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Abstract: We study dispersive properties for the wave equation in the Schwarzschild
space-time. The first result we obtain is a local energy estimate. This is then used, fol-
lowing the spirit of [29], to establish global-in-time Strichartz estimates. A considerable
part of the paper is devoted to a precise analysis of solutions near the trapping region,
namely the photon sphere.

1. Introduction

The aim of this article is to contribute to the understanding of the global-in-time disper-
sive properties of solutions to wave equations on Schwarzschild black hole backgrounds.
Precisely, we consider two robust ways to measure dispersion, namely the local energy
estimates and the Strichartz estimates.

Let us begin with the local energy estimates. For solutions to the constant coefficient
wave equation in 3 + 1 dimensions,

Ou =0, u(0) =ug, u;(0) =uy,

we have the original estimates of Morawetz [33], 1

t
1
/O /R mwmz(r,x) dtdx < ||Vuoll7, + llur 7., (1.1)

where ¥ denotes the angular derivative. To prove this one multiplies the wave equation

by the multiplier (9, + %)u and integrates by parts. Within dyadic spatial regions one
can also control u, d;u and d,u. Precisely, we have the local energy estimates

* The authors were supported in part by the NSF grants DMS0354539 and DMS0301122.
! There is another estimate commonly referred to as a Morawetz estimate. This corresponds to using the
multiplier (12 +72)3; + 2trdy. We will reserve the term Morawetz estimate for (1.1) and shall call the latter
estimate the Morawetz conformal estimate.
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_1 3
R™2|IVull 2 wx o, gy + R 2lull 2®x0,R)) S VUollp2 + llutll2. (1.2)

See for instance [20,22,40-42].
One can also consider the inhomogeneous problem,

Ou=f w0 =uo, ui(0)=u. (1.3)
In view of (1.2) we define the local energy space L E; for the solution u by
_I _3
gy = sup [273 IVl 2y +27 F il 2a ) | (1:4)
JeZ

where
A =R x {2/ < x| <2/*).

For the inhomogeneous term f we introduce a dual type norm

J
A lles, = D 221 ll2ca -

JEL
Then we have:

Theorem 1.1. The solution u to (1.3) satisfies the following estimate:

lullLey < IVuoll2 + lutlipz + 11f ez, (1.5)

One may ask whether similar bounds also hold for perturbations of the Minkowski
space-time. Indeed, in the case of small long range perturbations the same bounds as
above were established very recently by two of the authors, see [30, Prop. 2.2] or [28,
(2.23)] (with no obstacle, 2 = @J). See also [1,27] for related local energy estimates for
small perturbations of the d’ Alembertian. For large perturbations one faces additional
difficulties, due on one hand to trapping for large frequencies and on the other hand to
eigenvalues and resonances for low frequencies. The Schwarzschild space-time, con-
sidered in the present paper, is a very interesting example of a large perturbation of the
Minkowski space-time, where trapping causes significant difficulties.

The Schwarzschild space-time M is a spherically symmetric solution to Einstein’s
equations with an additional Killing vector field K, which models the exterior of a mas-
sive spherically symmetric body. Factoring out the S> component it can be represented
via the Penrose diagram in Fig. 1. The radius  of the S? spheres is intrinsically deter-
mined and is a smooth function on M which has a single critical point at the center.
The regions I and I’ represent the exterior of the black hole, respectively its symmetric
twin, and are characterized by the relation r > 2M. We can represent / as

I =R x 2M, ) x S?

with a metric whose line element is

oM oM\ !
ds? = —(1 — —)dt2 + (1 — —) dr? + r’de?, (1.6)

r r

where dw? is the measure on the sphere S. The Killing vector field K is given by
K = 9;, which is time-like within /. The differential d¢ is intrinsic, but the function ¢ is
only defined up to translations on /.
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Fig. 1. The Penrose diagram for the Kruskal extension of the Schwarzschild solution

The regions /1 and I I’ represent the black hole, respectively its symmetric twin, the
white hole, and are characterized by the relation r < 2M. The same metric as in (1.6)
can be used. The Killing vector field K is still given by K = 9;, which is now space-like.
Light rays can enter the black hole but not leave it. By symmetry light rays can leave
the white hole but not enter it.

