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Abstra
tAn important 
hallenge of portfolio allo
ation arises when the (true) 
hara
teristi
s ofreturns distribution are repla
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es estimation risk,whi
h is 
ru
ial for portfolio management just like traditional �nan
ial risk. This paper
ontrasts with existing literature by fo
using on a di�erent measure of performan
e.We borrow from pra
titioners and evaluate di�erent funds allo
ations through theirlikelihood of beating a ben
hmark. Then, the optimal portfolio whi
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ounts forestimation risk is known in 
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1 Introdu
tionAn optimal portfolio is the best allo
ation of funds a
ross available assets. Optimal-ity depends on the sele
ted performan
e measure. Markowitz (1959) o�ers the 
lassi
de�nition of portfolio e�
ien
y: a portfolio is e�
ient if it has the largest expe
tedreturn for a given target of risk measured by the varian
e. This mean-varian
e e�-
ien
y provides a single-period framework that still remains among the most importantben
hmark models used by pra
titioners (Mi
haud (1998); Meu

i (2005)). In pra
ti
e,however, Markowitz' asso
iated optimal investment rule depends on unknown param-eters, the mean and the varian
e of returns distribution. To get a feasible version ofthis optimal rule, he simply repla
es the unknown parameters by sample estimates.This substitution gives rise to several issues. First, the estimation risk is overlooked:in pra
ti
e samples are �nite, hen
e estimates are di�erent from their respe
tive true(unknown) values. This new sour
e of risk even appears in well-spe
i�ed parametri
models and adds to the traditional �nan
ial risk1. Se
ond, is this feasible rule optimal?Markowitz' approa
h 
an only be motivated when one believes that the estimated ruleis not too far from the true optimal one.In response to these limitations, we develop an alternate framework that relies on a more
onservative de�nition of optimality. We borrow from pra
titioners and evaluate fundsallo
ations through their likelihood of beating a 
hosen ben
hmark. Several industriesare a
tually interested in su
h a goal: for instan
e, institutional money managers, andamong others the de�ned bene�ts pension plans and the endowment plans are devotedto guarantee a (
hosen) minimal performan
e. For the 
hosen ben
hmark, we dedu
ethe asso
iated optimal investment rule. It naturally in
orporates the estimation riskand is dire
tly appli
able without requiring any additional (suboptimal) substitutionstep. More pre
isely, our portfolio sele
tion method is based on a one-sided test en-suring that the portfolio performan
e is above a given threshold; then we obtain theoptimal allo
ation from the maximization of the asso
iated p-value. This investmentrule is optimal in the sense that it is asso
iated with the highest probability of defeating1Kan and Zhou (2007) provide an extensive study of the �nan
ial 
onsequen
es of ignoring estima-tion risk. 2



the 
hosen ben
hmark. It also o�ers two main advantages. First, testing is the nat-ural and valid statisti
al tool to 
ompare random quantities (here estimated portfolioperforman
es). Hen
e the un
ertainty of the problem is dire
tly a

ounted for: we willsee that this is 
ru
ial to get a feasible (true) optimal investment rule that does notrequire any additional substitution step. Se
ond, maximizing the p-value in
reases thelikelihood of the event of interest (here to beat the 
hosen ben
hmark).Our P-value sele
tion method is very general and �exible, as it allows for any perfor-man
e measure and any referen
e ben
hmark. When the performan
e is measured bythe Markowitz' mean-varian
e 
riterion and the ben
hmark is 
hosen as a �xed target,the P-value investment rule (after ignoring the estimation risk of the varian
e2) belongsto the 
lass of two-fund investment rules3. Two-fund rules invest in the sample tangen
yportfolio and in the riskless asset: only the share of wealth invested in the risky assets(vs in the riskless asset) varies among 2-fund rules, and not the repartition of wealthbetween risky assets whi
h is 
ontrolled by the sample tangen
y portfolio. The (feasi-ble) Markowitz' optimal mean-varian
e rule is the 2-fund rule where the share of wealthinvested in the (sample) tangen
y portfolio is 
ontrolled by the risk-aversion parameter.Our optimal P-value investment rule 
an be reinterpreted as a (feasible) mean-varian
eoptimal rule asso
iated with a 
orre
ted risk-aversion parameter. While existing lit-erature usually re
ommends in
reasing the risk-aversion parameter to a

ount for es-timation risk, our P-value investment rule is more �exible as it is sample-dependent:the 
orre
ted risk-aversion parameter tends to be higher in pro�table �nan
ial environ-ments, and lower in bad times.The issue of estimation risk in portfolio allo
ation is not new4. One of the earliest andmaybe natural solution proposed in the literature is Bayesian. Sin
e the parametersare now random variables, it provides a general framework where estimation risk is2When the number of assets is moderate 
ompared to the number of observations (and the time-spanis �xed) mean asset returns are harder to estimate: see Merton (1980) and Kan and Zhou (2007).3This (restri
ted) 
lass of investment rules has already been 
onsidered in the literature: see terHorst, de Roon and Werker (2006) and Kan and Zhou (2007). However, here, it dire
tly follows fromour portfolio sele
tion method and not from a simplifying assumption.4Brandt (2004) provides a broad survey on general issues related to portfolio 
hoi
e.3



naturally a

ounted for. The posterior distribution 
aptures the possible out
omes ofthe parameters and is 
ombined to a prior model to derive the predi
tive distribution(Zellner and Chetty (1965)) under whi
h expe
tations are now 
onsidered. The study byBawa, Brown and Klein (1979) surveys the early literature; it has been followed by manyothers in
luding Jorion (1986), Bla
k and Litterman (1992), Pastor and Stambaugh(2000)... However, it is not 
lear how the prior model should be 
hosen, even thoughbased on the investor's knowledge and experien
e: di�erent priors may lead to very
ontrastive investment strategies. We only 
onsider non-informative prior models inour 
omparative study.Re
ently, interest has grown to develop pro
edures fo
using dire
tly on the expe
ted�nan
ial loss when repla
ing the optimal investment rule by some feasible version ofit. These approa
hes are intuitively very appealing as the emphasis is set on the �-nan
ial 
ost of implementing infeasible optimal investment rules. However, simplifyingassumptions are required to ta
kle the asso
iated optimization problem. ter Horst, deRoon and Werker (2006) and Kan and Zhou (2007) restri
t their attentions to the 
lassof two-fund investment rules. While ter Horst et al. (2006) ignore the estimation riskof the varian
e, Kan and Khou (2007) (under the normality assumption of the returns)provide a 
losed-form optimal investment rule. However, this rule depends on nuisan
eparameters. So, in order to implement it, an additional suboptimal plug-in step is re-quired5. More generally, this issue arises when one maximizes some expe
ted quantity:the asso
iated optimal rule always depends on some of the (unknown) 
hara
teristi
sof the underlying distribution of the returns. This motivated us to depart from thetraditional optimization of an expe
ted �nan
ial loss fun
tion to rather maximize thelikelihood of some desirable event6.5Of 
ourse, by 
onstru
tion, the (infeasible) optimal mean-varian
e investment rule outperforms anytwo-fund rule, espe
ially Kan and Zhou's; by 
onstru
tion, the latter also outperforms any P-valueinvestment rule. However nothing is guaranteed when one 
onsiders feasible versions of the optimalmean-varian
e and Kan and Zhou's rules as shown in our 
omparative study.6Others have also departed from the 
lassi
al mean-varian
e framework: Garlappi, Uppal andWang (2007) propose a sequential max-min method where the worst performan
e (when the unknownparameters fall into a 
on�den
e interval) is maximized with respe
t to the portfolio weights; Harvey,Lie
hty, Lie
hty and Muller (2004) adopt a Bayesian setting under the assumption that the returns4



Finally, previous studies have already fo
used on defeating a ben
hmark: see Stutzer(2003) and referen
es therein. However, to our knowledge, this has not yet been relatedto estimation risk. Moreover, these studies work in a 
ontinuous time framework whi
his not our primary interest here.To 
on
lude, we 
ompare eleven investment strategies on simulated and empiri
al data.These are 
ompared with respe
t to their out-of-sample performan
es, as measured bythe Sharpe-ratio and the 
ertainty equivalen
e, their turnover and stability over time.The P-value sele
tion method performs surprisingly well 
onsidering it is not spe
i�
allydesigned to maximize any performan
e measure. Moreover, it avoids extreme positionsin the assets and remains relatively stable over time.The remainder of the paper is organized as follows. Se
tion 2 solves the 
lassi
al mean-varian
e problem. The P-value sele
tion method is introdu
ed in Se
tion 3. Se
tion4 reviews some 
ompeting investment strategies. Se
tion 5 presents the results of our
omparative study on simulated and empiri
al data. Se
tion 6 
on
ludes.Cal
ulations details, tables and graphs are gathered in the Appendix.2 Classi
al Mean-Varian
e problemThis se
tion dis
usses the mean-varian
e problem and introdu
es estimation risk. Con-sider an investor who 
hooses a portfolio among N �nan
ial risky assets and the risklessasset. At time t, Rt ≡ (r1t · · · rNt)′ and Rft denote respe
tively the rates of returnson the N risky assets and the riskless asset. The ve
tor of ex
ess returns is de�nedas R̃t ≡ Rt − Rftι where ι is the 
onformable ve
tor of ones. The following standardassumption is maintained on the probability distribution of ex
ess returns R̃t:Markowitz' maintained assumption:The ve
tor of ex
ess returns R̃t is independent and identi
ally distributed over time. Inaddition, R̃t is normally distributed with mean µ̃0 and varian
e Σ0.follow a skew-normal distribution. 5



