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ON ABSTRACT STRICHARTZ ESTIMATES AND THE STRAUSS
CONJECTURE FOR NONTRAPPING OBSTACLES

KUNIO HIDANO, JASON METCALFE, HART F. SMITH, CHRISTOPHER D. SOGGE,
AND YI ZHOU

ABSTRACT. We establish the Strauss conjecture concerning small-data global
existence for nonlinear wave equations, in the setting of exterior domains to
compact obstacles, for space dimensions n = 3 and 4. The obstacle is assumed
to be nontrapping, and the solution is assumed to satisfy either Dirichlet or
Neumann conditions along the boundary of the obstacle. The key step in the
proof is establishing certain “abstract Strichartz estimates” for the linear wave
equation on exterior domains.

1. INTRODUCTION

The purpose of this paper is to show how local energy decay estimates for certain
linear wave equations involving compact perturbations of the standard Laplacian
lead to optimal global existence theorems for the corresponding small amplitude
nonlinear wave equations with power nonlinearities. To achieve this goal, at least
for spatial dimensions n = 3 and 4, we shall show how the aforementioned linear
decay estimates can be combined with “abstract Strichartz estimates” for the free
wave equation to prove corresponding estimates for the perturbed wave equation
when n > 3. As we shall see, we are only partially successful in the latter endeavor
when the dimension is equal to two, and therefore, at present, our applications to
nonlinear wave equations in this case are limited.

Let us start by describing the local energy decay assumption that we shall make
throughout. We shall consider wave equations on the exterior domain 2 C R" of a
compact obstacle:

(02 — Ag)u(t,z) = F(t,x), (t,z) € Ry xQ,
U(O, ) = fa

atu(ov ) =9,

(Bu)(t,z) =0, on Ry x 99Q,

(1.1)
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where for simplicity we take B to be either the identity operator (Dirichlet-wave
equation) or the inward pointing normal derivative 9, (Neumann-wave equation).
We shall also assume throughout that the spatial dimension satisfies n > 2.

The operator A, is the Laplace-Beltrami operator associated with a smooth,
time independent Riemannian metric g;; () which we assume equals the Euclidean
metric d;;, for |z| > R, for some R. The set  is assumed to be either all of R™ or
else Q = R™\K, where K is a compact subset of |z| < R with smooth boundary.

We can now state the main assumption that we shall make.

Hypothesis 1.1. Fizx the boundary operator B and the exterior domain @ C R™
as above. We then assume that, given Ry > 0,

o0
(1.2) /O (|\U(t7 Nz < roy + 110u(t, ')”%2(|x\<Ro)) di
<1120+ gl + / 1F (s, )12 ds,

whenever u is a solution of (L)), with data (f(x),g(x)) and forcing term F(t,x)
that both vanish for || > Ry.

Here A < B means that A is bounded by a constant times B, and, in what
follows, the constant might change at each occurrence. Also, [|h||f1(|2<R,) denotes
the L?-norm of h and V,h over the set {z € Q: |z| < Ro}.

Let us review some important cases where the assumption ([[2)) is valid. First of
all, results from Vainberg [39], combined with the propagation of singularity results
of Melrose and Sjostrand [24], imply that if A is the standard Euclidean Laplacian
and ) is nontrapping, then if u is a solution of (L) with data of fixed compact
support and forcing term F' = 0, then with «’ = (Opu, V,u),

[t )22 og<roy < @B (0, +)]| 2,

where a(t) = O((1 4 t)~(=V) when n > 3, for both the Dirichlet-wave equation
and Neumann-wave equation. For n = 2, if 0f is assumed to be nonempty, one has
a(t) = O((log(2 +t))~2(1 + )~ 1) for the Dirichlet-wave equation. Here we have
used that, due to the Dirichlet boundary conditions and the fundamental theorem
of calculus, the local L? norm can be controlled by the local L? norm of the gradient.
Since these bounds yield a(t) € L'(R.), we conclude that Hypothesis [Tl is valid
in these cases. We remark that when Q = R? and A, = A, then o ~ ¢~ for large
t (see [29]), and so, in this case, o ¢ L*(Ry). Proofs of these results for n > 3 can
be found in Melrose [23] and Ralston [29], while the result for the Dirichlet-wave
equation for n = 2 follows from Vainberg [39] (see §4 and Remark 4 on p. 40)
For the case where A, is assumed to be a time-independent variable coefficient
compact perturbation of A and €2 is assumed to be nontrapping with respect to the
metric associated with A, one also has that (I2)) is valid for the Dirichlet-wave
equation for all n > 3 as well for n = 2 if 9Q # (). See Taylor [38] and Burq [4].

1We are very grateful to Jim Ralston for patiently explaining these results and their history
to us.
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Having described the main assumption about the linear problem, let us now
describe the nonlinear equations that we shall consider. They are of the form

(07 — Ag)u(t,z) = Fy(u(t,z)), (t,x) € Ry xQ,
(1.3) Bu=0, on Ry x99,
u(0,2) = f(x), Owu(0,z)=g(x), z€q,

with B as above. We shall assume that the nonlinear term behaves like |u|? when
u is small, and so we assume that

(1.4) > P |8 Fw)] < lulf

0<j<2

when u is small.

We shall assume that the data (and some of its derivatives) are small in certain
Sobolev norms that we now describe.

As in the earlier works that proved global Strichartz estimates ([4], [25], [33]), we
shall restrict ourselves to the case where the Sobolev index v is smaller than n/2.
One reason for this is that the Strichartz estimates that seem to arise in applications
always have v < 1. Another reason is that when |y| < n/2, multiplication by a
smooth function § € C§°(R™) is continuous from H?Y(R™) to H(R") and the two
norms are equivalent on functions with fixed compact support. Recall that H? (R™)
is the homogeneous Sobolev space with norm given by

iy = || /=By = ) [ [l

while the inhomogeneous Sobolev space HY(R™) has norm defined by
2 n 2 |2
1 1 ey = | (L= A)72 f || gy = (27) /R |+ 1€ 72 F ) | de,

with f denoting the Fourier transform and A denoting the standard Laplacian.

