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Abstract

We develop a class of Minimum Distance Estimators for semi-strong Nonlin-
ear ARMAX-Nonlinear GARCH processes. The estimators are asymptotically
normal for possibly very heavy-tailed data due to underlying shocks and/or
model parameter values. In particular we only impose trivial moment condi-
tions on the GARCH errors, covering non-stationary GARCH. The MDE class
is couched within a Method of Moments framework based on tail-trimming non-
linear functions of the data. The theory applies at least to tail-trimmed versions
of Generalized Method of Moments, Quasi-Maximum Likelihood, and Least Ab-
solute Deviations. As opposed to trimming the data or the criterion function
directly as is universally done, we trim the estimating equations that govern
asymptotics. Finally, we propose a unique method for selecting the trimming
proportion based on exploiting the untrimmed criterion.

1. INTRODUCTION In this paper we develop a class of Minimum Distance
Estimators [MDE’s] that are robust to very heavy-tails by tail-trimming functions of
the data. Applicable MDE’s include tail-trimmed versions of Generalized Method of
Moments [GMM], Quasi-Maximum Likelihood [QML], and Least Absolute Deviations
[LAD]. Unlike extant conventions, we do not directly trim the data or the criterion,
but the estimating equations that govern asymptotics.

We focus on a semi-strong Nonlinear ARMAX-Nonlinear GARCH models:

(1) Yt :f (.fEt,l,Oé) +ug, o € Rq! B eR"
ur = ht (a, B) e (o, B)
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where h; (o, 8) is a Borel function measurable with respect to &, = o(x, : 7 < ¢
— 1). The regressors z; € RP may contain y, and other random variables, and their

lags, and we assume z; satis..es a weak mixing condition. See Section 2.2 for all
assumptions.

We require f (x:—1,c) and ks («, 3) to represent versions of the conditional mean
and variance when evaluated at a unique point

0o = [0, Bo]’ € RF, k=q+r.

Thus, ¢ = €,(0p) satis..es E[e;|z;_1] =0 and E[e?|z;_;] = 1. We now drop redundant
parameter arguments to ease the tow.

Class (1) is broad enough to have general appeal to ..nancial and macroeconomic
analystssince it nests Smooth Transition ARX, GARCH(1,1), ARMA-GARCH, ARX-
Quadratic GARCH, and so on. Nonlinear models of conditional ..rst and second mo-
ments capture the asymmetric arrival and impact of news in ..nancial markets. Fur-
ther, ..nancial time series in particular are known to be heavy-tailed due to random
noise ¢;, or the structure of volatility clusters h;, or both, and a non-iid framework
for ¢; allows additional heterogeneity to be exhibited by higher moments. See Man-
delbrot (1963), Engle and Ng (1993), Engle et al (1994), Mittnik and Rachev (2000),
Embrechts et al (2003), and Finkenstadt and Rootzén (2003).

1.1 Method of Moments

Our estimators are couched within a method of moments framework. Let my(6)
€ R%, s > k, be some vector of $,-measurable equations, and de..ne a class of MDE’s

= argmin{@(&)} = aregergin { (%;mt (0)> x Tp % (%tz_;mt (9))}

for compact © C R, where T,, is an R**5-valued matrix. Under mild assumptions
(e.g. Newey and McFadden 1994)

(2) vn (9 — 90) = A, X %th(90)+op(l) for some A, € RF<s,
t=1

An obvious example is GMM where m;(0) € R®, s > k, are estimating equations
that identify 6, by the moment condition E[m(6)] = 0 if and only if 6 = 6.

A second example is QML where my (6) € R¥ are induced from the ..rst order
condition:

3 0 (0) = 2-10.6,(0)

where ¢, (6) denotes the standard normal probability density function:
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A third example is Least Absolute Deviations [LAD] with criterion

(5) 53

(v~ f (w1,0))

2| B ()
and equations
d — [ (@—1,0))?
(®) nzt(e):a—a{(yt e }xsgn(e%—l)-

A fourth example is Log-Transformed LAD [LLAD] with criterion (e.g. Peng and
Yao 2003)

(7) %Z ‘m (g — f(xi-1,@))* —Inhi (o, 6)‘
t=1
and equations
® om0 =2 f ) b e, 0) < son (n).

Due to our martingale dicerence assumptions we only focus on pure Nonlinear GARCH
for these criterion:

(1) yt = he (0) et.

Thus, our strongest results are for a robust QMLE.

Even for comparatively non-heavy tailed {, ¢; } the equations m (o) can easily
have an in..nite variance, in which case the limit in (2) is non-Gaussian or does not
exist (after re-scaling). Consider GMM estimation of a pure ARCH(L) v = (5p +
B1y2_1)e with equations

|V ytZ* (60+B1yf_1)
my (0) = | {97 — (Bo+ B 1)via} | -
|_ {y% - (/30 +/31?/t271)y?71} J

Then E[m3 ,(6y)] = oo if E[e}] = oo and/or E[y}] = co. Since E[¢}] < oo and E[y}]
= oo are not typically associated with "heavy tails", GMM has only limited used
for even a simple, non-heavy tailed GARCH process in ..nance (see Hill and Renault
2008a).

1.2 Tail-Trimmed MDE
In order to ensure asymptotic normality of # we trim ki, left-tailed and kg,

right-tailed observations from {m; (0)}/-,, where each k;,, — oo and k;,/n — 0.
De..ne tail speci..c observations of m;:(#) and their order statistics,

m{)(9) := min {m;(6),0} and mgg)(m <. < mg;g)(m <0
m{y)(6) := max {m,;(9),0} and mgg) @) > > mgﬂ)(e) >0,
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and the stochastically trimmed equations m, (6)

(9)  1hns(0) = [mt (6) x I (mg;,gw) (0) < mat (0) <mi) (9))]i21’

where I(A) = 1is A is true, and 0 otherwise. The Tail-Trimmed MDE [TTMDE] is

R 1 — L e 1w
0, = argmin { — Myt (0) xT,, x — Myt (0) ¢ .
i 3 0f <t 20

As long as a deterministically trimmed wersion {m,, +(6y), 3;} forms a martingale
dizerence array [mda], then

V12 (én _ 90> = A1 ;mn,t(GO) +0p(1) 4N (0, I,) .

for some sequences {V},, A,, } of positive de..nite matrices. Notice we propose trimming
the process {m (0) } that governs asymptotics of 6 a la (2). The martingale dicerence
assumption is not too binding. For each MDE considered ¢; and €7 — 1 must be
martingale dizerences; for LAD and LLAD ¢ — 1 must have a zero conditional
median, each a common requirement in the literature. Otherwise, we only require
E|¢|P < oo for some p > 0.

1.2 Literature

Francq and Zakoran (2004) prove asymptotic normality of the QMLE for strong
GARCH and ARMA-GARCH under E(e}) < oo. Jensen and Rahbek (2004) prove
asymptotic normality for non-stationary ARCH. See, also, Hansen and Lee (1994),
Lumsdaine (1996) for QML asymptotic theory on GARCH(1,1). In this literature y;
is symmetrically distributed and E(e}) < oo. Hall and Yao (2003) allow E(e}) = oo as
long as E(y?) < co. Each severely restricts applications to ..nancial time series where
the arrival of unexpected information ¢, may be heavy tailed; and returns and their
volatility clusters may be nonlinear, and heavy-tailed due to the volatility structure.

Linton et al (2008) prove asymptotic normality of the LLAD estimator for non-
stationary linear GARCH, provided E(c?) < oo for martingale dizerence ¢;, and
Ele|P < oo for some p > 0 for iid ¢. See also Peng and Yao (2003). Asymmetric
GARCH and non-pure GARCH including AR-GARCH are not treated. Further,
while versions of LAD are touted for being less sensitive to outliers, tail-trimming is
robust to outliers by construction.

Whittle estimation has far fewer competitive results. Linear, ..nite variance
GARCH y; with ..nite kurtosis errors ¢ is the highlight. See, e.g., Giraitis and
Robinson (2000) and Mikosch and Straumann (2002).