At time t, the portfolio is built after investing a ve
tor θ into the risky assets and(1 − θ′ι) in the riskless asset. The portfolio ex
ess return is rPt (θ) ≡ θ′R̃t, and itsasso
iated mean and varian
e are then respe
tively, µP = θ′µ̃0 and σ2
P = θ′Σ0θ.Ea
h ve
tor of weights θ de�nes a di�erent investment rule. Markowitz' optimal invest-ment rule maximizes the following mean-varian
e obje
tive fun
tion:

max
θ∈RN

{
E
[
rPt (θ)

]
− η

2
V ar

[
rPt (θ)

]}
⇐⇒ max

θ∈RN

{
θ′µ̃0 −

η

2
θ′Σ0θ

}where η is the 
oe�
ient of relative risk-aversion. This leads to the following optimalve
tor of weights and maximal performan
e:
θ0
MV =

1

η
Σ−1

0 µ̃0 and Q0
MV =

1

2η
µ̃′

0Σ
−1
0 µ̃0 (2.1)In pra
ti
e, parameters µ̃0 and Σ0 are unknown: the optimal mean-varian
e investmentrule θMV o is therefore infeasible and 
annot be 
al
ulated. Markowitz (1959) simplyrepla
es the unknown parameters by some estimates. This provides a 
onvenient feasibleversion of the above optimal rule. More pre
isely, for some estimates ˆ̃µ and Σ̂ of theunknown parameters µ̃0 and Σ0, one de�nes the feasible (random) investment rule andits asso
iated (random) performan
e as:

θMV =
1

η
Σ̂−1 ˆ̃µ and QMV =

1

2η
ˆ̃µ′Σ̂−1 ˆ̃µ (2.2)where ˆ̃µ and Σ̂ are, for instan
e, the maximum likelihood estimators,

ˆ̃µ =
1

T

T∑

t=1

R̃t and Σ̂ =
1

T

T∑

t=1

(R̃t − ˆ̃µ)(R̃t − ˆ̃µ)′ (2.3)Applying this plug-in method 
omes at a pri
e. First, estimation risk is overlooked.In pra
ti
e, the sample size is only T (�nite), hen
e ˆ̃µ and Σ̂ are di�erent from theirrespe
tive true values. Se
ond, pre
isely be
ause the feasible rule θMV is numeri
allydi�erent from the true optimal one, its optimality 
annot be guaranteed. In the nextse
tion, we propose a portfolio sele
tion method that in
orporates estimation risk anddoes not require any additional (suboptimal) step.6



3 P-value investment ruleThis se
tion introdu
es the P-value sele
tion method and derives the asso
iated optimalinvestment rule for a given ben
hmark c. The existen
e of an optimal ben
hmark isalso dis
ussed.3.1 De�nition and Optimal investment ruleAs emphasized earlier, this paper departs from the 
lassi
al mean-varian
e frameworkand the popular minimization of some (expe
ted) �nan
ial risk fun
tion. More pre-
isely, in sharp 
ontrast with existing literature, we do not maximize (minimize) anyusual portfolio performan
e measure (loss fun
tion). We rather 
ompare available fundsallo
ations through their likelihood of beating the 
hosen ben
hmark. Of 
ourse, ourportfolio sele
tion method 
ru
ially depends on this ben
hmark. Reasonable ben
hmark
hoi
es yield to more 
onservative obje
tive fun
tions than the 
lassi
 maximization ofthe (mean-varian
e) performan
e. Our investor is more 
onservative in the sense thatshe is not interested in a
hieving the maximal performan
e at every period; she rathersele
ts the investment rule that maximizes the likelihood of defeating the ben
hmark.By maximizing the p-value, this sele
tion method dire
tly a

ounts for the randomnature of the problem while being of primary 
on
ern for several industries, like insti-tutional money managers.Our portfolio sele
tion method is based on a one-sided test that the 
hosen measure ofportfolio performan
e is above the given threshold. Obviously, two unknowns remainhere: �rst the 
hoi
e of the performan
e measure and se
ond the threshold. As pointedout earlier, Markowitz' mean-varian
e e�
ien
y is a 
onvenient framework privileged bypra
titioners. A

ordingly, we 
onsider the following measure of portfolio performan
e:
Q(µP , σ

2
P ) = µP − η

2
σ2
P (3.1)where (µP , σ

2
P ) are respe
tively the �rst two moments of the probability distribution ofthe portfolio. Our P-value sele
tion method works with any other performan
e mea-7



sure7: the above measure of performan
e (3.1) has mainly been 
hosen for 
omparisonand tra
tability purposes. Not only the test is the natural statisti
al tool to 
omparerandom quantities and in
orporate estimation risk, but it also fo
uses dire
tly on thewell-de�ned obje
tive for a portfolio manager, to beat the performan
e of a ben
hmarkindex. Formally, the null hypothesis of interest is stated as:
H0 : Q(µP , σ

2
P ) > c (3.2)where c is the (deterministi
) performan
e of the (
hosen) ben
hmark index. To 
on-stru
t the asso
iated test statisti
, some assumptions are needed on the probabilitydistribution of the returns. Consider an investor at time T who has observed the Nrisky asset returns from time t = 1 to T .Assumption 1 The ve
tors of the N �nan
ial ex
ess returns of interest at time t,

R̃t = [r̃1t · · · r̃Nt]′ for t=1 to T , are stationary and Central Limit Theorem applies.More formally,(i) R̃t ∼ F(µ̃0,Σ0) for any t = 1, · · · , T where F is some smooth distribution fun
tionwhose �rst two moments exist.(ii) √T T∑
t=1

R̃t is asymptoti
ally normally distributed with mean µ̃0 and varian
e Σ0.We 
onsider from now on the portfolio ex
ess return r̃Pt (θ) = θ′R̃t. This only shiftsthe deterministi
 ben
hmark c, so that only stri
tly positive ben
hmarks c are now
onsidered. Note that a null ben
hmark 
orresponds to the minimal a

eptable perfor-man
e, guaranteed when always investing in the riskless asset. The measure of portfolioperforman
e is then written as:
QP (θ) = Er̃Pt (θ) − η

2
V ar(r̃Pt (θ))and is estimated by8:7Any performan
e measure works under regularity assumption like Assumption 1. In parti
ular, we
ould think of in
orporating higher moments to a

ount for e�e
ts of skewness, kurtosis... This onlya�e
ts the tra
tability of the optimal investment rule. See also dis
ussion p10.8The pro
edure remains similar for any other set of 
onsistent estimates. We 
ould even think ofthe sele
tion problem as starting right here, with a set of estimates given by a pra
titioner.8



Q̂P (θ) = θ′ ˆ̃µ− η

2
θ′Σ̂θ (3.3)with ˆ̃µ =

1

T

T∑

t=1

R̃t and Σ̂ =
1

T

T∑

t=1

(R̃t − ˆ̃µ)(R̃t − ˆ̃µ)′ (3.4)The appli
ation of the ve
torial 
entral limit theorem yields the asymptoti
 distribu-tion of the estimated performan
e: √
T
[
Q̂P (θ) −QP (θ)

] is asymptoti
ally normallydistributed with mean 0 and varian
e V ar(Q̂P (θ)). Then, for an estimator Ŝ of itsstandard deviation, the test statisti
 and asso
iated p-value are de�ned as follows:
St(θ) =

Q̂P (θ) − c

Ŝ/
√
T

and p-value(θ) =

∫ St(θ)

−∞

fT (u)duwith fT the density fun
tion of a student random variable with (T − 1) degrees offreedom. Hen
e the maximization problem is �nally stated as:
max
θ∈RN

[p-value(θ)] ⇐⇒ max
θ∈RN

[St(θ)]The P-value sele
tion method 
an be linked to the well-known �nan
ial risk measure,the Value-at-Risk (VaR hereafter). Brie�y the VaR at level α represents an estimateof the level of loss on a portfolio whi
h is expe
ted to be equaled or ex
eeded withthe given, small probability α: risk regulations usually di
tates the 
hoi
e of this levelof 
on�den
e. Our sele
tion method rather guarantees the 
hosen minimal level ofperforman
e with the highest level of 
on�den
e. We think that 
hoosing the ben
hmarkis more inline with institutional money managers 
on
erns.Obviously, estimation risk is related to the estimation of both the mean and the varian
eof the portfolio. It is 
ommonly a

epted that the estimation error on the sample meanis mu
h larger than on the sample varian
e; however, re
ent studies suggest that it mightnot always be the 
ase: see Cho (2007) and Kan and Zhou (2007). A

ording to thelatter study, the above 
laim is only a

eptable when the ratio of the number of assetsand the sample size (that is N/T ) is small : in parti
ular, there is an intera
tive e�e
tbetween both estimation errors. Here, to simplify the problem and get an interpretable9



(
losed-form) investment rule, we ignore the estimation risk of the varian
e9. Thesimpli�ed maximization problem is now:
θp(c) = arg max