Let us now describe the Sobolev spaces on €2 that we shall consider. Let 8 be a
smooth cutoff on R™ with 8 and 1 — 3 respectively supported where |z| < 2R and
|z] > R. Let £ be the embedding of QN {|x| < 2R} into the torus obtained by
periodic extension of 2 N [—2R,2R]", so that 90 = 9Q. We define

1z @) = 1By @) + 10 = B) Flla @y,
Hf“Hg(Q) = Hﬁf”Hg(Q/) +[[(1 = 5)fHHw(1Rn) ) v <n/2.

The spaces H}(Y) are defined by a spectral decomposition of Ag|q subject to
the boundary condition B. In the homogeneous spaces H]B () it is assumed that
(1—B)f belongs to HY(R™), so that the Sobolev embedding H}(Q) « LP(£) holds
with p = 2n/(n — 27v). From this, it is verified that the Sobolev spaces on 2 are
independent of the choice of § and R, and thus the H}(Q) and H}(2) norms are
equivalent on functions of fixed bounded support. We note that H;” () is the dual
of HY(Q), and Hz"(Q) is dual to H}(Q) for |y| < n/2. Also, for v a nonnegative
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integer,

Hf“?{g(m ~ Z ||agf”2L2(Q)a

[a| <y

113 ) = D 105F 1720
o=y
The Sobolev spaces as defined are verified to be an analytic interpolation scale
of spaces. The above definition then agrees, for nonnegative integer -, with the
subspace of H7(Q) such that B(ALf) = 0 for all j for which the trace is well
defined, and for general « by duality and interpolation. Finally, for every ~ the set
of functions f € C5°(2) such that B(AJf) =0 for all j > 0 is dense in the norm.

Our hypotheses regarding the data in (I3) will only involve certain v € (0, 1),
while the ones in the abstract Strichartz estimates to follow only involve certain
v < (n —1)/2. In practice the useful Strichartz-type estimates always involve
v € (0,1]. This is the case for the mixed-norm Strichartz estimates of Keel and
Tao [18] and others for the case @ = R", A = A,, as well as for the mixed-norm
estimates for (L)) that we shall state.

The data (f,g) in Theorem below will have second derivatives belonging to
H}(Q) x HL (), where v € (0, 1), and thus will locally belong to H?T7(€2) x
H'"7(Q). The boundary condition for (f,g) to locally belong to Hy' '(Q) x
H5(Q) for v € (0,1) is the same as for H3(Q) x H5(Q), which for the Dirichlet
case is flaq = gloa = 0 and for Neumann is 9, f|sq = 0. These are the assumptions
placed on the data (f,g) in Theorem

If we let

{Z} ={0), 2O, —x1,0; : 1 <1< n,1<j<k<n},
then we can now state our existence theorem for (I3]).

Theorem 1.2. Let n =3 or4, and fix Q C R™ and boundary operator B as above.
Assume further that Hypothesis [l is valid.
Let p = p. be the positive root of

(1.5) (n—1)p* = (n+1)p—2=0,
and fitp. <p < (n+3)/(n—1). Then if

there is an €9 > 0 depending on Q,B and p so that (L3) has a global solution
satisfying (Z%u(t, -),0,Z2%u(t, -)) € H x Hy ', |a| < 2, t € Ry, whenever the
initial data satisfies the boundary conditions of order 2, and

1.7) S (12 ligion + 1290 i1 ) <€

la|<2

with 0 < & < &g.

In the case where 2 = R™ and A, = A, it is known that p > p. is necessary for
global existence (see John [16], Glassey [12] and Sideris [31]). In this case, under a
somewhat more restrictive smallness condition, global existence was established by
John [I6] for the case where n = 3, then Glassey [12] for n = 2, Zhou [40] for n = 4,
Lindblad and Sogge [22] for n < 8 and then Georgiev, Lindblad and Sogge [11] for
all n (see also Tataru [37]). For obstacles, when n = 4, Ay = A, the results in
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Theorem for the Dirichlet-wave equation outside of nontrapping obstacles were
obtained in [8] under a somewhat more restrictive smallness assumption.

Also, when Q = R?, A, = A, it was shown in Sogge [35] that, for the spheri-
cally symmetric case, the variant of the condition (I7) saying that the H”(R?) x
H"~(R?) norm of the data be small with v as in (IZ6) is sharp. Further work in
this direction (for the nonobstacle case) was done by Hidano [I3], [14] and Fang
and Wang [10].

It is not difficult to see that condition (7)) is sharp in the sense that there

are no global existence results for v > 2 — p—fl. To do this we use well-known
results concerning blowup solutions for (92 — A)v = [v[’, p > 0, in Ry x R"

(see Levine [19]). Specifically, we shall use the fact that given § > 0 one can
find C§° data (vg,v;) vanishing for |z| < R so that the solution of (7 — A)v =
[v|P, ©(0, -) = wvg,0w(0, -) = vy blows up within time 6. Next, let us assume
that the above global existence results for (€, B,A,) held for this nonlinearity

and some v > § — % in (7). Then, if X is sufficiently large, the Hg, X

H' norm of (A=2/®=Dyg(- /X), A=1=2/(=Dy, (. /X)) would be bounded by its
H7(R™) x HY~*(R") norm, which equals )\n/272/(p71)7v||(1107Ul)”Hv(Rn)va—l(Rn)-
Since this goes to zero as A — oo for v > § — ]%,
above existence results held for this value of 7, then we would obtain a global
solution of (87 — Ag)uy = |ux|P, ux(t,z) = 0, (t,z) € Ry x 9 with initial data
(A2 =Dy (- /X),A71=2/(e=Dy (- /X)). Since vy and v; vanish for |z| < R, by
finite propagation speed, if 6 > 0 is small and fixed, then for large A\ if we ex-
tend uy to be zero on ¢, the resulting function would agree with the solution of
the Minkowski space wave equation (02 — A)uy = |v|P on [0,6)\] x R™ with data
(A== Dy (- /A), A2/ =Dy (- /X)), By scaling v(t,z) = A\ @Dy, (At, Az)
would then solve the Minkowski space equation (0; — A)v = |[v[P on [0,0] x R™
with initial data (vo(x),v1(z)). As we noted before, we can always choose (v, v1)
so that this is impossible for a given § > 0, which allows us to conclude that the

above existence results do not hold if the Sobolev exponent « in ([[7) is larger than
n 2

