Statistical Inference for Volatility Component
Models

Fangfang Wang* Eric Ghysels!
September 23, 2008

Abstract

The volatility component models have received much attention recently,
not only because of their ability to capture complex dynamics via a parsi-
monious parameter structure, but also because it is believed that they can
handle well structural breaks or non-stationarities in asset price volatility.
The paper studies the distributional properties of various volatility compo-
nent models. Sufficient conditions for the existence or/and uniqueness of
(strictly) stationary (ergodic) solutions with mixing property to the volatil-
ity component models are derived. Hence, the paper revisits the component
models from a statistical perspective and attempts to explore the stationar-
ity and mixing properties of the underlying processes. There is a clear need
for such an analysis, since any discussion about non-stationarity presumes
we know when component models are stationary. As it turns out, this is
not the case and the purpose of the paper is to rectify this. We also look
into the sampling behavior of the maximum likelihood estimates of recently
proposed volatility component models and establish their local consistency
and asymptotic normality are established as well.
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1 Introduction

Asset price volatility is persistent and several models have been proposed to
capture this salient stylized fact. The ARCH class models originated by Engle
[15] is the most popular. The basic structure of ARCH is very much similar to
ARMA, the appearance is deceiving. Indeed, there is a considerable literature
on the stationarity, mixing and moment properties of various ARCH-type
models, see e.g. Carrasco and Chen [I0], He and Terésvirta [22].

The prime focus has been on the GARCH(p,q) model - in particular
GARCH(1,1) - originated by Bollerslev [7]. Yet, empirical evidence suggests
that volatility dynamics is better described by component models. Engle and
Lee [17] introduced a GARCH model with a long and short run component,
and several others have proposed related two-factor volatility models, see e.g.
Ding and Granger [14], Alizadeh et al. [3], Chernov et al. [12] and Adrian
and Rosenberg [I] among many others. The volatility component model of
Engle and Lee [17] decomposed the equity conditional variance as the sum
of the short-run (transitory) and long-run (trend) components.

The appeal of component models is their ability to capture complex dy-
namics via a parsimonious parameter structure. Yet, there is also another
reason why component models are becoming more popular, and this is again
motivated by empirical evidence. Several studies have reported evidence of so
called structural breaks in asset price volatility, see for example Andreou and
Ghysels [4], Berkes et al. [5]. Chen and Gupta [11], Horvath et al.[23], Hor-
vath et al. [24], Inclan and Tiao [25], Kokoszka and Leipus [28], Kulperger
and Yu [29], among others.

To address the non-stationarity in the data, it has been suggested that
such breaks should be captured by the long run component. Alternatively, lo-
cally stable GARCH models have been considered to handle non-stationarity
- see e.g. Dahlhaus and Rao [13]. This paper focuses exclusively on compo-
nent models. For some component models, like the restricted GARCH(2,2)
model of Engle and Lee [I7] which consist of two GARCH(1,1) compo-
nents, the literature has not well covered the conditions that characterize
non-stationarity issues of the components. Moreover, the component mod-
els that have been suggested recently are not of the additive ARCH-type,
but instead consist of a multiplicative structure. The first to suggest a com-
ponent structure that accommodates non-stationarity of volatility is Engle
and Rangel [18], later extended by Engle, Ghysels and Sohn [16]. These
component models, also known as Spline-GARCH and GARCH-MIDAS re-



spectively, feature a multiplicative decomposition of the conditional vari-
ance into a short-run (high-frequency) and long-run (low-frequency) compo-
nents. The high-frequency volatility component in both models is driven by a
GARCH(1,1) process which mean-reverts to one. The low-frequency compo-
nent picks up the non-stationarity. The difference between the two models is
the specification of the low-frequency volatility. The Spline-GARCH model
formulates the low-frequency volatility in a non-parametric framework. FEx-
ponential quadratic Spline is used to estimate the long memory structure
of low-frequency volatility so that the unconditional variance is time vary-
ing. This makes the model much more flexible but at the cost of losing the
mean-reverting property.

The economic implications of component models and their empirical ap-
plication have been studied intensively in Engle and Lee [17], Engle and
Rangel [18], Engle, Ghysels and Sohn [16]. This paper revisits the com-
ponent models from a statistical perspective and attempts to explore the
stationarity and mixing properties of the underlying processes. There is a
clear need for such an analysis, since any discussion about non-stationarity
presumes we know when component models are stationary. As it turns out,
this is not the case and the purpose of the paper is to rectify this.

Although most of our focus is on the aforementioned multiplicative mod-
els, we start with filling a gap in the literature pertaining to additive com-
ponent models; that is the original Engle and Lee model. The dynamic
structure of the conditional variance in their model can be reduced to a
restricted GARCH(2,2) model with certain coefficients negative, which, to
some extent, distinguishes itself from the classic GARCH model. Hence, the
existing regularity conditions for GARCH models need to be extended to
handle the constrained additive component models. Under certain regular-
ity conditions on the parameters, the transitory component mean-reverts to
zero and the trend converges to the unconditional variance but at a much
slower rate. While, the resulting volatility process is covariance stationary,
as pointed out by Engle and Lee [17], the mapping from component models
to GARCH involves nonlinear transformations of the parameter space.

The GARCH-MIDAS model of Engle, Ghysels and Sohn [16] modified the
dynamics of low-frequency volatility as a stochastic component “by smooth-
ing realized volatility in the spirit of MIDAS (mixed data sampling, see e.g.
[20]) regression and MIDAS filtering” so that it can incorporate directly
data sampled at lower frequency (say, monthly or quarterly) than the asset
returns (sampled at a daily basis). The GARCH-MIDAS model has two ba-
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sic specifications. In terms of the structure of low-frequency volatility, they
are classified as: (1) GARCH-MIDAS model with fixed time span realized
volatility (RV) where the low-frequency component is constant within a fixed
time span, say a month or a quarter but the high-frequency component is
varying from day to day; (2) GARCH-MIDAS model with rolling window
realized volatility (RV) where both low-frequency and high-frequency com-
ponents change at a daily basis.

In particular, we are looking for regularity conditions under which the
models could admit covariance stationary or strictly stationary ergodic so-
lutions with/without S-mixing property. By linking the models with mul-
tivariate stochastic difference equations, we study the covariance stationary
property through a reversed martingale argument and the strict stationarity
property in terms of the top Lyapounov exponent. The dilemma is how to
evaluate theoretically the top Lyapounov exponents which are defined on (i)
a sequence of i.i.d. matrices with certain negative entries and (ii) a sequence
of strictly stationary ergodic matrices with positive entries. In addition, we
derive the locally consistent estimates of the GARCH-MIDAS model with
rolling window realized volatility specification and study their asymptotic
behaviors by means of Cramér-Wold device.

