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Seismic Tomography Constrained by Bouguer Gravity Anomalies:
Applications in Western Washington

J. M. Lees! and J. C. VaNDECAR?

Abstract — Tomographic inversions for velocity variations in western Washington indicate a high
correlation with surface geology and geophysical measurements, including gravity observations. By
assuming a simple linear relationship between density and velocity ( Birch's law) it s possible to calculate
the gravity field predicted from the velocity perturbations obtained by local tomographic inversion.
While the predicted gravity maiches observations in parts of the model, the overall correlation is not
satisfactory. In this paper we suggest a method of constraining the tomographic inversion to fit the
gravity observations simultaneously with the seismic travel time data. The method is shown to work well
with synthetic data in 3 dimensions where the assumption of Birch's law holds strictly, If the sources of
the pravity anomalies are assumed to be spatially localized, integration can be carried out over a
relatively small volume below the observation points and sparse matrix techniques can be applied. We
have applied the constrained inversion method to western Washington using 4,387 shallow earthquakes,
to depths of 40.0 km, (36,865 ravpaths) covering a 150 = 250 km region and found that the gravitational
constraints may be satisfied with minor effect on the degree of misfit to the seismic data.

Key words: Seismic tomography, joint inversion, gravity, regularization, Puget sound, western
Washington.

Introduction

The Inversion of geophysical data, particularly seismic data, involves finding a
model that predicts a given data set to a given degree of misfit (Backus and
GILBERT, 1968; Crosson, 1976; O'SULLIVAN, 1986). Methods for determining
three-dimensional velocity models that fit seismic data have been used for over a
decade (AKI et al., 1977; SAvINO et al., 1977; CHoU and BoOKER, 1979). With
incorporation of computational techniques borrowed from medical imaging (HERr-
Man, 1980; Dines and LyTLE, 1979; HUMPHREYS er al., 1984; KISSLING et al.,
1984; NEUMANN-DENZAU and BEHRENS, 1984), seismic inversion came to be
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called seismic tomography, where very large data sets were used to delineate
three-dimensional structural details in the crust of the earth. The data sets used in
these inversions varied in scope from teleseismic travel times (AKI er al, 1977,
Savino et al, 1977, HUMPHREYS et al., 1984) to local earthquake travel times
(WarLck and Cravrtown, 1987, Warck, 1988; Lees and Crosson, 1989) to
studies using active sources (Ivansson, 1986; Paviis, 1986; CHIU er al, 1986;
Evans and Zucca, 1988). The use of amplitude information from the seis-
mograms was used by Ho-Liu er al. (1988) and Evans and Zucca (1988) to
image the attenuative features of the crust. In most cases resultant images were
compared to independent geophysical observations, in part to verify that the
tomographic procedures indeed succeeded in imaging believable structures and
also to aid interpretation of results. With the advent of more sophisticated
computational methods, it becomes desirable to incorporate the comparison of
independent observations in the very derivation of the images. LINES er al. (1988)
have called this approach a “cooperative inversion™, where various, potentially
different, sets of geophysical observations are brought to bear on the derivation of
physically reasonable models. Ultimately, we would expect that all the data,
geological and geophysical, should be used in determining structural features of
the crust.

LinEs er al. (1988) have noted that cooperative inversions can be approached
either as a joint inversion or as sequential inversion. Joint inversions treat each
data set simultaneously: a solution is found which reduces the misfit of each data
in some prescribed fashion. The difficulty with joint inversions lies in determining
a linear prescription for relating the two independent data sets. Typically this also
entails selecting a parameter to represent the relative weights of the data sets. This
was the approach taken by Jupp and VozofrF (1975) to model resistivity and
magnetotelluric data. Others have used these techniques to determine joint inver-
sions of velocity and gravity data (SAviNo er al, 1977; RoDi et al, 1980;
OPPENHEIMER and HERKENHOFF, 1981). Alternatively, sequential inversions treat
the data sets separately and relate the inversions by using the results of one
inversion as an initial constraint for the others. This approach was taken by
LINES et al. (1988).

