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1. INTRODUCTION

In this article we consider evolution equations of the form

(D¢ + a®“(t,x, D) +ib%(t,z,D))u = f, in RT x R",
(1.1)
u(0) = up, in R™,

where a(t, x, &) and b(t, z, ) are real symbols which are continuous in ¢ and smooth
with respect to z and &.

The operator a™(¢,z, D) is selfadjoint; if b = 0, then this formally guarantees
that the above evolution is L? well-posed and the corresponding evolution operators
S(t,s) are L? isometries. The b term rougly contributes to the growth or decay
of energy along the flow, depending on whether b is negative or positive.

We are interested in the phase space localization properties of the evolution
operators S(t,s). These are best described in terms of the Bargman transform,

_3n

(1.2) (Tf)(x,6) =275~ % [ e300 6@ f(y) dy,

which is an isometry from L?(R™) to the subspace of L?(R?") of functions satisfying
the Cauchy-Riemann type relation

(1.3) 10T f = (0, —i)Tf.
The inversion formula is

n

(14) ) =25 [ ST ) de.

Then one would like to describe the phase space localization of S(t, s) relative
to the Hamilton flow corresponding to (II)). This is given by

T=a (t’$7§)7
(15) { § = _;w(t’xag)'
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We denote by x(t,s) the corresponding family of cannonical transformations, and
we denote by
t— (a",¢")
the trajectories of the Hamilton flow.
This problem has already been considered in [§], [2]. There one considers the
class Sgé(k) of symbols which satisfy the bounds

(1.6) 0507 a(w,€)| < cap, ol + 18] = k.

The main result has the form

Theorem 1 ([8], [2]). Assume that the symbol a(t,x,§) satisfies a(t,z,§) € 586(2)

uniformly with respect to t. Then

(a) The Hamilton flow is bilipschitz.

(b) The kernel K (t, s) of the phase space operator T*S(t, s)T decays rapidly away
from the graph of the Hamilton flow,

(1.7) (K (t,z,&5,y,m)] S (1+ (2, — x(t,s)(y,m)) Y.

However, for applications to nonlinear evolution equations one would like to relax
the above class of symbols and replace uniform bounds by an integrability condition.
For instance, in the context of the wave equation, related results have been obtained
in [7] under assumptions which correspond to replacing the L> bounds in (L6) with
LlLe.

In this article we go one step further and restrict the time integrability to the
bicharacteristic rays. This is a much more natural condition from the point of
view of applications. One motivation for this already appears in early works of
Mizohata [B [6] which is concerned with the b* type terms. They consider the
equation

Lu:=0, —iA+ ij(x)axj + c(z, t)u = f(z,t)
j=1
and show that a necessary condition for L to be well-posed in H*° is the bound

(1.8) sup
z€R™, weS"—1 R>0

< 0.

R
Im/ bi(z + rw) - wdr
0

On the other hand, a slightly stronger version of (L8) was shown to be sufficient
for L? well-posedness in [I].

In the case where A is replaced by the variable coefficient operator ax(x,t)0;0k,
a natural extension of (L) is

< 0Q.

R
Im / by (2t (t, 2,€)) - €1(t, @, €)dr
0

sup
z€R™, |€|=1, R>0

Another motivation for this work comes from the study of general quasilinear
Schrodinger equations. In [3] and [4], well-posedness is established in highly regular
Sobolev spaces by using estimates for the corresponding linear equation.

Given a symplectic flow x in R x R??, we introduce the symbol class S (k)Li of
symbols ¢, which are smooth in (z, &), continuous in ¢, and satisfy

1
(19w [ 02aa(t (0 )l < ool 4161 2
x, 0
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Then our condition for the symbol a is implicit; namely a € S (2)L>1< where y
is the Hamilton flow of a defined by (L). For the symbol b we will assume that
be S(l)L;. Given such a and b, we introduce the notation
(1.10)

a b a b
KN = max Cop T max Ce, Ko = max c,g+ max c,
2<lal+iBI<N P T a<laltlpi<n P jal+igl=2 7 " jal+igl=1 @7

where cf, 5 and Cg,@’ are as in (L9) corresponding to the symbols a and b.
The other important parameter in our analysis corresponds to (L8]). We set

ty
(1.11) M =sup sup / b(t, x', &) dt

z,§ 0<to<t1 Jtg

and assume that M is finite. Then our main result is

Theorem 2. (a) Assume that the symbol a(t,z,§) satisfies a(t,x,&) € S(Q)L;.
Then the Hamilton flow defined by ([LH) is globally well defined and bilipschitz.
(b) Assume in addition that b is a symbol in S(I)Li so that M given by (LII)
is finite and the following relation holds for some large N :
M okan < 1.

Then the kernel K (t,s) of the phase space operator T*S(t, s)T decays rapidly away
from the graph of the Hamilton flow,

(1.12) (K (t 2, & s,y.m)| S A+ (@.8) = x(t )y m)™.