Trimmed and weighted versions of least squares, LAD and QML are available.
Trimming and weighting are always imposed symmetrically on the criterion function
Q(0) or data y,, and always based on a ..xed (i.e. non-tail) quantile of y,, or of resid-
uals ¢; in a multi-step algorithm. Note symmetric trimming is invalid for asymmetric
processes.



Ling (2005, 2007), for example, proves asymptotic normality for a class of self-
weighted LADE’s for linear autoregressions and QMLE’s for symmetric GARCH
models with E(e?) < oo, as long as E|y|P < oo for some p > 0. The criteria are
symmetrically weighed and the author only suggests the weight criterion |y, | > ¢ for
.xed c

Bipek (2008) delivers a class of General Trimmed Estimators for nonlinear models
of the conditional mean. Trimming is symmetrically imposed on the criterion and
e; must have an everywhere continuous distribution. Both Ling (2007) and €ipek
(2008) fail to suggest a means for selecting the weighting or trimming portion and
neither performs a simulation experiment. Even Ling’s (2005) simulation study of
Least Absolute Weighted Deviations lacks theoretical support: the author provides
theory for a deterministic weighting criterion |y;| > ¢ but uses a stochastic plug-in ¢
for c in the simulation.

See, also, Rubert and Carroll (1980), Rousseeuw (1985), Welsh (1987), Bassett
(1991), Chen, Welsh and Chan (2001), Chan and Peng (2005), €igek (2006), and
Aqullé, Croux and Van Aelst (2008).

By comparison we asymmetrically tail-trim m,(6),the process that uniquely gov-
erns asymptotics; the errors need not have a smooth distribution for GMM and QML,
they need only form a mds and may be arbitrarily heavy-tailed; the conditional mean
and variance models may be nonlinear; we only require trivial moment conditions on
{y, €} allowing non-stationary and nonlinear GARCH; we deliver theory for the
case of stochastic trimming thresholds and we ozer a unique method for selecting the
trimming portion.

Hill and Renault (2008a) develop the Tail-Trimmed GMM estimator for a wide
range of models. The present work is an extension and generalization of that paper.
The major contributions here are 7. new robust QML and LAD estimators for asym-
metric heavy-tailed semi-strong GARCH models, with a parametric conditional mean
in the QML case. ii. We provide new proofs of when stochastic 7, (¢) and determin-
istic my ¢ (0) trimming are asymptotically equivalent, a cornerstone requirement that
was essentially assumed in Hill and Renault (2008a). iii. We provide detailed proofs
showing variations on (1) satisfy the major assumptions. iv. Finally, we develop for
the ..rst time a praxis for selecting the asymmetric tail threshold fractiles {k; ,,, k2 .}
for symmetric or asymmetric models.

The TTMDE is fully developed in Section 2, Sections 3 and 4 discuss assump-
tions and provide detailed examples. In Section 5 we develop a method for selecting
the fractiles {k1, k2, }, a simulation study is presented in Section 6 and parting
comments are left for Section 7. Appendix 1 contains proofs of the main results and
Appendix 2 contains supporting results.

Throughout || - ||, denotes both the L,-norm for stochastic matrices ||z|, :=
(3:; Elei ?)"/7, and the I,-norm otherwise ||z|p := (3;; [ai[")' /7. || [| = || -[[2-
(z)+ = max{0, z}. K denotes a positive, ..nite constant whose value may change
from line to line. Similarly, . > 0 is an arbitrarily tiny constant whose value may
change. Denote by 2 and % convergence in probability and in distribution. 1, is a
d-dimensional identity matrix.



2. ROBUST MDE De..ne the o-..eld
Syi=o(x, 7 < 1)

Let {m;(6y)} = {m:(0o) }+cz be a stationary, zero mean ;-measurable stochastic
process in R®, s > k. In this section we do not make any reference to a particular
MDE criterion. In Sections 3 and 4, however, we treat standard criteria in order to
exemplify the conditions imposed in the present section.

2.1 TAIL-TRIMMING

The theory for tail-trimming is molded from fundamental arguments developed in
Hill and Renault (2008a,c). First central limittheory is delivered for non-stochastically
trimmed m..; (9), de..ned below, then {1+ (0) — mn(0)} 2 0 succiently fast is
shown so that all asymptotic theory rests on m,,(6). We proceed in the same
manner here. Let positive, real-valued sequences {li,n, ui,n};_; and integer fractiles

{kl,n’ ké,n} SatiSfy

li, — o0 and u; , — 00,

and

(10) =P iy (B0) < ~lin) = 1 and 7P (i (o) > win) = 1
1n n

Compactly write

cin :=max{lin,Uin}, cn:=maxi{cin}, and k, :=max{kin,k2n}.
Now build the tail trimmed moment process
(11) min,t (0) := [mig (6) X I (—lin < mit (0) < win)l—y -

Thus m;_,,;(6) covers m; ,(6) between its lower k; ,, /n' — 0 and upper ks ,,/n™ — 0
quantiles asymptotically.

Symmetric trimming is appropriate for symmetrically distributed data (e.g. AR,
GARCH and AR-GARCH). In this case l;;n = uin = ci,n Vi hence

Mg (0) = [myg (0) x I(Imiy (0)] < cin)li4

and

9= [ 0 x I (s )] < )y @)

where m(-;f) (0) := |mi(0)] and (n/ky,) P(|m;is (6p) | > ¢ip) — 1. In the sequel we will

(2

do not distinguish between the two cases and treat asymmetric trimming (9) and (11)
by default.



2.2 MAIN RESULTS

De..ne the trimmed sum covariance matrix and its norm

S, i=E [(Zlm (90)> (Zlm %))] and o7, := |-

The criterion function evaluated with and without trimming is

Qo (0) = E [my (0)'] x Yo x E [my(0)]

Qn (9) =F [mn,t (0)/] X Tn X E[mn,t (0)]

for some positive semi-de..nite To € R**® and sequence {Y,}, T, € R¥**. The
sample version of Q (0) is

(12) Qn(0) = (%mem) x T x szmm (9)).
t=1 t=1

The TTMDE is therefore 6,, = arg mingeg{Qn(0)}.

We require two sets of assumptions that ensure Q,, (6) is a proper criterion near 6,
and ensure a properly scaled trimmed sum 7", 7, (60) is asymptotically normal.
We ..rst state the assumptions and main results, then discuss the assumptions in
Sections 3 and 4.

Compactly write the trimmed mean, Jacobian and Hessian

G(0) = o5 B[my (0)] € R”* and G, = G,(0o)

H,(0) :=—G,(0YY,G,(0) and H, = H,(6,)
V=12 H, (G, 1,2, T,G,) " H, and v2 = ||V,

The ..rst set of conditions concern the criterion Q,, (6).

Al. ||T, — T, & 0and ||Y, — Yy|| — O for some sequence {Y,} of positive
semi-de..nite matrices on R?*¢ with positive semi-de..nite limit Yy, 0 < || Y]] < oo.
A2. Qu(0,) < infyee Qn (0) + 0,(v;2) and supjg g 1=5{Qn(0)~1} = O, (1) for each
0 > 0.

A3. Gn(0) exists for all 6 in some neighborhood U, of fo; lim infn>1infeer,  ||Gn(6)]|
> 0; and [0, — 6ol = 0,(1/[|G0l])- Dy

A4 |[H | = O(h ) mingcici{ Viin} = o0; Vi | = O(u2), [V 2] = 0w Y),
and [V = O(wn).



A5. For all {4,}, 6, — 0, that satisfy ||0,, — 6o]| = O,(5,),

[ 0—00]<5y, 1+ vn ||0 — o]

Remark: Although A1-A2 help ensure consistency, ||6, — 6,|| = o, (1/]|Gr]])
in A3 helps ensure asymptotic normality.