2 -1

A§ a final remark, we point out that we have restricted ourselves to the case
where p < (n+3)/(n—1) because of the techniques that we shall employ. However,
since the solutions obtained are small, the above existence theorem leads to small-
data global existence of (3] when p is larger than or equal to the conformal power
(n+3)/(n—1).

To prove Theorem [I.2] we shall use certain “abstract Strichartz estimates” which
we now describe. Earlier works ([4], [25], [33]) have focused on establishing certain
mixed norm, L L" estimates on Ry x Q for solutions of ([LI]). For certain applica-
tions, such as obtaining the Strauss conjecture in various settings, it is convenient
to replace the L7 norm with a more general one. To this end, we consider pairs
of normed function spaces X (R") and X (£2). The spaces are localizable in that
Ifllx = 18fllx + (1 = B)fllx for smooth, compactly supported 3, with 3 =1 on
a neighborhood of R™\Q in the case X = X (). Finally, we assume that

(1.8) 11 =B)fllx@ = (1 = B) fllx @

for such 3. Weighted mixed L? spaces, as well as (H7(R"), H}(f)), are the exam-
ples used in the proof of Theorem

we conclude that if the
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We shall let || - || x+ denote the dual norm (respectively over R™ and Q) so that
lullx = sup ‘/uvdm
lloll xr=1

An important example for us is when
ullx = Il =" ull e,
for a given 1 < p < 0o and |a| < n/p, in which case the dual norm is
[ollxr = [ 2]~ vll Lo

with p’ denoting the conjugate exponent.
We shall consider time Lebesgue exponents g > 2 and assume that we have the
global Minkowski abstract Strichartz estimates

(1.9) [0l 2o x sy S 1000, ) gy + 106000, )| a1y »
assuming that

(1.10) (0} —Aw=0 in RxR".

Here

q 1/q
Iollzgxcreany = ([ e, g at) ™, 1R

We shall also consider analogous norms on I x 2, I C R,

1/q
lullgccrmy = ([ ot iy de) "

In addition to Hypothesis [LTland (L3, we shall assume that we have the local
abstract Strichartz estimates for €2:

(1.11) lullzex o,x0) S 1y @) + 19l -1 @)
assuming that u solves (II)) with vanishing forcing term, i.e.,
(1.12) (0} = Ag)u=0 in [0,1] x Q.

Definition 1.3. When ([[3) and (IIT)) hold we say that (X, q) is an admissible
triple.

We can now state our main estimate.

Theorem 1.4. Let n > 2 and assume that (X,~, q) is an admissible triple with
(1.13) g>2 and e [-253 1)

Then if Hypothesis [ is valid and if u solves (I1]) with (8} — Ag)u = 0, we have
the global abstract Strichartz estimates

(1.14) lullzex@xo) S 1y @) + 191 0)-

The condition on v in ([LI3) is the one to ensure that v and 1 — « are both
< (n —1)/2, which is what the proof seems to require. Unfortunately, for n = 2,
this forces v to be equal to 1/2, while a larger range of v € (0,1) is what certain
applications require. For this reason, we are unable at present to show that the
Strauss conjecture for obstacles holds when n = 2. See the end of the next section
for further discussion.
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Corollary 1.5. Assume that (X,v,q) and (Y,1 —~,r) are admissible triples and
that Hypothesis [L1] is valid. Assume also that 0 < v < 1 and that (LI4) holds
for (X,v,q) and (Y,1—~,r). Then we have the following global abstract Strichartz
estimates for the solution of (LT):

(1.15) lullzex @y xo) S 1 lay@) + 190 a1 F 1FI Ly v @, xa)
where v’ denotes the conjugate exponent to r and || - ||y is the dual norm to || - ||y .

For simplicity we have limited the above corollary to the case where 0 < vy < 1,
since that is all that is needed for the applications.

Let us give the simple argument that shows that ([LI5]) follows from (LI4). To
prove (LI5), we may assume by (LI4) that the initial data vanishes. By (LI4)
and the Duhamel formula, if P = /—A, is the square root of minus the Laplacian
(with the boundary conditions B), then we need show

H /Ot sin((t—s)P)P~'F(s, -)ds ‘

Since g > r/, an application of the Christ-Kiselev lemma (cf. [7], [33], [36, chapter
4]) shows that it suffices to prove the estimate

H /000 sin((t — s)P)P~'F(s, -)ds ‘

After factorization of the sin function, it suffices by (LI4) to show that

) ||FHL;'YI(R+xQ) :

LIX (Ry xQ)

<
LgX(R+xQ) ~ HF||L{/YI(R+XQ) .

H /OOO cos(sP)F (s, -)ds HHW—l(Q) + H /000 P~ 'sin(sP)F(s, -)ds H

S ||F||L{/Y/(R+><Q) :

This, however, is the dual version of ([LI4)) for (Y,1 —~,7). O
As a special case of ([[LI5]) when the spaces X and Y are the standard Lebesgue
spaces, we have the following

HY(Q)

Corollary 1.6. Suppose that n > 3 and that Hypothesis [[1l is valid. Suppose that
q,q> 2, r,7 > 2 and that

1+nin 71+n 9

g v 2 1T
and

2 n—-1 2 n-1 n—1

-+ , =+ —< .

q r q T 2

If the local Strichartz estimate (LII]) holds respectively for the triples (LT(Q), v, q)
and (L’:(Q), 11—, (j), then the following holds when u solves (IL.1l):

lull gz exr < 1l + 19010y + 1 g o
These results also hold for n = 2 under the above assumption, provided thaty = 1/2.