We remark that the smallness in part (b) can be replaced by an equiintegrability
condition for the second order derivatives of a along the flow,

to+h
(1.13) lim sup/ |0%a(xt, £)|dt = 0.
h~>0m,£7 to Jto

Then one can take N arbitrary, apply the theorem on sufficiently small time inter-
vals, and iterate.

2. THE HAMILTON FLOW

In this section we prove that if « € S®) L}, then the Hamilton flow for (LI) is
well defined and bilipschitz. We first prove the bilipschitz property locally and then
use it to show that the flow is globally well defined in the entire time interval.

Thus begin with (2%, £%) € R?". Then there exists some time ¢y > 0 and a ball B
centered at (2°,£%) so that we can solve ([LH) with initial data (y°,n°) € B. Since,
by standard ODE results the flow maps x(t, s) are smooth, we only need to obtain
the appropriate bounds.

For simplicity, set

it = (airg )
We have the systems of equations
a0 = ()« [ (Zely 2l )oaton
- ( ! ) +f " A(s)0u7(s)ds,

and we have a similar expression for 9:p(t) for all 0 <t < 1.
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Now, let us see that the flow is Lipschitz in x. Taking absolute values and
applying Gronwall’s inequality, we have

0.7 < et NGNS
However,
1Al < 19%a(s).
Thus, since a € S(Q)L)l<7

10 S 1,

and similarly

10ep(t)]| < 1.

Note that bounds on higher derivatives in « and £ will follow from the same
argument.

We have shown that the derivatives of 2! and £! are uniformly bounded; therefore
it is clear that the Hamilton flow map x : (z,&) — (z*,&") is uniformly bilipschitz
in phase space.

It remains to show that the Hamilton flow is globally defined. Consider a bichar-
acteristic t — (2f, &%) starting at (2°,£%) = (y,n). This can be continued in time for
as long as (zf,£") remains finite. To prove that this is indeed the case, we consider
a one parameter family of bicharacteristics

s = (2'(s),6°(5)),  (2°(5),87(s)) = (y,m), t=s,

and show that (z%(s), £!(s)) is of class C'! with respect to s with a uniform Lipschitz
bound for s, t in a compact time interval.

Since the Hamilton flow is smooth with a bounded differential, it suffices to
estimate the derivative at s = ¢. But this is given by

(51, €4(5))amt = (agltrom), —as(t, )

and due to the continuity in ¢ it is bounded on any compact time interval.

3. KERNEL BOUNDS

We begin with the equation (L)) for u, and, following [8], we derive an equation
for its phase space transform Twu. If the symbol a is linear in z and £, we have the
straightforward identity

Ta*(z, D)u = (a(x,€) + i(ay0f — ag(0y — i§)))Tu.
For a general symbol a we denote by ag ¢ its linearization around (z,§). Then
(Ta" (2, Du) (2. €) = (a(a, &) + (0,0 — ag (D, —i€))) Tu(z, &) + T(a—ay.e)" (a, D)u.
This provides us with an evolution equation for v = Tu,
(3.1) (Di + a+i(ag0¢ — agdy) — Eag + ib)v = Ev, v(0) = vg = Ty,
where the remainder F is given by

Ev(z,§) =T[(a — agze)(x,D) 4+ i(b— by ) (z, D)|T*v(z,§),
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where b, ¢ is the zeroth order term in a Taylor expansion of b about (z,£). The
kernel K (t,z,£,0,y,n) of T'S(t,0)T* is given by the solution v(¢,z, &) to (B1) with
initial data

_ (=22

_e=a? ) _w=2)?
T e MW T gy

€(x—z
vo(z,€) =C, [ e
R'Il
_(e=w? _(=m)? | (e—u)(Edn)
4 e 4 e 2

= Cphe

which decays rapidly away from (y,n). Then, the bound (II2) follows if we show
that equation (B]) is well-posed in weighted L> spaces:

Proposition 3.1. Let a, b be as in part (b) of Theorem Bl Then for each initial
data vy satisfying
(L+ [ =yl + |€ —n)) Yoo (=, €) € L™,

there exists a unique solution v to B1l) satisfying
L+ [z —y' [+ 1€ =0 )No(t,2,6) € L=
Proof. The inhomogeneous equation
(3.2) (Di + a+i(ag0: — acdy) — ae +ib)v = f, v(0) = v,

is an ODE along the Hamilton flow, whose solution satisfies the bound

-t o co t 't o ¢o
[o(t, 2%, €1)] <Jvo(x, €)]efo Yo7 €7do / |f(s,2°,€%)|els boweT67)do g
0

< (e 01+ [ 11Gs.0%,)as).

