detected item %

P Precision: 1-degree of extraneous items in the result patterns item %

Nmax # of base patterns found seq # of
patterns

Nspur # of spurious patterns (NextraI > NpatI ) seq # of
patterns

Nredun # of redundant patterns seq # of
patterns

Ntotal Total # of result patterns returned (= Nmax + Nspur + Nredun) seq # of
patterns

can be mapped back to the base pattern. Then the extraneous items are the remaining
items in the results. The mix of pattern items and extraneous items in the result patterns
determine the recoverability and precision of the results. Recoverability is a weighted
measure that provides a good estimation of how much of the items in the base patterns
were detected. Precision, adopted from ROC analysis, is a good measure of how many
extraneous items are mixed in with the correct items in the result patterns. Both recov-
erability and precision are measured at the item level. On the other hand, the numbers
of max patterns, spurious patterns, and redundant patterns along with the total number
of patterns returned give an overview of the result at the sequence level. The evaluation
criteria are summarized in Table 12. The details of each criteria can be found in Kum
(2006). In summary, a good paradigm would produce (1) high recoverability and preci-
sion, with (2) small number of spurious and redundant patterns, and (3) a manageable
number of result patterns.

5.2. Effectiveness of ApproxMAP

In Kum et al. (2005), we published a through comparison study of the support model
and the alignment model for sequential pattern mining. In this section, we summarize



SEQUENTIAL PATTERN MINING IN MULTI-DATABASES 171

the important results on the effectiveness of ApproxMAP under a variety of randomness
and noise level.

Figure 5 demonstrates how 7 of the most frequent 10 base patterns were uncovered
from 1000 sequences using ApproxMAP. Clearly, each of the 8 consensus patterns
match a base pattern well. In general, the consensus patterns recover major parts of the
base patterns with high expected frequency in the database. The recoverability is quite
good at 91.16%.

Precision is excellent at P = 1 − 3
106 = 97.17%. Clearly all the consensus patterns

are highly shared by sequences in the database. In all the consensus patterns, there is
only three items (the items 58, 22, and 58 in the first part of PatConSeq8) that do not
appear on the corresponding position in the base pattern. These items are not random
items injected by the algorithm, but rather repeated items, which clearly come from the
base pattern BaseP7. These items are still classified as extraneous items because the
evaluation method uses the most conservative definition for pattern items.

There were no spurious patterns and only one redundant pattern. It is interesting to
note that a base pattern may be recovered by multiple consensus patterns. For example,
ApproxMAP forms two clusters whose consensus patterns approximate base pattern
BaseP2. This is because BaseP2 is long (the actual length of the base pattern is 22
items and the expected length of the pattern in a data sequence is 18 items) and has
a high expected frequency (16.1%). Therefore, many data sequences in the database
are generated using BaseP2 as a template. In the IBM data generator, sequences are
generated by removing various parts of the base pattern and combining them with items
from other base patterns. Thus, two sequences using the same long base pattern as the
template are not necessarily similar to each other. As a result, the sequences generated
from a long base pattern can be partitioned into multiple clusters by ApproxMAP. One
cluster with sequences that have almost all of the 22 items from BaseP2 (PatConSeq2) and
another cluster with sequences that are shorter (PatConSeq3). The one which shares less

Figure 5. Effectiveness of ApproxMAP.
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with the base pattern, PatConSeq3, is classified as a redundant pattern in the evaluation
method.

In summary, the evaluation results reveal that ApproxMAP returns a succinct yet
accurate summary of the base patterns with few redundant patterns and no spurious
patterns. Further experiments demonstrate that ApproxMAP is also robust to both noise
and outliers in the data (Kum et al., 2005).

In comparison, in the absence of noise in the data the support model can find the
underlying patterns in the data. However, the real patterns are buried under the huge
number of spurious and redundant sequences. In the presence of noise in the data, the
recoverability degrades quickly in the support model (Kum et al., 2005).