These estimates of course are the obstacle versions of the mixed-norm estimates
for R™ and Ag = A. When n > 3 (and ([LI)) is valid) they include all the ones in the
Keel-Tao theorem [18], excluding the cases where either g or ¢ is 2. For the Dirichlet-
wave operator (B = Id) these results were proved in odd dimensions by Smith
and Sogge [33] and then by Burq [4] and Metcalfe [25] for even dimensions. The
Neumann case was not treated, but it follows from the same proof. Unfortunately,
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the known techniques seem to only apply to the case of ¥ = 1/2 when n = 2,
and Hypothesis [LT] seems also to require B = Id and 02 # 0 in this case. The
restriction that v = 1/2 when n = 2 comes from the second part of (1.13), while
for n > 3 this is not an issue, due to the fact that the Sobolev exponents v in
Corollary [[16] always satisfy 0 < v < 1. Also, at present, the knowledge of the local
Strichartz estimates (ILII]) when X = L"(Q) is limited. When 2 is the exterior of a
geodesically convex obstacle, they were obtained by Smith and Sogge [32]. Recently,
there has been work on proving local Strichartz estimates when X = L"(Q) for
more general exterior domains ([5], [6], [3], [34]), but only partial results for a more
restrictive range of exponents than the ones described in Corollary have been
obtained.

2. PROOF OF ABSTRACT STRICHARTZ ESTIMATES

As mentioned before, we shall prove (II4]) by adapting the arguments from [4],
[25] and [33]. We shall assume that (L2) is valid for (2, Ag) throughout. A key
step in the proof of Theorem [[.4] will be to establish the following result that is
implicit in [4].

Proposition 2.1. Let w solve the inhomogeneous wave equation in Minkowski
space

(0?2 —A)yw=F onRy xR"
’w‘t:o = 8tw\t=o =0.

Assume as above that (IL9)) is valid whenever v is a solution of the homogeneous
wave equation ([LI0). Assume further that ¢ > 2 and v > —252. Then, if

F(t,z) =0 if |z|>2R,
we have
Hw||L§X(R+><R") N ||F||L§H7—1(R+><]R")'

At the end of this section we shall show that when n = 2 the assumption that
~v > 1/2 when n = 2 is necessary, even in the model case where X = L"(R") with
2/q+1/r=1/2and 1/q+2/r=1—1

To prove Proposition [Z], we shall use our free space hypothesis (I9) and the
following result from [33].

Lemma 2.2. Fiz 8 € C§°(R") and assume that v < “51. Then

/_O;H B (Pf) () H;(Rn) dt < (1 F11 oy
if |ID] = V=A.

As was shown in [33], this lemma just follows from an application of Plancherel’s
theorem and the Schwarz inequality. The assumption that v < (n —1)/2 is easily
seen to be sharp.

To prove Proposition 2.1l we note that since we are assuming that ¢ > 2, by the
Christ-Kiselev lemma [7], it suffices to show that

@y | [T e IPn a6, as|

” HLZH”V L(R")>»

LIX(Ry xRn) ™
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assuming that § € C§°(R™). If we apply (L), we conclude that the left side of
this inequality is majorized by

L2(Rn)

| [ emipr s 6, - as|
0
Since ||(1 — A)O=D/2G(s, )|l = |G(s, - )||g~-1, it suffices to see that

H/ e~isIP| D=1+ () (1 — A)Y D2 (s, -)ds’ S H] 2 e, xim-
0

L2(R™)
By duality, this is equivalent to the statement that
@2) (= A)E2B ) PIDI R L S e
Since we are assuming that v > 7%73’ we have that 1 —v < "T’l Therefore, ([2.2))
follows from Lemma [Z.2] completing the proof of Proposition 2.1l O

To prove Theorem [[.4] we also need a similar result for solutions of the wave
equation (1)) for (Q2, B, Ag).

Proposition 2.3. Let u solve (1)) and assume that

(2.3) f(z) =g(x) = F(t,x) =0, when |z| > 2R.

Then if (X,~,q) is an admissible triple with ¢ > 2 and ~v > 7”7_3, we have

(2.4) lullox @y <o) S 1 llay + ||g||H73—1 + ||F||L§Hg—1‘

The key ingredients in the proof are Proposition 2.l and the following variant
of ([L2)), which holds for all v € R, provided ([23) holds, and where g € C*(R"™)
equals 1 on a neighborhood of R™\Q:

(2.5) NBull e iy, + 180¢ull oo gy + IBull 2y, + 180eull L3 -1
S ey + 19l g + IE M L2 -

The L? estimates in (28] on u follow from ([L2)) and elliptic regularity arguments
for v € Z, and by interpolation for the remaining v € R. The Lg° estimates then
follow from energy estimates, duality, and elliptic regularity.

To prove ([24), let us fix 5 € C§°(R™) satisfying S(x) = 1, |z| < 3R and write

u=v+w, where v=_pu, w=(1-_p)u.
Then w solves the free wave equation
(atQ - A)w = [57 A]u’
w|t:0 = 8tw|t=0 =0.

An application of Proposition 2.1l shows that [|wl|psx is dominated by ||pul| L2,
if p equals one on the support of 3. Therefore, by (2.35)), [|w|| ax is dominated by
the right side of (24)).