The rest of paper is organized as follows: we revisit the volatility com-
ponent model of Engle and Lee in section [2| and give the condition under
which it is strictly stationary ergodic and A-mixing. Section [3| focuses on
the stationarity properties of the two GARCH-MIDAS specifications. The
consistent estimates with asymptotic behaviors of GARCH-MIDAS model
with rolling window RV are studied in section[4 Section [5]gives the conclud-
ing remarks. In the appendix, we list the theorems and lemmas cited from
others” work for quick reference.

2 Volatility component model of Engle and
Lee

The volatility component model of Engle and Lee [17] structures the daily

return r; as
Ty = \/h_tgt
hy = 7+g
g = oriy —7-1) + Bgi—
T = wHpn_1+o(r, — hiq)

(2.1)
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where &, YN (0,1) and the parameter space is

P={(a,f,w,p,0) € R7F)°:a+8<p<l¢<p}

which ensures the conditional variance h is nonnegative (see [17] for the proof
of nonnegativity of h).

According to the model, the conditional variance is the sum of long-run
(trend) variance 7 and the short-run (transitory) variance g. The condition
0 < a+ B < p <1 guarantees that the short-run volatility mean-reverts to
zero at a geometric rate of a+ 3 and long-run volatility converges to w/(1—p)
with a much slower rate.

Engle and Lee [17] provided sufficient conditions for the covariance sta-
tionarity of {r;} with parameter space P by linking it to an ARMA(2,2)
process, i.e.

ri=w(l—a—pF)+(a+ B8+ pri, — (pa+ pB)ri,
+ = (p+ B — )1 — (¢l + B) — Bp)]m—2

where 7, = r? — hy (see [17]). Here we shall present conditions for strict
stationarity and (-mixing. For the time being, we assume the process to
extend infinitely into the past. Later, we will consider the scenario of closing
the system by assigning an initial distribution at time point 0.

The volatility component model of Engle and lee is also referred to as the
restricted GARCH(2,2) model because the dynamics of conditional variance
h can be cast into the framework of a GARCH(2,2) process as

re = Vhe (2.2)

hy = ap+ 0417}2_1 + 0427“,52_2 + Brhi—1 + Bahy—o

where g =w(l —a— ) > 0,a1 =+ a >0, as = —(¢(a+ B) + ap) <0,
b =p+0B—¢ >0, and By = ¢(a + ) — pf < 0. The distinct feature
of this ‘new’ model is its similarity to a GARCH(2,2) setting but of having
negative coefficients (s and (B2 are negative). So the existing results about
classic GARCH(2,2) model [§] can not be applied to the volatility component
model of Engle and Lee.

Introducing Y; = (hey1, he,72)’, B = (0, 0,0), and

Br+aig} Bo
Aler) = 1 0 0
g2 0 0



the restricted GARCH(2,2) process (2.2)) of Engle and Lee is equivalent to
the solution to a stochastic difference equation defined through

Y; = A(e,)Y,_1 + B. (2.3)

with iid coefficients.
There is a vast literature on the existence/uniqueness of the strictly sta-
tionary solution to the stochastic difference equation of the form

}/; = Ati/ll,fl + Bt7 t G Z (24)

where Y; and B; are R"-valued random vectors, A; is a R™"*"-valued ran-
dom matrix, and {(As, By),t € Z} is a strictly stationary ergodic sequence.
Vervaat [34] and Brandt [9] analyzed the stochastic difference equation for
the scaler case, i.e. n = 1 with assumption that the coefficients are iid and
strictly stationary ergodic respectively. Bougerol and Picard [8] studied the
problem with A; and B; being iid. Glasserman and Yao [21] extended the
results for the general strictly stationary ergodic sequence. For the vector
case, the problem of strictly stationary ergodic solution to is closely
related to the associated top Lyapounov exponent which is defined as

Definition 2.1 Let {A;,t € Z} be a strictly stationary and ergodic sequence
of R "-valued random matrices, such that Elog"’ ||Ao|| < co. Then the top
Lyapounov exponent associated with { Ay, t € Z} is defined as

~v =inf E(

teN  “t + 110gHAtAt—1...AOH).

Combining subadditive ergodic theory of Kingman [27] due to the sub-
multiplicativity of matrix norm and the work of Furstenberg and Kesten [19],
we could derive a well-known property of the top Lyapounov exponent which
is stated as

Theorem 2.1 ([19], [27]) If {A:.t € Z} is a strictly stationary ergodic se-
quence of R™"-valued random matrices, such that Elog™ || Ag| < oo, then

—00 < v <00

) 1
lim
t—oo t 4+ 1

log ||AiAi_1 ... Agl| =7 almost surely

and 1
Jim G Flog [ A Ai-1 Aoll = 5



The top Lyapounov exponent is independent of the choice of underlying
matrix norm |.|| since all the norms on the finite norm space are equivalent.
For ease of analysis, we consider the Frobenius norm in particular through-
out this paper. Next proposition gives a sufficient condition for the strict
stationarity of the restricted GARCH(2,2) model of Engle and Lee when we
assume the whole system starts from the negative infinity.

Proposition 2.1 For the volatility component model of Engle and Lee with
the parameter space P, {ry, hy} is strictly stationary ergodic if a < ¢, 2a +
b+op<p<ba+pfanda++p<l.

The proof of Proposition 2.1 needs the following lemmas.

Lemma 2.1 Let {F;,t € Z} be a sequence of iid random matrices such that
P(FiFy_y ... Fy >0, infinitely often) = 1 and suppose that E(log™ || Fy]|) < o
and p(E(Fy)) < 1. Then the top Lyapounov exponent associated with this
sequence s strictly negative.

Proof of Lemma 2.1 Define My, = F_y...F_y, then E(M) = F* where
F = E(Fy). Under the assumption that p(F) < 1, >, F* < oo. Since
F; is iid and P(F,Fy_q...Fy > 0,4.0.) = 1, by Fubini’s theorem, we have
Y My < oo almost surely. Therefore, almost surely limy_..c My = 0, or
limy o0 | My|| = 0. Let Ey be the transpose of F_j. Since ||Fy...Fy| =
|F_y ... F_g||, the top Lyapounov exponent associated with {Fy,t € Z} is
strictly negative, following from Lemma 3.4 of Bougerol and Picard [8] (See

Lemma in Appendiz).

Lemma 2.2 Suppose that o < ¢, and 2a+ 3+ ¢ < p < ba + B. If further
express hy in model with parameter space P as an infinite distributed
lag of 2, then all the coefficients are positive, i.e.

[oe)
* 2
hi = w* + E T
k=0

with w* > 0, ¢, > 0 VE.

