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Global Existence of Solutions to Multiple Speed Systems of
Quasilinear Wave Equations in Exterior Domains

Jason Metcalfe, Makoto Nakamura, and Christopher D. Sogge

(Communicated by the Editors)

Abstract. In this paper we prove global existence for certain multispeed Dirichlet-wave equa-
tions with quadratic nonlinearities outside of obstacles. We assume the natural null condition
for systems of quasilinear wave equations with multiple speeds. The null condition only puts
restrictions on the self-interactions of each wave family. We use the method of commuting
vector fields and weighted space-time L? estimates.
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1 Introduction

The goal of this paper is to prove global existence of solutions to quadratic quasilinear
Dirichlet-wave equations exterior to a class of compact obstacles. As in Metcalfe-
Sogge [22], the main condition that we require for our class of obstacles is exponen-
tial local energy decay (with a possible loss of regularity). Our result improves upon
the earlier one of Metcalfe-Sogge [22] by allowing a more general null condition
which only puts restrictions on the self-interaction of each wave family. The non-
relativistic system that we study serves as a simplified model for the equations of elas-
ticity. In Minkowski space, such equations were studied and shown to have global
solutions by Sideris-Tu [29], Agemi-Yokoyama [1], and Kubota-Yokoyama [18].

The null condition we use here is the natural one for systems of quasilinear wave
equations with multiple speeds. Following an observation of John and Shatah, this
null condition is equivalent to the requirement that no plane wave solution of the
system is genuinely nonlinear (see John [11], p. 23 for the single-speed case and
Agemi and Yokoyama [1] for the multi-speed case). In order to allow the more gen-
eral null condition, instead of just exploring a coupling between a low order dis-
persive estimate and higher order energy estimates as in Metcalfe-Sogge [22], we must
first develop a low order energy estimate and couple this with a low order pointwise
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estimate on the gradient and higher order energy estimates. Thus, our approach is a
blend of the ones using pointwise estimates based on fundamental solutions (see e.g.,
[12], [14], [18], [22], [32], [33]) and ones using more refined L? energy estimates for
lower order terms (see, e.g. [5], [27], [28], [29]). As in the approach first developed in
[13] weighted space-time L? estimates for lower order terms will also play a key role
in our arguments.

We will be using an exterior domain analog of Klainerman’s commuting vector fields
method [16]. Here, we have to restrict to the collection of vector fields that are “ad-
missible” for boundary value problems, {Z, L}, where Z denotes the generators of
the spatial rotations and space-time translations

(1.1)  Z={0;,xj0k —x0;,0 <i<3,1<j<k<3}
and L is the scaling vector field

(1.2) L =1d,+ro,.

Here and in what follows, r = |x|, and we will write
(1.3)  Qy=xi0,—x;0;, 1<i<j<3.

The generators of the hyperbolic rotations, x;0, + ¢0;, have an associated speed and
the coefficients are unbounded on the boundary of the obstacle, and thus, they do not
seem appropriate for the problem in question.

In Minkowski space, since [(07 — A),Z] =0 and [(8? — A), L] = 2(0? — A), we see
that Z and L preserve the equation (07 — A)u = 0. This is no longer the case in the
exterior domain since the Dirichlet boundary condition is not preserved. For the
vector fields Z, since their coefficients remain small in a neighborhood of our com-
pact obstacle, this is fairly easy to get around. On the other hand, since the coeffi-
cients of L are large near the obstacle as t — oo, we must stick to estimates that re-
quire relatively few of the scaling vector field.

As in [13], [14], we will use weighted L?L? estimates where the weight is just a nega-
tive power of {x» = {r> = /1 + r2. These estimates are useful for handling the lower
order terms that arise in the study of such boundary value problems. They permit us
to use pointwise estimates for linear, inhomogeneous wave equations with O(<x>*1)
decay rather than the more standard O(¢~!) decay which is more difficult to prove in
the obstacle setting. Additionally, such estimates allow us, as in [22], to handle the
boundary terms that arise in the energy estimates if the obstacle is no longer assumed
to be star-shaped. Here we exploit the fact that we are studying equations with qua-
dratic nonlinearities.

Additionally, we will be developing exterior domain analogs of a class of weighted
Sobolev estimates. The weights here will involve powers of r and {z — r). Specifically,
we will be looking at estimates of Klainerman-Sideris [17] and Hidano-Yokoyama
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[6]. We would additionally like to mention the works of Hidano [5], Kubota-
Yokoyama [18], Sideris [27, 28], and Sideris-Tu [29] where similar estimates were
used for the boundaryless case.

At this point, we wish to describe our assumptions on our obstacles .# < IR®. We
shall assume that #" is smooth and compact, but not necessarily connected. By scal-
ing, without loss of generality, we may assume

H c{xeR®:|x| <1}

throughout. The only additional assumption states that there is exponential local
energy decay with a possible loss of regularity. That is, if u is a solution to Ou =0
with Cauchy data u(0, x), d,u(0, x) supported in |x| < 4, then there must be constants
¢, C > 0 so that

1/2
(1.4) ( J Iu'(t,X)|2dX) < Cem 37 ||ogu'(0, )],

{xeR3\#:|x|<4} o<1

Here, and throughout, we are taking d =V,  to be the space-time gradient.

We note that we do not require exponential decay; in fact, O((1 + ¢)~'°) may be suf-
ficient with a tighter argument. For simplicity, we will assume (1.4). Currently, the
authors are not aware of any 3-dimensional example that involves polynomial decay,
but does not have exponential decay.

Notice that if the obstacle is assumed to be nontrapping, then a stronger version of
(1.4) holds where o = 0 on the right side (see, e.g., Morawetz-Ralston-Strauss [24]). If
there are trapped rays, it was shown by Ralston [25] that (1.4) could not hold without
a loss of regularity /# > 0 in the right side. We will assume throughout that / = 1.
This can be done without loss of generality since if # > 1, interpolation with the stan-
dard energy inequality will yield (1.4) (with a different constant c¢). In fact, we could
take £ = 0 for any ¢ > 0.

Ikawa [9], [10] showed that there was such exponential decay of local energy for
certain finite unions of smooth, convex obstacles with a loss / = 7. In particular,
using Ikawa’s result, we have (1.4) for two disjoint convex obstacles or any number
of sufficiently separated balls.

For such smooth, compact obstacles # < IR? satisfying (1.4), we shall consider qua-
dratic, quasilinear systems of the form

ou = Q(du,d*u), (t,x) e R, x R\
(1.5) u(t, oy =0
M(O, ) = fa 5,1/[(0, ) =d-

Here
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(1.6) 0= (0¢,0c,---50c)
is a vector-valued multiple speed d’Alembertian with

O, = 07 — c2A.

We will assume that the wave speeds ¢; are positive and distinct. This situation is
referred to as the nonrelativistic case. Straightforward modifications of the argument
give the more general case where the various components are allowed to have the
same speed. Also, A = 0] 4 0; + 03 is the standard Laplacian. Additionally, when
convenient, we will allow xy = ¢ and 0y = 0.