The second set of conditions concern {z;, my (6y), My (6p)}-

B1. Foreach i =1...s let lim._, o, P(|m;;(6p)| > €)/[e""iL;(e)] <1 for some x; >
0 and slowly varying L;, 0 < L;(¢) < K uniformly in £ > 0. In particular, L; are
slowly varying with remainder: L;(\z)/Li(x) = 1 + O(gi(x)) for some measurable
function g; : R, — R, with bounded increase!, and fon 2gi(ci7n) — 0.

B2. There exists N € N such that E[m,; (6p) m,,, (60)] is positive de..nite, 1=
= 0(07;2), and ||=, 2| = O(6;Y) Vn > N. Further ¢2 = o(n).

n —

B3. E[m:(f)] = 0 if and only if # = 6o, a unique interior point of compact © C R,
and {m, ,(0),3;} forms an adapted mda only at 6 = 6.

B4. {x:} is strictly stationary and strong mixing with coe@cients c; = O(I™) with
size A > r/(r — 2) for some r > 2 (e.g. lbragimov and Linnik 1971). Further,
o (U Mgz S¢) is trivial.

We require one preliminary lemma in order to prove 7, ¢ (0) — mn,: (0) = 0 su¢-
ciently fast. Let mi') (6) denote any scalar m(-;) (0) or mﬁ) (0) with acorresponding

(2

trimmed version mf{,)t (0) and threshold sequence {c,, }.

LEMMA 2.1 If m,(6,) is adapted to S, then under B1 and B4 1/k/ >S5 {1(|m{”(6,)|

> ) — P(m{(00)] > o)} > N(O.03) and k> n{lm{;) ) (00)|/ca} >

N(0,v2) where each v? < oc.

LEMMA 2.2 If S, is adapted to m.(fo) then under B1 and B4 1/0n >y {7im,¢ (A0)
My (o)} = op(1).

Remark 1: If z, is strong mixing and o(m.(6y) : 7 < t) C o(z, : 7 < t)
then stochastic and deterministic trimming are asymptotically equivalent. Notice
adaptability says little about dependence per se?.

Remark 2: By comparison, Hill and Renault (2008a) assume 1/&, >~ | {I(|m§) (00)]

'There exists 0 < D,zo < co and 7 < 0 such that g;(\2)/gi(2) < DA™ some for A > 1, z > zg
(Goldie and Smith 1987).

2Suppose, for example, m; (00) = > o paizi—i, ai = O~ "), u > 1, an unlikely possibility. Then
S is adapted to m.(6o) but clearly m(6y) need not be strong mixing (e.g. Gorodetskii 1977, Andrews
1984, Davidson 1994).



ensure 1/0, >0 {rn(6o) —min4(09)} = op,(1), an irreducibly important condition
for asymptotic normality Theorem 2.4, below.

The main results fol low.

THEOREM 2.3 Under A1-A2 and B1-B4 4,, 2 4.

THEOREM 2.4 Under A1-A5 and B1-B4 Vit %(0n — 60) = AY* S mn.i(60) +

2.3 COVARIANCE MATRIX ESTIMATION

Giver the method of moments criterion (12) the optimal weighting sequence {Y,,}
in the sense of asymptotic ecciency is {o2¥1}. See Hill and Renault (2008b: Lemma
2.6), cf. Hansen (1982) and Newey and McFadden (1994). In this case it is easy to
show

Vi =n? (G5, Gh)

The martingale dicerence condition B3 and strict stationarity B4 imply ¥, =
nEmy, (00)m;, ,(00)] which is estimated by >, = >7i"; v, 4 (05,)172,,4(60)"-

THEOREM 2.5 Under A1-A5 and B1-B4 ||, — S| = op(02).
The asymptotically optimal matrix V,, is now estimated by
Vo = nz(élniﬁlénn)

where a gradient estimator G,, can be constructed as follows. See Hill and Renault
(2008a); and see McFadden (1989), Pakes and Pollard (1989) and Newey and Mc-
Fadden (1994) for the ..nite variance case.

Let ¢; be the unit vector, {¢c,} is a k-vector sequence of positive numbers, ||, ||
— 0, and construct the j*"*-column

n

R 1 o s .
Gin= "> tzl (mn,t(en Yejein) — im0 — ejsj,n)) /(255m), 5 =1..k.

THEOREM 2.6 LetAlL-A5, B1-B4, [|(G42:Gn) || = O(|G5 37 Gl 7Y, |57
= O(|Zall™), llenll — 0 and wy|ley|| — oo hold. Then [V, V7! — L[| = 0,(1).

3. MDE CRITERIA : A1-A5 Much of AL-A5 represents standard regu-
latory conditions that ensure a smooth criterion function in some su¢cient sense,
cf. Pakes and Pollard (1989), Newey and McFadden (1994) and Hill and Renault
(2008a,b,c).

Al This is standard within the method of moments literature. See Hansen
(1982) and Newey and McFadden (1994).



A2 These are standard smoothness conditions that ensure a unique estimator
0, The .rst Q,(0,) < infoce @, (0) + 0,(v; %) implies whichever iterative method is
used to compute 0y, in fact optimizes Qn (9) on ©. The second sup|g_gq =5 {Qn(0) "'}
= O, (1) implies the criterion does not get arbitrarily close to its minimum 0 at discrete
distances from 6.

In the cases of LAD and LLAD condition A2 is partially ensured if ¢, is stationary
with a positive continuous density in a neighborhood of 0 (Pollard 1991, Davis et al
1992).

A3 This is standard for non-dicerentiable criteria: while 1, ,(9) is not dif-
ferentiable in 6 we require E[m,, ()] to be dicerentiable near ¢, so that classic opti-
mization arguments dating to Huber (1967) apply, cf. Pakes and Pollard (1989) and
Newey and McFadden (1994). The gradient G (¢) will exist and be non-generate near
6 evidently except in extraordinary cases. The rate ||0,, — 6y|| = 0,(1/||Gy]||) seems
to force consistency, but consistency is a primitive property that requires only A1-A2
and consistency of 1/n > ;" ;m, () (see the proof of Theorem 2.3). Thus, 6, —
Oo|| = 0p(1/||Gx||) simply sharpens the rate of convergence, it automatically holds
under A1-A2 and B1-B3 when lim,,_,, ||G,|| < oo as in thin-tailed cases, and holds
in general when Y, is selected to optimize asymptotic e&ciency (Hill and Renault
2008a: Section 2.4).

We require infyey,, [|Gn(0)|| > 0 uniformly in n to ensure the Hessian does not
break down near ¢. Since Uy, is otherwise arbitrary this requirement is mild.

A4 Nonsingularity of the Hessian is standard. The remaining properties im-
ply Hy, and V;, are proportional in norm to their normed inverses, properties that
simplify asymptotic arguments.

A5 This, along with A3, substitutes for dicerentiability of m,(f) while im-
posing minimal smoothness, cf. Huber (1967). See Pakes and Pollard (1989), New
and McFadden (1994) and Hill and Renault (2008b).

4 TAILS, THRESHOLDS AND MDA : Bl - B4 Conditions B1-B3 con-
cern the data generating processes of the untrimmed and trimmed equations m(6o)
and m,, +(fo). We therefore focus attention on m,(6,) generated by GMM and QML
from (1), and LAD and LLAD for (1’). The equations m;(#) are constructed by
case. Since my () in all cases represents a ..rst order condition process we require
dicerentiability.

Cl. f(x;1,) and hy(a, 5) are 3;_j-measurable with J;_;-measurable gradients in
0.

GMM The estimating equations my(6,) are constructed as

w(a) x ¢ (0)
(13) m(0) =

w3 () — hy (a, B)} x g2 (0)

10



We write gﬁ”(&) to denote an $,_;-measurable vector of stochastic weights that

contains at least (0/0«)f(xt, o). Similarly, g§2)(0) is 3¢—1-measurable and contains
at least (0/00)hy(«,3). Certainly other equations are possible depending on the

economic and statistical information available. See, e.g., Hall (2005).