In this paper we follow the simultaneous approach where a joint inversion of
local earthquake travel times and gravity observations is calculated. We are
primarily concerned with shorter wavelength, local structures where the seismic
data offer better resolution, particularly at depth, than the potential field data.
The gravity data is thus considered to be a constraint on the seismic data
inversion which can be relaxed or strengthened as seen fit. We demonstrate the
usefulness of this approach on synthetic data which simulates the characteristics of
real earthquake data. Finally, we present the results of the technique applied to a
set of 36,865 raypaths in western Washington with a grid of 200 gravity observa-
tion points at the surface.
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Seismic Inversion

We follow the standard approach used for linearization and discretization that
has been applied previously in seismic tomography (AKI ef al., 1977; HUMPHREYS
et al., 1984; NakanNIsHI 1985; Hearn and CLAaYTON, 1986: LEES and CROSSON,
1989). In this approach, small perturbations from a one-dimensional, layered
background model are derived by assuming a linear relationship between the travel
time residuals (A7) and model parameters (As). For a model that is parameterized
by small rectilinear blocks this is expressed as a system of linear equations (with n
measurements and m unknown model parameters) of the form

AAs =AMt (1)

where A is an m x n coefficient matrix (with A, = ét,/és, representing the length of
the i-th ray in the j-th block), As is an m-length vector of slowness perturbations
and Ar is an n-length vector of travel time residuals. This system of equations is
commonly inconsistent, overdetermined and underconstrained. To eliminate the
unconstrained aspect of the problem additional equations are necessary ( MENKE,
1984). We follow here the technique of LEes and Crosson (1989), where the
roughness, locally represented as the Laplacian operator, is constrained to be zero
within horizontal layers. This requires adding m additional equations to system (1)
(one for each model parameter), leading to the modified system

Lie]o=[] &

where F represents the Laplacian filter and J the tradeoff parameter regulating the
smoothness of the model versus reduction of misfit to the data.

Gravitational Constraints

In order to incorporate Bouguer gravity data we must assume a relation
between velocity (V,) and density (p). The strictest is that of a direct linear
relationship with coefficients constant throughout the medium

Vo=a+bp=AV,=5bAp (3)

where @ and b are constants. This approach was introduced by BIRCH (1961) and
its applicability is discussed in standard geophysical texts (e.g., STACEY, 1977:
MEissNER, 1986). Since in our inversion procedure we are concerned with slowness,
s =1/V¥,, rather than velocity, we use the approximate relation

—1
AV, x5 as @)
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where s represents background slowness and the relation is valid for small AV,. For
an infinitesimal mass anomaly, dm =Apdxdydz, located at position
R =(x*+4y*+z%)'?, relative to an observation point at the earth’s surface, the
vertical component of the observed gravity anomaly is given by
zdx dy dz)

(3)

dg:=ﬁpG( R3-

where ( is the gravitational constant and z is positive downward.

Since each block in our inversion procedure is assumed to have constant
slowness (and therefore constant density) the vertical gravitational acceleration, due
to perturbations throughout the model, may be simply expressed as a sum over

these blocks,
dx dy dz
(L) ) (6)

Ag. = dg. =3} Ap,G J R
¥

miadel block_r
After substituting for Ap; from (3) and (4) and rearranging, we arrive at a set of
linear equations relating slowness perturbations to observed gravitational accelera-
tion perturbations

. ) zdx dy dz
Agt = [——[ (——)]m i=1,2,. ., %)
; bs Joioak, \  R® : 5

where n, = number of gravitational acceleration observations. Since our observa-
tions may be sampled at regular intervals (in our case equal to the horizontal block
size) the integral over each block, which represents a geometrical factor, need be
calculated only once and kept in a look-up table. Everything within the square
brackets may be combined into one term representing the partial derivative of
vertical gravitational acceleration perturbation with respect to slowness perturba-
tion. These partial derivatives define the coefficients of a sparse matrix of linear
constraints on the model slowness estimate,

G zdxdydz
¥ - [ f r (___m ﬂ )

where the integral over position is relative to observation point i.

If we are concerned mainly with gravity anomalies whose sources lie within the
target volume, it is not necessary to integrate over the entire model. The matrix of
gravitation constraint equations will then be sparse, as only blocks in the region
relatively near the point of measurement need enter the summation of equation (7).
This is illustrated in Figure 1, which is a vertical cross section of the three-dimen-
sional model, where each successively lighter shade represents the minimum density
perturbation required for a given block to produce a vertical gravity anomaly of at
least 1 mgal at the observation point at the surface. This serves to explain why
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Figure 1
The influence of each block of constant density {(and velocity) on the measured vertical gravitational
acceleration at the surface point marked by a black triangle. The various shades represent the density
anomaly necessary to produce a perturbation of at least | mgal. For instance all blocks within the
darkest shade require less than a (.4 gm/cc density anomaly, while the blocks in white require a density
anomaly greater than 1.2 gmjec in order to produce a 1 mgal perturbation. It is therefore the near
blocks, a5 one would inteitively expect, that have the dominant effect on the measurement while blocks
at a distance would require unreasonably large anomalies in order to have measurable effect.
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shallow layers often dominate the short and middle wavelength features of gravita-
tional inversions, particularly when damping has been introduced. It is all the more
pronounced in joint inversions where the seismic data tends to have lower resolu-
tion in the shallow regions and therefore is more amenable to changes thers. We
recognize that spatially extensive density anomalies can give rise to gravity anoma-
lies. But the spatial extent of the gravity anomalies observed in western Washington
(half width of 8-12km), together with the structures observed in the velocity
inversions done using no gravity constraints (LEES and Crosson, 1990), suggest
that the sources for these anomalies are indeed localized and that our sparse matrix
approach is not unreasonable.
Equartion (7) can be represented in matrix form as