We shall assume that Q(du, d*u) is of the form

(1.7)  Q'(du,d*u) = B'(du)+ Y. B ouXoom’, 1<I<D
0<j k<3
1<J,K<D

where B(du) is a quadratic form in the gradient of u and BII(J_ ’ljk are real constants
satisfying the symmetry conditions '

18 B =Bl B

To obtain global existence, we shall also require that the equations satisfy the fol-
lowing null condition which only involves the self-interactions of each wave family.
That is, we require that

2
(1.9) > BYYREEE =0 whenever 5—3 —g-ag-8=0, J=1,...,D.
0<j,k,i<3 cy

To describe the null condition for the lower order terms, we expand

y
Bl(au)= Y a4l ou’ ok,
1<J.K<D
0<jk<3

We then require that each component satisfies the similar null condition

2
(1.10) 0<Zk<3AjJ’-’kfjfk =0 whenever %— 512 — fg — §§ =0, J=1,...,D.
<j k< 7

In order to solve (1.5) we must also assume that the data satisfies the relevant com-
patibility conditions. Since these are well-known (see, e.g., [12]), we shall only de-
scribe them briefly. To do so we first let Jiu = {07u : 0 < |«| < k} denote the collec-
tion of all spatial derivatives of u of order up to k. Then if m is fixed and if u is a
formal H™ solution of (1.5), we can write 0u(0,-) = Y, (Jif, Ji_19), 0 < k < m, for
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certain compatibility functions ¥, which depend on the nonlinear term Q as well as
Jif and Jx_1g. Having done this, the compatibility condition for (1.5) with (f,g) €
H™ x H™! is just the requirement that the vy, vanish on 0.#" when 0 < k <m — 1.
Additionally, we shall say that (f,g) € C* satisfy the compatibility conditions to
infinite order if this condition holds for all m.

We can now state our main result:

Theorem 1.1. Let 4~ be a fixed compact obstacle with smooth boundary that satisfies
(1.4). Assume that Q(du, d*u) and 0 are as above and that (f,g) € C*(R3\.X") satisfy
the compatibility conditions to infinite order. Then there is a constant gy > 0, and an
integer N > 0 so that for all ¢ < &, if

(L11) 3 IKoMaifl, + 3 ool <e

lo| <N Jo] <N-1
then (1.5) has a unique solution u e C* ([0, 00) x R3\.#").

This paper is organized as follows. In the next section, we will recall some energy
estimates from [22]. In §3, we will gather the pointwise estimates that we will require.
In §4, we will collect some Sobolev-type estimates. Included are some bounds on the
null forms which are exterior domain analogs of those from [29] and [32]. Finally, in
§5, we will use these estimates to prove the global existence theorem via a continuity
argument.

2 L? Estimates

In this section, we will recall some estimates of [22] related to the energy inequality.
Unless stated otherwise, the proofs of the following results can be found in [22]. Spe-
cifically, we will be concerned with solutions u € C* (R, x R¥\.#") of the Dirichlet-
wave equation

Ou=F
2.1) Sul,, =0
u|t:0 = fa aIu|t:0 =49

where

D 3 .
(B0 = (@ — i’ + £ 3 M gdu’, 121D,
J=1j,k=0

I, jk

We shall assume that the y satisfy the symmetry conditions

(2.2)  pHIk = Lk — 1K
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as well as the size condition

D 3 '
23) X X Il <6

1,0=1, k=0

for ¢ sufficiently small (depending on the wave speeds). The energy estimate will
involve bounds for the gradient of the perturbation terms

D 3

[VAUD] P Z Z 10y (2, )l

—1,k,1=0

and the energy form associated with 00, eo(u) = 3.7, e (u), where

(24)  el(w) = (@) + z 2o )?

D 3
2 Z Z yU’OkaouI@kuJ _
J=1k=0

uMb

3 .
> yU’/kajulakuJ.
k=0

S

1j,

The most basic estimate will lead to a bound for

M .
Ewl0) = Enl)(0) = | 3 0(0/u) 1, ) .
J=0
Lemma 2.1. Fix M =0,1,2,..., and assume that the perturbation terms y*-/* are as

above. Suppose also that u e C* solves (2.1) and for every t, u(t,x) =0 for large x.
Then there is an absolute constant C so that

M .
(2.5)  QE (1) < CXllm,dfu(t, )l + Clly' (6, )|, Erf (1)

Jj=0

Before stating the next result, let us introduce some notation. If P = P(¢,x, D,, D,) is
a differential operator, we shall let

[PyMoou= Y [P, y™ ¥ o0,]u’|.

In order to generalize the above energy estimate to include the more general vector
fields L, Z, we will need to use a variant of the scaling vector field L. We fix a bump
function 7 € C*(R?) with 5(x) = 0 for x € # and 5(x) =1 for |x| > 1. Then, set
L = 5(x)rd, + t0,. Using this variant of the scaling vector field and an elliptic regu-
larity argument, one can establish
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Proposition 2.2. Suppose that the constant in (2.3) is small. Suppose further that

(2.6)  [IY'(1,)]l <0/(1+1),

and
(2.7) > (L ] ou(s, ), + (IL"0], y¥ xerlu(z, )]l,)
J+u<No+vo
H=Vo
6 FH ] /
<— 2 L5y + Higmo(0),

Lt 2 i <Moo
H=Vo

where Ny and vy are fixed. Then

(2.8) > I (),

Jot| 41 < No+vo
K=V

<C > [[L*0"ou(t,)|l
lot|+u < No+vo—1
H=Vo

+C1+0" S (feo(L"d]u)(0,x) dx)"?
/l+jS<N0+10
H=Vo

t t
seua(f T et lhds+ [ o))
0 |o|-+u < No+vp—1 0
n<vp—1

t

Ao 1
+C(1+1) J > [L¥0"u' (s, ')HL2(|x|<l) ds,
0 Jo|+p < No+vo
ﬂSl’o—l

where the constants C and A are absolute constants.

In practice H,, y, () will involve weighted L2 norms of |L#0*u'|* with y + |«| much
smaller than Ny + vo, and so the integral involving H,, y, can be dealt with using an
inductive argument and weighted L?L?2 estimates that will be presented at the end of
this section.

In proving our existence results for (1.5), the key step will be to obtain a priori L2-
estimates involving L*Z*u’. Begin by setting

(2.9) YNO’VO(I):J Y eo(LZu)(1, x) dx.
|ot\+/1iN0+v0
H=Vo
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We, then, have the following proposition which shows how the L#Z*u’ estimates can
be obtained from the ones involving L#3%u’.

Proposition 2.3. Suppose that the constant 6 in (2.3) is small and that (2.6) holds. Then,

(210) 0¥y <CY S 3L Zu(t, ), + ClY' ()
Joe| 42 < No+vo
H=Vo

| 0 YN(Jy Vo

o 2
+C > IL#0%u' (s, )| 22(xj<1)-
o] +1 < No+vo+1
M=o

As in [13] and [14] we shall also require some weighted L2L2 estimates. They will be
used, for example, to control the local L? norms such as the last term in (2.10). For
convenience, for the remainder of this section, allow O = 6,2 — A to denote the unit
speed d’Alembertian. The transition from the following estimates to those involving
(1.6) is straightforward. Also, allow

Sr={[0,T] x R*\ ¥}

to denote the time strip of height 7" in R, x R*\.%7".

We, then, have the following proposition.

Proposition 2.4. Fix Ny and vy. Suppose that " satisfies the local exponential energy
decay (1.4). Suppose further that u e C* solves (2.1) and u(t,x) =0 for t <0. Then
there is a constant C = Cy, v, x S0 that if u vanishes for large x at every fixed t

(2.11) <log<2+T>>*/2‘ W;N ) 1<y~ L 0" | s,
o < No V()
H=Vo

T
sc| ¥ eLrdus st €S Bl
0 Jo|4+u< No+vo+1 Jot| 41 < No+vo
K=V M=V

and

(212) (log2+T)™"* X OTVPLEZ | s,
ot +p < No+vo
H=Vo

T
sc| v Bz lhdst €S B2,
0 Jo|+u<Not+vo+1 Jot[+p < No+vo
H<V M=V
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To be able to handle the last term in (2.8), we shall need the following.