θ∈RN

[
θ′ ˆ̃µ− η/2θ′Σ̂θ − c

(θ′Σ̂θ)1/2/
√
T

]where ˆ̃µ and Σ̂ have been de�ned in equation (3.4).Definition 1 Under Assumption 1, let ˆ̃µ and Σ̂ respe
tively be estimators of the �rsttwo moments of the distribution of the ex
ess returns as in (3.4). Then, for a given(deterministi
) ben
hmark c, the optimal P-value investment rule is de�ned as:
θp(c) =

√
2ηc

ˆ̃µ′Σ̂−1 ˆ̃µ

1

η
Σ̂−1 ˆ̃µ (3.5)Several 
omments are worth mentioning.First, the optimal P-value rule θp(c) is random and depends on the (
hosen) estimatesof the mean and varian
e of the ex
ess returns distribution. However, this random rule(3.5) is the genuine rule that solves our optimization problem. In other words, it doesnot 
ome from an additional (suboptimal) plug-in step (see also Se
tion 4). The deepreason for this exa
tness lies in the de�nition of our P-value sele
tion method: the ran-domness of the problem pre
isely de�nes our sele
tion pro
edure. Without un
ertainty,there would not be any purpose to run a test and therefore no p-value maximization.Se
ond, the rule (3.5) is a two-fund investment rule, just like the (feasible) mean-varian
e optimization problem θMV (see equation (2.2)): both rules yield to the samerepartition of wealth among the di�erent �nan
ial risky assets. This allows us to rein-terpret the P-value investor in terms of mean-varian
e behavior with a 
orre
ted risk-aversion parameter in Se
tion 4. This result obviously depends on the 
hoi
e of theperforman
e measure Q: it is unlikely to hold with a di�erent Q.Third, under Assumption 1, our sele
tion method amounts to maximizing the asymp-toti
 p-value of the one-sided test (3.2). Asso
iated with the 
hoi
e of Q, this leads to9In our simulation and empiri
al studies in Se
tion 5, the ratio N/T is kept small. In this sense,our methodology applies more to pension funds than mutual funds.10



a 
losed-form investment rule. However, our methodology is mu
h more general. Inparti
ular, one may want to relax Assumption 1 and maximize instead the stationaryp-value, or even the bootstrap p-value (depending on how mu
h one is ready to assumeon the asset returns). This would only a�e
t the tra
tability of the asso
iated invest-ment rule, and not the validity of our pro
edure.Finally, note that the optimal P-value investment rule works for a given c. The nextse
tion naturally asks whether there exists an optimal ben
hmark.3.2 An optimal 
hoi
e for the ben
hmark?The above sele
tion method depends on the 
hoi
e of the ben
hmark c: it representsthe minimal level of portfolio performan
e the investor wants to guarantee with thehighest possible level of 
on�den
e. As already dis
ussed, this ben
hmark is not reallya 
hoi
e variable as it re�e
ts the degree of 
onservatism of the �nan
ial institution.However, it is still helpful to exhibit the optimal ben
hmark for 
omparison purposes.We de�ne the optimal ben
hmark c∗ as the maximizer of the expe
ted performan
e ofthe portfolio:
c∗ = arg max

c≥0
E [QP (θp(c))]

c∗ =
1

2η
×

[
E

(
ˆ̃µ′Σ̂−1µ̃0√

γ̂2

)]2

[
E
(

ˆ̃µ′Σ̂−1Σ0Σ̂−1 ˆ̃µ
γ̂2

)]2 where γ̂2 ≡ ˆ̃µ′Σ̂−1 ˆ̃µ (3.6)The optimal ben
hmark c∗ is 
learly infeasible sin
e it depends on the unknown param-eters µ̃0 and Σ0
10. Interestingly enough, without estimation risk (or assuming µ̃0 and

Σ0 are known), we 
an 
he
k that the asso
iated investment rule is numeri
ally equalto the true mean-varian
e rule, whi
h is also the optimal rule in absen
e of estimationrisk. See also Se
tion 4.2.10This is not really surprising sin
e we maximize the expe
ted performan
e for a given c.
11



4 Theoreti
al 
omparison with existing literatureThis se
tion 
ompares 
ompeting investment strategies after introdu
ing the useful
on
ept of 
orre
ted risk-aversion parameter, already 
onsidered in ter Horst et al.(2006).4.1 Overview of some 
ompeting sele
tion methodsFirst, we brie�y introdu
e some 
ompeting investment rules. See also Appendix B.
• Mean-varian
e (Markowitz (1959)) (see Se
tion 2): this rule sele
ts the portfoliowith the maximal mean-varian
e performan
e. The optimal allo
ation is infeasible: itdepends on the �rst two unknown moments of the ex
ess returns distribution. Whensome estimates (see equation (2.3)) of the unknowns are plugged into the formula, itbe
omes feasible and the estimation risk is ignored. This rule is given by:

θMV =
1

η
Σ̂−1 ˆ̃µ

• Bayesian (Bawa, Brown and Klein (1979)): the Bayesian approa
h maximizes theexpe
ted performan
e of the portfolio where the expe
tation is 
omputed a

ording tothe predi
tive distribution of the market. In turn, this predi
tive distribution is builtfrom a 
ombination of histori
al observations and the prior. Estimation risk is madeexpli
it by 
onsidering the unknown parameters as random variables, des
ribed by theposterior distribution. However, it is not always 
lear how the prior 
an be 
hosen.Under the standard assumption of di�use priors on both the mean and the varian
e ofthe ex
ess returns, it 
an be shown that the Bayesian optimal portfolio weights are:
θB =

1

η

(
T −N − 2

T + 1

)
Σ̂−1 ˆ̃µ

• ter Horst, de Roon and Werker (2006): the portfolio weights are 
hosen to minimizethe risk fun
tion based on the loss of repla
ing the true (unknown) mean of the portfolio12



by its sample estimate. They restri
t their attention to the 
lass of two-fund rules andignore the estimation risk of the varian
e:
θ0
HRW =

1

η

(
γ2

γ2 +N/T

)
Σ̂−1 ˆ̃µ with γ2 = µ̃′

0Σ
−1
0 µ̃0The resulting optimal rule θ0

HRW is infeasible: γ2 is then repla
ed by its sample 
oun-terpart γ̂2 = ˆ̃µΣ̂−1 ˆ̃µ. Optimality of θHRW is not guaranteed anymore.
• Kan and Zhou (2007) extend the previous sele
tion method to in
orporate theestimation risk of the varian
e:

θ0
KZ =

1

η

(
(T −N − 4)(T −N − 1)

T (T − 2)
× γ2

γ2 +N/T

)
Σ̂−1 ˆ̃µJust like θ0

HRW , the resulting optimal rule θ0
KZ is infeasible: see Appendix B for itsfeasible version θKZ . They also explore the 
lass of three-fund investment rules when
onsidering in addition the sample global mean-varian
e portfolio. The asso
iated op-timal rule θ0

KZ3 is infeasible as well: see also Appendix B for additional details.
• Garlappi, Uppal and Wang (2006) 
onsider a model that allows for multi priorsand where the investor is averse to ambiguity. The standard mean-varian
e frameworkis modi�ed by adding a preliminary minimization step. A 
onstraint restri
ts the ex-pe
ted return to fall into a 
on�den
e interval around its estimated value and re
ognizesthe existen
e of estimation risk. The minimization over the possible expe
ted returnssubje
t to this 
onstraint re�e
ts the investor's aversion to ambiguity. While this ap-proa
h has a solid axiomati
 foundation, its sequentiality 
annot be dire
tly liked toan optimality 
riterion. The optimal rule θGUW is not exa
tly a two-fund rule and ispre
isely de�ned in Appendix B.The following theoreti
al rankings have been derived by Kan and Zhou (2007):

MV 0 >> KZ30 >> KZ0 >> B >> MV , KZ0 >> HRW 0 and KZ0 >> GUWwhere >> stands for "outperforms in terms of mean-varian
e performan
e". We ar-gue that this ranking might not be guaranteed in pra
ti
e (even in simple simulationframeworks where the returns are normally distributed) when strategies HRW 0, KZ013



and KZ30 are repla
ed by their feasible 
ounterparts. Kan and Zhou (2007) alreadymentioned this issue when 
omparing their (feasible) optimal two-fund rule to the oneof Garlappi et al.. See also Se
tion 5.4.2 Comparison of the reinterpreted investment rulesDespite their di�eren
es, most of the sele
tion methods des
ribed above yield an optimalrule within the 
lass of two-fund rules, just like the (feasible) Markowitz' mean-varian
eapproa
h11. A

ordingly, the same repartition of wealth among the di�erent risky�nan
ial assets is re
ommended: only the shares of wealth invested in risky assetsrelative to the riskless asset are di�erent. The (feasible) mean-varian
e rule 
an bereinterpreted as a fun
tion of the risk-aversion parameter η:
θMV (η) =

1

η
Σ̂−1 ˆ̃µ

[
Σ̂−1 ˆ̃µ

] de�nes how wealth is allo
ated among risky assets while η weights the share ofwealth assigned to the risky assets: the greater η, the lower the (global) share to therisky assets. Ea
h two-fund rule 
an then be written as a mean-varian
e rule with a
orre
ted risk aversion parameter. In fa
t, any two-fund rule ve
tor of weights θr 
anbe rewritten as follows:
θr = θMV (η̃) for some η̃ > 0 (4.1)Therefore, the behavior of any two-fund investor 
an be 
hara
terized in terms of amean-varian
e asso
iated to a new (
orre
ted) risk-aversion parameter η̃. The following
orre
ted risk-aversion parameters 
an be dedu
ed for the two-fund rules dis
ussed11This is espe
ially surprising for our P-value sele
tion method sin
e it does not 
ome from anysimplifying assumption (as for θ0