QML Use the QML framework (3) and (4) to deduce, sans multiplicative con-
stants,

{3(d—1)Zhi(.B) +uw(a) Zf (x-1,0)} hf(}Tﬂ)
(14) me(0) =
(-1} 12 0.9

LAD The LAD criterion (5) and equations (6) imply for pure Nonlinear GARCH
(1)

(15) my (0) = sgn (6 — 1) x € X %lnh? (o, B).

LLAD Finally, the LLAD framework (7) and (8) for (1') implies

(16) mt (0) = sgn (In e?) X 8% Inh? (6).

4.1 TAIL BOUND : B1

The tail bound both ensures a moment E|m,.(6y)|? < oo for some p > 0, and
expedites extreme value theoretic arguments used in tail trimming theory (Hill and
Renault 2008a,c).

The tail bound holds for thin (exponential) and heavy (regularly varying) tailed
data generating processes for {m;(f)}. This will be widely satis..ed, and it is
di¢cult to imagine a distribution class encountered in ..nance and macroeconomics
where the tails of {m; ,(6,)} decay slower than a regularly varying function. See, e.g.,
Leadbetter et al (1983), Resnick (1987) and Finkenstadt and Rootzén (2003).

What is clear is the more "nonlinear" a model becomes the more tedious a proof
of B1. We therefore restrict attention to three popular versions of (1) and consider

simple GMM weight speci..cations gff) D= t(“(eo) for the sake of brevity.
Example 1 (STAR): The ..rst model is Smooth Transition AR(1):

(17) Yt = Q1Yi—1 €XP {* (Ye—1 — 042)2} +en || <1
{ ytf1eXp{—(yt—1—042)2} -|
@ _ .
9 = alyt—lexp{_(yt—l —02)2} X (Yp—1 — a2) J )
Yt—2

Example 2 (AR-ARCH): Suppose y: is AR(1) with ARCH(1) errors:

11



(18) Y = Yy + U, up = hyey, hf = 50 + 51%2_17 |a| <1, /50 >0,

sup F |uy|* < oo and p := sup Fle;|* € (0,1) forin..nitessimal ¢ > 0,
teZ teZ

0< Brllell’" <pe(01),

1
g =lyi-1, w-d and g = 2z~ [, uiy, U?fﬂ/;

t

Example 3 (Threshold-GARCH(1,1)): Assume y, is GARCH(1,1) if y, < 0:
(19) gt = heer, and hi = Bo + (Bryf 1 + Bahi_1) x I (yi—1 < 0), Bo > 0,

sup E |yt|* < oo and sup E'|e:|* € (0,1) forin..nitessimal . > 0,

teZ tez

0 < Billeell}’™ <1,i=1,2,

) ’
gt( ) = [1, yEAI(%fl < 0), yf,g, hgfll(ytfl < O)a h§f2] :

C2. limsup,. P(|e| > €) /™" < K < oo for some x > 0 such that E|e |~ < co.
C3. limsupe~g P(let] > €/Se-1)/e7™ < K < o0.

Remark: C2 and independence su€ce for C3: P(le;] > €S 1) = P(leg| >
€) = O(e~") with probability one. Independence, however, is far more severe than
actually required, and C3 acts as an extremal version of martingale dicerence B3.

The logic of the proofs of the following claims can be straightforwardly extended
to cases like STAR-GARCH, AR-STGARCH, Quadratic GARCH, etc.

LEMMA 4.1 [STAR] Under C1-C3 tail bound B1 holds for GMM and QML m (6o)
in (13)-(14) generated from STAR (17).

LEMMA 4.2 [AR-ARCH] Under C1-C3 tail bound Bl holds for GMM and QML
my(0p) in (13)-(14) generated from AR-ARCH (18).

LEMMA 4.3 [TGARCH] Under C1-C3 tail bound B1 holds for GMM, QML,
LAD and LLAD m,(fy) in (13)-(16) generated from TGARCH (19).

Remark:  The AR-ARCH and TGARCH condition 4;|e||/" < p € (0,1) is
similar in spirit to constraints imposed in Davidson’s (2004) analysis of ARCH(o0)
processes. Since ¢ > 0 is arbitrarily small it is mild to suppose E|¢|* < p € (0,1).
Then B,||e,]|/ " < 8,09 < 1 requires 3, < p~/() which can be arbitrarily large
therefore covering slopes within the non-stationary range.
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4.2 Covariance Matrix and Thresholds : B2

Positive de.niteness of E[mn: (00) my,, (6o)] is standard. We state it for suc-
ciently large n > N to ensure non-degeneracy in the presence of trimming. Under
martingale dicerence B3 this implies X, = nEm,,; (6) m;,, (6p)] is positive de..nite
and liminf,,y 02 /n > 0.

The condition ¢2/n — 0 helps regulate the rate of convergence of the trimmed
mean 1/n )}, mn,:(60) and therefore of the TTMDE 0,,. Notice under martingale
dicerence B3 and the construction of each ¢;,, 02/n* = ||[E[my, ¢ (69) m;, , (69)]||/n
< K& /n — 0. Thus, we are ecectively ruling out super-consistency of the trimmed
mean (cf. Hill and Renault 20083a,c).

If m«(0o) is symmetrically distributed then ¢2/n — 0 holds simply if &, — oo
succiently fast. In order to see this, under tail bound B1 m; 4(0y), c; », and some k,
satisfy kn/n ~ P(lmit(60)] > cin) = O(c;,,") hence cin = O((n/kn)Y%). Therefore
cn/n = maxi{c}, }/n = max{ (n/kn)?* /n} — 0 only if pt—™rdsd/2/p, 5 0. This
is trivial when min;{x;} > 2 since we assume k, — oco. A similar argument applies
in the asymmetric case.

LEMMA 4.4 If m,(0,) is symmetrically distributed then B1 and &, ~ n° for any
d € (1 — mini{ki}/2,1) succe for B2.

Finally, by standard matrix norm properties ||X,|| " < K||X;(| and [|Zn]|'/? <
1S3, Thus, 12| = O(o,?) and 123 = O(o,;1) requires proportionality:
S]]~ ~ K||%Y| and [|Zn]|Y/2 ~ KHE}lﬂH. As in A4 this greatly expedites limit
theory for trimmed sums of martingale dicerences.

4.3 Martingale Dizerence : B3

If {m(6o), 3} forms amds then all components of B3 hold: the untrimmed mean
E[m(0o0)] = 0 by iterated expectations and the conditionally trimmed E[mn,:(60)|St-1]
= 0 for well chosen threshold sequences {/; ,,, u; ,,} . If m(0) is symmetrically distrib-
uted then E[my,¢(6o)|S¢—1] = 0 under symmetric trimming for any threshold sequence
{¢,}: see Hill and Renault (2008a,b).

Consider verifying the mds property for {m:(6o),S3:}.

C4. Elg|S:1] = 0.

C5. E[&|S1] = 1.

C6. P(e2 > 1|3_1) = P2 < 1S_1).
C7. [ P(e? > ulS) = 1/2.

LEMMA 4.5 (GMM) Under GMM (13), {m(60),S:} forms a mds succiently if
C1, C4 and C5 hold, and ¢ (6) is 3,_, measurable.

LEMMA 4.6 (QML) Under QML (14), {m.(fy),SS;} forms a mds succiently if
C1, C4 and C5 hold, and (9/9a)f(xs,«) and (9/90)h? (o, B) are Sy_; mea-
surable.
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Finally, the LAD and LLAD equations can only be shown to form martingale
dizerence sequences in the pure GARCH case.

LEMMA 4.7 (LAD) Under LAD (14) for GARCH (17), {m,(0,),S;} forms a mds
succiently if C1, C5and C7 and (9/90)h?(a, B) is S;_j-measurable.

LEMMA 4.8 (LLAD) Under LAD (14) for GARCH (1'), {m(6o), S} forms a
mds succiently if C1 and C6 hold and (8/90)h?(c,3) is Sy_i-measurable.