Lemma 2.5. Suppose that (1.4) holds, and suppose that u € C* solves (2.1) and satisfies
u(t,x) =0 for t < 0. Then, for fixed Ny and vy and t > 2,

t
(2.13) > J IL#0%u (s, )| 2(n<2) s

Jot|++u < No+vo J O
H=Vo

t /s
= C Z J (IHL'uaaDM(T,')”Lz(Xl(S.[)|<10) dT) dS.
|ot| 4+ < No+vo+1J0 \O
M=o

3 Pointwise Estimates

Here we will estimate solutions of the scalar inhomogeneous wave equation

(02 — Ayw(t,x) = F(t,x), (t,x) e R, x R3\A
(3.1) w(t,)ox =0
w(t,x) =0, t<0.

If we assume, as before, that #" = {x e R : |x| < 1} and that #" satisfies (1.4), then
we have the following result whose proof can be found in Metcalfe-Sogge [22].

Theorem 3.1. Let w be a solution to (3.1), and suppose that the local energy decay
bounds (1.4) hold for A . Then,

d dyd.
(32) (414 L' Z4w(1x)]| < cj j S |LAZPRGs, )| 2B
0 JR\A gl lo 4047 [yl

n<v+l1

t
+cj S LR F(s, ey e .
0 |B|+pu<of+v+4
u<v+l

Here and throughout {|y| < 2} is understood to mean {y e R*\.% : |y| < 2}.

Additionally, we can prove the following improved pointwise bound for the gradient
of the solution w. In this modified result, we are able to bring the gradient inside the
main term (the first term) on the right side.

Theorem 3.2. Let w be a solution to (3.1), and suppose that the local energy decay
bounds (1.4) hold for A". Suppose further that F(t,x) =0 when |x| > 10t. Then, if
|x| < t/10 and t > 1,
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(3.3) (1 +¢+|x|)|L"Z*w (¢, x)|

t

dy ds

<cC j
u+ B < vu+3 J1/100 |yl

n<v+1

LRW A2 (5, )|

+Csup (I4+s5) > [[L“ZPF(s, )|l

0<s<t |Bl+u<|o|+v+4
u=<v

S

dy dr

IL"ZPF (1, )]
|yl

+ C sup (1+3)

J Justfrnslo
0=t Bl+us o7 0 151<(600+7)/2

dy dr
vl

vesp oy [ LA ZPF(z, )
0<s<t |Bl4+-u<|oa|+v+8 Js/100 J|y| > (147)/10
n<v+l1

The remainder of this section will be dedicated to the proof of (3.3).

The Minkowski space estimate we shall use says that if wy is a solution to the
inhomogeneous wave equation

(3.4) {(5;2 — Mwo(t,x) = G(t,x), (t,x) e R, x R
' wo(0, x) = dwp(0,x) =0,

and if G(s, y) = 0 when |y| > 10s, then

(3.5) (14 OIL"Z*wo(1, x)]

! dyd.
gcj J S L ZPG (s, )| x| < ¢/10.
1/100 JR® |B|+p < || +v+3 ||
pn<v+1

By using sharp Huygens principle, this follows from inequality (2.3) in [14] and the
fact that [0> — A, Z] = 0 and [0? — A, L] = 2(8? — A).

Recall that we are assuming that #" < {x € R® : |x| < 1}. With this in mind, the first
step is to see that (3.5) yields for |x| < #/10

t

dyds
|71

66 (+orzweoi<c| | LAZPF (s, )
/100 JR3N\ A" |+ < |o]+v+3

n<v+l1

+C sup (145 S5 [L*PW(s, p)l.
ly|<2,0<s<t Bl+u<|x+v+1
u=<v
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The proof is exactly like that of Lemma 4.2 in [14].

As a result of (3.6), we would be done if we could show that

37 sup (1+s) X LW (5, 1oy

0<s<t Bl+p<o)+v+1
U=V

is controlled by the right side of (3.3).

To prove this, we shall need the following

Lemma 3.3. Suppose that w is as above. Suppose further that (8,2 —Aw(s,y) =
F(s,y) =01if|y| > 10. Then,

(3.8)  (1+1) sup|L"0*W'(t,x)] < C sup > (14 5)||[L*“0PF(s,-)]l,.

|x|<2 0<s<t |Bl+u<v+|of+3
U=V

Proof of Lemma 3.3. By Sobolev estimates, the left side of (3.8) is dominated by

(40 S LW () 2 s)-
1Bl+u sl+\a|+2
u<v

By exponential energy decay and elliptic regularity (see Lemma 2.8 in [22]), there
must be a constant ¢ > 0 so that this is controlled by

(L+1) X |ILA°F(.)l,

|Bl+p<v+|o|+1
U=V

t
+(1+Z)Je_c<’_5) S ILPOPE(s, )|, ds
0 |Bl+p<v+]o|+3
U=V

<Csup (L+s) 3 [[L4OPF(s,-)ll,

0<s<t |l +u<v+|ol+3
U=V

as desired. |
We also need an estimate for solutions whose forcing terms vanish near the obstacle.
Suppose that w is as above, but now assume that (02 — A)w(s, y) = F(s, y) = 0 when
|¥| < 5. Then, write

w=wy+ w,

where wy solves the boundaryless wave equation (07 — A)wy = F with zero initial
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data. Fix n € C(IR?) satisfying #(x) = 1 for |x| < 2 and #(x) = 0 for |x| > 3. If we
set w = nwy + w,, then since #F = 0, w solves the Dirichlet-wave equation

(02 = AW = G = =2V, - Vowg — (An)wo

with zero initial data. This forcing term vanishes unless 2 < |x| < 3. In this case, by
Lemma 3.3,

1+ X sup [LAoPw' (,x)| = (1+0) 3 sup |L"0%w' (1, x)|

[Bl+u< o] +v+1 |x[<2 Bl+u< el +v+1 |x]<2
U=V U=V

< C sup > (L)L " Gls, )l

O<s<t |Bl+u<lol+v+4
U=V

< C sup > (14 5)||L“0Pwy (s, M e <ixi<3)-
0<s<t |Bl4u<|a|+v+5
U<y

Thus, if we could show the following lemma, we would have that the (3.7) is bounded
by the right side of (3.3), which would complete the proof of Theorem 3.2.

Lemma 3.4. Suppose that v is a solution to the free wave equation (6,2 —Aw =G and
that v has vanishing Cauchy data. Suppose further that G(t,x) =0 when |x| > 10¢.
Then,

! ) dy ds
69) s b0l < CX || 006605
2<|x[<3 <2005 600442 y
c ‘ dy d
ol 102G(s, )| D8
L4200 <3 Ji7100 1= (149)/10 |yl

u<l

Proof of Lemma 3.4. This lemma is a consequence of the estimate

1 t prti—s
(3.10)  |x||v(t,x)] < —J J sup |G(s, p0)|p dp ds,
0 JJr—(t—s)| [0]=1

where r = |x|. See, e.g., (2.4) in [14].