KZ
and θ0

HRW
).
14



above12:
η̃HRW = η × γ2 +N/T

γ2

η̃KZ = η × γ2 +N/T

γ2
× T (T − 2)

(T −N − 4)(T −N − 1)

η̃B = η × T + 1

T −N − 2

η̃p(c) = η ×
√
QMV

cwhere QMV is the performan
e asso
iated to the feasible mean-varian
e investment rule(see equation (2.2)).It is easy to see that η̃B, η̃HRW , and η̃KZ are always larger than η,
η̃KZ > η̃HRW > η and η̃B > ηHen
e, the investors respe
tively asso
iated with the three 
ompeting rules θB, θHRWand θKZ are always more risk-averse than the mean-varian
e investor. Re
all now that

θKZ is nothing but θHRW where the additional estimation risk 
oming from the varian
eis a

ounted for. So one 
ould be tempted to 
on
lude that in
reasing the risk-aversionparameter is a sensible way to a

ount for estimation risk.On the other hand, the P-value 
orre
ted risk-aversion linearly depends on the originalrisk-aversion parameter: hen
e, the P-value investor might be 
hara
terized as a mean-varian
e investor either by in
reasing or de
reasing the risk-aversion η. Depending onthe 
hoi
e of the ben
hmark c, one falls into one of the following 
ases:(i) if c = QMV then η̃p = η(ii) if c > QMV then η̃p < η(iii) if c < QMV then η̃p > ηIntuitively, this additional �exibility might be pro�table, espe
ially be
ause it 
an belinked to the a
tual sample realizations. Consider an investor who 
hooses a moderate12We 
ould also 
onsider θGUW as a two-fund rule with a 
orre
ted risk-aversion parameter that 
anbe in�nite with non-zero probability. 15



ben
hmark c. Assume now that, by 
han
e, she fa
es a pro�table �nan
ial environ-ment (or a sample asso
iated to a relatively high performan
e): likely c < QMV and so
η̃p > η. Overall, the part invested in the risky assets is going to be lower. The pro�table�nan
ial 
onditions o�er additional safety to the P-value investor: it is more likely tobeat the target. On the 
ontrary, with a not so good �nan
ial environment, one mayexpe
t the investor to be
ome less risk-averse, still hoping to defeat the ben
hmark.Intuitively, it makes sense to in
orporate the sample-information into the de
ision pro-
ess. The P-value sele
tion method might also over
ome the well-known problem of themean-varian
e investment rule whi
h takes extreme positions. The next se
tion furtherinvestigates this.5 Comparative study5.1 Comparison pro
edureOur analysis relies on a rolling-window approa
h. Spe
i�
ally, for a given T -monthlong dataset of asset returns, we 
hoose an estimation window of length Tw months.In ea
h month t, starting from t = Tw, we use the data in the previous Tw months toestimate the parameters needed to implement a parti
ular strategy. These estimatedparameters are then used to determine the relative portfolio weights in the portfolio ofonly-risky assets. We then use these weights to 
ompute the return in month t + 1.This pro
ess is 
ontinued by adding the return for the next period in the dataset anddropping the earliest return, until the end of the dataset is rea
hed. The out
ome ofthe rolling-window approa
h is a series of (T − Tw) monthly out-of-sample returns forea
h portfolio strategy k denoted r̂k,t for t = Tw + 1, · · · , T .Given the series of monthly out-of-sample returns, we 
ompare the portfolio strategiesby 
omputing the following quantities.(1) The out-of-sample Sharpe-ratio (SR hereafter). For a strategy k, its out-of-sample SR, denoted ŜRk, is de�ned as the ratio of the mean of (out-of-sample) returns16



(over the risk-free asset), ˆ̃µk, and the standard deviation of the (out-of-sample) returns,
σ̂k:

ŜRk =
ˆ̃µk
σ̂kwhere ˆ̃µk =

1

T − Tw

T∑

t=Tw+1

r̂k,t and σ̂k =
1

T − Tw

T∑

t=Tw

(
r̂k,t − ˆ̃µk

)(
r̂k,t − ˆ̃µk

)′(2) The out-of-sample 
ertainty-equivalent return (CE hereafter). For a strategy k,its out-of-sample CE, denoted ĈEk is de�ned as the risk-free rate that an investor iswilling to a

ept rather than adopting a parti
ular risky portfolio strategy. Followingthe 
ommon pra
ti
e, we 
al
ulate CE as the level of expe
ted utility of a mean-varian
einvestor, that is:
ĈEk = ˆ̃µk −

γ

2
σ̂2
kIt 
an be shown that this 
orresponds to the CE of an investor with quadrati
 utility.(3) The portfolio turnover. For a strategy k, its portfolio turnover is de�ned asthe average sum of the absolute value of the trades a
ross the N available assets. Itprovides information about the stability of a spe
i�
 portfolio strategy, as it measuresthe transa
tion 
osts in
urred to reallo
ate the portfolio at ea
h period. Here, wearbitrarily assume that the 
ost is the same for ea
h risky asset.Turnoverk =

1

T − Tw − 1

T−1∑

t=Tw+1

(|θk,t+1 − θk,t|)′ ιwhere ι is the 
olumn ve
tor of ones of size N .The results dis
ussed in the following subse
tions and presented in the Appendix havebeen obtained with a rolling window of size Tw = 120: this 
orresponds to 10 years ofmonthly data. We have also 
onsidered rolling window of sizes 60 and 180 (respe
tively5 and 15 years of monthly data): the 
on
lusions were very similar. The risk-aversionparameter η is set equal to 1, though we also 
onsidered other values for robustness.All the portfolio rules 
onsidered in our simulated and empiri
al studies are listed inTable 1. They have been introdu
ed in Se
tion 4. We also 
onsider three P-value rules
P1, P2 and P3 with respe
tive ben
hmarks c1, c2, and c3. For the simulated datasets,17



these ben
hmarks are sele
ted with respe
t to the maximal mean-varian
e performan
e
Q0
MV (see equation (2.1)): c1 = .1Q0

MV , c2 = .5Q0
MV and c3 = .9Q0

MV . For the empiri
aldatasets, Q0
MV is unknown. More generally, in pra
ti
e, one 
an think of at least twoways to get a 
onvenient ben
hmark: c might be a numeri
al target that has beenset by the board of dire
tors; c 
an also be based on the histori
al performan
e ofsome referen
e index. For the empiri
al datasets, we sele
t targets based on histori
alperforman
e.5.2 Monte-Carlo resultsIn this se
tion, we �rst des
ribe our simulation experiments and then dis
uss the per-forman
e and stability of the di�erent portfolio strategies on simulated data.5.2.1 Simulated datasetWe generate asset returns a

ording to a distribution F that deviates slightly from thenormal distribution. More pre
isely, F is a mixture of a joint normal distribution N ,and a deviation distribution D. The parameter h 
aptures the proportion of the datathat deviates from the normal,

F = (1 − h)N + hDWe 
onsider here two di�erent pro
edures to generate the part of the data that followsthe joint normal distribution N , three di�erent proportions of the data that deviatesfromN , and four di�erent deviation distributionsD. This provides us with 24 simulateddatasets.We 
onsider two pro
edures to generate the part of the data that follows the jointnormal distribution. First, we generate �ve risky assets and the riskless asset a

ordingto a multivariate normal distribution 
alibrated from monthly unhedged returns of sto
kindi
es for the G5 
ountries over the period January 1974 to De
ember 1998. The G5sto
k indi
es are the MSCI indi
es for Fran
e, Germany, Japan, the UK and the US13.13See for instan
e ter Horst, de Roon and Werker (2006).18



See Table 2 in Appendix.Se
ond, we generate a fa
tor model14 with 4 risky assets in
luding one fa
tor, and oneriskless asset. The ex
ess returns of the fa
tor Rf,t follow a normal distribution and theex
ess returns of the remaining risky assets Rr,t are generated a

ording to:
Rr,t = α +BRf,t + et

α is the ve
tor of mispri
ing 
oe�
ients: it is set to 0. B is the matrix of fa
torloadings: its 
oe�
ients are drawn from a uniform distribution between 0.5 and 1.5.The ex
ess returns of the fa
tor follow a normal distribution with mean 8% and standarddeviation 16%. The error pro
ess et (un
orrelated with Rf,t) follows a multivariatenormal distribution with mean 0 and diagonal 
ovarian
e matrix with 
oe�
ients thatare drawn from a uniform distribution between 0.15 and 0.25. These parameters areset a

ording to the simulated experiment run by DeMiguel and Nogales (2008).We 
onsider three di�erent proportions of the data that deviates from the joint normaldistribution: h = 0, no deviation from the joint normal distribution; h = 0.025, and h =