4.4 Mixing Regressors x; : B4

We require z; to be strictly stationary and mixing in order to ensure 7, «(6o)
approximates m,,;(fy) su@ciently fast. By assuming z; is stationary and strong
mixing we ensure J;-measurable tail arrays of ms,,:(6o) have the central limit property
a la Hannan (1973), which then links 1, +(6y) to m, +(0) (Hill and Renault 2008a,c).
Su ¢cient conditions for nonlinear autoregressions (e.g. STAR in Example 1) to be
geometrically ergodic, and therefore geometrically strong mixing, are treated in An
and Huang (1996) and Leibscher (2005), to name a very few. Succient conditions
for linear and nonlinear GARCH and AR-GARCH processes (e.g. AR-ARCH and
TGARCH Examples 2 and 3) to be geometrically strong mixing are delivered in
Carrasco and Chen (2002) and Meitz and Saikkonen (2007).

5. OPTIMAL TAIL FRACTILE SELECTION Implicit in condition Bl
is the assumption the trimming fractiles {k; ,, k2 ,}, and therefore the trimming
thresholds {lin,uin}, satisfy E[mn:(6)] = 0 if and only if 6 = 0o. Clearly this
arrangement is not unique: for any 6 € © there exist possibly in..nitely many se-
quences {li n, ci;n } that satisfy E[mnt(0)] = 0.

Consider the class of tail fractiles &, ,, = [n%] and ky,, = [n°2], § = [6;,02] €
(0,1)2. We need a criterion for selecting any ¢ that uniquely ensures E[m(6)] = 0
if and only if 8 = 6,. Write explicitly

S

Mgy (0,0) := [mi’t () <1 (m;[)néwﬂ) (0) <miy (0) < mﬁ[)n‘s?]m wmizl ’

and re-write the TTMDE criterion

3|

Qn (07 6) = l Zmn,t (976)/ X Yg) X Zmn,t (076)
st =1

and the estimator

0,(6) = argmin { Q. (0,6) }
0eo
We write T,(5) to cover cases like the asymptotically e¢cient weight

& 1

Tn(é) = (E [W"’n,t(HOaé)mn,t (907 5)/] / HE [mn,t(e()a 6)mn7t(007 5)/] H)_ :
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Let D be the largest compact subset of (0,1)2, and let D* C D contain all §* that
satisfy B3: E[m,, +(6*,6)] = 0 if and only if § = #,. Theorem 2.4 implies V§* € D*
and some positive de..nite matrix V,,(8"), under A1-A5 and B1-B4

(20) V) (8a(67) — 0 ) = A2 imm (6%, 6p) +0p(1) % N (0, ) .
t=1

De..ne the sample criterion with untrimmed equations
1« ) I
== " m(0) x T x => my(0)
n t=1 n t=1

The estimator §,,(d) satis.es 1/n " | my, (8,(5)) & 0, while any method of mo-
ments estimator § must satisfy 1/n 5", m,(6) 2 0. Since only the latter identi..es

0o we suggest choosing & by minimizing the untrimmed Q (¢) evaluated at 6, (d).
De..ne

(21) 5. = med {Esm 4By b, = arguin {@(@n@)}}

and use 0, (5,) as the ..nal estimate of 6. Intuitively, since only 6* € D* identify
fo evidently arg‘mlngeD{Q(@n( ))} € D* asn — oo with probability one. The con-
struction of 5 controls for the possibility that D* contains more than one element.
If, for example, m; () is symmetrically distributed then ,,(5) is consistent and as-
ymptotically normal for all 61 = 02 (i.e. D* = D). Newvertheless values near 0 will
render 6,, (32) very volatile and non-Gaussian for even large samples, and values near
1 will remove too many m,(6) from the criterion and therefore severely bias 6,,(4,,).
See Hill and Renault s (2008a) TTGMM simulation study. Clearly there are other
ways to select 5, from the set {argmmgep Q(0,.(5))} as n — oo. The vector 5, that
minimizes the normed covariance V- (5 ) is one intuitive alternative.

THEOREM 5.1 Under A1-A5 and B1-B4 V,/%(57) (6, (5") — 65) % N(0,1).

Remark 1: In practice the analyst will perform a grid search over a count-
able version of D. For example, § = argminscp, QY (0,(5)) for Dy = {1/[n/4],
2/, ([ = 1)/ [

Remark 2: If the data generating process is symmetric then there is one fractile
k, = [n°] and the problem reduces to a line search.

6. SIMULATION STUDY In this section we analyze the small sample prop-
erties of Tail-Trimmed QML [TTQML] and Tail-Trimmed LAD [TTLAD)] estimators
énq and @nl We compare our estimators to Ling's (2005, 2007) Quasi-Maximum
Welghted L|keI|hood [OQMWL] and Least Absolute Weighted Deviations [LAWD] es-
timators 9 , and 6, and €igek’s (2008) Generalized Trimmed Estimators based on

n,
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QML and LAD criteria, respectively 927g and 9%. See Hill and Renault (2008a) for
a comparison of TTGMM with GMM and QML.

6.1 Models

The models considered are AR(1), GARCH(1,1), ARX(1)-GARCH(1,1), STARX(1)-
Threshold Integrated ARCH (1), and Smooth Transition GARCH(1,1). Let No,1 be
a standard normal law and P, a symmetric Pareto law with index v > 0 : if ¢, is
governed by P, then P(e; >¢€) = P(et < — ¢) = .5 x (1 +¢)77. Each data generating
process, auxiliary variables and the error distribution, are described in Table 1. We
generate 100 samples of size n = 1000 for each model.

TABLE 1 - Data Generating Processes

Type | Model liide | 1 €R o
AR |yt = 9yi1+ e | Pis | 9
GARCH yt = hie

h? =1+ 4u? |+ .5h7 4 Py 5

h?=1+ 4u? |+ .6h2 | No, 6
STGARCH yt = htet

h? =1+ exp {—.1 X yffl} X (.4y?71 + .5h%71) Pys .D

h2=1+exp{—1xy?  } x (42 ;+.6h2 )| Noa 6
ARX-IGARCH yt = yi—1 + Dt + ue, ur = heer iid P 5

h? =1+ 4uf |+ .6h7 4 No 1 6
STARX-TARCH | y: = e ¥¥i1 x {.9ys + 5xi} + wr, we = heer iid Py 5

hi=1+.6y{, x I(y <0) Pys 6

h? =1+ .6y ; x I(y <0) Noa 6

6.2 Estimator Computation

The TTQML and TTLAD estimators 6, € {6, ,,0,;} are computed based on
equations (14) and (16) with weight Y,, = I,. Hill and Renault (2008a) do not ..nd
any improvement in the TTGMM estimator when the asymptotically e@cient matrix
Y, =X 1isused, and related simulations (not reported here) corroborate this ..nding
for other TTMDE's.

We compute each 0, using the two-step algorithm of Section 5. De..ne the set
dn = {1/[n*3], 2/[n'/3]..., ([n'/3] — 1)/[n}/3]}. First 6,(6) is computed for each &
€ Dy, and then 3§, = argminsep,{Q (0 (5))}, where D,, = d,, for symmetric DGP’s
and D, = d, x d, for asymmetric DGP’s.

Ling’s (2005, 2007) QMWL and LAWD estimators 6, , and &, , are computed by
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minimizing
QMWL : Q (6 ——Zwt ) % In ¢, (0)

LAWD : = —Z wi(c I — f (w11, ))* = B (. 8)

where ¢, (0) is de..ned in (4), the weight w, (c) is measurable with respect to o(y;,y;_1, ..

and ¢ > 0 is a pre-chosen threshold. In both cases we use Ling’s (2005, 2007) recom-
mended symmetric weight, cf. Huber (1977):

4 —4
we = <max{ Zlg lye—i |1 (lye—] >c)}> )

Ling (2005, 2007) does not provide a theoretical basis for selecting ¢, does not study
the QMWL estimator in a simulation experiment, and only studies the LAWT es-
timator by using the 90th and 95th percentiles of 3, as plug-ins for ¢3. We simply
replicate this choice for both 6, , and @),

Bipek’s (2008) criterion is for some pre-chosen integer 1 <k < n

n

A 1
GTE:QO)=~ > s@irn()

i=n—k+1

where s,(0) > 0 is an estimating equation, and s(;)(0) > s@)(0) > --- the order
statistics*. Thus only the & smallest equations are used. The QML and LAD versions
are s,(0) = —Ing,(0) and s,(0) = |(y — f(w—1,@))? — h¥(a, B)| resulting in 0, ,
and 92# Similar to Ling (2007), since €igek (2008) does not suggest what & should
be or how to choose it we simply use & = [¢n] for £ € {.90,.95}, thus trimming 5%
or 10% of the largest s:(6).