¥ As = Ag. (9)
These equations can be added to the system (2) as a set of linear constraints
A At
AF |As=| 0 (10}
g Ag

where the parameter 7 regulates the relative weight of gravity data versus seismic
data in the inversion in the same manner that the parameter i regulates the
smoothing. The smoothness constraint requires neighboring model parameters to be
related to each other. This can be important in joint inversions where different data
sets (e.g., seismic and gravity) constrain different, perhaps nonoverlapping, parts of
the model. In this manner the regularization matrix, F, can insure coupling of the
data sets. The least squares solution to this system of equations can be found by an
efficient conjugate gradient algorithm (PAIGE and SAUNDERS, 1982; SPAKMAN and
NOLET. 1988; LEES and CROSSON, 1991).

Simulations

The effectiveness of the technique was demonstrated by generating a simulation
inversion with a synthetic model and synthetic data. The perturbation model,
consisting of two layers, each with a cross perturbation of +4% and a torus
perturbation of —4%, is displayed in Figure 2 {the anomalies have different spatial
distributions in each layer). Random sources were distributed throughout the two
layers and then connected to a random distribution of 20 stations by calculating
raypaths in the layered media. The background reference velocity model and the
distribution of raypaths were chosen in a manner simulating actual earthquake
data. This model was used to form a set of travel time residuals. Random Gaussian
noise was added such that 80% of the root mean square travel time residual was
due to noise. To create a set of gravity measurements, a checkerboard grid of
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Figure 2
Synthetic model used for inversion simulations Stations, represented as triangles, were distributed randomly at the surface and sources were |
distributed randomly within the two-layer volume.
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measurement points at the surface was fixed and gravity values were determined by
integrating the perturbation model according to Equation (7).

First we calculated a solution using no gravity constraints (y = 0.0). Damping
was found, by trial and error, to have an optimal value of i =400. Additional
solutions were produced with this 2 fixed while ¥ was allowed to vary. Results for
y=0.0,0.1, 0.5, 1.0 and 10.0 are displayed in Figure 3. It is clear from this example
that the seismic data does not constrain the top layer very well, although the second
layer appears to exhibit some of the features of the true anomaly model. As the value
of y is increased the gravity data have more bearing on the inversion and the top
layer is better focused. The second layer is improved but to a lesser degree. Beyond
some critical value of y the gravity dominates the inversion and the seismic data has
little effect on the outcome producing, due to the smoothness constraints, anomalies
smeared into opposing layers. An optimal choice of y = 1.0, based on various
measures of distance from the true model (HErMan, 1980; LEEs and Crosson,
1991) and on the visual appearance of the images, was determined by trial and error.
We are presently investigating the possibility that an optimal choice of y and i may
be determined through cross-validatory techniques ( O°"SULLIVAN, 1986; INOUE er al.,
1990). In this approach smoothing parameters are determined empirically by
excluding portions of the data and inverting the remaining data set, varying a given
smoothing parameter. The resulting models are used to predict the travel times of
the excluded data. The sum of the squared misfits is used as a summary value, and
this value should achieve a minimum for an optimal choice of parameters.

Application to the Puget Sound, Western Washington

We applied these techniques to travel time data in western Washington ( LEES,
1989; LeEes and CrossoN, 1990). The target region for the Puget Sound inversion
is shown in Figure 4 along with the western Washington seismic network stations
represented as triangles. The lateral dimensions of the target are 150 km in the
east-west direction and 250 km north-south, ranging from 46.4° to 48.5" latitude
north and 121.47° to 123.42° longitude west. 4,387 earthquakes were chosen from
the western Washington seismic network data-base, including data recorded from
1972 to 1988, resulting in 36,865 raypaths. The target area was divided laterally into
blocks 5 km square and 10 layers to a depth of 41 km. The inversion thus required
a maximum of 16,000 blocks. While only 10,554 blocks were actually sampled by
rays from the selected data, the remaining blocks entered into the solution via the
smoothing and gravity constraints. In the center of the model, below 6 km depth,
several blocks were sampled by more than 500 rays and the resolution is typically
on the order of 3 blocks, or 15km. Inversion results using only seismic data,
equation (2), an extensive interpretive discussion including the geology and error
analysis can be found in LEEs and Crosson (1990).
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