0.05, respe
tively 2.5% and 5% of the data deviate from the joint normal distribution15.To 
on
lude the des
ription of the simulated datasets, we 
onsider four di�erent de-viations D from the joint normal distribution. Here again, we follow the set-up ofDeMiguel and Nogales (2008).(i) D1 is deterministi
, equal to the expe
ted return of the asset plus �ve standarddeviations;(ii)D2 is deterministi
, equal to the expe
ted return of the asset plus three standarddeviations;(iii) D3 is binomial, equal to the expe
ted return of the asset plus �ve standarddeviations with probability 0.5 and to the expe
ted return of the asset minus �ve stan-dard deviations with probability 0.5;(iv) D4 is a normal distribution with mean equal to the expe
ted return of the asset14The fa
tor model is similar to the one used in Ma
Kinlay and Pastor (2000).15Das and Uppal (2004) 
alibrate a jump di�usion pro
ess to histori
al returns on the indexes forsix 
ountries. They found that on average a jump o

urs every 20 months. This 
orresponds to 5% ofthe data that deviate from the joint normal distribution.19



plus �ve standard deviations and same 
ovarian
e matrix as N .In the following subse
tion, we only dis
uss the results obtained with the se
ond dataset(generated from the fa
tor model and its deviations). Results for the other dataset arevery similar to the ones presented here.5.2.2 Comparison of the strategiesWe now dis
uss the performan
e and the stability of the di�erent portfolio rules listedin Table 1. First we dis
uss the P-value rules, then the feasible rules, and �nally the
ost of feasibility.P-value rulesTable 3 reports the out-of-sample mean, varian
e, SR, CE and turnover for the threeP-value rules P1, P2 and P3 with respe
tive ben
hmarks c1 = 0.1Q0
MV , c2 = 0.5Q0

MV ,and c3 = 0.9Q0
MV

16. Numeri
al values of these targets are provided, as well as theout-of-sample probability of providing a 
orre
ted risk-aversion parameter larger than1, P (η̃ > η).Targets c1 and c2 are always well defeated by P1 and P2 respe
tively and the asso
iated
orre
ted risk-aversion parameters are almost always larger than η. This means thatP-value investors 1 and 2 
an be reinterpreted as more 
onservative MV-investors:more 
onservative in the sense that what is reinterpreted as a 
orre
ted risk-aversionparameter is larger than the a
tual risk-aversion parameter.Target c3 is defeated most of the time but not as easily: in parti
ular, without deviation,investor P3 does not defeat c3 despite a highly aggressive investment strategy: the
orre
ted risk-aversion parameter is smaller than η with out-of-sample probability 1/3.In addition, it is informative to 
ompare investors P2 and P3: their CE performan
esare really 
lose to ea
h other, however P3 always invests a larger share in the risky assets(as 
an be seen from the probability of 
orre
ted risk-aversion parameter being largerthan η). This supports the intuition that setting a target too high 
an be detrimental(see also the results for the empiri
al dataset with se
tor portfolios).16Q0

MV
is the maximum mean-varian
e performan
e. See equation (2.1).20



Figure 1 displays the out-of-sample CE for the above three P-value rules as a fun
tion ofthe size of the rolling window when the deviation is D3. P1 and P2 provide very stableCE performan
es, well-above their respe
tive targets. P3 requires a rolling window of150 monthly data to defeat its ben
hmark.In terms of stability and a�ordability as measured by the turnover, the P-value ruleasso
iated with the lowest target (P1) is the most stable and a�ordable.Feasible rulesTable 4 reports the out-of-sample mean, varian
e, SR, CE and turnover for 8 feasibleportfolio rules. Irrespe
tive of the deviation 
onsidered, the following ranking 
an beobserved in terms of SR and CE performan
es:
P2, KZ3 >> B,KZ,HRW >> MV >> GUW >> EQwhere >> stands for "outperforms in terms of SR and CE".Investors P2 andKZ3 perform 
omparably and outperform investors B, HRW andKZwho perform similarly. Then follow investors MV , GUW and EQ. This is reasonably
onsistent with the partial theoreti
al ranking17 provided page 13. The major di�eren
einvolves the performan
e of KZ: KZ0 is expe
ted to outperform B, HRW 0 and anyP-value rule. In our simulations, P2 outperforms KZ, that performs 
omparably to Band HRW .When the size of the rolling window in
reases, the observed ranking should get 
loserto the theoreti
al one. The simulated samples 
an be separated into two groups: group1 generated with deviation distributions D1, D2, and D4; group 2 generated withoutdeviation and with deviation distribution D3. The following rankings are observed:17This partial ranking is provided by Kan and Zhou (2007) in terms of expe
ted performan
es underthe assumption that the returns are normally distributed for the rules B, GUW , HRW 0, KZ0, KZ3

0and MV .
21



Group 1 (D1, D2, D4) Group 2 (no dev., D3)Small rolling window sizes CE P2 >> KZ3 >> KZ KZ3 >> P2 >> KZSR P2 >> KZ3,KZ KZ3, P2 >> KZLarge rolling window sizes CE KZ3,KZ >> P2 KZ3 >> KZ >> P2SR P2 >> KZ3,KZ KZ3, P2 >> KZTo 
on
lude, the performan
e of P2 is very satisfa
tory espe
ially with smaller rollingwindow sizes. Figures 2 and 3 display the out-of-sample SR for the above feasible rulesas a fun
tion of the size of the rolling window when the deviations are respe
tively D1and D3.Infeasible rulesTable 5 reports the out-of-sample mean, varian
e, SR, CE and turnover for the 4 infeasi-ble portfolio rules and their feasible 
ounterparts. Tables 6 to 9 report the out-of-sampleSR and CE as a fun
tion of the size of the rolling window without deviation and withdeviation D1, as well as per
entage losses from using a spe
i�
 rule instead of the op-timal MV 0. The feasibility 
ost de
reases with the sample size and the 4 feasible rulesperform similarly when the size of the rolling window is larger than 360 (30 years ofmonthly data). In addition, 
omparing rules HRW and KZ 
on�rm previous �ndingsthat the varian
e is easier to a

urately estimate than the mean: even for small samplesizes (still with N/T small), the 
ost of ignoring the estimation risk of the varian
e islow.5.3 Empiri
al resultsIn this se
tion, we �rst des
ribe the empiri
al datasets and then dis
uss the performan
eand stability of the di�erent portfolio strategies on empiri
al data.
22



5.3.1 Empiri
al datasetsWe 
onsider two empiri
al datasets. Both 
ontain ex
ess monthly returns over the90-day T-Bill.The �rst dataset 
onsists of monthly ex
ess returns on ten industry portfolios in theUnited States. The ten industries 
onsidered are: Consumer-Dis
retionary (non-durable),Consumer-Staples (durable), Manufa
turing, Energy, High-Te
h, Tele
ommuni
ations,Wholesale and Retail, Health, Utilities and Other. The dataset spans from January1981 to July 2008 and is available on Kenneth Fren
h's web site.The se
ond dataset 
onsists of monthly ex
ess returns on ten value-weighted indus-try portfolios formed by using the Global Industry Classi�
ation Standard (GICS).The dataset has been 
reated by Roberto Wessels. It has been used in several empir-i
al studies (in
luding DeMiguel and Nogales (2008)) and is available on DeMiguel'sweb site. The ten industries 
onsidered are: Energy, Material, Industrials, Consumer-Dis
retionary, Consumer-Staples, Health
are, Finan
ials, Information-Te
hnology, Tele
om-muni
ations and Utilities. It has been augmented by adding as a fa
tor the ex
ess returnon the US equity market portfolio, de�ned as the value-weighted return on all NYSE,AMEX, and NASDAQ sto
ks minus the one-month Treasury bill rate. The datasetspans from January 1981 to De
ember 2002.5.3.2 Comparison of the strategiesP-value rulesEx
ept for P1, the two other P-value rules P2 and P3 
annot beat their target despitean aggressive investment strategy: for dataset Industry, the 
orre
ted risk-aversionparameter of P3 is smaller than η with out-of-sample probability 0.13, and it goes downto 0.03 for dataset Se
tor. Both datasets tend to favor the 
onservative P-value rule
P1, whi
h provides the most stable and reliable performan
e while being the 
heapest.See also �gure 4.We now dis
uss the performan
e and the stability of the di�erent portfolio rules listed23



in Table 1: Table 10 reports the out-of-sample mean, varian
e, SR, CE and turnoverfor these rules.Industry portfoliosThe following ranking 
an be observed in terms of SR and CE performan
es:
KZ3, P1, P2, P3 >> B,MV >> HRW,KZ >> GUW >> EQwhere >> stands for "outperforms in terms of SR". See also �gure 5.

P1 >> KZ3, GUW >> KZ >> P2 >> B >> HRW >> MV >> EQ >> P3where >> stands for "outperforms in terms of CE".Here again the P-value rules perform very well. In terms of CE, the most 
onservativeof the three rules P1 outperforms every other rule while also being the overall se
ond
heapest one, after the equi-weighted portfolio rule whi
h performs poorly.Se
tor portfoliosThe following ranking 
an be observed in terms of SR and CE performan
es:
EQ >> P1, P2, P3 >> B,HRW,KZ3,MV >> KZ >> GUWwhere >> stands for "outperforms in terms of SR". See also �gure 6.