As a result, we are left with showing that if v = Bu, then

(2.6) ollgx @y xa) S Iy + 191y + 1 2 gy
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assuming, as above, that (23] holds. To do this, fix ¢ € C§°((—1,1)) satisfying

Z;’;_Oo @(t —j) =1. For a given j € N, let v; = ¢(t — j)v. Then v; solves

(07 — Ag)v; = —p(t — HIA, Blu+ [0F, p(t — 5)]Bu + o(t — j)F,
Bu;(t,z) =0, x €09,
Uj(07 ) = 8t’Uj(O’ ) = 0,

while vy = v — 3777, v; solves

(at2 - Ag)UO = _Qé[Aaﬁ}u + [at27 @}BU + ¢F7

Buy(t,z) =0, x €09,

volt=0 = f, Orvoli=o0 = g,
itgp=1- Z;’il o(t—7) if t > 0, and 0 otherwise. If we then let G; = (97 — Ag)v;
be the forcing term for v, j =0,1,2,..., then, by (23]), we have that

o0

S UG syt gy S 171y + Ngls + IF 12,
j=0

By the local Strichartz estimates (LI1]) and Duhamel, we get for j = 1,2,...

o0
vl L xRy x) S /O 1G5 (s: Mgy ds SNGjll 2 gy

using Schwarz’s inequality and the support properties of the G; in the last step.
Similarly,

||”0||L3X(1R+x§z) < ||fHH;3 + ||9||Hg—1 + HGOHLgHg—l :

Since g > 2, we have

o0

2 2
HU”LgX(IR+ xQ) S Z v ”L‘tJX(RJr xQ)?
3=0

and so we get
loliax < 171, + gl%yes + 1F 2 s
as desired, which finishes the proof of Proposition 2.3 O
End of Proof of Theorem [L4 Recall that we are assuming that (07 — Ag)u = 0.
By Proposition 23] we may also assume that the initial data for u vanishes when
|z] < 3R/2. We then fix 8 € C§°(R") satisfying B(x) = 1, |z| < R and f(z) = 0,
|z| > 3R/2 and write
u=ug—v=(1-B)ug+ (Bug —v),

where ug solves the Cauchy problem for the Minkowski space wave equation with
initial data defined to be (f, g) if z € ©Q and 0 otherwise. By the free estimate (L.9)
and (L), we can restrict our attention to & = SBug — v. But

(02 — A)i = —[A, Blug = G
is supported in R < |z| < 2R and satisfies

(oo}
(27) |Gt < 151 + ol
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by Lemma and the fact that G vanishes on a neighborhood of 9. Note also
that @ has vanishing initial data. Therefore, since Proposition 23] tells us that
||ﬂ\|%§X(R+XRn) is dominated by the left side of (2.7), the proof is complete. O

For future reference, we note that the preceding steps establish the following
generalization of (), assuming that v € [-253, 2-1] and that F(z) = 0 for
|z| > R:

(28) Null e sy, + 10vtll e o1 + 1Bl 21y, + 180l 331

S I ey + N9l gy + IE M L2 gy

In particular, f and g have no support restrictions. To see that (2.8]) holds, first
consider bounding the terms HﬁaguHL%H%—j for j = 0, 1. For these terms, it suffices
by 23] to consider F' = 0 and f,g = 0 near 992. Decomposing u = (1 — B)ug + @
as above, we may use (2.5) and (7)) to deduce the L? bounds in ([Z38)) for u. These
bounds now yield

1097 = Ag) (1=B)ull 2 pry=1 +11(07 = Ag) Bull 2 pry—1 S 1 F Iz 19l g2 +1F ] 271 -

The L$° bounds on fu now follow from (ZH). Finally, (1 — S)u satisfies the
Minkowski wave equation on R x R”, with initial data in A7 x H7~!, and driving
force F € L?H"~" which vanishes for |z] > R. The contribution to u from its
initial data satisfies the Lg® bounds as a result of homogeneous Sobolev bounds for
the Minkowski wave group. The contribution from F is bounded using Lemma
and duality.

Let us conclude this section by showing that when n = 2 the restriction in
Proposition 211 that v > 1/2 is necessary in the case where X = L"(R?). In
this case, by the standard mixed-norm Strichartz estimates (see e.g. [I§]), the
hypotheses of the proposition are satisfied when 0 < v < 3/4, 1/¢+2/r =1—~
and 2/q+1/r <1/2.

Since the hypotheses are satisfied, if the proposition were valid for a given v and
X = L"(R?) as above, then the L{L" (R, x R?) norm of

t ./,C / / zfoIH )‘5' (S,é‘)dé‘ds
R2

would have to be bounded by the LZH?~! norm of F if F(t,x) = 0 when |z| > 1.
We shall take F to be a product hr(s)3(x) where 8 € C°°(R?) vanishes for |z| > 1
but satisfies 3(0) = 1, while k¢ is an odd function supported in [T, T]. For this
choice of F' we have

WE(ta) =i [ e cos(tleDhr (DA de/lel, it t>T.

Fix a nonzero function p € C*°(R) supported in (1/2,1). If we take hr to be the
odd function which equals T~/2p(s/T) for positive s, then since hz has a nonzero
L? norm which is independent of T, if Proposition [ZI] were valid for an L{L" space
as above, then it would follow that

WE(ta) = =T [ € cos(rle) i (TIENA(E) de/ ¢
== [ con(Hlel) (1) e/ T) de e
R2
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would belong to L{L"([T,o0) x R?) with a bound independent of T. An easy
calculation shows that this norm equals

/]R2 S cos(t]€[) hn (IEDA(E/T) =

€l

Since our assumption that B(O) = 1 implies that the last factor on the right tends
to a positive constant, we conclude that if the conclusion of Proposition 2.1 were
valid for X = L"(R?), then we would need that

1 1 2

s>+t -=1-1.

2 q T
This means that when n = 2, the assumption that v > 1/2 in Proposition 2] is
necessary.