We begin by choosing a cutoff function p(x) satisfying p(x) =1 for |x| < 1/10
and p(x)=0 for |x|>1/2. Set Gi(t,x) =p(x/(14+1)G(t,x) and G»(t,x) =
(1 —p(x/(1+1)))G(t,x), and for j=1,2, let v; solve the inhomogeneous wave
equation (87 — A)v; = G; with zero initial data. Then, v = v; + v,. Using (3.10) and
the Sobolev estimate on the sphere, we have for 2 < |x| < 3
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! dy ds
o1(1,3)] < C J J Q%G (s, y)| 2B
w=2do - s)<10 |yl
! " dy ds
SCZ (1—s 10|Q‘G(S7y)|—'
=2 Jo JIPI-(=9)l< |yl
=200 <t
By (3.5), if 2 < |x| < 3 and 7 > 10]x],
C ! dy ds
R A ol W [PEAAERIIE o
\x|+ﬂ<3 t/100 | |
u<l
C ! dyd.
< x| L2765, y)| 2L
L+t 50<3 Ji100 3= (14910 Iyl
u<l

Since v = v; + v, these two estimates yield (3.9) when ¢ > 10|x|. The proof of the
estimate for v; shows that for 0 < 7 < 10|x| the left side of (3.9) is dominated by the
first term in the right. Ol

4 Estimates Related to the Null Condition and Sobolev-type Estimates

The first result of this section concerns bounds for the null forms. They must involve
the weight <{c;t — r) since we are not using the generators of Lorentz rotations. The
estimates will involve the admissible homogeneous vector fields that we are using
{I'} ={Z, L}. The proof of these estimates can be found in Sideris-Tu [29] and Sogge
[32].

Lemma 4.1. Suppose that the quasilinear null condition (1.9) holds. Then,

(4.1 S B ouo o
osj,k,1<3
-1 2 <CJf 2
< C<&ry” (|Tu| |07v] + |0u| |0Tv|) + C \5 [10v].
ity >
Also, if the semilinear null condition (1.10) holds
<C]t

(4.2) S Ay oude| < YN (|Tu| [ov] + |ou| [To]) + C

oul |ov
0<j, k<3 K+ > ‘ 164l

We shall also need the following Sobolev-type estimate. The first is an exterior do-
main analog of results of Klainerman-Sideris [17].
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Lemma 4.2. Suppose that u(t,x) e C (R x R3\X") vanishes for x e 0A4". Then if
loo| = M and v are fixed

(43)  ||Kt —r>L"Z*%u(t, )|,

<C ¥ Lz (e
|Bl+u< M+v+1
n<v+1

+C X e+ LA ZP 0] = Ault,-)
\ﬁH#EM‘H‘
n<v

+ C(L+0) L' (1 )| 12 (<2 -

U=V
Proof of Lemma 4.2. The first step is to show that

@4) G =nLZPu ), <C X (IL 2P (1),
Bl M+v+1
n<v+1

+C X LA ZH 0] - Au(t, )|
|BlHu<M+vy
U=V

+C(1+71) > ||L”56u(l, ')||L2(\x|<3/2)
[Bl4u< MA+v+2
u<v

If one replaces the left side by the analogous expression with the norm taken over
|x| < 3/2 then this term is dominated by the last term in (4.4) due to the fact that the
coefficients of Z are bounded when |x| < 3/2.

To handle the part where |x| > 3/2 we shall use the following Minkowski space
estimate

45) Kt =rLZ*h(t, ) 2wy

<C X ILZH () pwy
Bl < o +v+1
u<v+l

+C Y e+ rLPZPEF = M) 2w
\ﬂHﬁi\Vqu

which is valid for /e C(IR x IR®). This estimate follows from (2.10) and Lemma
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3.1 of Klainerman and Sideris [17] if one uses the fact that [(67 — A),Z] = 0 and
(07 = A), L] = 2(0, = A).

To use this, choose 7€ C(IR?) so that #(x) =0 for |x| <1 and #(x) =1 for
|x| > 3/2. Then if we let h(t, x) = n(x)u(t, x), we have

(07 — A)h = n(x) (8] — A)u — 2V, - Ve — (An)u.
Therefore since the last two terms are supported in |x| < 3/2, (4.5) yields

<t = ryL"Z*0u(1, Meaus32) < IKE= rL"Z*0%h(t, M)

<C ¥ L2ty
|BlHu<M+v+1
n<v+l1

+C X e+ Lz 0] - Au(t, )|
[Bl+u<M+v
U=V

+C+1) S |L*Pu(, Mr2xi<3/2)
|Bl4+u< M+v+1
p<v

which completes the proof of (4.4).

In view of this inequality, to finish the proof of the lemma we need to show that if
1 < R <2 then

46) (1+0 > L ult, )
|Bl+u< M+v+2
u<v

is controlled by the right hand side of (4.3). However, if 1 < R < Ry < 2, by elliptic
regularity this term is dominated by

(1+l)( > ||LﬂaﬂAu(t7')||L2(|x\<R0)+ > ||Lﬂaﬁalu/(t7')||L3(\x\<R)

|BlHu<M+v |BlHu<M+v
U=V U=V
fS s eny )
[BlHu<(M—1)+v+2
U=V

Since Lemma 2.3 from [17] yields
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(- r>< S |LRPAu + Y |L"6ﬂ5tu’|>
Bl+u< M+v Bl+u< M+v
n<v n=<v

<C X |LZP| 4+ Cltry Y [LAZP@F - A,
|Bl+p<M+v+1 |Bl+p< M+
pn<v+1 n<y

the preceding inequality and an induction argument imply that (4.6) is dominated by
the right hand side of (4.3) plus

(11 3 L7 u(t, ) ai<sos

Bl<1,u<v

where R can be taken to satisfy 3/2 < R < 2. Since ¢/u vanishes on 0.#" one can use a
similar induction argument to see that this is also dominated by the right hand side of
(4.3) plus

(L+0) Y NL*Vau(t, )| 2 n<ry)s

U=y
where R < R; < 2, which finishes the proof. O

The next lemma is an exterior domain analog of an estimate of Hidano-Yokoyama

[6].
Lemma 4.3. Suppose that u(t,x) € C (R x R\ ") vanishes for x € 04". Then
4.7) 2 =)ol Z%u(t, x)|

<C ¥ Lz ()],
Bl+u<]of+v+2
n<v+l1

+C Y KoL ZPE7 = Az, ),

[Bl+u<|ol+v+1
u=v
+ C(L+0) 2 NL ' (8 ) e (<2 -
u=v

Proof of Lemma 4.3. Inequality (4.2) of Hidano-Yokoyama [6] implies that in Min-
kowski space

(4.8) 24 —r)|OL" Z%h(t, x)|

<C X (2P0, + Kt = L ZP (1, ) ).
|Bl+u<ol+v+1
17594
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If we choose 77 € C°(IR?) so that 5(x) = 0 for |x| < 1 and 5(x) = 1 for |x| > 5/4, and
let A(z, x) = n(x)u(t, x), then we conclude that when |x| > 5/4,

P24t — 1Y OL" Z%u(t, x)|

<C X (L2 + 1< = L ZPult,-)||,)
\ﬁH/tSLocHHl
Uy

+C(+0) Y L u(t, ) <3y
Bl STl +r43
U=V

By the Sobolev inequality, over |x| < 5/4 the left side of (4.7) is bounded by a similar
inequality involving only the last term on the right.

If we use (4.3), we see that the second term in the right is dominated by the right side
of (4.7). If we repeat the last part of the proof of Lemma 4.2, we conclude that the
same is true for the last term in the preceding inequality. O

Finally, we will need the following now standard consequence of the Sobolev lemma
(see [16]).