Proof of Lemma 2.2 Let Z, and Zs be the roots of Z* — 3,7 — 3,. WLOG,
assume |Zy| > |Zs|. By theorem 2 of Nelson and Cao [32] (see Appendiz),
to show w* > 0, ¢, > 0 it is equivalent to prove that
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(1) Zy,Zy are real, and |Z1| < 1 |Zs| < 1;
(2) a/(1 —Zy — Zy + Z1 Zy) > 0;

(8) anZy + g >0 and ay Zs + ag # 0;
(4) o >0 for k=0,1,2.

Conditions (1) & (2) have been checked by Engle and Lee (see Appendiz of
[17]). We only need to justify conditions (3) & (4) under the restrictions
specified. Since

mZitay = 22p+ B -0+ /(p—F— ) +dag — 220
= Sl —(B+20+0)+/(p—B—¢) +4ag
—galp—a=p)]
Note that under the restrictions, p — (6 4+ 2a + ¢) > 0, % < 1, and the

polynomial g(¢) = (p— B —¢)* +4ad — (p—a—B)* = ¢* —20(p— f—2a) +
2a(p— ) —a* > 0 due to the fact that A = (p— 3 —2a)* —2a(p—f) —a* =
(p—pB—ba)(p—pF —a«a) <0. Therefore, a1 Zy + ay > 0. Meanwhile,

12+ a3 = (64 a)(p+ — 6)/2 ~ (60 + 95 + ap)
= —516(6— ) + (50 -+ 5~ p) +alp— f— §)] <0

thus oy Zs + g # 0.
Nezt to check condition (4). Since

$o =1 >0
¢1 = frog + az
=@+ a)(p+8—0)— (da+d3+ ap)
=¢(p—d—a)+ta(B—-9¢)>0
P2 = P11 + Bago
=(p+ B =)o+ [o(a+ ) — pBl(d+ @)
= (8= 0)p1 + ¢(¢ + a)(a+ B) + pd(p — 20 = B —¢) >0

Condition (4) is also satisfied. Therefore w* > 0 and ¢ > 0 Vk.



Proof of Proposition 2.1 According to Theorem 3.1 of Glasserman and
Yao (see Appendix), the statement is true if

E(log ||A(go)|)" < o0 and v < 0.
Under Frobenius norm,
[A(0)|I” = (81 + ued)? + (B2)* + (@2)? + 1+ (¢7)% > 1

so E(log ||A(g0)|)T < 0.
Define My = A(e)A(gs-1) ... A(gr_,), then E(Myy) = M* where

Bi+or B
M = 1 0 0
1 0 0

The eigenvalues of M is 0, + (8 and p, from where we know p(M) < 1
by assumption. Using Lemma |2.2, it could be derived that each component
of My, is nonnegative. Further applying Lemma the top Lyapounov
exponent vy associated with {A(e;),t € Z} is strictly negative.

In Proposition 2.1 the model is assumed to extend infinitely into the
past. Next we consider the system ([2.2)) starting from time 0 with initial
values gy and 7y defined on the probability space {Q2, F, P} such that P(0 <
T < o0) = P(0 <79+ go < 00) =1. Now the process can be viewed
as a time-homogeneous Markov process, which puts us in the setting of the
polynomial random coefficient autoregressive model mentioned in Carrasco
and Chen [10]. Starting from there, we could derive the mixing property of
volatility component model.

Based on the work of Mokkadem [31], Carrasco and Chen [I0] studied
the conditions for the stationarity, mixing and moment properties of various
ARCH-type models. Again, we consider Theorem 4.3 of Mokkadem [31]
or Theorem 1 of Carrasco and Chen [10] (see Appendix), and we have the
following,

Proposition 2.2 Consider the volatility component model of Engle and Lee
with the parameter space P, with a < ¢, 2a+L+¢ < p < ba+, a+LF+p < 1
and the distribution induced by 1o+ go invariant, then E[h;] < oo, E[r?] < oo,
{re, hy} is strictly stationary and B-mizing with exponential decay.



Proof of Proposition 2.2 By Theorem 4.3 of Mokkadem [31] or Theorem
1 of Carrasco and Chen [10] (see Appendiz), as long as assumptions (A.1-
A.5) are verified, the statement is true. (A.1) and (A.2) are satisfied straight-
forwardly. Hence, we need to check (A.3), (A.4) and (A.5).

o Assumption (A.3): Note

51 52 Qg
AO)=( 1 0 0o |,
0O 0 O

and its characteristic function is det(A3 — A(0)) = A(A* — 51\ — (o).
Let f(A) = A2 — 81\ — Bo. Since

B +46 = (p— ¢ — B)* + 4ap > 0,
f(B1/2) = =(BE/A+ B2) <0,
f(0) =—0B2 >0,
f)=1=p6)(1+¢—p) —da>0,

hence p[A(0)] < 1.
o Assumption (A.4): From the proofs of Lemma and Proposz'tz'on

i Aer) A1) ... A(gr—k) B < 0

k=1

almost surely and

Ale)Aler-1) - .- Aler—r)

converges almost surely to the 0 matrix.

o Assumption (A.5): Define V(y) = |yi|[+alys|+alys| fory = (y1.92.95)" €
R3, where a = M > 0 (since a1 + 1 = a+ [+ p <1 by as-
sumption). Let m = % <1 and B > 0 be such that QOTTI <1l-—m.

Note

BV (Y)|Yi-1] = Elhesr + ahy + arf[Yi]

Elag+ (61 + a)hy + (a1 + a)r} + Bohyy + aori |Yr]
ag + (61 + a1 + 2a)h; + Bohy—y + aor;
<ag+7V(Y,_1)
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Define K = {k € R® : V(k) < B}, then E[V(Y;)|Yi_1 = y] is bounded
forye K. On K¢,

apg+ 1
L+

BV =yl <a+7V(y) < (—5

mV(y) —1

Assumption (A.5) is also satisfied.

3 Stationarity of GARCH-MIDAS process

The spline-GARCH model of Engle and Rangel [18] and the GARCH-MIDAS
model of Engle, Ghysels and Sohn [16] assume the conditional volatility to be
the product of long-run and short-run volatility. To be specific, the spline-
GARCH model is defined through the following three equations

Ty = A \/TigiEt

1 —)2
g = (L—a—p)+a™5 4 fg,

Tt—1

T = CeXp('lU(]t + Zle wz(t - tifl)Ql{t>ti_1})

where
o 5, Y N(O,1)
e {0=ty <ty <ty<...<tly="T}is a partition of the time horizon T’
in k equally spaced intervals.

The high-frequency component g follows a mean-reverting unit GARCH(1,1)
process. The low-frequency component 7 is deterministic, and it equals the
unconditional variance, ie E(r; — p)? = 73 from where we could see the con-
ditional volatility process is not mean-reverting and is not stationary as well.