T-1/2+1/q+2/r

LILT ([1,00) xR2)

3. THE STRAUSS CONJECTURE FOR NONTRAPPING OBSTACLES WHEN n = 3,4

Let us start the proof of Theorem [[.2 by going over the Minkowski space results
that will be used. These will form assumption (L9) of Theorem [[.4]

Lemma 3.1. Let u solve the Minkowski wave equation
(0 —ANu=F, (t,z)€RxR",
u(0, ) =f, Ow(0, )=g.
Then, for 2 < p < oo, and v satisfying
(3.1) %f%<7<%f% and %<1f’y<g,
we have the following estimate:

n_n
2

(3.2) H\x

+1_
: vu‘

LPLEL? (R xB7) S WA vy + N9l -1 gy

SRR

LYLLL2 (R4 xR™)

Here, and in what follows, we are using the mixed-norm notation with respect
to the volume element

LMEZ(AW(L%JMWWWﬁ@)“%nm@”q

for finite exponents and

1/p
Ihleere =sup( [ )P do) .
r>0 Sn—1

We first note that, by the trace lemma for the unit sphere and scaling, we have

n ) 1/2 1 n
33) s ([ @) Pdo@)) S I0leeny s 5 <5<
r>0 Sn—1 2 2

1h]

where do denotes the unit measure on S™~!. Consequently,

n_s 7 2 1/2 1 n
sup 2 (/ ‘ (e t\D\gp) (rw) \ da(w)) S el s @ny » 3<s5<5,
r>0 Sn—1

which is equivalent to

T n—1
B4 el e P ey S Il gagey — g <@ <0,
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Note that by applying B3) to the Fourier transform of v, we see that it is
equivalent to the uniform bounds

n

e, |
(/ pOw)P o)) SATE 2l e . A>0, 3 <s<D,
. 2 2

which by duality is equivalent to

(3.5) [t~ /S h@)e do(w)|

for A > 0 and fixed 1/2 < s < n/2. Using this estimate we can obtain

< \72|h e
L2y ¥ [l Lz (sm-1)

—5 1 s—1 1 n
(3.6) [ lz]~*e"Plo|| 2@, xrmy S IHIDI° 2 0l| L2y, 3<s<3,

because, after Plancherel’s theorem with respect to the t-variable, we find that the
square of the left side of ([B.6]) equals

oo
0 n
~ n— ~ s—n g1
§/0 /3_1’)2( 1)|30(pw)|2p2 do(w)dp = ||| D] 2<PH%2(R"),

using (B3] in the first step.
If we interpolate between ([B.4) and ([B.0) we conclude that, for 2 < ¢ < oo,

. 2
||~ / P (pw) do(w) | da dp
Sn—l

n_ ntl . 1 n 1
3.7 H 27" eitlDl ’ Slellgrvgny z—=<v<=-—-=.
(3.7) || a € ¥ LILIL2 (R xR™) ™ H‘PHHW(]R ) 27 ¢ Y 5 q
This estimate in turn implies that if v solves the Cauchy problem (9?2 — A)v = 0 in
t
R, x R”, then
(3.8) |[lelf= 0|
LILIL2 (Ry xR™)
1 1 n 1
S0, Il ny + 18600, M grr-1(gnys 5~ PR St

The estimate dual to [B3)) is
(3.9) lelios < [[lal=5 0] s
By the Duhamel formula and B8)-33), we then have

ntl

(3.10) Hm%—p vu‘

LYLYL2 (R4 xR") S 10, gz @y + 1000, Dl 751 eny

+ |[lel=#(@ — A

LYL1L2 (RoxR")

provided that v and 1 — 7 satisfy the condition in B8] for ¢ equal to p and oo,
respectively, i.e., B1). O
A calculation shows that if

(3.11) y="

and
pe<p<(n+3)/(n—1),
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then (BI)) holds: p > p. is needed for the first part and p < (n+ 3)/(n — 1) for the
second. Additionally, as far as the powers of |z| go in (BI0), we have
(3.12)

n n+l /(41 =(n—=1p\ n n 2
(5 = )=

n_ 1—ry, if y=t 2
2 p(p—1) R At R

As a result, by the arguments to follow, ([B.2) is strong enough to show that for the
nonobstacle, Minkowski space case, i.e. Q@ = R", A, = A, if 2 < n < 4, then for
pe < p < (n+3)/(n—1) the equation ([L3) has a global solution for small data as
described in Theorem [LL4]

To prove the obstacle version of this result for n = 3 and 4 we shall use a slightly
weaker inequality for which it will be easy to show that we have the corresponding
local Strichartz estimates (II)) for (©2, Ag). To this end, if R is chosen so that 0$2
is contained in |z| < R and A = A, for |z| > R, then we define X = X, ,(R") to
be the space with norm defined by
(3.13)

[hllx, , = lIA|
We then prove the following obstacle variant of (3.2)).
Lemma 3.2. For solutions of ([ if n >3 and p > 2:

n_ n+l

L*v(|lz|<2R) T || 2|27 77h||L?~Lf)(|x\>2R)v if n(% - i) =7

7 Tu

(3.14) H 2|3

n+41 ‘

+ [ul|;p7sv .
LPLEL2 (Ry x{|z|>2R}) ” ”Lth (Ry x{zxeQ: |z|<2R})

S 1Al + gl s + || 125427 F|

LiLLLZ (Ry x{|z[>2R})
+||F

L%Li/l_'*(R+><{x€Q:|x\<2R})’
provided that (B.1) holds.

By (38) and Lemma 22 we have that assumption (L9) of Theorem [[4]is valid
if1/2—-1/g<~v<n/2—-1/qand 2 < ¢q < o0, ie.

(3.15)  |lvllLex, sy xrr) S 000, )l g @y + [10:0(0, ) a1 (mn)»

if (07 —A)w=0in R, xR",
under the additional assumption that v < (n — 1)/2 (which is the case for (3I1])).
Indeed the contribution of the second part of the norm in (B3] is controlled by

B3). To handle the contribution of the first term in the right side of BI3]) we
note that if 8 € C§°(R™) equals one when |z| < 3R, then Sobolev estimates yield

o, Loy (zl<2r) S 18( )0 )l g ey -

Thus, |[v]lLez5 ®, x{jz|<r}) 15 controlled by the right side of [@B.I3) for ¢ = 2,
by Lemma Since this is also the case for ¢ = oo by energy estimates, by
interpolation we conclude that we can control the contribution of the first term in
the right side of (B13) to (81, which finishes the proof of (BIH).