Note only our TTQMLE (and Hill and Renault’s 2008 TTGMME) is shown to be
asymptotically normal for general models of the conditional mean and variance. We
only focus on GARCH models for the TTLADE; Ling's (2005) LAWDE and all of
®ipek’s (2008) estimators are analyzed solely for models of the conditional mean; and
Ling’s (2007) QMWLE is shown to be asymptotically normal only for linear GARCH
models. Nevertheless we estimate all models with all estimators and focus attention
on those estimator-model matches supported by the literature.

6.3 Summary of Results

%Ling’s (2005) use of a stochastic threshold in his simulation experiment for 9nl is not supported
by the given theory since that requires a deterministic c¢. It remains to be proven that either 0,, q Or
6’ , is asymptotically when the threshold is stochastic.

4Gtuzxek s (2008) generalizes the trimming criteria beyond simply ordering s¢(f) based on its own
values by introducing a trimming criterion r,(6). This generality apparently serves data generating
processes associated with discrete choice models, which we do not consider.
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We analyze estimator performance by focusing on the k*"-parameter estimate 6,
in each case. See Table for the true value of 6, ; for each model. Let 6 denote any
estimator used in this study, and let {Qj,k}jlﬂ be the sample of iid k“*-parameter

estimates. We use the simulation standard deviations s, = {(1/100) >3% (0, —

Box)?}'/? to generate a sequence of ratios {Z;}1%, Z; = (6, — 6 )/ se- Estimator
performance is restricted to simulation sample means, standard deviations, rejection
frequencies of Z-tests of the hypothesis 0;, = 6, and Kolmogorov-Smirnov tests of
standard normality performed on {Z; };29. See Tables 2 and 3 for all QML estimates

and Tables 4 and 5 for all LAD estimates.
HHHH

7.  CONCLUSION
fiiaiaia

APPENDIX 1: Proofs of Main Results

Proof of Lemma 2.1. In the following we exploit Ly-Weak Dependence [Lo-
WD], L,-Mixingale Sequence [L,-MS] and L,-Near Epoch Dependence [L,-NED]
properties. Consult respectively Hannan (1973), McLeish (1975) and Davidson (1994:
Chapter 17) for details. We de..ne the properties in context, below.

Throughout write

. " 1 &
2= [ 00)], Ta(u)i=I(2> coc®) and S, (u)zatz;lm (u/mif?) .

Step 1:  Suppose {I,, ;(u)}is Lo-WDon {3} 372 [[E[Ly,¢(w)[S1] — B[, 1(u)[So] |l
< oo (Hannan 1973; cf. Wu and Min 2005). Note I, (u) is regular under B4 since
it is &,-measurable. Therefore kY2(S, (u) — E[S, (u)]) % N(0,v2) with v2 < oo by
Theorem 1.i of Hannan (1973). We will prove adaptation su@ces for {7, ;(u), 3} to
be an L2-MS, which su@ces for {I,+(u)} to be L2-WD on {S3:}.

Since 3, is adapted to m(6y), any {z} is trivially L,-NED on {3} for any p >
0 with constants d; = 0 an coe¢cients ¢; = o(I~*) for any size A > 0:

|2~ B [a91] Hp — s — zll, =0 < dy x =0 x o(1™).

See Davidson (1994: Chapter 17). By Lemma 2.1 of Hill (2008) this implies {I,, ;(u)}
is Lo-NED on {Q¢} with constants dn. (), supsez supysodn,t(u) = O((kn/n)'/") and
coeGcients ¢;, = o((kn/n)Y271/71;*) for any r > 2 and size A > 0, where I, — oo
as n — oc

Lno(w) = B [ Tna(w) S

|, < dutlw) x 1, < oll).
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Therefore {1, ;(u), 3y} forms an Ly-MS with uniformly bounded constants e,, ;(u)
and coeCcients ¢, since 3, is induced by a strong mixing z; with size r/(r — 2):

1B () S22 < eni() x gy, and || o(u) = Elh, ()| S ]a < eng(u) x
¢, +1- See Theorem 17.5 of Davidson (1994), cf. McLeish (1975)

Now use Minkowski’s inequality, the mixingale property with uniformly bounded
constants, and the de..nition of size to deduce for any A > 1

ZIIE n,t(0)[S1] = B In1(w)[So]

< ettt + 3 et

gK§:w<szA<mvmn
=1 =1

Therefore {Ip,+(u)} is L2-WD on {S}.

Step 2: Consider the second claim. Using arguments similar to Hsing (1991: p.
1553) we will prove ky/ ln{z (ma+1)/Cn } 4 N(0,v2) is a consequence of Step 1. By
construction k.2 In{z(m,+1)/cn} < usu@ciently if Sy (u) < p for any p € (0,1] to be

chosen below, in turn if
P (> ae)

P (= ><%ew%52))

n
e k;‘/Z (pEP(Zt> Cn) P(Zt> c )

EY2(S, () - B[S, (W) < K2 (p

Since the tail bound implies
Pz >2z)=0(z"") x L(z),
where O(z) < z, an argument identical to Hsing’s (1991: p. 1553) reveals

[P (2 > ¢) = O(1) x [140(g(ea))] = O(1) + 0 (1/k}/2)

and
P (zt > cne®)
P(zt > cn)

= O(e™) x (1+ 0 (g(cn))) = O(e™) x (14-0(1/ky2)).
Therefore k)/? In{z(, 11)/cn} < u suGciently if
K2 (Sn (u) = B[Sy (u)])
Sffikv2<p——(CX1)+w)O/ky2)>><(Xe*wﬂ><<14—o(1/ky2)))
{po () x (1o (1m?)}
< k12 {un/kl/Q +o (1/1&”)}
—u+o(l),

< w2
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where the third inequality exploits p = O(1) € (0, 1] since p is otherwise arbitrary.
Since n*lki/z{sn(u) — E[S, (u)]} 4. 7 a normal law by Step 1, it follows

lim P (k}f In{z(n,41)/cn} < U)

= lim P (p~1k}/2 (S, (u) = B[S, W) < u+o(1))

n—oo

=P (Z<wu).
Therefore ./ {2 (m, 41y /Cn } 4 N(0,02) where v2 < co. ®

Proof of Lemma 2.2. In order to conserve space assume m: > 0 a.s. is univariate
(¢ = 1), the general case being similar but laborious. Then 7, = m; x I(m; <
Mk, +1)) and m,, ; = m; x I(m; < ¢,) where for some k,, = o(n) and &, — oo

n
Ky,

De..ne the number of sample threshold exceedances

P (my >¢,) — 1.