EQ >> P1 >> GUW >> KZ,KZ3 >> HRW >> P2 >> B >> MV >> P3where >> stands for "outperforms in terms of CE".The main di�eren
e with the previous empiri
al dataset is the good performan
e of theequi-weighted portfolio rule EQ (also the 
heapest rule). P1 performs very well too.6 Con
lusionIn this paper we propose a new way to a

ount for estimation risk when sele
ting theoptimal portfolio. In sharp 
ontrast with existing literature, the optimal portfolio is not24



de�ned as the one maximizing some expe
ted mean-varian
e performan
e: we 
onsiderhere a more 
onservative de�nition of optimality whi
h fo
uses on guaranteeing someminimal performan
e. More pre
isely, our portfolio sele
tion method is based on aone-sided test ensuring that the portfolio performan
e is above a given threshold. Theoptimal weights are then obtained from the maximization of the asso
iated p-value.The test provides an integrated method to a

ount for estimation risk. Moreover,after negle
ting the estimation risk of the sample varian
e, it leads to a 
losed-forminvestment rule whi
h 
an be used without requiring any additional (suboptimal) step.Of 
ourse the performan
e of the P-value investment rule (whi
h is not designed ormeant to a
hieve the maximal performan
e) depends on the 
hosen ben
hmark c. How-ever, as illustrated in our 
omparative study where we 
onsider a wide range of ben
h-marks, the overall performan
e is quite satisfa
tory. In parti
ular, it performs prettywell for relatively small samples (we believe mainly be
ause it does not require an addi-tional suboptimal plug-in step) and outperforms reasonable 
hoi
es of targets. We �ndthese preliminary results really en
ouraging.The great advantage of the simple framework we 
onsider here 
onsists in providing
losed-form optimal investment rules, interpretable in terms of mean-varian
e behavior.Compared to 
ompeting two-fund rules (e.g. Kan and Zhou (2007) and ter Horst, deRoon and Werker (2006)), we have shown that this is not always an in
rease of theoriginal risk-aversion parameter that works to a

ount for estimation risk.For future resear
h, several dire
tions might be worth examining. First, one 
ouldextend our sele
tion method to random targets. This would permit to tra
k the per-forman
e of ben
hmark indi
es, rather than deterministi
 targets that may not alwaysbe inline with the �nan
ial environment. Se
ond, 
onsidering that we generally dobetter than the feasible optimal two-fund rule and the very good results of the feasiblethree-fund rule, we may wonder how the P-value sele
tion method, adapted to 
onsiderthree-fund investment rules, would perform: as suggested by Kan and Zhou (2007),even more than three assets may help. Finally, re
ent papers have 
onsidered the re-lated issue of model un
ertainty. In parti
ular, Cavadini, Sbuelz and Trojani (2001)extend the study of ter Horst, de Roon and Werker (2006) to in
orporate model risk:25



they use robust inferen
e methods à la Huber, or lo
al deviations to the 
hosen initialdistribution. Of 
ourse, the interpretability of the investment rules is likely the pri
eto pay to 
onsider su
h extensions.
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A Proofs of the main results
• Proof of equation (3.5) θp(c):The �rst order 
onditions 
an be reinterpreted as a fun
tion of the (feasible) ve
tor ofthe mean-varian
e weights θMV de�ned in equation (2.2) as follows:
(ˆ̃µ− ηΣ̂θp)

√
θ′pΣ̂θp −

θ′p ˆ̃µ− η/2θ′pΣ̂θp − c√
θ′pΣ̂θp

Σ̂θp = 0 ⇔ ˆ̃µ− ηΣ̂θp −
θ′p ˆ̃µ− c

θ′pΣ̂θp
Σ̂θp +

η

2
Σ̂θp = 0

⇔ ˆ̃µ− η

2
Σ̂θp −

θ′p ˆ̃µ− c

θ′pΣ̂θp
Σ̂θp = 0

⇔ Σ̂−1 ˆ̃µ− η

2
θp −

θ′p ˆ̃µ− c

θ′pΣ̂θp
θp = 0

⇔ η × θMV =

[
θ′p ˆ̃µ− c

θ′pΣ̂θp
+
η

2

]
θp (A.1)Now for a given threshold c, we 
an always de�ne a 
onstant real number kc su
h that:

kc × η =
θ′p ˆ̃µ− c

θ′pΣ̂θp
(A.2)Then, substituting (A.2) into (A.1) yields to:

η × θMV =

(
kc +

1

2

)
× η × θp ⇔ θp =

1

kc + 1/2

1

η
Σ̂−1 ˆ̃µ (A.3)If I 
onsider θMV as a fun
tion of η su
h that θMV = (Σ̂−1R̃)/η and θp as a fun
tion of

η (where θp is the weighting ve
tor maximizing the p-value of the test with a parameter
η of risk-aversion), then I get:

θp(η) = θMV (η̃) with η̃ = η × (kc +
1

2
) (A.4)The interpretation of η̃ as a 
orre
ted parameter of risk aversion is valid if and only if

kc + 1/2 > 0. This result may appear a bit ad ho
 at �rst be
ause kc depends on the29



unknown ve
tor of weights θ. But from equation (A.2), we are a
tually able to dedu
eits expli
it expression as a fun
tion of known quantities only:
(A.2) ⇐⇒ θ′p ˆ̃µ− c = θ′pΣ̂θp × kc × ηThen after repla
ing θp by its expression (A.3), we get:

1

kc + 1/2

1

η
ˆ̃µ′Σ̂−1 ˆ̃µ− c =

kc
(kc + 1/2)2

1

η
ˆ̃µΣ̂−1 ˆ̃µ ⇒ c =

ˆ̃µ′Σ̂−1 ˆ̃µ

2η(kc + 1/2)2

⇒ (kc + 1/2) =

√
ˆ̃µ′Σ̂ˆ̃µ

2η
× 1√

c

• Proof of equation (3.6) c∗:
QP (θp(c)) = θ′p(c)µ̃0 −

η

2
θ′p(c)Σ0θp(c) =

√
2c√
ηγ̂2

ˆ̃µ′Σ̂−1µ̃0 −
c

γ̂2
ˆ̃µ′Σ̂−1Σ0Σ̂

−1 ˆ̃µwhere γ̂2 = ˆ̃µ′Σ̂−1 ˆ̃µ. We then maximize it with respe
t to c: maxc≥0E [QP (θp(c))].The asso
iated �rst order 
onditions are:
1√
2c∗η

E

(
ˆ̃µ′Σ̂−1µ̃0√

γ̂2

)
= E

(
ˆ̃µ′Σ̂−1Σ0Σ̂

−1 ˆ̃µ

γ̂2

)
=⇒ c∗ =

1

2η
×

[
E

(
ˆ̃µ′Σ̂−1µ̃0√

γ̂2

)]2

[
E
(

ˆ̃µ′Σ̂−1Σ0Σ̂−1 ˆ̃µ
γ̂2

)]2The asso
iated optimal ve
tor of weights is the following:
θp(c

∗) =

∣∣∣∣E
(

ˆ̃µ′Σ̂−1µ̃0√
γ̂2

)∣∣∣∣
∣∣∣E
(

ˆ̃µ′Σ̂−1Σ0Σ̂−1 ˆ̃µ
γ̂2

)∣∣∣
1√
γ̂2

1

η
Σ̂−1 ˆ̃µNote in parti
ular that if µ̃0 and Σ0 were known, we would get θp(c∗) = θMV , whi
h
orresponds to the best portfolio rule in absen
e of estimation risk.B Results of the simulation and empiri
al studiesWe now provide additional des
ription of the investment rules 
onsidered in this paper.30



• Two-fund rule of Kan and Zhou:
θ0
KZ =

1

η

[(
(T −N − 1)(T −N − 4)

T (T − 2)

)(
γ2

γ2 +N/T

)]
Σ̂−1 ˆ̃µ with γ2 = µ̃′Σ−1µ̃Kan and Zhou (2007) re
ommend the following feasible rule θKZ where γ2 is repla
edby

γ̂2
a =

(T −N − 2)γ̂2 −N

T
+

2(γ̂2)N/2(1 + γ̂2)−(T−2)/2

TBγ̂2/(1+γ̂2)(N/2, (T −N)/2)with γ̂2 = ˆ̃µ′Σ̂−1 ˆ̃µ and Bx(a, b) is the in
omplete beta fun
tion
Bx(a, b) =

∫ x

0

ya−1(1 − y)b−1dy

• Three-fund rule of Kan and Zhou:
θ0
KZ3 =

c3
η

[(
ψ2

ψ2 +N/T

)
Σ̂−1 ˆ̃µ+

(
N/T

ψ2 +N/T

)
µgΣ̂

−1ι

]

with µg =
ι′Σ−1µ̃

ι′Σ−1ι
, c3 =

(
T −N − 4

T

)(
T −N − 1

T − 2

)
, ψ2 = (µ− µgι)

′ Σ−1 (µ− µgι)Kan and Zhou (2007) re
ommend the following feasible rule θKZ3 where µg and ψ2 arerespe
tively repla
ed by:
µ̂g =

ˆ̃µ′Σ̂−1ι

ι′Σ̂−1ι

ψ̂2
a =

(T −N − 1)ψ̂2 − (N − 1)

T
+

2(ψ̂2)(N−1)/2(1 + ψ̂2)−(T−2)/2

TBψ̂2/(1+ψ̂2)((N − 1)/2, (T −N + 1)/2)