Since the dual norm of || |z|*Al|, is || |z|~*hl|,, by Corollary [LH] we would get
BI4) from (BI5) and Hypothesis [Tif we could show that for ¢ > 2

lullex, ,(o.xe) S ||f||H; + ||9||H73—1,

whenever u solves (1)) with F' = 0, and, as above, 1/2—-1/¢ <y <n/2—-1/q. By
the finite propagation speed of the wave equation, it is clear that the contribution
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of the second term in the right side of (BI3]) will enjoy this estimate. As before,
the first term satisfies it because of Sobolev estimates. This completes the proof of

E.14) O

Let us also observe a related estimate:
(3.16)
ull oo mry s ) 100l Lo a1y ) + NUll oo L2 2y ) T 18Ul 2212 R x0)

N ||f||Hg + ”9”[173—1 + H |:c|*§+1*7F’

LILLL3 (R x{|a|>2R})

FIFI ,
tL, (Ry x{zeQ:|z|<2R})

assuming that (B.I]) holds. Indeed, this is a direct consequence of (2.8) and the
Duhamel formula, together with the inclusion H}(Q) < L*7(2), and the following
consequence of (), and the dual estimate to Sobolev embedding Hp () <
Lo1-7(Q),

(3.17) gl gy S 12~ F gl L sz (og>2m) + N9l

L*1=7 (z€Q:|2|<2R) °
To prove Theorem we shall require a variation of the last two estimates
involving the vector fields,

{F} = {813’ Z}7

where, as before, {Z} are the vector fields {0;, ;0 —210; : 1 <i<mn,1<j<
k < n}. Note that all the {I'} commute with O, = 07 — A, when |z| > R because
0Q C{z: |z| < R} and A = A, for |z| > R.

The main estimate we require is the following.
Lemma 3.3. With p and v as in Lemma B2, u solving (L) with n > 3, and
(f,g, F) satisfying H3 x H} x H} boundary conditions, then
(3.18)

n_ntl
Z(HISEIZ v ’YFQUHLfL,’ZLi(Hh><{\90|>2R})+”I‘auHLi’Lfﬁ(IR+><{$€Q:|$\<2R}))

< 3 (12 iy +112° ) i)

lal<2

+ Z (H ‘xl_%+1_’yFaF‘|L%L},L5(R+><{\1|>2R}) +[[TF|

st .
LiLa ™7 (Ry X{IEQ:II\<2R})>
|| <2

The boundary conditions on (f, g, F') imply that 8gu is locally in H?>+7=9(Q),
7 = 0,1,2, which will be implicitly used in elliptic regularity arguments. We will
also use the fact that the Cauchy data for ['*u is bounded in Hg, X Hgfl by the
right hand side of ([BI8) for |o| < 2. This is clear if I'* is replaced by Z®. On the
other hand, the Cauchy data for 0;u is (g, Agf + F(0, -)). We may control

> (122l + 128 ) < 32 (127 + 12°0l s+ ) -
la|<1 la]<2

Recall that v € (0, 3), so that H}(Q) = HY(Q). To control the term F(0, -), we
recall that T' = {0;, Z} and use the bound

(3.19) DI Fll i1y xay € D T Fllyia-1m, <0y

la|<1 la|<2
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which by (3I0) is seen to be dominated by the right hand side of (BIJ). Similar
considerations apply to the Cauchy data for 92u.

Let us now give the argument for (3I8). We first fix 5y € C§° satisfying fp =1
for |x| < R and suppfBy C {|z| < 2R}. Then the first step in the proof of (BI8)
will be to show that

(3.20)
n_ ntl

> (H 227 T (1 = Bo)Iull Lo por2 (ry x (| >2R))

la|<2

+1(1 = BO)FQU||L5L§” (R+x{xeﬂz|x\<23}))

< 3 (122 Ly, + 1290 sy )
la|<2

+ Z (H ‘x|_%+1_7PaFHL§L},Lg(R+x{\w|>2R}) +[[TF|

st .
L%L;*”<R+x{xeﬂz|x\<2R}>>
lal<2

Since the I' commute with O, when |z| > R, we have

Dg((l — ,BO)FO‘u) = (1 — Bo)FaF — [60, Ag]Fo‘u .
We can therefore write (1 — 5p)I"*u as v + w, where Ogv = (1 — 5o)I'*F and v has
initial data ((1—80)T*u(0, - ), 8¢ (1—Bo)T*u(0, -)), while Jyw = —[By, Ag]l*u and
w has vanishing initial data. If we do this, it follows by BI4]) that if for |a| < 2
we replace the term involving (1 — 5o)I'*u by v in the left side of ([B.20]), then the
resulting expression is dominated by the right side of [B20). If we use ([Z4]), we

find that if we replace (1 — 8p)I"*u by w, then the resulting expression is dominated
by
(321) Z ” [ﬁov Ag]FauHLfH];1 < Z Hﬁlagu”[,g}qgjz*h

|| <2 j<2

assuming that £, equals one on supp(fy) and is supported in |z|] < 2R. As a
result, we would be done with the proof of ([B20) if we could show that the right
hand side of (B.2I]) is dominated by the right side of (.20). By (BI6]) we control
||518t2u||L§H73 by the right hand side of (8.20). On the other hand,

||515tu\|igH75+1 S HﬂlatQUHL’g‘Hg HﬂlUHLgHy?a

so it suffices to dominate ||51u||L§H73+2' Since Agu = 02u — F, then if 32 equals

one on supp(B1) and is supported in the set where |z| < 2R, we may use elliptic
regularity and the equation to bound

||ﬂ1UHLgH73+2 S 1B2Agul 2 rry + [|B2ull 2y,
S HﬂQatZUHL,?Hg + |Boull L2y, + 1B2F (| L2y, -

The first two terms are dominated as above using (BI0). On the other hand,
Sobolev embedding and duality yields

v < o :
(3‘22) ||/82F‘|L?HB ~ Z ||axFHL?le_’Y(R+X{$EQ:|$‘S2R})

laf<1

< o /
~ Z ”atva”L,}le—v (R4 x {z€Q:|z|<2R})’

| <2
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To finish the proof of (BI])), we need to show that the analog of ([B20) is valid
when (1— /) is replaced by p. Since the coefficients of I are bounded on supp(Sy),
if 81 equals one on supp(fy) and is supported in |z| < 2R, then by Sobolev embed-
ding

Z HﬁOFaU‘|LfL;W(R+XQ) S Z ||B18gu”Lng+2*j

o] <2 j<2

S (18100ull prgeas + 13107l e o ).