GARCH-MIDAS model, as an extension of spline-GARCH model, keeps
the structure of short-run component g but modifies the long-run component
T as stochastic. According to the way the low-frequency component is struc-
tured, GARCH-MIDAS model has two basic specifications: GARCH-MIDAS
model with fixed time span realized volatilities (RV) and GARCH-MIDAS
model with rolling window realized volatility (RV).
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For the fixed time span RV setting, the dynamics of long-run and short-
run components are specified as

Tiv = W+ /TeGiiEit, 2t <Nyt €l

2

gix = (1—a—=0)+ Oz% + Bgi-14 (3.1)
T = m + 92?;1 gOk(CU)RW_k, RW = Zf\ﬁl th

where
e 7 is the log return on day i of period (say month, quarter, etc.) ¢.

e N, is the number of days in period ¢, but in this paper we assume
N; = N(a predetermined number) for any ¢.
o 5, X N(0,1) Vit

o E(g14|Fi—1) = 1, which is equivalent to E(g;4|Fi—1) =1 (1 <i < N),
an assumption used in Engle, Ghysels and Sohn [16].

e ;(w) are nonnegative functions of w such that 21]@\[:1 or(w) = 1.
e a>003>0,a+8<1,0>0m>0.

For the rolling window RV setting, the long-run component dynamics is
simplified,

Ty = -+ /TigiEs,t € L
Ty — 2
gt = (1_a—ﬁ>+0‘—(t 1) + Bg1—1

T _ 3.2
T = m+40 Zszl k(W) RVi—, RV, = Z;VZOl Tf—j o

where
e 1, is the log return on day ¢,
iid
® £y N(O, 1),

e N is the length of a certain period of interest with value predetermined,

e ;(w) are nonnegative functions of w such that 21]@\[:1 or(w) =1,
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e a>03>0,a+06<1,0>0 m>0.

The appeal of GARCH-MIDAS model is that the structure of long-run
component is stochastic which makes it possible to study the statistical prop-
erty of the conditional volatility process.

3.1 GARCH-MIDAS model with fixed time span RV

We start with the fixed time span RV setting and assume p = 0. Model (3.1
is simplified as
Tiv = /TiGit€it, 11 <N t€EZL
Ti— 2
gi,t = (1 - o= ﬁ) + O{% + Bgi—l,t (33)
T = m+0 Zf:l or(w)RViy, RV, = Zi\il 7"@'2,1:

Proposition 3.1 Suppose that « >0, 3 >0, a+ 5 <1,0 >0 and m >0,
{ri+} defined in is a White Noise if 0 < 6 < 1/N.

As an immediate consequence, we have

Corollary 3.1 GARCH-MIDAS process with fixed time span RV defined in
is covariance stationary with mean p and variance 75 if 0 < 6 < 1/N.
Proof of Proposition 3.1 To show that {r;;} is a White Noise, we need
to verify the following three conditions:

(i) E(riy) =0

(1) Cov(r;s,1s) =0 forj#iort#s

(111) Var(ris) is a finite constant.

(i) is true since E(ri;) = E(\/Tigis€it) = 0 and (i) also holds due to the
property of ;. Now we need to check the third condition.

For ease of reference, let n = a+ 3, V,_1, = aef_ljt + 5. Then gy =
I—n+Yi1:9i1: and

By 1[1gi) = 7[(1 =) + nE_19i-1,4]

=7n[(1—n"") + 0 Eig14]
= Tt
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where Ey_1[.] is equivalent to E[.|Fn_1].
It follows that Ey_s[11g:¢| = Ei_s|7i) for s > 1, and

Var,_g[ris] = Et—s[Ttgi,tgit] = By s[19it] = Fi—s[7]
therefore,

Varirid = Var[E_s(rit)] + E[Var_s(ri)] = E[n)
Next we need to show that E|r] exists and is finite. Notice that

By xan] = m+40 Zgzl Wk(w)Ethfl[R‘J/@fk]
m+ 6 Zk:}(@k (W) Er-x-1[> i ng,t—k] (3.4)
m+ 0N oe(w) B 1 (Ter)

Introduce Yy = (Te, Te—1, - ., Te—x41) " . is equivalent to

Ei gk a(Yy) =AE _k 1(Yio1) + B (3.5)
where
NOp; NOpy ... NOog_ 1 NOpg m
1 0 . 0 0 0
A= 0 1 e 0 0 ,B=| 0
6 0 e 1 0 0
Moreover, we have
E,_s(Y})=AFE, ((Y,.1)+ B,Vs > K+1 (3.6)
by iteration,
E (V)= A5 E_ (Yigk)+([+A+...+ A5 DB (3.7)

Sett = s, equf3.7) becomes
Ey(Y) = A EE(Ye) + (I +A+ ...+ A5 HB

Since if 0 < 0 < 1/N, lim,_,o, A* = 0(x), then lim, .o, Eq(Ys) = (I — A)™'B.
It follows that E(Y5) is finite (elementary-wise) when s is sufficiently large.
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Together with equ(@), we know E(Yy) is finite for every s. Fiz t, and let s
go to infinity in . By the property of reversed martingale, we have

. _ m
B(Yy) = lim By (Y) = (I = A)7'B = ———

where v is a vector of 1’s, and Var[ry] = E[n] = 7.
Now we need to verify (x): limg_o A* =0 if0 <0 < 1/N. Note

fA) =det( Mg — A) = M — NOo XE™1 — NOp A2 — . — NOpg
Since
lf(A)] >1—=NOpy —...— Nlpxg =1—NO >0 if |\ >1,

p(A) = max; |\;| should be strictly less than 1 which implies that lim,_,., A® =
0.

3.2 GARCH-MIDAS model with rolling window RV

For the rolling window RV setting, we still consider the simple case of y =0
first. Model (3.2) becomes

re = ,/Ttgtst,tGZ

re_ 2
gt = (1_a—ﬁ)+a—(tl) + BG1—1

o - 3.8
no= 0T ) R R =, Y

Further, the dynamics of 72 could be reduced to
12 = mgEl +0gel S 2, (3.9)

where ¢;’s are certain combinations of (;’s and they satisfy

N+K-1

Z cl:NZgak(w) = N.