• Sequential min-max of Garlappi, Uppal and Wang:
θGUW =

1

η
d
T − 1

T
Σ̂−1 ˆ̃µwhere d =

{
1 − (ǫ/γ̂2)1/2 if γ̂2 > ǫ

0 if γ̂2 ≤ ǫ
with ǫ = NF−1

N,T−N(p)/(T −N)where F−1
N,T−N is the inverse of the 
umulative distribution fun
tion of a 
entral F-distribution with (N, T −N) degrees of freedom and p is a probability. We use p = .99as suggested in Garlappi et al. (2007). 31



Infeasible rules (only for simulated data)
MV 0 (infeasible) Mean-varian
e
KZ0 Kan and Zhou (infeasible) 2-fund
HRW 0 ter Horst, de Roon and Werker (infeasible) 2-fund
KZ30 Kan and Zhou (infeasible) 3-fundFeasible rules (both for simulated and empiri
al data)P1 P-value with target 10% Optimum (with simulated datasets)P-value with target 10% estimated MV-CE (with empiri
al datasets)P2 P-value with target 50% Optimum (with simulated datasets)P-value with target 50% estimated MV-CE (with empiri
al datasets)P3 P-value with target 90% Optimum (with simulated datasets)P-value with target 90% estimated MV-CE (with empiri
al datasets)EQ Equi-weighted portfolioMV Feasible 
ounterpart of MV 0B Bayesian with di�use priorsKZ Feasible 
ounterpart of KZ0HRW Feasible 
ounterpart of HRW 0KZ3 Feasible 
ounterpart of KZ30GUW Garlappi, Uppal and WangTable 1: Summary Table of all the portfolio rules 
onsidered in the simulated andempiri
al experiments.
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Mean Standard deviationFran
e 0.014 0.069Germany 0.013 0.059Japan 0.011 0.067UK 0.015 0.073USA 0.012 0.044 and ρ0 =




1 .590 .390 .541 .456

1 .338 .424 .347

1 .342 .221

1 .506

1




Table 2: Summary statisti
s and matrix of 
orrelations for the MSCI of G5 
ountriesover the period January 1974 to De
ember 1998.
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No Deviation Deviation D1Rule P1 P2 P3 P1 P2 P3Mean 0.0741 0.1657 0.2223 0.0933 0.2087 0.2800Std dev. 0.1678 0.3752 0.5033 0.1772 0.3963 0.5316SR 0.4416 0.4416 0.4416 0.5267 0.5267 0.5267CE 0.0600 0.0953 0.0956 0.0776 0.1302 0.1387Target 0.0127 0.0633 0.1139 0.0141 0.0705 0.1268
P (η̃ > η) 1.0000 0.9731 0.6630 1.0000 1.0000 0.8889Turnover 0.0400 0.0894 0.1199 0.0361 0.0808 0.1084Deviation D3 Deviation D4Rule P1 P2 P3 P1 P2 P3Mean 0.0540 0.1208 0.1621 0.0902 0.2016 0.2705Std dev. 0.1373 0.3070 0.4119 0.1756 0.3925 0.5267SR 0.3935 0.3935 0.3935 0.5135 0.5135 0.5135CE 0.0446 0.0737 0.0773 0.0747 0.1245 0.1318Target 0.0084 0.0420 0.0755 0.0135 0.0676 0.1217
P (η̃ > η) 1.0000 1.0000 0.8694 1.0000 1.0000 0.9019Turnover 0.0298 0.0667 0.0894 0.0343 0.0767 0.1029Table 3: Out-of-sample mean, standard deviation, SR, CE and Turnover for 3 P-Valuerules listed in Table 1. We also provide the asso
iated targets (in terms of CE) and theout-of-sample probability of getting a 
orre
ted risk-aversion parameter larger than thea
tual one. Results are for simulated fa
tor model with no deviation, and 5% deviationa

ording to deviation distributions D1, D3 and D4; a window of size 120 months andrisk-aversion parameter of 1.
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Rule EQ MV P2 B KZ HRW KZ3 GUWNo DeviationMean 0.0930 0.2419 0.1657 0.2279 0.1903 0.2148 0.2130 0.0814Std dev. 0.2737 0.5645 0.3752 0.5318 0.4520 0.5075 0.4859 0.2243SR 0.3396 0.4286 0.4416 0.4286 0.4210 0.4232 0.4384 0.3630CE 0.0555 0.0826 0.0953 0.0865 0.0881 0.0860 0.0949 0.0563Turnover 0 0.1539 0.0894 0.1450 0.1322 0.1453 0.1121 0.0874Deviation D1Mean 0.1948 0.3340 0.2087 0.3146 0.2737 0.3054 0.2864 0.1424Std dev. 0.5212 0.6490 0.3963 0.6115 0.5361 0.5972 0.5578 0.2957SR 0.3736 0.5146 0.5267 0.5146 0.5105 0.5114 0.5135 0.4816CE 0.0589 0.1233 0.1302 0.1277 0.1300 0.1271 0.1308 0.0987Turnover 0 0.1679 0.0808 0.1582 0.1465 0.1612 0.1399 0.1042Deviation D3Mean 0.0691 0.2020 0.1208 0.1903 0.1555 0.1765 0.1825 0.0581Std dev. 0.5315 0.5341 0.3070 0.5032 0.4199 0.4736 0.4556 0.1868SR 0.1301 0.3782 0.3935 0.3782 0.3703 0.3728 0.4005 0.3111CE -0.0721 0.0593 0.0737 0.0637 0.0673 0.0644 0.0787 0.0407Turnover 0 0.1577 0.0667 0.1486 0.1411 0.1531 0.1212 0.1028Deviation D4Mean 0.1957 0.3227 0.2016 0.3040 0.2633 0.2941 0.2765 0.1338Std dev. 0.5270 0.6425 0.3925 0.6053 0.5283 0.5890 0.5519 0.2841SR 0.3713 0.5023 0.5135 0.5023 0.4984 0.4993 0.5011 0.4709CE 0.0568 0.1163 0.1245 0.1208 0.1238 0.1206 0.1242 0.0934Turnover 0 0.1569 0.0767 0.1478 0.1363 0.1501 0.1300 0.0948Table 4: Out-of-sample mean, standard deviation, SR, CE and Turnover for 8 feasiblerules listed in Table 1. Results are for simulated fa
tor model with no deviation, and5% deviation a

ording to deviation distributions D1, D3 and D4; a window of size 120months and risk-aversion parameter of 1. 35



Infeasible FeasibleRule MV 0 KZ0 HRW 0 KZ30 MV KZ HRW KZ3No DeviationMean 0.2530 0.1944 0.2137 0.2232 0.2419 0.1903 0.2148 0.2130Std dev. 0.5030 0.4537 0.4988 0.4861 0.5645 0.4520 0.5075 0.4859SR 0.5030 0.4286 0.4286 0.4592 0.4286 0.4210 0.4232 0.4384CE 0.1265 0.0915 0.0894 0.1051 0.0826 0.0881 0.0860 0.0949Turnover 0 0.1237 0.1360 0.0648 0.1539 0.1322 0.1453 0.1121Deviation D1Mean 0.2818 0.2716 0.2986 0.2786 0.3340 0.2737 0.3054 0.2864Std dev. 0.5309 0.5279 0.5804 0.5308 0.6490 0.5361 0.5972 0.5578SR 0.5309 0.5146 0.5146 0.5248 0.5146 0.5105 0.5114 0.5135CE 0.1409 0.1323 0.1302 0.1377 0.1233 0.1300 0.1271 0.1308Turnover 0 0.1366 0.1502 0.1032 0.1679 0.1465 0.1612 0.1399Deviation D3Mean 0.1679 0.1533 0.1685 0.1697 0.2020 0.1555 0.1765 0.1825Std dev. 0.4097 0.4053 0.4456 0.4027 0.5341 0.4199 0.4736 0.4556SR 0.4097 0.3782 0.3782 0.4214 0.3782 0.3703 0.3728 0.4005CE 0.0839 0.0711 0.0692 0.0886 0.0593 0.0673 0.0644 0.0787Turnover 0 0.1197 0.1316 0.0584 0.1577 0.1411 0.1531 0.1212Deviation D4Mean 0.2705 0.2613 0.2873 0.2698 0.3227 0.2633 0.2941 0.2765Std dev. 0.5201 0.5203 0.5720 0.5279 0.6425 0.5283 0.5890 0.5519SR 0.5201 0.5023 0.5023 0.5111 0.5023 0.4984 0.4993 0.5011CE 0.1352 0.1260 0.1237 0.1305 0.1163 0.1238 0.1206 0.1242Turnover 0 0.1270 0.1397 0.0965 0.1569 0.1363 0.1501 0.1300Table 5: Out-of-sample mean, standard deviation, SR, CE and Turnover for 4 infeasiblerules and their feasible 
ounterpart listed in Table 1. Results are for simulated fa
tormodel with no deviation, and 5% deviation a

ording to deviation distributions D1, D3and D4; a window of size 120 months and risk-aversion parameter of 1.36