<2

The terms in L7 HYT?77 are dominated as above. To control the L H"*27J terms
and conclude the proof of (B.I]), we establish the following estimate:

(3.23)
> Il ey + 10Tl ey S (12 Py + 12791 o)
la|<2 || <2
—5+(1- a o
+z<:2<||a:| A= FHLgLiLg,(RJrX{\z|>23})+\|r F||L}Li/1‘”(R+xQ:\w|<2R)>'

The inequality where I'*w is replaced by (1 — 8o)I'*u in [323)) follows by energy
estimates on R", since the right hand side dominates [|(1—50)I F[| ;1 -1, together
with (228)) using the bound [B2I]) to handle the commutator term. If I'*u is replaced
on the left hand side by SoI"*u, the result is dominated by 3,5 ||518,fu||L?oH]z>3+w—j .

For the case j = 0,1, we write Og(S1u) = 51 F — [Ag, f1]u and use (ZH) with the
Duhamel formula to bound

(X R Y
S B g2 + 1819l gryer + IB2ull 2 gy + 1B || 3 o

The term on the right involving u is controlled previously; on the other hand, since
F satisfies the H;é“ boundary conditions, then

1B Fll e S D 102 F|

’ .
o] <2 LR
(¢4 —

To handle the terms for j = 2,3 we use the equation to bound

Z ||5lagUHL§CH?3+”—j < Z (”ﬂlagAgUHLtOCHg—j + HﬂlagFHLtOCHg‘j)

Jj=2,3 j=0,1

The terms involving Agu are dominated by ||623fu||LtooH%+z_j with j = 0,1. The

terms involving F are controlled for j = 1 by (BI9) and for j = 0 by observing
that ([3.22)) holds with L7 replaced by Lg°. This completes the proof of ([B.I8)) and

E2). O

We shall now use these estimates to prove Theorem

Proof of Theorem [[2. We assume Cauchy data (f, g) satsifying the smallness con-
dition (7)), and let ug solve the Cauchy problem (L) with F' = 0. We iteratively
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define uy, for k > 1, by solving

(02 — Ag)ug(t, ) = Fp(up—1(t,x)), (t,z) € Ry xQ,
U(O, ) = fa

atu(oa ) =9,

(Bu)(t,z) =0, on Ry x 9.

Our aim is to show that if the constant £ > 0 in (I.7) is small enough, then so is

M = Z (’|Fau’€HLgng(R+xQ) + “a’fra“k’|Lg€Hg—1(R+xQ)

<2

n __
+ || ]2

«
pirrz ey xfai>2r)) T IT Ukl Lp L @« (we ol <2r)) )

for every £k =0,1,2,....
For k = 0, it follows by BI]) and B23)) that My, < Cpe, with Cy a fixed
constant. More generally, (BI8) and ([B.23) yield that

(3.24) My<Coc+Co > (H 2T (

<2

“kfl)HL}L%L@(RM{ubzR})
T Fy (up )| ).

+ p(u 1)||L§Lw1_”(R+><{m€Q: |z|<2R})

Note that our assumption (I4) on the nonlinear term F,, implies that for small v

A O el N Rt R el NV

lof<2 <2 laf<1

Furthermore, since uy, will be locally of regularity H EH C L*° and F), vanishes at
0, it follows that F),(u) satisfies the B boundary conditions if uy does.

Since the collection I' contains vectors spanning the tangent space to S™~!, by
Sobolev embedding for n = 3,4 we have

lo(r llzee + D 1T )za S Y IT0(r)Lz -
lo|<1 | <2
Consequently, for fixed t,r > 0
T Bkt r Nliez S Y T urr (7)1 -
la]<2 lal<2

By (12)), the first summand in the right side of (3:24]) is dominated by C1.M
We next observe that, since sy > 2 and n < 4, it follows by Sobolev embedding
on {2 N|x| < 2R} that

0]l weaifal<2r) T P, TVt @essol<2r) S D IT0]
|| <1 || <2

L*7 (z€Q:|z|<2R) *

Since s} _., < 2, it holds for each fixed ¢ that

Z I Ep (ur—-1(, )l L= (€9 |2|<2R) S Z 10wk (E, I

la|<2 la|<2
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The second summand in the right side of ([3.24)) is thus also dominated by C1 MF_, ,
and we conclude that M < Cye 4+ 2C) ClM,f_l. For e sufficiently small, then

(325) Mk SQC(){;‘, k:1,2,3,....

To finish the proof of Theorem we need to show that wug converges to a
solution of equation (L3]). For this it suffices to show that

A = ||l ™ 7 (ug — up—

n n+1
) ||LfL$L3(R+x{\z|>2R})

+ [Juk — Uk—l”LfLi” (Ry x{z€Q: |z|<2R})

tends geometrically to zero as k — oco. Since

|Fp(v) = Fy(w)| < Jv—w|(o[P~" + w]"~")

when v and w are small, the proof of (3.:20]) can be adapted to show that, for small

>

0, there is a uniform constant C' so that

A < CAp_y(My_1 + My_o)P 1,

which, by B23]), implies that A; < %Ak,l for small €. Since A; is finite, the claim

follows, which finishes the proof of Theorem O
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