=1

Under the assumptions o > 0,5 > 0 and o + 3 < 1, model (3.9) can be
linked to a multivariate stochastic difference equation with strictly stationary
ergodic coefficients through Markovian representation (2], [34]). In other
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words, the stationarity property of the process {r?,t € Z} is equivalent
to the existence of stationary solution to the following stochastic difference
equation

Y, = A(é)Yi1 + By (3.10)
where
Yy = (Tt2> 7“,:2_1, e »th—N—K+2)/>
991:6%01 e 99t5?CN+K—2 99t€?CN+K—1
1 - 0 0
Ay(6) = 0 ... 0 0 (3.11)
0 . 1 0,

B, = (mgtaf, 0,...,0),
c= (01, Coy ... 7CN+K—1)/~

Again, we are put in the setting of model with strictly stationary
ergodic coefficients. If we could find conditions to meet the assumptions
in Theorem 3.1 of Glasserman and Yao [2I], then model will have a
unique strictly stationary solution. But the problem is how to evaluate the
top Lyapounov exponent associated with the stationary ergodic matrices. We
approach this problem in three steps: (1) K =1, N =1(2) K =1,N > 1
(3) K >1and N > 1 due to the complicated structure of A;(¢).

When KN = 1, Ay(¢) is just a scaler and the top Lyapounov exponent
is easy to compute. The sufficient condition of stationary solution comes
directly from Theorem 1 of Brandt [9] or Theorem 3.1 of Glasserman and
Yao [21] (see Appendix).

Proposition 3.2 When KN = 1, under the assumptions that o > 0,5 > 0,
a+ <1, 0>0andm >0, model (@ has a unique strictly stationary
ergodic solution if 6 < 1.

Proof of Proposition 3.2 When KN = 1, r} defined in model (5.8) is
reduced to r} = mge? + Ogieir?_ ;. Notice that when o > 0,3 > 0,a+ 3 < 1,
{gie?,t € Z} is strictly stationary ergodic. If 0 < 6 < 1,

Elog(0goes) < log E(Ogoed) = log < 0,
Elog(mgoes) < log E(mgoes) = logm < oo

the conclusion follows from Theorem 1 of Brandt [9] or Theorem 3.1 of
Glasserman and Yao [21] (see Appendiz) directly.
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When K = 1 and N > 1, the weight function vanishes and A(¢) is
simplified as

Ogiel Ogeei ... Ogici Ogic]
1 0O ... O 0
A1) = 0 1 ... 0 0 = A,. (3.12)
0 0 1 0
Introduce
11 11 00 0 0
0 0 0 10 0 0
H=] 00 00| ag=]01 0 0
00 ... 00 00 ... 10

and define M (a) = aH + G, then
At = M(Qgté‘?)

Matrix of this type is encountered a lot when one expresses an autoregressive
model using a Markovian representation. The next lemma gives the basic
properties of matrix M (a) with a positive.

Lemma 3.1 For matriz M (a) with a > 0, we have the following properties:

1. Let f(\) be the characteristic function of M(a). For any positive num-
ber k, p(M(a)) < k if f(k) > 0;

2. p(M(a)) is increasing in a and it is a concave function of a.

Proof of Lemma 3.1 1. If|\| >k,

= —aA T —aAN T — ... —aA” —aA—a
f)\ )\N )\Nl )\N? )\2 )\
> V1o Lo 2 ¢
S T )
N a a a
= f(k)>0

therefore, p(M(a)) < k.
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2. Note A is nonnegative and irreducible. By Perron-Frobenius theory,
p(A) is the mazimal positive root of f(\) = det(N — A). It is simple
and p(A) > |\ for each root X of f(A) =0

For ease of reference, we use Xa) or \ for p(A). Since f(A\) = A\ —
a XNl —a N2 —aN—a\N—a =0,

AN
R VI IV R PR W

where g(A) = ﬁ and h(A) = AV 14+ AV 4 N2+ A+ 1

Since X is a smooth function of a, to prove X is a concave function of

a 15 equivalent to show that de’l(Qa) < 0. Taking derivative on both sides

of with respect to a, we could have

=A—1+g()) (3.13)

1=(14g¢)\ (3.14)
where ¢ = d‘é—(;‘) and X' = diff)
Furthermore
0=(1+g)\ +g (N)? (3.15)

On the other hand, put f(\) =0 as F (A, a) = 0. By implicit function
theorem,
/ F,

A =——
Fy
where F, = %5 = —n()\) < 0 and F\ > 0 (since X is the largest root
of f and f goes to 0o as A\ goes to oo for fized a). Hence X' > 0 and
1+g >0.

To show X" < 0, it is sufficient to show that ¢" = A (A));L;(ig)\)h =

or A = 2(1'(\)? — h(\)R"(\) > 0.

>0

Note
AN —1
h(A) =
W)=~
/ NN AV —1
h ()= —
(V) A—1 (A=1)2
" N(N — DHAN=2  oNAN-1T  2(A\N 1
Wiy - N DN O - 1)

A1 =12 =P

18



therefore,

NANZ2[(N = DAV — (N + DAY + (N + DA — (N — 1)]

A= A—1)

(3.16)

D) = (N = DA — (N + DAY + (N + 1A — (N - 1),

DN =(N-DN+DXNN —(N+ DN (N +1)

and

17

D (\) = (N—-1)N(N + DI\ - 1).

’

Note D(1) = D'(1) = D"(1) =0 and D" < 0 for 0 < X\ < 1, while on
A > 1, D" >0, which implies that D" > 0 except A = 1. Going one
step further, we have D >0 on A >1 and D <0 on 0 < X < 1, which
means A > 0 on both A > 1 and 0 < A\ < 1. By continuity, A > 0 for
A > 0. [t finishes the proof.

Proposition 3.3 For K =1 and N > 1, if 37 + 20,61 + 3a} < 1 and

T + T T the top Lyapounov exponent v associated with A; (defined

in 3 3.19)) is negative.

Proof of Proposition 3.3 Note when 3?2 + 20,31 + 3a? < 1, under Frobe-

nius norm
[Aoll = v/tr(A5Ao)
= \/Ne2gEd + N~ 121
E(log | Aoll)* = Elog \/N62g3et + N — 1
< %log[NQQE(ggsg) +N—-1] <
Furthermore,

1 1
Ay = g,(0e?H + g—G) < g/(0siH + EG)
t
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Let Ay = 02H + %G, we have
||AtAt_1 .. A()” S gitge—1 - - - gO”AtAt—l Ce A()H

It follows that
. 1 < < ~
v < Elog gy + h{n 1—+tElog |AtAi—1 ... Aol

Let 7y be the top Lyapounov exponent associated with sequence {flt,t €7},
then v < 7.

Since Ay ’s are iid and nonnegative, according to Lemma if plE(Ag)] <
1, then v <4 < 0.

Note E(Ay) = %M(Qn) and p[E(Ay)] < 1 is equivalent to p(M(6n)) < n.
Its sufficient condition is

f(n) = det(nly — M(0n)) > 0,

by Lemma which is satisfied if 6 < A

N-1
14+n+...4nN-1"

Proposition 3.4 When K > 1 and N > 1, the top Lyapounov exponent
associated with Ay(¢) defined in is negative if 3* +2af +3a* < 1 and

K+N-2

Proof of Proposition 3.4 Under the Frobenius norm,
[ Aol = /tr(AG5Ao)
- \/029353(c§+...+c§v+K_1) +N+K-2>1.