Lemma 4.4. Suppose that h € C*(R®). Then, for R > 2,

-1
72l L (Rej<rs1y) < CR | ‘% 2”Qaafhlle(R71<\x\<R+2)'
al+|p| <

5 Global Existence and the Continuity Argument

In this section, we will prove the main result, Theorem 1.1. We shall take N = 101 in
its smallness hypothesis (1.11), but this is certainly not optimal.

To prove our global existence theorem, we shall need a standard local existence the-
orem.

Theorem 5.1. Suppose that f and g are as in Theorem 1.1 with N > 6 in (1.11). Then
there is a T > 0 so that the initial value problem (1.5) with this initial data has a C*
solution satisfying

ue L*([0, T]; HN(R3\ ")) n C%1([0, T]; HN ' (R3\ 1)).

The supremum of such T is equal to the supremum of all T such that the initial value
problem has a C? solution with 6*u bounded for |a| < 2. Also, one can take T > 2 if
W f Ny + gl w1 is sufficiently small.

This essentially follows from the local existence results Theorem 9.4 and Lemma 9.6
in [12]. The latter were only stated for diagonal single-speed systems; however, since



150 J. Metcalfe, M. Nakamura, C. D. Sogge

the proof relied only on energy estimates, it extends to the multi-speed non-diagonal
case if the symmetry assumptions (1.8) are satisfied.

Next, as in [14], in order to avoid dealing with compatibility conditions for the Cau-
chy data, it is convenient to reduce the Cauchy problem (1.5) to an equivalent equa-
tion with a nonlinear driving force but vanishing Cauchy data. We will then set up
a continuity argument that utilizes the results of the previous three sections to show
global existence and prove Theorem 1.1.

Recall that our smallness condition on the data is

(5.1) > ||<x>‘a‘0§f”L2(R3\,/‘)+ > H<x>l+‘a‘6§g||u(m3\mﬁg-
lo] <101 o] <100

To make the reduction to an equation with vanishing initial data, we will begin by
noting that if the data satisfies (5.1) for ¢ sufficiently small, then we can find a solu-
tion u to (1.5) on a set of the form 0 < ¢t < |x| where ¢ = 5max; ¢/, and this solution
satisfies

(5'2) sup Z ||<x>‘a|a“u(t7 ')|‘L2(R3\W:\x|>ct) < Cog,

O<r<oo |af <101

for an absolute constant Cy.

To prove this, we shall repeat the argument of Keel-Smith-Sogge [14]. By scaling in ¢,
we may assume without loss that max; ¢; = 1/2. Theorem 5.1 yields a solution u to
(1.5) on the set 0 < ¢ < 2 which satisfies (5.2). We wish to show that this solution
extends to the set 0 < ¢z < |x|. To do so, let R >4 and consider data (fg,gr) sup-
ported in the set R/4 < |x| < 4R which agrees with the data (f,g) on the set R/2 <
|x| < 2R. Let ug(t, x) satisfy the free wave equation

Oug = Q(duR, RildzuR)

with Cauchy data (fr(R-), Rgr(R-)). The solution ug then exists for 0 < # < 1 by
standard local existence theory (see, e.g., [7] and [31]) and satisfies

sup [[ur(t, )| o ro)
0<ir<1

< CUSRR) o ey + Rllgr(R) [ rioo )

— a ’\x ! R L3(]R3) X * R L2(1R3) .
< CRP( Y (RO zl +R > |I(R0x) grll
o <101 || <100

The smallness condition on |uy| implies that the wave speeds for the quasilinear
equation are bounded above by 1. A domain of dependence argument shows that the
solutions ug(R™'¢, R™'x) restricted to | |x| — R| < £ — 7 agree on their overlaps, and



Global existence for wave equations with multiple speeds 151
also with the local solution, yielding a solution to (1.5) on the set {IR¥\.#": 2¢ < |x|}.
An argument using a partition of unity now yields (5.2).

We are now ready to set up the continuity argument. We will use the local solution u
to allow us to restrict to the case where the Cauchy data vanish. Fix a cutoff function
x € C*(R) satisfying x(s) = 1if s <5 and y(s) = 0 if s > L. Set

-1
uo(t,X) :’7<t>x)u<t7x>7 W(f»x) :%(|x| t)'

Assuming as we may that 0 € #°, we have that |x| is bounded below on the comple-
ment of " and the function #(z, x) is smooth and homogeneous of degree 0 in (z, x).
Additionally,

Ouo = nQ(du, d*u) + O, yu.
Thus, u solves Ou = Q(du, d*u) for 0 < ¢ < T if and only if w = u — uy solves

ow = (1 = 1) Q(du, %) — [0, 7l
(5.3) Woy =0

w(t,x)=0, <0
forO0<t<T.

A key step in proving that (5.3) admits a global solution is to prove uniform energy
and dispersive estimates for w on the interval of existence. First note that since
uy = nu, by (5.2) and Lemma 4.4, there is an absolute constant C; so that

(54) (A+t+x]) > |L*Z%u(t,x)|
pA-lo <99

+ Y KLz o ug (1, )|, < Cre.
p-lol+[B] < 101

Furthermore, if we let v be the solution of the linear equation

then we will show that (5.2) and Theorem 3.1 imply that there is an absolute constant
C, so that

(5:6) (I+e+ix) > [LUZ%(,x)[+ 3 L*Z%'(1,)], < Coe.
pit-|o <92 pA+-|o <90

Indeed, by (3.2), the first term on the left side of (5.6) is bounded by
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! dx ds
j j S L2 ([0, rju) (5, %))
0 JIx|>es e <99 | x|

t
L R S N D PR
0 pt|2) <96
which by the Schwarz inequality is bounded by
S sup K PLAZ(E, nluls, )| oo i<y
Lo <99 /=0 0<cs<2/t!

Since this is dominated by

sup Y0 (K LAZ [, nlu(t, )|,

0<t<o0 pi4|o| <99

one gets that the first term on the left side of (5.6) is O(e) from (5.2) and the homo-
geneity of #.

For the second term on the left side of (5.6), if we argue as in the proof of (2.5) (except
now for the linear wave equation), we see that

& ¥ Lz
p+|o <90

sc( 5 wzvean)( T pzie,)

pA+-lo <90 pA+-|o| <90

+C >

J|o <90

[ 6oL*Z%v(t,-)VLFZ*u(t,-) - ndo
on

)

where 7 is the outward normal at a given point on 0.#". Since #" < {|x| < 1}, it fol-
lows that

& Iz (1)l
pA+-|o <90

<c( s wzvean)( T jpzied),)

pit-o <90 s+ <90

+ cj |L“Z%0'(t, )| dx.
{xe RN\ A :[x|<1} pt]o| <91

Thus, since Ou(s, y) = —[O, n]u(s, y), it follows that
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t 2
> ||L”Z°‘v'<z,~>|§s0(f > ||Lf‘Z°‘<[u,mu)(s,y)nzds)

pA+lo| <90 0 p+]o <90

t

2

+cj S EAZ0 (5, ) 2y, .
0 p4|o| <91

The first term on the right is O(¢) by (5.2). Using the bound for the first term in
the left of (5.6), it follows that the second term on the right of (5.7) is also O(e) as
desired.