5.3. Parameters in ApproxMAP

5.3.1. k in k-nearest neighbor clustering. Here, we study the influence and sensitivity
of the user input parameter k. We fix other settings and vary the value of k from 3 to
10, where k is the nearest neighbor parameter in the clustering step. The results are
shown in Figure 6. There were no extraneous items (i.e. Precision = 100%) or spurious
patterns. As expected, a larger value of k produces less number of clusters, which leads
to less number of patterns. Hence, when k increases in Figure 6(a), the total number of
consensus patterns decreases. However most of the reduction in the consensus patterns
are redundant patterns for k = 3..9 as seen in Figure 6(b). That is the number of max
patterns are fairly stable for k = 3..9 at around 75 patterns (Figure 6(a)). Thus, the
reduction in the total number of consensus patterns returned does not have much effect
on recoverability (Figure 6(c)). When k is too large though (k = 10), there is a noticeable
reduction in the number of max patterns from 69 to 61 (Figure 6(a)). This causes loss of
some weak base patterns and thus the recoverability decreases somewhat as shown in
Figure 6(c). Figure 6(c) demonstrates that there is a wide range of k that give comparable
results. In this experiment, the recoverability is sustained with no change in precision
for a range of k = 3..9. In short, ApproxMAP is fairly robust to k. This is a typical
property of density based clustering algorithms.

5.3.2. The strength cutoff point min strength. In ApproxMAP, the strength cutoff
point min strength is used to filter out noise from weighted sequences. Here, we study the
strength cutoff point to determine its properties empirically. We ran several experiments
on different databases. The data was generated with the same parameters given in
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Figure 7. Effects of min strength (a) Lseq = 10 (b) Lseq = 30 (c) Lseq = 50

Table 11 except for Lseq . Lseq was varied from 10 to 50. We then studied the change
in recoverability and precision as min strength is changed for each database. Selected
results are given in Figure 7. Without a doubt, the general trend is the same in all
databases.

In all databases, as min strength is decreased from 90%, recoverability increases
quickly until it levels off at θ = 50%. Precision stays high at close to 100% until
min strength becomes quite small. Clearly, when θ = 50%, ApproxMAP is able to
recover most of the items from the base pattern without picking up any extraneous
items. That means that items with strength greater than 50% are all pattern items. Thus,
as a conservative estimate, the default value for min strength is set at 50%.

On the other side, when min strength is too low precision starts to drop. Fur-
thermore, in conjunction with the drop in precision, there is a point at which re-
coverability drops again. This is because, min strength is too low the noise is not
properly filtered out. As a result too many extraneous items are picked up. This
in turn has two effects. By definition, precision is decreased. Even more dam-
aging, the consensus patterns with more than half extraneous items now become
spurious patterns and do not count toward recoverability. This results in the drop
in recoverability. In the database with Lseq = 10 this occur at θ ≤ 10%. When
Lseq > 10, this occurs when θ ≤ 5%. The drop in precision starts to occur when θ

< 30% for the database with Lseq = 10. In the databases of longer sequences, the drop
in precision starts near θ = 20%. This indicates that items with strength greater than
30% are probably items in the base patterns. Moreover, in all databases, when θ ≤ 10%,
there is a steep drop in precision. This indicates, that many extraneous items are picked
up when θ ≤ 10%. These results indicate that most of the items with strength less than
10% are extraneous items, because recoverability is close to 100% when θ = 10%.

In summary, ApproxMAP is also robust to the strength cutoff point. This experiment
indicates that 20%–50% is in fact a good range for the strength cutoff point for a wide
range of databases.