And when 3? + 2o + 302 < 1,

E(log | Ao(@))" = Elog \/02684( + ... + o) + N + K —2
log[6?(ci + ... + Riw—1) E(g5eg) + N+ K — 2] < o0

The top Lyapounov exponent associated with A.(¢) is

(@) = Jim ——Flog | 4:(@) A 1((@) ... Ao(2)
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Define
90 (&) = [[A(&) A1 (2) ... Ao (@)

Since g, 1s a polynomial in ¢ and all the entries in the matrices are nonnega-
tive, the coefficients of c; (1 < j < K+ N —1) are positive which implies that,
for every n, g,(¢) is nondecreasing in each c;. In other words, g(¢) < g(1).
It follows from Proposition that

pHN=2

L4+n+... pitN=2

(@) < (1) <0 if 6 <
Combining the above results, we have

Proposition 3.5 Suppose that o > 0,6 > 0, a+ 3 < 1,60 >0, m > 0,
and KN > 1. The sufficient condition for the existence and uniqueness of a
strictly stationary ergodic solution to model is 0 <

B% + 204151 —|—3OK% < 1.

Proof of Proposition 3.5 Under the assumption 3* + 2a3 + 302 < 1,

E(log || Ag|)t = Elog \/029353(0% + .+ Ryg) TN+ K -2

1
< 5 log[0%(c} + ...+ v ix_1)E(giey) + N+ K — 2] < 00
E(log || Bo||)™ = E(logm + log go + loged)™ < oo

Further v < 0 1s derived from Proposition and if 0 < %
Applying Theorem 3.1 of Glasserman and Yao [21] (see Appendix), there

exists a unique strictly stationary ergodic solution to model (@

Corollary 3.2 GARCH-MIDAS model with rolling window RV in has

a unique strictly stationary ergodic solution if

1. 0 <1 when KN =1

nK+N72

=z and (% + 20,8, + 302 < 1 when KN > 1.

2. OT’9<W

The resulting process is nonanticipative (or causal). In addition, the low-
frequency volatility component T is strictly stationary ergodic as well.
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4 Asymptotic properties of GARCH-MIDAS
model

The last property in section [3] tells us that GARCH-MIDAS model with
rolling-window RV has a unique strictly stationary ergodic solution
under certain regularity conditions. In this section, we will follow this line
and study the consistency and asymptotic behavior of maximum likelihood
estimates (MLE) of this model.

The parameter space we will consider in this section is

U={D=(a,3,m,0,w) R’ :a>03>0m>0
pK+N-2

2 2
(a+B)"+2a°<1,0<0< 1+n+...+nK+N—2}

Suppose that ®g = (ag, B, Mo, bo, wo) is the true parameter such that &, € U.
Given a sequence of {r;,1 <t < T} where T'> N + K which are generated
by the following dynamics

re = ((1)0)7}((1)0)815, teZ

2
9(®0) = (1 —a0—fo) + aos 7555 + Fogi-1(Po) (4.1)
7i(®0) = mo + 6 3y pr(wn) RVik, RV = 55012

the MLE of @, (denoted as CT)T) is the minimizer of

T 2

1 £
T t:N;K“Og 9:(®) +log (@) + =)

For ease of reference, we use {¢;, 1 < i < 5} to refer to the parameter set
{a, B, m,0,w} when there is no confusion. Introduce

2
T

,(P) = log g:(P) + log (D) + OLIOR

The gradient of Lp(®) is

VLr(® Z Vi(®

T
3 (s st st (@)
t N+K t=N+K

~ |
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with s{(®) = 24 =1 .. 5. The hessian matrix of Ly (®) is

0¢;
(@) = (G D=1 3 HO@)  @2)
v t=N+K

As a convention, if a function is expressed without specifying ®, we assume
that it is evaluated at the true parameter ®.

The following main result establishes the existence and uniqueness of the
consistent and asymptotically normal estimator dr.

Proposition 4.1 Assume {r;,1 <t < T} is generated from mod with
Oy € U. Then there exists a fized open neighborhood N(®g) C N(Py) C U
of @y such that with probability tending to 1 as T goes to oo, Lp(®P) has a
unique minimum ®r in N (Do) such that

oy L @,
and R
VT (O — ®y) = N(0, 571857
where ¥; = E(H(11)),%g = E(VI,VL)).

The next proposition gives the consistent estimate of the asymptotic co-
variance matrix Y ' XgY !

Proposition 4.2 With the same reqularity conditions as Proposition[4.1], we
have

A

Al P o _
ES(T)Ell *ZIIZSZII

&1
2 (1)

I(T)

where Spry = 4 S0 v H)(@r) and Sgiry = £ Sy i VEVEL(D7).

4.1 Proofs of Proposition [4.1] and Proposition [4.2

To establish the consistency and asymptotic normality of dr, we need the
following helpful lemmas.

Lemma 4.1 Let {X,,F, :n > 1} be a strictly stationary ergodic martingale
difference sequence such that 0® = E(X}) < oo. Then
1

T Xn: X; = N(0,0%).

=1
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Proof of Lemma 4.1 Define X,,; = 1 <7 < n. Note for any ¢,

a\f’
P(max | X,| > ¢) <P _x: |Xm|>5)>e)<— O X2 I(1X,] > <))
Jj<n i<n
maXX2 <+ Y X7I(1Xl > e)
i<n

Since

EQY X2 I(1 X, > €) = % > EB(XGI(|X;| > eoy/n))

Jj<n Jj<n

1
= ;E(Xf[(p(l\ > eoy/n)) — 0 as n — oo

due to the fact that P{|X1| > eoy/n} — 0 asn — oo. Therefore {max;<, | Xn;|}

is uniformly bounded in Ly norm and max <, | X,;| Lo.
Note also that

1
ZXﬁj =3, ZXJQ — 0 almost surely, as n — oo
j J
by Birkhoff’s Ergodic Theorem. It follows from martingale central limit the-
orem of Mcleish [30] that \/iﬁ > Xj = N(0,07).

Lemma |4.1] presents a fact for a one-dimensional situation. To extend it
to higher dimensions, we need to use Cramér-Wold Device of Bilingsley [6].
Moreover, we could derive the following result.

Lemma 4.2 Under the assumptions in Proposition

VTV Ly (®) = N(0,%s)

where
E(s?) E(sfsy) B(sfs7) E(sfs]) E(ss})
* E(s{?) E(s{s?") E(ss}) E(s]sy)
Yg = E(VLVI) = * * E(s7?)  E(sTs) E(sT'sY)
* * * E(s9?)  E(sYs%)
* * * * E(s¢%)

—~
._.h
w

~—
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Remark 4.1 g is symmetric. We only display its upper triangular part
here for brevity. In the rest of paper, we will express a symmetric matriz this
way.