Using this, we are now ready to set up the continuity argument. If ¢ > 0 is as above,
we shall assume that we have a solution of our equation (1.5) for 0 < # < T such that
we have the following estimates

(53) S Lz (1) < Ao
o +v<52
v<2
(5.9) (1+1+71) > |Z%W (t,x)] < A1
o] <40

(5100 (1+t4+r) 3 |[L"Z%w—0)(t,x)| < Bi2(1+ 1) log(2 + 1)

la[+v<55
v<3
(5.11) > 0% (1,1, < Boa(1+1)'7%
|| <100
(5.12) ¥ Lz (¢, )], < Bae(1+ 0)
Jo[+v <65
v<4
(5.13) > > PLZM | () < Bag(1+ 1) (log(2 + 1)) 2.
Jo|+v <62
v<4

Here, as before, the L? norms are taken over R*\#" and the weighted L?L2 norms
are taken over S, = [0, 7] x R*\#". In the main estimates (5.8) and (5.9), we can take
Ay = A) = 4C,, where C; is the constant occurring in the bounds (5.6) for v.

Clearly if ¢ is small then all of these estimates are valid, if 7 = 2, by Theorem 5.1.
Keeping this in mind, we shall then prove that, for ¢ > 0 smaller than some number
depending on By, ..., By,

i.) (5.8) is valid with A4 replaced by A4y /2.
ii.) Under the assumption of (i.), that (5.9) is valid with 4; replaced by 4;/2.
iii.) (5.10)—(5.13) are consequences of (5.8) and (5.9) for suitable constants B;.
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By the local existence theorem, it will follow that a solutions exists for all 7 > 0 if ¢ is
small enough.

Before we begin the proof of (i.), we will set up some preliminary results under the
assumption of (5.8)—(5.13). That is, we wish to show that

(5.14) 2 =L Z% (1, x)| < Ce(1 + 1)/ log(2 + 1)
and
(5.15) ||<t+ L Z 0u(t, )|, < Ce(1 + 1)¥* log(2 + 1)

for v <2 and |a| + v < 63. Notice that the first follows from the second by (4.7),
(5.4), (5.6), (5.10), and (5.12). For (5.15), we expand Ou according to (1.7) to see that
the left side is dominated by

H<<t+r> > |L"Z“u’(t,~)|) STOLRZ% (¢, )] H .
o +p<32 o+ <64 2
n<2 n<2

By (5.10) and (5.12), this is easily seen to be bounded by the right side of (5.15) as
desired.

Since |O(w — v)| < C|Oul, it is clear that the same proof also yields
(5.16) /2t — )L Z(w — ) (1,x)] < Ce(1 + 1) log(2 + 1).
Let’s begin with (i.). Since v satisfies the better bound (5.6), it suffices to show

(5.17) X IL"Z%w =) (1, )|} < C&.
o] +v<52
v<2

By the standard energy integral method (see, e.g., Sogge [31], p. 12), we have that the
left side of (5.17) is bounded by

t

Cc > J J [<OL'Z*(w —v),aL"Z*(w — v) )| dy ds
lo|+v<52J0 JR3N\ 2

v<2
13
+C XY XY [aL"Z*(w—0)0,L"Z*(w — v)n,do ds
la|+v<5210 a=1 o1
v<2

where n = (n,n,n3) is the outward normal at a given point on .#" and {-,-) is
the standard Euclidean inner product on RP”. Since # < {|x| <1} and since
|ILYZ*(w —v)'(t,x)| < CDipi<pol usr L*oP(w —0) (1, x)| for x € 04", we have that
the last term is bounded by
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t
CJ J S L0 (w —v)' (s, y)|* dy ds.
0 J{xe R\ A:|x|<1} |o|+v<53

v<2

Since we also have that [0, L] = 20 and [0, Z] = 0 and that o(w — v) = (1 — )0Ou =
(1 — 1) Q(du,d?u), we see that the left side of (5.17) is thus controlled by

t
CJJ ‘< S 0L Z*(w—v), L”Z“Q(du7d2u)>‘dyds
0 JRNA | \|o|+v<52 o]+ <52

v<2 v<2

t

+CJ J |L"0%(w — v) (s, y)|* dy ds.
0 J{xeR\A:|x|<1} |a|+v<53

v<2

By (1.7), this is dominated by:

t D .
(5.18) CJJ DD DR AV AL (1) D DU S ST AV AT
0 JR}\# ’

K=1|o|+v<52 0<j,k, <3  |o|+v<52
v<2 v<2

x > 80, L"Zu® | dyds
la|+v<52
v<2

D

t
+CH > Y aL'zw-v)* Y Ayl © gLzuf
0 JRI\A |K=1|u|+v<52 0<j,k<3 |o]+v <52

v<2 <2

x 3 oL'Z*u*
Ja[+v<52
v<2

dyds

t

+CJJ > S L' z%w —v)X] Y L' Z%ou!|
0 JRNA 1<I,J,K<D |o|+v<52 o +v<52
(I,K)#(K,J) v<2 v<2

x > |L"Z%0u’|dyds
[o]+v<53
v<2

!
+ cj j
0 J{xeR}\7:|x|<1} |o|+v<53
v<2

LH0*(w —v)' (s, ¥)| dy ds.
| y)|-dy

The first two terms in (5.18) satisfy the bounds of Lemma 4.1. The third term in-
volves interactions between waves of different speeds.
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When dealing with the first three terms of (5.18), depending on the linear estimates
we shall employ, at times we shall use certain L? and L* bounds for u while at other
times, we shall use them for w — v. Since u = (w — v) + v+ uo and u, v satisfy the
bounds (5.4), (5.6) respectively, it will always be the case that bounds for w — v will
imply those for u and vice versa.

Let us first handle the null terms. By (4.1) and (4.2), the first two terms in (5.18) are
controlled by

t

dyd

(5.19) c” L“Z%) S LAz Y |LZ(w — o) | 2E
0 JRIN\A |o|-+u<54 |o|+u<54 lo|+u<52 |yl
u<3 u<3 u<2

t D _ 2
+cJ J SRR |L"Z°‘6(w—v)|( 5 |L”Z°‘6u|> dy ds.
oJrvr izt S s ot <53
u<2 u<2

To handle the contribution of the first term of (5.19), notice that by (5.4), (5.6), and
(5.10) we have

> LFZ%u(s, y)| < Cads + [ y[> 7 log(2 +5),
|oe|+pe <54
u<3

which means that the first term of (5.19) has a contribution to (5.18) which is domi-
nated by

"log(2 + s) _i)
C8J = S KTz (s, )|
9/10 » Y2
0 N o <54
sy \ \;g

X3 KD TPLAZH(w = 0) (s, ) ds
o] +u<52
n<2

by the Schwarz inequality. Thus, if we again apply the Schwarz inequality and (5.13),
we see that this contribution is O(&?).

We now want to show that the second term of (5.19) satisfies a similar bound. If we
apply (5.16), we see that the second term of (5.19) is controlled by

t

(5.20) CaJ

(1495 1og(2 + s)J : S |LFZ%0u)? dy ds
0

1/2
RO\ P2+ 1) insss
n<2

"log(2 + ) .

<Co| EETED S 2 ey

o(1+ 5)27/20 |or|+p< 53 L2(|y[>s/2)
u<2
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t

—I—CsJ

1
(1+ )" log(2 + S)J
0

R,y <s/2 P28 + 1)

x SO |LFZ% (s, p)|* dyds.
o 4-p <53
n<2

The first term on the right of (5.20) is clearly O(e*) by (5.12). For the second term on
the right of (5.20), we apply (5.14) to control it as follows

t 1 1
CSZJ 7[ — L*Z%'(s, y)| dy ds.
0 <S><6/5)72a RS |y <5/ F(3/2)+0 \x\+§ss3| (s, »)| dy

n<2

Thus, if J is sufficiently small, the Schwarz inequality and (5.12) show that this term is
also O(&?). This concludes the proof that the contribution of the null forms enjoys an
O(&*) bound.