1, :=

n
kX ::ZI(mt >cpn),
=1

and write
2) Y At —mngy = D me {T(me Smgn) —1 (M) <)}
t=1 i=1
k:z kn
= D mm— Y, ma.
= kg1 i—kr 41

Step 1:  We .rst bound Y0, m and . . my;). Forany sequence {,}

of positive real numbers that satis..es ¢, — 0 and 5nk}/2’b ~ K for in..nitessimal ¢
>0

Ky, [kn(lnten)] k;,
(23) > mg Yo mp + Y mg
i1 i=kn+1 i=[en (Lnten)]+1
[kn(1n+€n)]
> mgy (k= [k (Ly+en))) . X g, 41
il 1
[kn(1n+€n)]

= > mgy +opl(en)

i=kp+1

IN

IN

and

(24)
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kn, [kn (1 n 7571) ] kn

mey <) met+ Y mg
i=kh 41 i=kh 41 i=[kn (1n—en)]+1
o
< S my+ K= [k (Ln = €0)]) 4 X Mo (1 —em)J+1)

i=[kn (1—en)+1

+ (k= [kn (1n = en)]) £ X (Mz 1) — MUk (1p—en)]41)) n
e

= Z my + op(cn)

i=[kn (1—en)+1

The last line in (23) follows from Chebychev’s inequality, ¢, kx> ™" ~ K, 1, =

(n/kn)P(my > c,) and Lemma 2.1 since my;, . q)/cn = 1 4+ Oy(1) and

1 &
<P (k??l@/ZL EZI (mt > Cn) —1n
t=1

> kk/2 o 5n>

n 2
<K xE (k}/?ﬂ{kLZ{I(mt > cn) — P (my >cn)}}> = o(1).
" t=1

Similarly, the last line in (24) is a consequence of

P(ky <kn(1—ey))
1 n
:P<— I(mt>cn)—1n§—5n>
Fon
t=1
<P (k}/?L ki S Omy > ) = P(my > )} = k}L/QLEn> —o(1)
n =1

hence
P ((m<k;+1> = [ (e D)) 4 2 0) = P (ky < kn (1 —en)) =o(1).

Step 2: We now prove the claim. Use (22)-(24), the triangular inequality and
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m([kn(ln-‘r&‘n)]‘f'l) S m(z) Vl S [kn(]-n + En)] + ]. tfo deduce

> {ing — Mg}
t=1
K kn
<1 D0 M = kM @re )| T D M)~ Rl (ke (1a-en) 1)
=kn+l i=k5+1
< (M) = M en(tnten))4) | + > (M) = Mk (10 —e0))41))

+ ko (In +€n) = [k (In + €n) ]| X Mo (1 +en)] 41)
+ |k (L — &0) — [kn (1 — &0)]| x MY (ke (1n —en)]+1) T Op(l)
= A, + B, +C,, + D, +0,(1),

say. We need only show {A,, Bn,Cn, Dn} = Op (cnkl,) for in..nitessimal . > 0 since
cnkl Jon < ekt /n'/? = o(1) under B2 and a continuity argument.

The proofs for A,, and B,, are identical so consider A,,. By two applications of
the triangular inequality

1 [kn(1n+5n”
cn Z (M) = My (L)1)
i=kp+1
< O (kpen) * <‘M _ 1| +‘m([kn(1n+sn)]+1) B 1D
— n-=n cn Cn .

since (n/kn)P(my > cq) — 1and (n/ky (L, + €.) Pmy > ¢,) ~ (L, + €2) 7 — 1,
Lemma 2.1 applies to equally to 7, 1) @and my(, (1,,+<,)))- T herefore

1 [kn(14en)]
| 2 (760 " M)
nEN =k, 1
< O (kl*l,g ) X <‘m(kn+1) _ 1| _|_ }m([kn(ln"!‘an)]‘f‘l) _ 1|)
- non cn cn

=0, (Snkvlz/2_L) = 0p(1),

hence A, = Oy (cnk),).
Finally, consider C,,, the proof for D,, being identical. Since truncation implies z
— [2] € ]0,1] for z > 0, use Lemma 2.1 to deduce

Cn kn (1n + gn) - [kn (177, + En)] ’ > m([k‘n(ln-{-&‘n)}-‘rl)

ekl ke, Cn

IN

F X <1+Op (1/14%/2)) = op(1).
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Proof of Theorem 2.3. Consistency 6, = 6o follows from Theorem 2.1 of Hill
and Renault (2008b) under A1-A2, provided Q(6y) = 0, @, (fy) = 0, @, (6p) = 0,(1)
and Qn(fo) = op(1). ldenti..cation E[m:(6o)] = 0 under B3 implies Qo(fo) = 0,
and martingale dizerence B3 and iterated expectations imply E[m,,;(60)] = 0 hence
Qn(GO) = 0. .

Finally, Q,(09) = op,(1) follows from ||Y,, — Yy|| < oo and [|Yy|| < oo under
A1l provided 1/nY i 17,4 (00) %, 0. The latter limit holds under Theorem 4.1 of
Hill and Renault (2008a) if their Assumptions A-D hold. Assumptions A-C hold
respectively under B1-B3, and Lemma 2.1 ensures Assumption D under B1, B3 and
B4.m

Proof of Theorem 2.4. The claim an/Q(én — 6o) 4N (0, Iy,) follows from Theo-

rem 2.4 of Hill and Renault (2008b) provided the following conditions hold®:
H1. ¥, is positive de..nite for each n, where 02/n% = o(1) and ||3;!]| = O(c,,?).

H2. Gn (o) exists on Uy o, liminf,>1||Gn|| >0, and [|6n — nol| = 0p(1/]|Gxl]).

H3. ||T,, — Y,|| & 0and ||T, — Y| — 0 for some sequence {Y,,} of determin-
istic, positive semi-de..nite matrices, with positive semi-de..nite limit Yo, 0 < ||Yo]]
< o0

H4. E[m,(0y)] = 0and E[m,(0y)] = 0 for a unique interior point 6, € ©.

HS5. H, is non-singular for each n, h, := infpey, , ||[H, (0) || > 0 uniformly in
. and [[H, | = O(h, ). Further minicicy Vs — o0, [V, ] = Ow,), [V |

— O(v;1), and ||V,/?| = O(uy).

H6. Let A, > 7, 11,,(60) LN N(0,1,) for all sequences of R?*¢-valued matrices
{An} satisfying A, %,A4;, — 1.

H7. For all {§,}, 0, — 0, that satisfy [|6, — 6o|| = Op(dn),

falmal®) - maloe) B im0} 1
A ] |

sup
6—0n.0l<6n

We verify the conditions in two groups:

H1-H5, H7: Condition H1 holds under B2 and the mds condition B3 since by
properties of the Euclidean norm and the Cauchy-Schwartz inequality o2 /n? =
| E [mn (60)mn(00)]]]/n < Kc2/n — 0; conditions H2 and H3 are Al and A3
respectively. Condition H4 holds under B3 while H5 holds under Al and A4. Fi-
nally, H7 is A5.

H6: The limit law A, Y~} | 1, 4(6p) 4 N(0,1,) is valid under Theorem 4.2 of Hill

*These are labeled dimerently than in Hill and Renault (2008b) to avoid confusion. Also, condition
H2 has been reduced from the original condition to simple su &¢cient conditions.
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and Renault (2008a) if their Assumptions A-D hold, which hold under B1-B4 and
Lemma 2.1. m

Proof of Theorems 2.5 and 2.6.  Using arguments similar to the proofs of
Theorem 2.2 and 2.3, Theorems 2.4 and 2.5 follow respectively from Theorem 2.4 of
Hill and Renault (2008a) and Theorem 2.8 of Hill and Renault (2008b). m

Proof of Lemma 4.1. We ..rst establish tail bounds for y; and € y:.

Step 1 (w): Since y; = > 20 ¥y i€~ With probability one, where |y, ;| < ERE

a.s., Write z; = Y72, 1, ;€;; and :cﬁN) =N, 1, ;€ —; for arbitrary N € N. Subad-

ditivity and Markov’s and Minkowski’s inequalities imply for some small . > 0
P(z¢>z) < P <‘wt - ng)‘ > :U/Q) +P (‘wEN)' > a:/2>

(V)

Kot gy — ay

IN

::i + P (‘xEN)‘ > x/Z)

< Ky —rtt |a1|(NH)(K7L) + P (‘xEN)‘ > x/2)

= o(z ") +P (‘wEN)‘ > 3:/2) :

as N — oo. It therefore su¢ces to bound P(\:vgN)\ > z). Now use subadditivity,
] < |ea|' and C2 to deduce

P(‘:L‘gN)‘ >:1:) < iP <|oz1|i|et_i| >:L‘/N> =0 (N”ibqi) Xz "
i=0

=0
Since N is arbitrary we can always .x N ~ z*/% such that KN® SN |aq|'z~" <
Kz, This proves P(|y| > y) = O(y" ™).