Proof of Lemma 4.2 According to Cramér-Wold Device, it is sufficient to
show that for any t = (t1,ty,t3,t4,15) € RO,

VTV Lp(®g) =t Z

where Z ~ N (0, Xg).
Notice that

T
, 1
VTEVLr(Q0) = —= Y tisy + tas] + tas]" + tas) + t557.

VT Sk

Let
St = tlsf‘ + tQStB + th:n + t45f + t58:).

The strictly stationary ergodic solutions g; and ry are measurable functions of
{e;:1<j<t}, soism. It follows that 52,5} ,s7,s%,s¢ are also measurable
functions of {e; : 1 < j < t}. Therefore {s:} is a strictly stationary and
ergodic process (due to Stout [35]).

E(s¢|Fi-1) B E(sP|Fi1) + B (8] | Fio1) + ta B (s Fio1)

+E(s{|Fi-1) + E(s¢|Fie1)

= 0

E(s?) < $E(sf?) +13E(s)”) + BE(sy?) + 13E(s?) + (2E(s4?)
(4.4)

Now we need to show that E(s?) < co. Since
ofon Qt(CD)Tt(CI)) Tt 9t
evaluated at the true parameters

o _ Ol

St -

=(1-

(®));

—(1— 82)(87t/a¢i n 0gi/0¢;

,i=1,...,5.
aﬁbz‘ ¢ Tt gt )

Note also 5719 50/
Tt/ ¢l)2+( gt/ (bl

07 < 21— (T .

)’
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- ; _ oy _ 8915 _ 0o i—1 2 1
Fori=1,1ie¢ =a, 5% =0, and =2 B g — 15, we
have

2E(1 —&2)?

E(S? ) = (1 —ao—ﬁo)

3 (

o) R

Fori=2,ie ¢y =f3, 3 8” =0, and %—gﬁt =0 B g — ﬁ, we have

2E(1—52)2 i s
Fl(s /62 < t J QEZ‘:
For i = 3, ie ¢35 = m, anT/th - Tltf gﬁi = —Oéogt—15?71(an7_t1_/16m) =
—Ologt—ﬁf_l(t), we have
1 E(g})E(e1)
E(s™) < 2E(1 — 2)?[— 1 1 < 0.
G = 2P0 = e — g <
Fori =4, ie g4 = 0, 2% = 31— 22), G = —aogi1ef_y(F5H%), we

have ) .
1 i E(g7)E(e1)

E( ) <2E(1- 5t)2[% (1= ap — Bo)262

] < .

/
. . RV,_
Fori =15, ie ¢5 = w, 8TtT/taw = Zwkﬂ =L 2?;(:;: wo) (without loss of

generality, we could assume {pr, 1 < k < K} are all positive) and gﬁf =
—Oéogtqsf,l(w). We have

Tt—1

E(g})E(el) | maxy @ (wo)
(1 —ap— Bp)* ming wr(wo) ) <o

B(s¢%) <2BE(1 — 2)*[1 +
Therefore E(s?) < oo. Applying Lemma we get
\/Tt’a%LT(@O) = N(0,£'Qt) VteR.

The following lemma evaluates the probabilistic property of the Hessian
matrix of Ly with value taken at & = ®,.
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Lemma 4.3 Under the assumptions in Proposition

H(L7)(®0) & %

where
B B B(Gee) B(%) B(oss
9211 (D 0211 (P 0211 (P 0211 (D
* E( 815(20)) E( Qa,één?)) E( 28}3(860)> E( 2855%0)
L=BHW) = © o B(TEY) By B(%in
: : G R -
* * * * E 97 (%o)

Proof of Lemma 4.3 ]ntroduce Dr = (d] ))1<ij<s = H(Lp)(®o) and each
element in X5 15 denoted by 0 . We need to show that

71irn P(|Dr —%f|| >€) =0 Ve>0

where ||.|| is an arbitrary matriz norm.

All norms on the finite dimensional norm space are equivalent, which
implies that all the matriz norms on C"*™ should be equivalent. Thus, we
only need to show the result is true for Frobenious norm. Under Frobenious
norm,

5
|Dr — %4||* = trace[(Dr — S;)*(Dr — 2p)] = Y _(d}; — 07;)?

ij=1
Note
ET: 9%1,(Dy)
t N+K 8@8@
and aaql;(a(; is a measurable function of {es, s < t}, hence is strictly stationary
109
ergodzc By Birkhoff’s ergodic theorem,
d'fj - Uiz,j

1€.
5
€
P(|Dr =% > € < > P(ldf; — 07| > %) — 0.

,j=1
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Therefore,
Dr &%)

Next, we want to show the third derivatives of Ly is locally bounded in
a ‘weak’ sense, i.e.,

Lemma 4.4 Let N(®g) be an arbitrary open set of @y such that N(®y) C
N(®g) CU. Then there exists a random variable ¢y which satisfies

max _ sup |——— OLr(®)
i,5,k=1,..., 5¢’EN (Po) 8¢26¢j8¢k

and
P
cr — ¢ for some constant c.

Proof of Lemma 4.4

0 Lp(® XT: CPUL(®)

a@aaﬁjam T 2 aqﬁla@am
Note \855; 5o | is continuous in @, there exists an open neighborhood N (®)
of @ such that N(®) C U and further, there exists a point ®7F € N(®g)
such that

3 T
T <1 3 "
00,00 — 1" 7y

where o

ik _ | Pl (") |

' 0¢:i00;0¢;
Therefore

O° Ly (®o) 1 < ° ijik

i,j,ﬁ%ﬁ.j(é:ﬁao |8¢18¢]8¢k‘ =7 =NZ+K(i,§1wt )

Further, let w; = Z?M Lwit. Since {w,} is a strictly stationary ergodic
sequence, by Birkhoff’s ergodic theorem,

S w5 E(w).

t=N+K
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With the above established results, we can complete the proof of Propo-
sition [4.1]

Proof of Proposition 4.1 Combine the lemmas[{.3, [{.3, and[{.4, and ap-
ply Lemma 1 of Jensen and Rahbek [20] (see Appendiz). The existence and
uniqueness of the consistent and asymptotic normal estimator ®r are en-
sured.

The proof of Proposition [4.2] needs one more lemma.

Lemma 4.5 Let {z,(0),n = 1,2,...} be a sequence of random wvariables
defined on probability space {Q, F, P} such that x,, is uniformly continuous

in 0 and for each fized 0, x,,(0) i 2(0). Suppose that 0, L 6y, then

2,(0,) 5 2(6).