We now wish to show that the multi-speed terms

t
(5.21) JJ S |oLrziw =o)X S joLrzxdl| S |oLFZ*u! | dy ds
0 JRINA |of4+u<52 |o|+u<52 ||+ < 53
n<2 n<2 u<2

with (I, K) # (K,J) have the same contribution to (5.18). For simplicity, let us
assume that 7 # K, I =J. A symmetric argument will yield the same bound for
the remaining cases. If we set J < |c; —ck|/2, it follows that {|y| € [(1 —J)cys,
(1+6)crs]} n{|yl € [(1 —d)cks, (1 +)cks]} = 0. Thus, it will suffice to show the
bound when the spatial integral is taken over the complements each of these sets
separately. We will show the bound over {|y| ¢ [(1 —)cks, (1 +J)cks]}. The same
argument will symmetrically yield the bound over the other set.

If we apply (5.16), we see that over {|y| ¢ [(1 — )cks, (1 +J)cks]} (5.21) is bounded
by

t
(5.22) sJ log(2 + 5) | 0L*Z*u! | dy ds,

0 sy Jm»*\%, € [(1-0)cxs, (1+8)exs) 72 ) 53
u<2

Arguing as above, it is easy to see that these multiple speed terms are also O(e?).

Finally, we need to show that the last term in (5.18) enjoys an O(e*) contribution.
This is clear, however, since this term is bounded by

t
J S L0 — 0)'(s, )| ds.
0 |o|+1<53

n<2



158 J. Metcalfe, M. Nakamura, C. D. Sogge

An application of (5.10) yields the desired bounds and completes the proof of (i.).

We are now ready to prove (ii.). That is, we want to show that we can prove (5.9)
with A4; replaced by 4,/2. In view of the bounds (5.6), we see that it suffices to
prove

(523) (14141 5 |Z%w—10)(t,x)] < C¥2.
|or] <40

The estimate is straightforward when |x| > ¢/10. For then if we use Lemma 4.4 and
(5.17), we get

(524) (1+:t+ |x\)‘ ‘240|Z“(w —0)(t,x)] < C| ‘242||Z°‘(w —v)(t, I,

< 2 x| > t/10.

On account of this we only need to estimate the left side of (5.23) when |x| < #/10.
Notice that O(w — v) = (1 — #)Q(du, d*u) vanishes when |x| > 10z. Thus, we can
apply (3.3) to conclude that when |x| < ¢/10, the left side of (5.23) is dominated by

t

dy ds
|y

| Jiezrei - motded)
|BlHu<43 Jt/100
u<l

+C sup (1+5) 3 1ZP[(1 = n)Q(du, d*u))(s, ).,

0<s<t 1Bl <44
¥ dydr
+C sup (1+s J J ZP(1 - du, d’u)(t, y)| ——
Jp (149) 5| |0 27100 = mQtae e )|

|y < (600-+7)/2

1 S
tCsp Y Jj LA ZP((1 = 1) Qldu, d*w))(x, y)| dy d
0<s<t |/,e\+,lg481 +5Jo Jiy1= 4010
u<l

=I+0o+1r+1v.

Terms /I and IV are the easiest to handle. Since u = (w — v) + v + up, by using (5.4),
(5.6), and (5.10), one finds that 17 is O(¢*). Additionally, since (5.4), (5.6), and (5.8)
yield

18] 2 49||Lﬂzﬁ“/(fa ) < Ce,
+u<
/1/;1

we can conclude that IV is also O(&?).
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Similar considerations imply that

dy ds

t
(5.25) I$J J S |L*ZPoQ(du, d*u)(s, y)) + Ce?,
1/100 J| y|<s/2 |p|l+u<43 |yl
u<l

since |y|™' = O(1/t) when |y| > 5/2 and ¢/100 < s < t and since dy = O(1/) when
t/100 < s < t. The first term on the right side of (5.25) is dominated by

! dy d.

J P2 s — LA ZP | S s — Y LFZPu| —J; .
/100 J|y|<s/2 || +u<44 |BlH+r<44 ‘y| s3/2
n<l n<l

(5.26) J

If we apply Lemma 4.4 and (4.3), we see that

(527) X |[r<s = rL*ZPu" (s, )| < Ce(1 + ) log(2 + s)
1Bl <44
n<l

by (5.4), (5.6), (5.8), and (5.15). Thus, it follows that (5.26), and hence I, is also O(&?)
using (5.14) and (5.27).

It remains to estimate /1. If we use (4.7), we conclude that on the region of integra-

tion

(528) X |ZPd'(z, )]
i <ss

C
< | T IR+ T K nZout ),
T Ligltu<so 161 <49
n<l

o) ~>||x}

IA

C
1/2 |:8+ Z ||<7:+r>ZﬂDu(r, )||2:|’
reT Bl<49

using (5.4), (5.6), (5.8), and (5.9) in the last step. If |f] < 49

G| ZPou(n, ) < T 120 (x,9)] % (<r+r> > |zyu'<r,y>|),

[y|<50 ly|<25
which by the low energy estimate (5.8) and the low dispersive estimate (5.9) gives

<t + ryZPou(, )|, < Ce suple+ 1y 3 |27/ (z, y)| < Ce™.
y ly|<25
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Combining this with (5.28) and recalling that (1 — #(z, y)) = 0 for |y| > 107, we get

s 1 2
(5.29) I < Ce* sup (1 +S)J J (W) rdrdr < Cé?
0<s<t 5/100 J|r—(s—7)|<10 \I/°T

which completes the proof of (ii.).

To complete the proof of Theorem 1.1, we need to show how (5.8), (5.9) imply
(5.10)—(5.13).

Since (5.9) has been established, the remainder of the argument follows nearly ver-
batim from the arguments of [22]. For completeness, we will sketch the argument
here. We begin by using the above facts to prove (5.11). With notation as in §1-2,
O,u = B(du) with

17, jk kA K
Py =— S By iMou®.
0<li<3
1<k<D

By (5.9), we have

17(s: )0 <

Let us first show the estimates for the energy of 6{ u for j < M < 100. We shall use
induction on M.

We first notice that by (2.5) and (5.9) we have

(530) AEN)(0) < C X I0,a0ult, ) + e E2(w) (1),

=M 141t

Note that for M =1,2,...

Y- [m,0]ul

j<M

sc(z o+ Y |a;‘azu|) S jo%|
Jj<M-1

j<M || <40

+C X ol 3 ||
o] < M—40 41<|ou|<M/2

< C <za{u/|+ 5 a{azu|>+c S| Y o]

I+1\ ;< j<M-1 |o] < M —40 al<|o|<M/2
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by (5.9) and (5.4). Also, if we use elliptic regularity and repeat this argument, we get

> 10/0%u(t, ), < C X (o' (1,)], + €S2 [|6]ou(z, )],
j<M j<M-1

j<M-1
i Ce a2
<O [0t 1y % 1600l
j<M j<M-1
+C > [0’ (¢, )% (1, ),

o] < M—41, 8| < M /2

If ¢ is small, we can absorb the second to last term into the left side of the preceding
inequality. Therefore, if we combine the last two inequalities, we conclude that

. Ce .
> IEofu(t, ), < > Nofu' (e )1,

J<M 1+[_/'£M

+C > 0% (1, -)o"u' (1,
|| < M—40, |B| <M /2

If we combine this with (5.30) we get that for small ¢ > 0

< BP0+ C 2. 107" (2, 0" (1, ),

(5.31) 0,EM(u)(1) < T
| < M—40,|p| <M /2

since when ¢ is small, %E,lw/z(u)(l) <Diem [07u' (2, )|, < 2Ey) (u)(2).