The surface r = 2M is called the event horizon. While the singularity at r = 0 is
a true metric singularity, we note that the apparent singularity at » = 2M is merely a
coordinate singularity. Indeed, denote

r* =r+2Mlog(r —2M) —3M —2M log M,

so that
* 2 - k
dr*=1— — dr, r"3M) =0
r

and set v = ¢ + r*. Then in the (r, v, ®) coordinates the metric in region / is expressed
in the form

oM
ds? = — (1 - —)dv2 +2dvdr +r*dw?,
r

which extends analytically into the black hole region I + I I. In particular, given a choice
of the function ¢ in region /, this uniquely determines the function # in the region /1 via
the same change of coordinates.

In a symmetric fashion we set w = t — r*. Then in the (r, w, w) coordinates the
metric is expressed in the form

2M
ds? = —(1 — —)dw2 — 2dwdr + r*dw?,
r

which extends analytically into the white hole region I + I1'.
One can also introduce global nonsingular coordinates by rewriting the metric in the
Kruskal-Szekeres coordinate system,

, v , _w
U=€4M, w = —e 4M .
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However, this is of less interest for our purposes here. Further information on the
Schwarzschild space can be found in a number of excellent texts. We refer the interested
reader to, e.g., [18,31 and 51].

As far as the results in this paper are concerned, for large r the Schwarzschild space-
time can be viewed as a small perturbation of the Minkowski space-time. The difficulties
in our analysis are caused by the dynamics for small r, where trapping occurs. The pres-
ence of trapped rays, i.e. rays which do not escape either to infinity or to the singularity
r = 0, are known to be a significant obstacle to proving local energy, dispersive, and
Strichartz estimates and, in some cases, are known to necessitate a loss of regularity.
See, e.g., [10 and 37].

There are two places where trapping occurs on the Schwarzschild manifold. The first
is the surface r = 3M which is called the photon sphere. Null geodesics which are ini-
tially tangent to the photon sphere will remain on the surface for all times. Microlocally
the energy is preserved near such periodic orbits. However what allows for local energy
estimates near the photon sphere is the fact that these periodic orbits are hyperbolic. The
second is at the event horizon r = 2M, where the trapped geodesics are the vertical
ones in the (r, v, ) coordinates. However, this second family of trapped rays turns out
to cause no difficulty in the decay estimates since in the high frequency limit the energy
decays exponentially along itas v — oo. This is due to the fact that the frequency decays
exponentially along the Hamilton flow, and in the physics literature it is well-known as
the red shift effect.

To describe the decay properties of solutions to the wave equation in the Schwarzs-
child space, it is convenient to use coordinates which make good use of the Killing vector
field and are nonsingular along the event horizon. The (r, v, @) coordinates would satisfy
these requirements. However the level sets of v are null surfaces, which would cause
some minor difficulties. This is why in 7 + I 1 we introduce the function v defined by

Ezv_lu’(r)»

where u is a smooth function of r. In the (v, r, @) coordinates the metric has the form

e b e (N S O T
ds“* = —(1—— )dv"+2 |1 — {1 — — )u'(r) ) dodr
r r
+ (2;/(r) - (1 - 2—M)(;/(r))2) dr? + r’dw?.

r

On the function u we impose the following two conditions:

(i) wp(r) =r*forr > 2M, with equality for r > 5M /2.
(i) The surfaces v = const are space-like, i.e.

2M
w@) >0, 2- (1 — —)//(r) > 0.
r

The first condition (i) insures that the (r, v, w) coordinates coincide with the (r, f, w)
coordinates in r > 5SM /2. This is convenient but not required for any of our results.
What is important is that in these coordinates the metric is asymptotically flatas r — oo.