5.3.3. The order in multiple alignment. Now, we study the sensitivity of the multiple
alignment results on the order of sequences in the alignment. We compare the mining
results using the density-descending order, density-ascending order, and two random
orders (sequence-id ascending and descending order). As expected, although the exact
alignment changes slightly depending on the orders, it has very limited effect on the
consensus patterns. The results show that (Table 13), all four orders generated the exact
same number of patterns that were very similar to each other. The number of pattern items
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Table 13. Results for different ordering

Order Recoverability NextraI NpatI NcommonI Precision Nspur Nredun Ntotal

Descending Density 92.17% 0 2245 2107 100.00% 0 18 94

Ascending Density 91.78% 0 2207 2107 100.00% 0 18 94

Random (ID) 92.37% 0 2240 2107 100.00% 0 18 94

Random (Reverse ID) 92.35% 0 2230 2107 100.00% 0 18 94

detected that were identical in all four orders, column NcommonI , was 2107. In addition,
each order found an additional 100 to 138 pattern items. Most of these additional items
were found by more than one order. Therefore, the recoverability is basically identical
at 92%.

While aligning patterns in density descending order tends to improve the alignment
quality (the number of pattern items found, NpatI , is highest for density descending
order at 2245 while lowest for density ascending order at 2207), ApproxMAP itself is
robust with respect to alignment orders. In fact, the two random ordering tested gave
comparable number of pattern items as the density descending order. Figure 8 gives
a detailed comparison of the pattern items detected by the two random orders and the
density descending order. Essentially, a random order detected about 98%(2201/2245 =
98% � 2187/2245)of the pattern items detected by the density descending order plus
a few more pattern items (roughly 40 � 34 + 5 � 34 + 9) not detected by the density
descending order.

5.4 Scalability

Finally, the default configuration of the synthetic data was altered to test the effects of
the parameters of the database. The details can be found in Kum (2006). Limited by
space, we briefly summarize the results.

In general, we found that the larger the dataset, the better the effectiveness of
ApproxMAP. For example, with respect to Nseq, the more the sequences in the database,
the better the recoverability. Figure 9(a) is the recoverability with respect to Nseq given
100 base patterns. In large databases, there are more sequences approximating the pat-
terns. For example, if there are only 1000 sequences, a base pattern that occurs in 1%
of the sequences will only have 10 sequences approximately similar to it. However, if
there are 100000 sequences, then there would be 1000 sequences similar to the the base
pattern. It would be much easier for ApproxMAP to detect the general trend from 1000
sequences than from 10 sequences. We observe similar effects from factors Lseq, the

Density Descending 

9

2152

34Random (ID)                                   Random (R-ID) 
5 9

3549

Figure 8. Comparison of pattern items found for different ordering.
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Lseq.

average number of itemsets in a sequence, and Iseq, the average number of items per
itemset in the sequences.

Moreover, we observe that ApproxMAP is scalable w.r.t. database size, as shown in
Figures 9(b) and 9(c). ApproxMAP has total time complexity of O(N 2

seq · L2
seq · Iseq +

k · Nseq ) = O(N 2
seq · L2

seq · Iseq ) where Nseq is the total number of sequences, Lseq is the
average length of the sequence, Iseq is the maximum number of items in an itemset, and
k is the number of nearest neighbors considered. The complexity is dominated by the
clustering step which has to calculate the proximity matrix(O(N 2

seq · L2
seq · Iseq )) and

build the k nearest neighbor list(O(k · Nseq )).
Practically speaking, the running time is constant with respect to most other dimen-

sions except the size of the database. That is, ApproxMAP scales well with respect to
k and the length and number of patterns. The length and number of patterns in the data
do not affect the running time because ApproxMAP finds all the consensus patterns
directly from the data without having to build the patterns.

5.5. Case study: mining the welfare services DB

The above analysis strongly indicates thatApproxMAP can efficiently summarize a local
database and reduce the cost for global mining. The next step is to evaluate ApproxMAP
on real data. However, real sequential data is difficult to find. Most real data available
in data repositories are too small for mining sequential data. Even the unusually large
Gazella data set from KDD-CUP 2000 only has an average of less than 2 itemsets per
sequence (Kohavi et al., 2000). Hence, the dataset cannot be used to mine sequential
patterns.