For M < 52, the energy estimate (5.11) follows from (5.8). When M > 52 we have to
deal with the last term in (5.31). To do this we first note that by Lemma 4.4 we have

10’ (1, )oPu' (2, )l
o] < M—40, |p| <M /2

<C ) 1< 2z (1,113,
|y| <max(M—38,24+M/2)

which means that for 40 < M < 100, (5.31), (5.1), and Gronwall’s inequality yield

(5.32) EN(u)(r) < C(1+1)|e+ ) 1<y 22U |5, |
Jor| <max(M—38,2+M/2)

if, as before, S; = [0, 7] x R*\.#".

If we use (5.8) and (5.32) along with a simple induction argument we conclude that
we would have the desired bounds
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(5.33)  E\L2(u)(1) < Ce(1 + 1)<t
for arbitrarily small ¢ > 0 if we apply the following lemma.

Lemma 5.2. Under the above assumptions, if M < 100 — 8u, u < 4, and

(534) X LW )+ X IO |,
lo|+v<M lof|+v<M-3
v=u v<u

+ X L2+ T KoL Z | s,

o] +v<M—4 o[ +v<M—6
v=pu vSpu
< Ce(1 4 1)<,

with o > 0, then there is a constant C' so that

(5.35) > H<x>71/2LV@“u/||L2<S,)
lo|+v<M-2
v<u

+ Y Lz )+ Y KT L2 o,

o +v<M-3 o[ +v<M-5
v=u 7]
Cle+C’
< Cle(1+1)“* 7.

The proof of this lemma can be found in [22].

By elliptic regularity and (5.33), we get (5.11). Also, from Lemma 5.2, we get

(536) 3 I 2aW |l sy + X 127w (1)
Jor] <98 |o] <97

+ N TPz | agsy < Cle(1 4 1),
|| <95

since the same sort of bounds hold when w is replaced by u.

Here and in what follows ¢ denotes a small constant that must be taken to be larger
and larger at each occurrence. Note that in terms of the number of Z derivatives
(5.35) is considerably stronger than the variants of (5.12) and (5.13) where one just
takes the terms with v = 0. This is because just as there is a loss of derivatives in
going from (5.11) to (5.36), there will also be a loss of derivatives in going from L?
bounds for terms of the form L'Z*u’ to those of the form L' Z%u'.

The proof of the estimates involving powers of L is a bit more complicated, but still
follows the strategy above. First we will estimate L"0%u’ in L> when o is small using
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(5.9). Then we shall estimate the remaining parts of (5.12) and (5.13) using Lemma
5.2.

The main part of the next step is to show that
(537) 0 |ILFO*(1,4)||, < Ce(l + 1)<t

Joe|+21 <92
u<l

For this we shall want to use (2.8). We must first establish appropriate versions of
(2.7) for Ny + v < 92, vy = 1. For this we note that for M < 92

, ZM(Ii”afﬂyul +[L"0],0—o,Ju))
Jtu<
n<l

_c< > |La/au|+ > |£a{azu|> S 0%
J<M— <M-

|or] <40
+C X L Y |0t [+ C X [0t > |0%u].
o] < M—41 lo| <M lou| <M Jor| <max(M /2, M—40)

By this, (5.9), and elliptic regularity, we get that for M < 92

> (IL"0foyu(t, ), + L7607, 0 — 5 Ju(z, -)|I,)

Jrus<mM
n<l
Ce S UAT
< > L ol (1, )]
1 + Zj+/1§M ! ’ 2
u<l

+C Y [T PLU (), X I P2 (1)

o] <M —41 o] <94

+C oy KTz 1)
|o| <max(M,24+M/2)

Based on this if ¢ is small then (2.7) holds with 6 = Ce and

Hiy () =C 3 [[K0O7PL% (1) 3+ € X 100227 (1,3
o] < M—41 o] <94

Therefore since the conditions on the data give feo(ivé{ u)(0,x)dx < Ce? if v+ j <
100 it follows from (2.8) and (5.36) that for M < 92
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(5.38) > [ILHou (1)l
| +u<M
u<l

< Ce(1+ 0“7+ C1+0% 2 K™ 2Lo"u ||} s,
|o] < M—41

t

c<1+z>&j S 0% (5, s

0 |u|<M+1

If we apply (2.13) and (5.4) we get that the last integral is dominated by ¢log(2 + 1)
plus

t
j S 105, ) 2, ds

0 Jaf<M+1

o oI N PSP P

| < M+2

By (5.4) if we replace w by ug then the analog of the last term is O(glog(2 + 1)). We
therefore conclude that

t
5 JO 107 (5, | 2y s

lo| < M+1

t K
< Celog2+0)+C X2 J <(J)"|5“Du(f,~)lly<|x|—<s_z>|<1o> dT) ds.

lo| <M+2J0
Since

X o< C 3 (o] X jotd,

o] < M+2 o] < M+3 o] < (M+3)/2

an application of Lemma 4.4 yields

> 10%0u(t, )l 2 - s—ri<10) < € 22 IKxD7

(H\\ (s—7)|<20)>
o] < M+2 o] <95

since (3+ M)/2 <95 if M <92. Since the sets {(7,x) :||x|] — (j —7)| <20}, j=
0,1,2,... have finite overlap, we conclude that for M < 92
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t
> J||0“UI(S7')||L2(|x\<1)dS

o] <M+1J0

< Celog2+ 1)+ C Y <> 22 | ags,
lo] <95

< Ce(1 4 1)<,

Therefore, by (5.38) we have that

> L' ()l
lof|+u<M
n<l

SCe(1+ 0 +C(1+0C Y <> PL" |7,
o] < M—41

This gives the desired bounds when M < 40.

If we now use induction and Lemma 5.2, we get (5.37) as well as

(539) X IKTVPLW sy + X L2 (1)
Joe4-2<90 o]+ <89
n<l n<l

+ O TPz | sy < Ce(1 4 1) T
|oe|+ <87
u<l

If we repeat this argument we can estimate L>Z*u’, L3Z*u’, and L*Z*u’ for appro-
priate Z*. Using (5.37), (5.39), and the last argument gives

S )+ X T AL |,
Jof+u <84 || +p <82
u<2 u<2

+ X Lz (1)l
o] +p <81
n<2

+ 3 KL Z | gy < Ca(1 4 1) T
|oe| -+ <79
n<2

Then using the estimates for L#Z*u’, 1 < 2 we can argue as above to get
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SR V2RO PR S €Oy 20 [P
|o|+4<76 lof+u <74
u<3 u<2

+ X Iz (1)l
|+ <73
n<3

+ Z H<x>71/2LﬂZ“u/||L2(S1) < C8(1 +Z)C€+CJ.
Ja+p<71
u<3

Similarly, using the estimates for L#Z*u’ for u < 3 we finally get

L () KT PLR M | s,
Jor|+u <68 |ot|+1 <66
n<4 n<2

+ 2 Iz (@)l
Joe| 4+ <65
u<4

+ Y KT PLZ | o,y < Ce(1 4 1)
Joe| 4+ <63
u<4

If we combine this with our earlier bounds, we conclude that (5.12) and (5.13) must
be valid.

It remains to prove (5.10). This is straightforward. If we use Theorem 3.1 we find that
its left side is dominated by the square of that of (5.13). Hence (5.13) implies (5.10)
which completes the proof.
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