. . - . -1
In the proof of the Strichartz estimates, it is also required that ' (r) = ( — %) near
r = 3M, which in other words says that we can work in the (r, #) coordinates near the
photon sphere. However, this may be merely an artifact of our method.
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r=ryg<2M

Fig. 2. The Schwarzschild space partition represented on the Penrose diagram

We introduce a symmetric function 9 in I’ + II, as well as the functions w and
wi in I + II', respectively I’ + I1'. Given a parameter 0 < ro < 2M we partition the
Schwarzschild space into seven regions

M= MrUMLUMRUM; UMrUMecUMpg
as in Fig. 2. The right/left top/bottom regions are
Mr={v>=0,r>rg} CI+1I, Mp={01>0, r>rgyCl' +11,
Mp={w=<0,r>=ryCcI+I1I'/ M;={w; <0, r>rp}Ccl'+1I,
the top and bottom regions are
Mr={r<ro)nNIl, Mp={r<ro}NIl,
and the central region M is the remainder of M. Moreover, define
Yy =Mgn{v =0},
Th = MgN{r=ro}.

and similarly for the other regions.
In what follows we consider the Cauchy problem

Ogp=f, bz =d0, Koz, = ¢1, (1.7)

where for convenience we choose the initial surface X to be the horizontal surface of
symmetry

So={t=01N(I+1)

and K is smooth, everywhere timelike and equals K on X outside M. Observe that
we cannot use K on all of ¥ since it is degenerate at the center (i.e. on the bifurcate
sphere).

Equation (1.7) can be solved as follows:

(i) Solve the equation in M ¢ with Cauchy data on X¢. Since M is compact and has
forward and backward space-like boundaries, this is a purely local problem.
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(i) Solve the equation in M g with Cauchy data on X . The forward boundary of Mg
is X%, which is space-like. This is the most interesting part, where we are interested
in the decay properties as ¥ — co. In a similar manner solve the equation in M,
M/, and M, .

(iii) Solve the equation in M7 with initial data on the space-like surface X7 = {r =
ro} N 11. Here one can track the solution up to the singularity and encounter a mix
of local and global features. This part of the analysis is not pursued in the present
article.

A significant role in our analysis is played by the Killing vector field K, which in
the (r, v) coordinates equals d;. This is time-like outside the black hole but space-like
inside it. Furthermore, it is degenerate at the center. Using the Killing vector field outside
the black hole we obtain a conserved energy Ep[¢] for solutions ¢ to the homogeneous
equation [g¢ = 0. On surfaces t = const in the (r, t) coordinates the energy Eo[¢](t)
has the form

! 2 2M 2 2 2
Eole]= /S 2 / (1 ——) ) +(1—7)<ar¢> Vel | Pdrdo. (18)

Since the vector field K is degenerate at the center, so is the corresponding energy
Ey at r = 2M. Hence it would be natural to replace it with a nondegenerate energy,
which on the initial surface ¥ can be expressed as

% 2 2M 2 2
E[¢](Eo)—/ / (1 - —) (3,9) +(1 - —) 3,0)2+| ¥ | rPdrdw.

(1.9

Unfortunately this is no longer conserved, and this is one of the difficulties which we
face in our analysis. We remark that a related form of a nondegenerate energy expres-
sion was introduced in [14] and proved to be bounded in the exterior region on surfaces
t = const.

Part of the novelty of our approach is to prove bounds not only in the exterior region,
but also inside the event horizon. This is natural if one considers the fact that the sin-
gularity at » = 2M is merely a removable coordinate singularity. In order to do this, it
is no longer suitable to measure the evolution of the energy on the surfaces t = const
(see below). Thus the above energy E[¢](Xo) is relegated to a secondary role here and
is used only to measure the size of the initial data.

A priori the energy E[¢](t) of ¢ only determines its Cauchy data at time ¢ modulo
constants. However, in what follows we implicitly assume that ¢ decays at 0o, in which
case ¢ can also be estimated via a Hardy-type inequality,

_1 1
/ (1_2_M) 202 drde < / (1—2—M)2<ar¢>2 Pdrdo.  (1.10)
r r

This is proved in a standard manner; the details are left to the reader.

We shall now further describe our main estimates in the region M g: the local energy
decay, the WKB analysis which yields a local energy decay with only a logarithmic loss,
and finally the Strichartz estimates.
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For the initial energy on X5 we use

E6E) = [ (1008 1050 +1¥0) Pdrd

For the final energy on X} we set
EWGIER) = [ (1007 + 0P + N6 F) dido.
Zk
We also track the energy on the space-like slices v = const,

E[¢](vo) = /
MprN{v=0p}

(10,6 + 1067 + ¥ ) rdrdo.
Thus E[¢](Xg) = E[¢](0).