Nonetheless, we were able to access a private sequence data. Due to confidentiality
issues, we breifly report the result on a real database of welfare services accumulated
over a few years in North Carolina State. The services have been recorded monthly for
children who had a substantiated report of abuse and neglect, and were placed in foster
care. There were 992 such sequences. In summary we found 15 interpretable and useful
patterns.

As an example, in total 419 sequences were grouped together into one cluster which
had the following consensus pattern.

〈(R PT )(I N V, FC)

11
︷ ︸︸ ︷
(FC) · · · (FC)〉
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In the pattern, RPT stands for a Report, INV stands for an Investigation, and FC stands
for a Foster Care Service. The pattern indicates that many children who are in the foster
care system after getting a substantiated report of abuse and neglect have very similar
service patterns. Within one month of the report, there is an investigation and the child
is put into foster care. Once children are in the foster care system, they stay there for a
long time. This is consistent with the policy that all reports of abuse and neglect must be
investigated within 30 days. It is also consistent with our analysis on the length of stay
in foster care. Interestingly, when a conventional sequential algorithm is applied to this
database, variations of this consensus pattern overwhelm the results, because roughly
half of the sequences in this database followed the typical behavior approximately.

The rest of the sequences in this data set split into clusters of various sizes. One cluster
formed around the 57 children who had short spells in foster care. The consensus pattern
was 〈(R PT )(I N V, FC)(FC)(FC)〉. There were several consensus patterns from very
small clusters with about 1% of the sequences. One such pattern of interest is shown
below.

〈(R PT )(I N V, FC, T )(FC, T )

8
︷ ︸︸ ︷
(FC, H M)(FC)(FC, H M)〉

where H M stands for Home Management Services and T stands for Transportation.
There were 39 sequences in the cluster. Our clients were interested in this pattern be-
cause foster care services and home management services were expected to be given as
an “either/or” service, but not together to one child at the same time. Thus, this led us to
go back to the original data to see if indeed many of the children received both services
in the same month. Our investigation confirmed that this was true, and lead our client to
investigate this further in real practice. Was this a systematic data entry error or was there
some components to home management services (originally designed for those staying
at home with their guardian) that were used in conjunction with foster care services on
a regular basis? Which counties were giving these services in this manner? Such an im-
portant investigation would not have been triggered without our analysis because no one
ever suspected there was such a pattern. It is difficult to achieve the same results using the
conventional sequential analysis methods because with min sup set to 20%, there is more
than 100,000 sequential patterns and the users just cannot identify the needle from the
straws.

6. Related work

Multi-database mining has been widely researched in previous works (Wu and
Zhang, 2003; Wu et al., 2005; Zhang et al., 2004a, 2003, 2004b; Zhong et al.,
1999). The overview of multi-database mining is introduced in Zhang et al. (2003)
and Zhong et al. (1999). They introduce the difference between multi-database
mining and mono-database mining, and present novel significant patterns that are
found in multi-database mining but not in mono-database mining. Wu et al. (2005)
proposes a database classification technique for multi-database mining. Local databases
in the multi-database are classified into several groups based on their similarity
between each other. This can reduce the search cost in the multi-database. To
find more valuable information in a multi-database, techniques to synthesize local
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patterns to find exceptional patterns and high vote patterns are presented in Wu and
Zhang (2003) and Zhang et al. (2004a,b). These previous researches for mining
multi-database have focused on finding global patterns from frequent itemsets or
association rules in local databases. In this paper, we expand the research in multi-
database mining to identify high vote sequential patterns and exceptional sequential
patterns.