SR with No DeviationInfeasible Feasible
Tw MV 0 KZ0 HRW 0 KZ30 MV KZ HRW KZ360 0.5030 0.4175 0.4175 0.4687 0.4175 0.3997 0.4074 0.4451(17%) (17%) (7%) (17%) (21%) (19%) (12%)120 0.5030 0.4526 0.4526 0.4794 0.4526 0.4461 0.4480 0.4657(10%) (10%) (5%) (10%) (11%) (11%) (7%)180 0.5030 0.4600 0.4600 0.4790 0.4600 0.4574 0.4579 0.4700(9%) (9%) (5%) (9%) (9%) (9%) (7%)240 0.5030 0.4731 0.4731 0.4840 0.4731 0.4715 0.4717 0.4775(6%) (6%) (4%) (6%) (6%) (6%) (5%)300 0.5030 0.4769 0.4769 0.4849 0.4769 0.4760 0.4761 0.4805(5%) (5%) (4%) (5%) (5%) (5%) (4%)360 0.5030 0.4787 0.4787 0.4843 0.4787 0.4780 0.4781 0.4809(5%) (5%) (4%) (5%) (5%) (5%) (4%)420 0.5030 0.4811 0.4811 0.4867 0.4811 0.4806 0.4806 0.4838(4%) (4%) (3%) (4%) (4%) (4%) (4%)Table 6: SR as a fun
tion of the size of the rolling window for 4 infeasible rules andtheir feasible 
ounterpart listed in Table 1. The numbers in parentheses represent theloss in per
entage from using a spe
i�
 rule instead of the optimal (infeasible) MV 0.Results are for simulated fa
tor model with no deviation.
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CE with No DeviationInfeasible Feasible
Tw MV 0 KZ0 HRW 0 KZ30 MV KZ HRW KZ360 12.6503 8.7027 8.1220 10.9835 5.6515 7.8882 6.9774 9.7162(31%) (36%) (13%) (55%) (38%) (45%) (23%)120 12.6503 10.2377 10.0975 11.4891 9.5185 9.9384 9.7911 10.7893(19%) (20%) (9%) (25%) (21%) (23%) (15%)180 12.6503 10.5758 10.5008 11.4661 10.2290 10.4510 10.3738 11.0143(16%) (17%) (9%) (19%) (17%) (18%) (13%)240 12.6503 11.1891 11.1651 11.7112 11.0405 11.1158 11.0947 11.3921(12%) (12%) (7%) (13%) (12%) (12%) (10%)300 12.6503 11.3730 11.3600 11.7550 11.2840 11.3267 11.3158 11.5382(10%) (10%) (7%) (11%) (10%) (11%) (9%)360 12.6503 11.4560 11.4473 11.7238 11.3953 11.4250 11.4178 11.5617(9%) (10%) (7%) (10%) (10%) (10%) (9%)420 12.6503 11.5708 11.5648 11.8440 11.5271 11.5465 11.5418 11.7006(9%) (9%) (6%) (9%) (9%) (9%) (8%)Table 7: CE as a fun
tion of the size of the rolling window for 4 infeasible rules andtheir feasible 
ounterpart listed in Table 1. The numbers in parentheses represent theloss in per
entage from using a spe
i�
 rule instead of the optimal (infeasible) MV 0.Results are for simulated fa
tor model with no deviation.
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SR with Deviation D1Infeasible Feasible
Tw MV 0 KZ0 HRW 0 KZ30 MV KZ HRW KZ360 0.5309 0.4615 0.4615 0.4843 0.4615 0.4465 0.4529 0.4679(13%) (13%) (9%) (13%) (16%) (15%) (12%)120 0.5309 0.4919 0.4919 0.4997 0.4919 0.4871 0.4884 0.4895(7%) (7%) (6%) (7%) (8%) (8%) (8%)180 0.5309 0.5031 0.5031 0.5076 0.5031 0.5011 0.5015 0.5011(5%) (5%) (4%) (5%) (6%) (6%) (6%)240 0.5309 0.5109 0.5109 0.5133 0.5109 0.5100 0.5101 0.5086(4%) (4%) (3%) (4%) (4%) (4%) (4%)300 0.5309 0.5129 0.5129 0.5146 0.5129 0.5123 0.5124 0.5106(3%) (3%) (3%) (3%) (3%) (3%) (4%)360 0.5309 0.5115 0.5115 0.5127 0.5115 0.5110 0.5110 0.5094(4%) (4%) (3%) (4%) (4%) (4%) (4%)420 0.5309 0.5139 0.5139 0.5151 0.5139 0.5136 0.5136 0.5127(3%) (3%) (3%) (3%) (3%) (3%) (3%)Table 8: SR as a fun
tion of the size of the rolling window for 4 infeasible rules andtheir feasible 
ounterpart listed in Table 1. The numbers in parentheses represent theloss in per
entage from using a spe
i�
 rule instead of the optimal (infeasible) MV 0.Results are for simulated fa
tor model with no deviation.

39



CE with Deviation D1Infeasible Feasible
Tw MV 0 KZ0 HRW 0 KZ30 MV KZ HRW KZ360 14.0913 10.6475 10.1978 11.7118 8.0819 9.9587 9.3020 10.8068(24%) (28%) (17%) (43%) (29%) (34%) (23%)120 14.0913 12.0968 11.9793 12.4800 11.4652 11.8639 11.7386 11.9419(14%) (15%) (11%) (19%) (16%) (17%) (15%)180 14.0913 12.6555 12.6154 12.8828 12.4077 12.5570 12.5168 12.5475(10%) (10%) (9%) (12%) (11%) (11%) (11%)240 14.0913 13.0501 13.0280 13.1738 12.9117 13.0035 12.9807 12.9305(7%) (8%) (7%) (8%) (8%) (8%) (8%)300 14.0913 13.1552 13.1377 13.2429 13.0588 13.1223 13.1043 13.0310(7%) (7%) (6%) (7%) (7%) (7%) (8%)360 14.0913 13.0793 13.0592 13.1418 12.9941 13.0542 13.0337 12.9712(7%) (7%) (7%) (8%) (7%) (8%) (8%)420 14.0913 13.2033 13.1887 13.2672 13.1413 13.1862 13.1714 13.1417(6%) (6%) (6%) (7%) (6%) (7%) (7%)Table 9: CE as a fun
tion of the size of the rolling window for 4 infeasible rules andtheir feasible 
ounterpart listed in Table 1. The numbers in parentheses represent theloss in per
entage from using a spe
i�
 rule instead of the optimal (infeasible) MV 0.Results are for simulated fa
tor model with deviation distribution D1.
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Rule EQ MV P1 P2 P3 B KZ HRW KZ3 GUWIndustry PortfoliosMean -2.8608 1.1391 0.4589 1.0262 1.3767 1.0167 0.8746 1.0823 0.9351 0.7231Std dev. 3.7475 1.4950 0.5831 1.3038 1.7492 1.3344 1.1580 1.4297 1.1848 0.9844SR -0.7634 0.7619 0.7871 0.7871 0.7871 0.7619 0.7553 0.7570 0.7893 0.7345CE -9.8825 0.0216 0.2889 0.1763 -0.1531 0.1264 0.2041 0.0603 0.2332 0.2386Turnover 0 0.0698 0.0267 0.0597 0.0801 0.0623 0.0541 0.0668 0.0476 0.0461Target 0.1336 0.6681 1.2026
P (η̃ > η) 1.0000 0.7014 0.1280Se
tor PortfoliosMean 0.0079 0.0570 0.0244 0.0546 0.0732 0.0509 0.0198 0.0368 0.0262 -0.0023Std dev. 0.0417 0.5818 0.2210 0.4941 0.6629 0.5193 0.2566 0.4085 0.2842 0.0181SR 0.1906 0.0980 0.1105 0.1105 0.1105 0.0980 0.0771 0.0900 0.0922 -0.1244CE 0.0071 -0.1123 -0.0000 -0.0675 -0.1465 -0.0840 -0.0132 -0.0467 -0.0142 -0.0024Turnover 0 4.4594 1.6652 3.7235 4.9957 3.9803 2.1724 3.2371 2.1464 0.1288Target 0.0139 0.0697 0.1254
P (η̃ > η) 1.0000 0.9306 0.0278Table 10: Out-of-sample mean, standard deviation, SR, CE and Turnover for 10 feasible rules listed inTable 1. For the P-value rules, we also provide the asso
iated targets (in terms of CE) and the out-of-sample probability of getting a 
orre
ted risk-aversion parameter larger than the a
tual one. Results are forthe 2 empiri
al datasets, industry portfolios and se
tor portfolios, with a window of size 120 months andrisk-aversion parameter of 1.
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Figure 1: Out-of-sample CE for 3 P-value rules as a fun
tion of the size of the rolling window for thesimulated fa
tor model dataset with 5% deviation D3.
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Figure 2: Out-of-sample SR for feasible rules as a fun
tion of the size of the rolling window for the simulatedfa
tor model dataset with 5% deviation D1.
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Figure 3: Out-of-sample SR for feasible rules as a fun
tion of the size of the rolling window for the simulatedfa
tor model dataset with 5% deviation D3.
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Figure 4: Out-of-sample CE for 3 P-value rules as a fun
tion of the size of the rolling window for theempiri
al dataset Se
tor Portfolios.
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Figure 5: Out-of-sample SR for feasible rules as a fun
tion of the size of the rolling window for the empiri
aldataset Industry Portfolios.
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Figure 6: Out-of-sample SR for feasible rules as a fun
tion of the size of the rolling window for the empiri
aldataset Se
tor Portfolios.
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