For the local energy estimates one may first consider a direct analogue of the
Minkowski bound (1.5). Unfortunately such a bound is hopeless due to the trapping
which occurs at r = 3M. Instead, for our first result we define a weaker preliminary
local energy space L Eg with norm

1 3IM\? (1 1 1 3
17, = /M (r—2|ar¢|2+(1—7) (r—2|a,;¢|2+;|>7¢|2)+r—4¢2)r2drdvdw.
R
(1.11)

Compared to the L Ey; norm we note the power loss in the angular and v derivatives at
r = 3M. The LE( norm is also weaker than LEjy; as r — 00, but this is merely for
convenience.

At the same time we would like to also consider the inhomogeneous problem [Uo¢p =
f. To measure the inhomogeneous term f, we introduce the norm L E, which is stronger
than LE7,:

3M\°
IIfIIiE;;:/ (1——) P2 f2 rdrdide. (1.12)
Mp

r

Again the important difference is at r = 3M. Our first local energy estimate is the
following:

Theorem 1.2. Let ¢ solve the inhomogeneous wave equation Uy ¢ = f onthe Schwarzs-
child manifold. Then we have

E[§1(Z}) + sup EIGI@) + @17 g, S EIG1E ) + I £1} s (1.13)

>0

Here we made no effort to optimize the weights at » = 3M and r = oo. This is done
later in the paper. On the other hand the above estimate follows from a relatively simple
application of the classical positive commutator method. The advantage of having even
such a weaker estimate is that it is sufficient in order to allow localization near the inter-
esting regions r = 3M and r = oo, which can then be studied in greater detail using
specific tools.
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The first related results regarding the solution of the wave equation on Schwarzschild
backgrounds were obtained in [50 and 24] which proved uniform boundedness in region
I (including the event horizon). The first pointwise decay result (without, however, a rate
of decay) was obtained in [49]. Heuristics from [36] suggest that solutions to the wave
equation in the Schwarzschild case should locally decay like v=3. For spherically sym-
metric data a v—3*€ decay rate was obtained in [16], and under the additional assumption
of the initial data vanishing near the event horizon, the v—3 decay rate was proved in
[23]. In general the best known decay rate, proved in [14], is v~ ! (see also [7]). We also
refer the reader to [38], where optimal pointwise decay rates for each spherical harmonic
are established for a closely related problem.

Estimates related to (1.13) were first proved in [25] for radially symmetric Schroding-
er equations on Schwarzschild backgrounds. In [2—4], those estimates are extended to
allow for general data for the wave equation. The same authors, in [5,6], have provided
studies that give improved estimates near the photon sphere r = 3M.

Moreover, we note that variants of these bounds have played an important role in
the works [7 and 14] which prove analogues of the Morawetz conformal estimates on
Schwarzschild backgrounds. This allows one to deduce a uniform decay rate for the
local energy away from the event horizon, though there is necessarily a loss of regularity
due to the trapping that occurs at the photon sphere. Instead in this paper we restrict
ourselves to time translation invariant estimates, and we aim to clarify/streamline these
as much as possible.

All of the above articles use the conserved (degenerate) energy Eg[¢] on time slices,
obtained using the Killing vector field ;. As such, their estimates are degenerate near
the event horizon. Further progress was made in [14], where an additional vector field
was introduced near the event horizon, in connection to the red shift effect. This led to
bounds in the exterior region involving a nondegenerate form of the energy related to
(1.9).

The approach of [2,7,14 and 25] is to write the equation using the Regge-Wheeler
tortoise coordinate and to expand in spherical harmonics. For the equation correspond-
ing to each spherical harmonic, one uses a multiplier which changes sign at the critical
point of the effective potential.

Here we work in the coordinates (r, v, w), though this is not of particular signifi-
cance, and we do not expand into spherical harmonics. We prove (1.13) using a positive
commutator argument which requires a single differential multiplier. We hope that this
makes the methods more robust for other potential applications.