Proof of Lemma 4.5 For any e > 0,
P(|xn(én) —x(6p)| > ) <P(|x,(60) — x(bp)| > €) + P(|én — by > ¢)
+ P(|z,(0n) — 20(60)| > £, 10, — 00| < &)

The conclusion follows from the inequality immediately.
Proof of Proposition 4.2 For each ® € N(®g), H(l,)(®), VI,VI,(P) are
strictly stationary ergodic,

1 P

7 2 H(1)(®) = E(H(L)(®)),
and

1 1 !
72 VI VI(®) & E(VLVL(®))

due to Birkhoff’s ergodic theorem. Also consider the fact that dr EiR ®, and
H(1,)(®), VI,VL,(®) are uniformly continuous in ® € N(®g). Therefore,

1 N

72 H(l)(@r) = E(H (1)
and .

1,0 P /
= > VIV (0r) = E(VL V).

Applying continuous mapping theorem,
LS S 35y

SH-1 ¢ &1
EI(T)ES(T)ZI(T)
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5 Conclusion

This paper focused on the distributional properties of two volatility com-
ponent models: the restricted GARCH(2,2) model of Engle and Lee, the
GARCH-MIDAS model of Engle, Ghysels and Sohn. The restricted GARCH(2,2)
model structured the conditional variance as the sum of low-frequency and
high-frequency stochastic components. It was shown that, under certain
regularity conditions on the parameter space, it was strictly stationary er-
godic and f-mixing. In the GARCH-MIDAS model, the conditional volatility
was characterized as the multiplicative effects of low-frequency and high-
frequency stochastic components. It was an extension of Spline-GARCH
model of Engle and Rangel where the low-frequency volatility was fitted by an
exponential quadratic spline, a deterministic structure. For GARCH-MIDAS
model with fixed time span realized volatility, we showed that it could ad-
mit a covariance stationary solution in a specific parameter space. We also
derived sufficient conditions for the existence and uniqueness of strictly sta-
tionary ergodic solution to the GARCH-MIDAS model with rolling window
realized volatility. Further, this paper showed that its maximum likelihood
estimates were locally consistent and asymptotically normal. Its asymptotic
variance-covariance matrix and associated consistent estimate were also spec-

ified.

6 Appendix

In the appendix, we list the theorems and lemmas used throughout this paper
for readers’ quick reference.

Theorem 6.1 (Theorem 3.1 of Glasserman and Yao [21]) Suppose {(A¢, By),t €
Z} is a strictly stationary ergodic process and one of the conditions

E(log [[Aoll)" < 00,7 <0, E(log || Bo||)" < o0
or
P(A;... Ay =0)>0 for some n>0
15 satisfied, then

[e.e]

Yy = Z[At LR At—j+1]Bt—j7 t € Z (61)

j=1
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converges almost surely. It is the only strictly stationary ergodic solution of
Y, =AY, 1+ B,

Theorem 6.2 (Lemma 3.4 of Bougerol and Picard [8]) Let{F;,t € Z}
be a strictly stationary ergodic sequence of R"*™-valued random matrices and

suppose that E(log™ || Fy||) < oo and that

tli}rg) HFtthl ce F1H =0.

Then the top Lyapounov exponent associated with this sequence is strictly
negative.

Theorem 6.3 (Theorem 4.3 of Mokkadem [31)]; Theorem 1 of Carrasco and
Chen [10)]) Given a polynomial random coefficient vector autoregressive model
defined as

Y = A(e)Yio1 + B(ey) (6.2)

where {Yy, t € ZT} is a sequence of R™-valued random process, {e;} is a
RP—valued iid sequence, A(.) is a m X m matriz-valued polynomial function
and B(.) is a m x 1 vector-valued polynomial function. If further it satisfies
the following assumptions:

(A.1) The marginal probability distribution of ; is absolutely continuous with
respect to Lebesque measure on RP and zero is in the interior of its
Support.

(A.2) A(.) and B(.) are measurable with respect to the sigma-field generated
by ;.

(A.3) The spectral radius of A(0), denoted by p[A(0)], is less than 1.

(A.4) The series > o [A(er)A(er-1) ... A(et—r)|B(et—k—1) converges almost
surely. The sequence A(ey)A(gi-1) ... A(ei—k) converges (as k — o0)
to the 0 matrix almost surely.

(A.5) There exists a positive function V. on R™, a compact set K of R™
with nonempty interior, and some positive numbers § > 0,v > 0, and
0 < A <1 such that
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(i) EIV(Yy)|Yiy = y] S AV(y) —v if ¢ K
(i) EV(Y)|Yi =y <8 ifz € K

Then {Yi} is Markov geometrically ergodic and E[V (Y;)] < co. Moreover,
if Yo is initialized from an invariant distribution, {Y;} is strictly stationary
and B-mixing with exponential decay.

Theorem 6.4 (Theorem 2 of Nelson and Cao [32] ) For a GARCH(2,q) as
below

Ty = O&y
2 q
2 2 2
o =w+ E Bior_, + E Ty
i=1 j=1

where €;’s are 1id and E(g;) = 0,var(e;) = 1. Let z1 and zy be the roots of
1— Z?Zl Biz™" such that |z| < |z1| < 1 and if 21 = —29, we take z; > 0.
Suppose further that 1 — Y2, B;2" and >4y ;277! have no common roots.
If we write o7 in ARCH(c0) form:

o

2 x 2

Oy =W + E PTi 1
k=0

then w* > 0 and ¢r, > 0(Vk) if and only if
(B.1) w*=w/(1 —21 — 22+ z122) >0
(B.2) z1 and zy are real

(B.3) z1 >0

(B4) Y1z ajn >0

(B.5) ¢ >0 for k=0 to q.

Theorem 6.5 (Lemma 1 of Jensen and Rahbek [26]) Consider Ly(®), which
is a function of the observations {X;}1<i<r and the parameter & € O C R*.
Let ®q be is an interior point of O. Assume that Ly(.) : RF — R is three
times continuously differentiable in ® and that
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(A.1) AsT — oo, VTV Lp(®y) = N(0,g), Zg > 0.

(A.2) As T — oo, H(L7)(®) 2 %1 > 0.

PP Lr(P) |

(A.3) maX; jh=1,...k SUPoe N (d) |8¢>16¢]8¢>k

where N(®g) is a neighborhood of ¢ and 0 < cr EiR ¢, 0 < ¢ < oo. Then
there exists a fized open neighborhood U(®y) C N (Do) of ®o such that

(B.1) With probability tending to one as T — oo, there exists a minimum

point (AI)T of Lp(®) in U(®y). In particular, Or is unique and solves
VLr(dr) =0

(B.2) AsT — oo, by 5 @,

(B.3) As T — oo, VT (dp — ®y) = N(0, 27827
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