Many papers have proposed methods for finding frequent subsequences in a mono-
database (Ayres et al., 2002; Pei et al., 2001; Srikant and Agrawal, 1996; Zaki, 1998).
There are three works in particular, that extend the support model to find more useful
patterns. Spiliopoulou (1999) extends the framework to find rules of the form “if A then
B” using the confidence framework. Yang et al. (2002) presents a probabilistic model
to handle noise in mining strings. However, it cannot be easily generalized to sequence
of sets. Yan et al. (2003) proposes a method for mining frequent closed subsequences
using several efficient search space pruning methods. However, all these methods do
not address the issue of generating huge number of patterns that share significant
redundancy.

There is a rich body of literature on string analysis in computer science as well
as computational biology that can be extended to this problem domain. In particular,
multiple alignment has been studied extensively in computational biology (Gotoh, 1999;
Gusfield, 1997; Thompson et al., 1999) to find common patterns in a group of strings. In
this paper, we have generalized string multiple alignment to find patterns in sequences of
sets.

7. Conclusion and future work

7.1. Conclusion

Recently, global mining from multiple sources has received much attention. A key factor
in efficient global mining is to summarize the local information in the local data mining
process, and then to forward only the summary to the global mining process. However,
conventional sequential pattern mining methods using the support model have inherent
limitations that make it inefficient for mining multi-databases. In this paper, we have
presented an alternative model, approximate sequential pattern mining, for accurately
summarizing each local database, which can reduce the cost for global mining. An
efficient algorithm, ApproxMAP, is proposed to find approximate sequential patterns,
called consensus patterns, via multiple alignment. Extensive study on synthetic and real
data demonstrate that ApproxMAP (1) can effectively summarize the local data (2) is
robust to noise and outliers in the data, and (3) is robust to the input parameters k and
min strength as well as the order of alignment. In short, ApproxMAP is effective and
scalable in mining large sequence databases with long patterns.

Furthermore, local consensus patterns mined using ApproxMAP can be collected
and processed to find global patterns from multiple sources. We present an elegant and
uniform model, homogeneous sets, to detect both the high vote sequential patterns and
exceptional sequential patterns. By grouping local patterns by the desired similarity
level, homogeneous sets can easily identify global patterns that are supported by most
local databases as well as global patterns that are rare.
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7.2. Future work

One practical improvement to ApproxMAP would be to automatically detect the best
strength threshold, θ , for each cluster of sequences. An interesting approach could be
analyzing the distribution of the item weights dynamically. Initial investigation seems
to suggest that the item weights may follow the Zipf distribution. Closer examination
of the distribution might give hints for automatically detecting statistically significant
cutoff values customized for each cluster. When presenting an initial overview of the
data, such approach could be quite practical.

A larger research question for future study would be the evaluation of global sequential
pattern mining. Evaluation of global sequential pattern mining is still an open problem.
Access to real sequential data that have useful global patterns is difficult with most
data available in data repositories being too small even for local sequential pattern
mining. In Kum (2006), we have proposed an effective evaluation method for assessing
local sequential pattern mining methods using the IBM synthetic data generator. A
similar approach can be taken for evaluating global pattern mining methods as shown in
Figure 10. The additional layer of selecting local base patterns from the set of potential
global base patterns can ensure that global patterns exit in the multi-database. As a
preliminary study, we tested our algorithm on a multi-database with 10 local databases.
We first generated 100 potential global base patterns. Then each of the 10 local databases
randomly selected 10 unique base patterns from the 100 global base patterns to use as
a template for its local database. To model the variation and noise in the real data, the
selected base patterns were randomly perturbed so that each of the local databases did not
have any base patterns that were identical. We then manually identified the high vote and
exceptional patterns that were embedded into the mutlidatabase by analyzing the base
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patterns used in each of the 10 local databases. Finally, we could assess whether these
embeded global patterns were found by reviewing the global result patterns returned
from our algorithm. Indeed, we confirmed that all global patterns were properly detected
via homogenous sets. For a more systematically evaluation of global mining algorithms,
further research is needed on how to generate realistic multi-databases with known
embedded global patterns, as well as good evaluation criteria to apply to the synthetic
data.
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