Step 2 (etyi—i): Under C2 and C3 P(let| > €) = O(e ") and P(let| > €|lyi—i) =
O(e=*) for any i > 1, and P(|y| > y) = O(y*~*) by Step 1 for tiny . > 0. Now use
Lemma A.1 to conclude

P(lei—i| >2) =0 (Z/R_m) .

Step 3 (m;(0) : GMM, QML): We prove the claim for GMM since QML is
similar. Since |mq4(0)| < |gy—1| and |mq ,(8)] = |gy—2|, tail bounds follows from
Step 2. Similarly, since [mq;(0)| < |&|y7 | + azle] x |y—1] the tail bound follows
from subadditivity and Steps 1 and 2. m

Proof of Lemma 4.2. In Steps 1-3 preliminary probability bounds for ¢u; 1, v,
ut, utui—1, and uzy: are established. Steps 4-5 then deliver the bound for all elements
Mgt (0o)-

Step 1 (erut-1): De.ne w; := efu? ;. By repeated substitution for any N € N

N-1  itl Nt1
_ ; 2 N 2 12 _ (N
we= By > B[]ty +8Y [[ oihin = wi™ + Ry
=0  j=0 =0
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say. Subadditivity, MarkoVv’s inequality, F|u;|* < oo and 51||et||bl/” <p € (0,1)imply
Pw,>z) < Ko '|Ryl+ P( w™ > 56/2)
= K'Y (Blaf*) e + P () > 2/2)
< Koo+ P(wfM >2/2) =0 (a7) + P (0" >a/2)

(V)

hence it su€ces to bound P(w, ’ > z/2) as x — oo. By subadditivity

i+1
P( w™ >z /2) ZP (mﬂ;ﬂetj > 2%/ [2N]) .

Since N — oo is otherwise arbitrary .x N ~ z'/273/(2%) The bounds P(|¢| > €) =
O(e™) = o(e ") and P(|e:| > €/St—1) = o(e ") under C2 and C3, E|e|"* < oo,
Lemma A.1, and S,||e,||}/* < p imply

i+1
P (5053 [T, >a/ [2N]) = O(N*) 2~ 02 = O (i)
j=0

hence P(w™ > 22/2) < O(XN p¥a~2) = O (x—b)

Step 2 (w): De.ne z¢ = 3 %%, a'us—; and xt 21—004 ut—;. Repeating the

proof of Lemma 4.1 it su¢ces to bound P(|xt | > x/2). Use subadditivity again to
get

(25)
N al a?

P(‘xg )‘ >x> < ZP (a et zht i N2)
i=0
al 23 2 z? 2i 2 z?

< Z Boa e 2N2 + P fra etlut21>2N2

i=0

where

P(ﬁoame? >z /[2]\72]) (N”\oz|m .

Fix N ~ g¢/ max{2x} sych that
N

ZP <,30042i6t2_, 2N2> — <Z |a’m NF —m) —0 <m—(m—L)) .

=0

For the remaining probability use Step 1 and N = z*/ m2x{2.s} to deduce

2 N
ZP (ﬁ o¥e} jup ;| > 2N2) < K) pitata'N' < Kz 'N'*
1=0

= 0 (xﬂJr(‘*ﬂ)/maX{?ﬁ}) —0 <xﬂ2/2> '

=
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Step 3 (uy, wu—g and wy,): The same logic used in Steps 1 and 2 sudces to
prove P(jus >u) = O(u™"), P(lugus—1| >u) = Ow™"*) and P(|luzys| > =) =O0(z ™).

Step 4 (m;(0) : GMM, QML): Consider GMM with a reduced weight set:

(0) = (yr — ayt—1) X yr—1
i B {(yt *ayt—1)2*50*61u,:2_1} X [LU?_J/

The following easily extends to more general weight structures, and QML is similar.

Consider m?,(60) = ufy? 1 = Bootyi1 + Boa€ui i If By, = 0 the result
is a special case of Lemma 4.1, so consider 5, ; > 0. Subadditivity, the tail bounds
C2 and C3, P(|ly| > y) =O(y~*) and P(|uy, > x) = O(z~*) for arbitrarily small 0
< 1t < k by Steps 2 and 3, and Lemma A.1 imply

P (Imig(0)l > x) < P(Bogeiyiy > 2°/2) + P (Boreiuiyi, > a?/2)
= 0 (BB,OE fft\Lx_L) +0 (56,1E |€t’L$_L) =0 (w_L) :
Since my 4(6y) = uf — B0 — B 1471, Subadditivity and Step 3 imply P(|ms (6|
> ) = O0(z™).
By the same reasoning since mg,(0o) = ufui | — By gui_; — By ui_; use subad-
ditivity and Step 3 to deduce P(|mg(fg)] > z) = O(z7*). m

Proof of Lemma 4.3. All arguments follow the same logic used above: repetitions
of subadditivity, the tail bound on ¢, and Lemma A.1 su¢ce to establish tail bounds
for each m;t(0o). ®

Proof of Lemma 4.5. Under the stated conditions E[ut(ao)ggl)(eo)\%t,l] =
9D (00) By |Si1] — f(w—1,00)) = 0 with probability one. Similarly, E[{u(aq) —
hi(o, Bo)} x g (60)|Si-1] = gi”(60) x hE(a0,B0) x {E[&|S-1] — 1} = 0 with
probability one given ;_;-measurability of gt”(eo) and hy(6p). m

Proof of Lemma 4.6. The proof in the QML case is essentially identical to the
proof of Lemma 4.5. m

Proof of Lemma 4.7. In thiscase m¢ (0) = sgn(e? — 1) x € x (0/00) nh? (o, B),
hence E[m;(6y)|S:_1] = 0 if and only if Ele?sgn(e? — 1)|Sy_1] = 0. Use E[e?|3y_4]
= [;° P(ef > u|St—1)du = 1 under C5 to deduce under C7

Eldsgn (6~ 1)[3i1] = B[ (1(&21) -1 <1)[3]
1
= /mP(e%>u|%t1) du—/ P (& >ulSi-1) du
1 0
1
= /mP(ef > u|St-1) du2/ P(et2 > ulSi-1) du
0

0

1
= 12/ P(eZ >ulS1) du=0.
0
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Therefore E[my;(6p)|S—1] =0.m

Proof of Lemma 4.8. Write h}(0,) := (0/06) InhZ (a, B) |g=g, SO that m;(6y) =
hi(09) x sgn(In€?), and notice sgn(ln€?) = I(€2 > 1) — I(e? < 1). Then E[m;(6y)|3;_1]
= hj(6o) x {P(e > 1S¢t-1) — P(e < 1|S¢-1)} = 0 with probability one under C6
and S;_;-measurability of 1 (6). m

Proof of Theorem 5.1. We claim argminéeD{Q(@n(é))} € D* asymptotically
with probability one such that 4 satis..es (20) as n — co. We prove the claim by
contradiction. Assume

(26) Jim P (argmingep {Q(@n(6))} € D/D*) >0,

In the symmetric case trimming is irrelevant: D/D* = &, a contradiction of (22).
Consider the asymmetric case.

HHHH

Appendix 2: Supporting Lemmata

LEMMA A.1 Consider two random variables y; and z; with tail bounds P(|y,| > vy)
= O(y~ ") and P(|z| > z) = O(z~"=). In particular P(|y| > y|z¢) = O(y~"¥)
and E|z|":~* < oo. Then P(|y;z| > ) = o(2~°) for some § < min{x,, &, }.

Proof. A variation on Breiman’s (1965) argument su€¢ces. Forany ¢ < min{x,, %}
trivially P(|y| > y|z) = O(y™¥) = o(y~?). By bounded convergence and E|z;|° <

00

P (lytzt] > x) = E [P (|lye| > x/zt]zt)] = o (x_6E\zt\6) =0 (:L‘_5> .
[
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