During final preparations of this article, localized energy estimates proved without
using the spherical harmonic decomposition also appeared in [15]. The methods con-
tained therein are somewhat different from ours.

Compared to the stronger norms LEy;, LE}, the weights in (1.13) have a polyno-
mial singularity at r = 3M, which corresponds to the family of trapped geodesics on
the photon sphere. As a consequence of the results we prove later, see Theorem 3.2, the
latter fact can be remedied to produce a stronger estimate.

Theorem 1.3. Let ¢ solve the inhomogeneous wave equation Ug¢p = f onthe Schwarzs-
child manifold. Then (1.13) still holds if the coefficient (1 — 3M /r)? in the L Eq and the
LEG norms is replaced by
-2
(1 —1In ) .

3IM
| -
,
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Now we have only a logarithmic singularity at r = 3M. The result above is only
stated in this form for the reader’s convenience. The full result in Theorem 3.2 is stron-
ger but also more complicated to state since it provides a more precise microlocal local
energy estimate.

The logarithmic loss is not surprising, since it is characteristic of geometries with
trapped hyperbolic orbits (see for instance [9,12,34]). Indeed, a similar estimate in the
semiclassical setting is obtained in [13] using entirely different techniques. Note, how-
ever, that the aforementioned estimate only involves logarithmic loss of the frequency;
our result is stronger since it also implies bounds for ||(In [r*])~!u|| 12, Which are nec-
essary in order to prove Strichartz estimates.

There are two regions on which the analysis is distinct. The metric is asymptotically
flat, and thus, near infinity, one can retrieve the classical Morawetz type estimate. On
the other hand, around the photon sphere » = 3M we take an expansion into spherical
harmonics as well as a time Fourier transform. Then it remains to study an ordinary
differential equation which is essentially similar to

@ - royu=f led<1, xS

For this we use a rough WKB approximation in the hyperbolic region combined with
energy estimates in the elliptic region. Airy type dynamics occur near the zeroes of the
potential.

Even though it is weaker, the initial bound in Theorem 1.2 plays a key role in the
analysis. Precisely, it allows us to glue together the estimates in the two regions described
above.

We next consider the Strichartz estimates. For solutions to the constant coefficient
wave equation on R x R3, the well-known Strichartz estimates state that

D™ Vull g S VU ©) 2 + ||IDx|p2f|IL,/2Lq§- (1.14)
t X

Here the exponents (p;, p;, gi) are subject to the scaling relation

1 3 3
—+I=—p (1.15)
p g 2
and the dispersion relation
1 1 1
—t - < -, 2 < p<oo. (1.16)
P g 2

All pairs (p, p, g) satisfying (1.15) and (1.16) are called Strichartz pairs. Those for
which the equality holds in (1.16) are called sharp Strichartz pairs. Such estimates first
appeared in the seminal works [8,43,44] and as stated include contributions from, e.g.,
[17,19,26,35 and 21].

If one allows variable coefficients, such estimates are well-understood locally-
in-time. For smooth coefficients, this was first shown in [32] and later for C2 coeffi-
cients in [39 and 45-47].

Globally-in-time, the problem is more delicate. Even a small, smooth, compactly
supported perturbation of the flat metric may refocus a group of rays and produce caus-
tics. Thus, constructing a parametrix for incoming rays proves to be quite difficult. At the
same time, one needs to contend with the possibility of trapped rays at high frequencies
and with eigenfunctions/resonances at low frequencies.
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Global-in-time estimates were shown for small, long range perturbations of the
metric in [29] using an outgoing parametrix. In order to keep the parametrix outgo-
ing one must allow evolution both forward and backward in time. This construction
is based on an earlier argument in [48] for the Schrodinger equation. The smallness
assumption, however, precludes trapping and does not permit a direct application to the
current setup.

On the other hand, a second result of [29] asserts that even for large, long range pertur-
bations of the metric one can still establish global-in-time Strichartz estimates provided
that a strong form of the local energy estimates holds. This switches the burden to the
question of proving local energy estimates.