By the bilipschitz property of the flow this implies that
1L+ 2 =y [+ 1€ = n' DN olt, 2, €)

S e (I + Jo =yl + 1€ = n) Nvo (@, )~

| Lo

1
dsup(L+ o=yl +le =)™ [ 1f(s, 0% €)lds).
x,€ 0

Hence in order to be able to treat the right hand side term Ev perturbatively and
prove the proposition, it suffices to show that F satisfies the estimate

1
N s ¢s
s sup[(1+ fo =yl + ¢ =0 [ v 2%, €]
<M+ ]+ € ) V(e 2, €)1

For this we have to understand in more detail the kernel of E. It suffices to
consider the contribution of a in E; the estimates for the contribution of b are
similar but simpler. We begin with a simple computation for the kernel K, of
Tq" (z,D)T™,

KQ(xa€7x17£1)
_ Cfn/ezf(:c—y)e— (@=9)® ez’n(y—m)q(y ';yl7n)e—i§1(x1—y1)e—(”_2y1)2

dydy:dn.

We change variables to
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and we integrate with respect to w to obtain

K‘I(xagaxlagl)

w . . 1 —z+w)?
=C, / ei{(zfsz)efﬁeman(z, n)eﬂgl (xlinrw)ei%dZdwdﬁ

i(ata)(E—¢1) _ter—2m)?  (edog—22)2 in(z—m1)  —iz(E—
=Che 2 /e T e 1 q(z,m)eM@=T) == (E=E0) gy,

Integrating by parts 2N times with respect to n and z leads to

|Kq(.'15,§,.’1}1,§1)|
S+ (@@—z)*+(E-&)H™N

_+g—2m)?  (etwy—22)?
X/e 5 e 8 sup |0%q(z,n)|dzdn.
la|<2N

To estimate this, we use the following;:

Lemma 3.2. Let g be a smooth function in R™ with q(0) =0, Vq(0) = 0. Then

(3.4) [ la@lde B[ el rlotgo)de,
lz|<R

[z|SR

Proof. The argument follows directly from the fundamental theorem of calculus.

‘We have
R r r1
/ lg(x)|dz < / / / / 102q(ra, ) |dradrir™" drd
lz|<R o Jsn-1Jo Jo

R R
S/ / / |8ECI(7“2,w)|7“%7"rg*1dr2r"drdw
0 sn—1Jg

5R"+1/ 12[1="102q|da. 0
|z|SR

We apply the lemma to estimate K = K, with ¢ = a — a,;¢ and N = 0. This
gives the crude bound

(3.5) |K(z,& 21,6)| S (1+|£—€1\+I$—$1I)2n+3/k(ﬂr—z,5—77)|32a(2777)ld2d77,
where k is the integrable kernel
k(x,€) = (Ja] + €)' (1 + |=| + |€)) 2.

Applying the same bound with large N yields

‘K(xvgvmhgl”
S A+ =&l + |z — @[> 34N

X /k(w —z,&=n) sup [0%a(z,n)|dzdn.

2<|a|<4N

(3.6)
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Now we can get bounds on E:

1
/ |Bv(t, x, &4)|dt
0

N Sl[lp] /(1 + |2t — | + €8 — &) (2, &) |[dog dé
tel0,1

/01 (/ k(z! —2,€ — n)laza(zm)ldzdn> 2

X </ k(x' — 2,6 —n) sup |8aa(2,n)dzd77> dt

2<|a|<4N

S e /(1 + |zt — x| + [€" — €)2 N [u(t, z, )| dxdg
te|0,

1
2

X (/kz(azt — 2, & — n)|82a(z, n)dzdndt)

2
X </k(xt —z,& —n) sup |8aa(z,n)dzd77dt>
2<|a|<4N
In the last two integrals we change variables (z,17) — (y% ¢*), which uses the
boundedness proved in Section 2. Since x(¢,s) are bilipschitz, we can replace
k(zt —yt & — ¢t by k(2 — 2, €% — ¢Y). Then we use (LI) for the time inte-
gral and the integrability of k for the (3°,¢°) integral. We obtain

1
/ |Bo(t, o, €6 dt
(3.7) 0
S Viwra sup (1 Jat ] 16" = €DV o, €)ldud,
te[0,1]
where kg and kyn are as in (LI0).
This allows us to iteratively solve equation (B for initial data vy € L>°. Indeed,
the above estimate implies that

1
su?/ |EBv(t,z', )|dt < /rokan||v| L
x, 0

It also allows us to solve equation (B.]]) for initial data vy in weighted L™ spaces.
Precisely, for 2N > 4n + m + 3 we have

1
sup[(1+ o —ar] +l¢— &)™ [ |Bu(t.at ¢t
z,£ 0

< sup[(l + )zt — 2| + €8 — €)™ /RoRan
z,§

< sup [(1 Jat g6 = )P ot )l dyd
t€[0,1]
S Veokan (1 + |z — 21| +[€ = &)™ v(t, 2, €) | L, -
Due to the hypothesis in part (b) of Theorem 2] this implies ([33]) and concludes
the proof of the proposition. O
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