The result in [29] cannot be applied directly to the present problem due to the log-
arithmic losses in the local energy estimates near the trapped rays. However, it can be
applied for the near infinity part of the solution. In a bounded spatial region, on the
other hand, we take advantage of the local energy estimates to localize the problem to
bounded sets, in which estimates are shown using the local-in-time Strichartz estimates
of [39,45]. Thus we obtain

Theorem 1.4. If ¢ solves Uy,¢p = f in Mg then for all nonsharp Strichartz pairs
(p1, p1, q1) and (p2, p2, q2) we have

E[@)(S}) +sup E[Q1@D) + VI3, oo S EIBIER) + 112,
g x L

>0 x

prz’qé . (1.17)
Here the Sobolev-type spaces H*'? coincide with the usual H*? homogeneous spaces
in R3 expressed in polar coordinates (7, ®).
As a corollary of this result one can consider the global solvability question for the
energy critical semilinear wave equation in the Schwarzschild space,

[Dg¢:j:¢5 in M
¢ =¢o, K¢ =1 inZp.

Theorem 1.5. Let ro > 0. Then there exists € > 0 so that for each initial data (¢o, ¢1)
which satisfies

(1.18)

E[p](X0) <€,

Eq. (1.18) admits an unique solution ¢ in the region {r > ro} which satisfies the bound

E[pl(Z)) + ||¢||1L'15-p({r>r()}) S E[¢](Z0)
for all indices s, p satisfying

4 1 1

— =5+, 0<s<—.

p 2 2
Furthermore, the solution has a Lipschitz dependence on the initial data in the above
topology.

Some further clarification is needed for the function space HS?({r > ro}) appear-
ing above, in view of the ambiguity due to the choice of coordinates. In a compact
neighbourhood of the center region M ¢ this is nothing but the classical H*>? norm. By
compactness, different choices of coordinates lead to equivalent norms. Consider now
the upper exterior region Mg (as well as its three other mirror images). Using the coor-
dinates (0, x) with x = wr, we define H*? (M) as the restrictions to R* x {|x| > ro}
of functions in the homogeneous Sobolev space H*? (R x R3).
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2. The Morawetz-Type Estimate

In this section, we shall prove Theorem 1.2. We note that the estimate (1.13) is trivial
over a finite v interval by energy estimates for the wave equation; the difficulty consists
in proving a global bound in v. By the same token, once we prove (1.13) for some choice
of ro < 2M, we can trivially make the transition to any ro < 2M due to the local theory.
Thus in the arguments which follow we reserve the right to take rg sufficiently close to
2M.

We consider solutions to the inhomogeneous wave equation on the Schwarzschild
manifold in Mg, which is given by

Ogp = V90,0 = f.

Here V represents the metric connection. Associated to this equation is an energy-
momentum tensor given by

1
Qaﬁ[¢] = 8a¢8ﬁ¢ - Egaﬂ8y¢3y¢-

A simple calculation yields the most important property of Qyg, namely that if ¢ solves
the homogeneous wave equation then Qqp[¢] is divergence-free:

Va Q(Xﬂ[d)] = 07 if Vaaa¢ = O.
More generally, we have
VY Qusle] = 356 U

In order to prove Theorem 1.2, we shall contract Qg with a vector field X to form
the momentum density

Pul¢, X1 = Qupld1XP.

Computing the divergence of this vector field, we have

VP, X1 =X + Quplpln®?,

where
1
Tap = E(VaXﬂ +VgXy)

is the deformation tensor of X.
If X is the Killing vector field K then the above divergence vanishes,

V@Pul¢p, K1=0 if Og¢ =0. (2.1)

This gives rise to the Eg[¢] conservation law outside the black hole.

Naively, one may seek vector fields X so that the quadratic form Qg [¢]n“’3 is
positive definite. However, this may not always be possible to achieve. Instead we note
that it may be just as good to have the symbol of this quadratic form positive on the
characteristic set of [g. Then it would be possible to make the above quadratic form
positive after adding a Lagrangian correction term of the form gd” ¢ 9, ¢. Such a term
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can be conveniently expressed in divergence form modulo lower order terms. Precisely,
for a vector field X, a scalar function g and a 1-form m we define

1 1
Pul¢, X, q.m] = Pylop, X1+ qddud — Eaaqqsz + Emaqﬁ,

where m allows us to modify the lower order terms in the divergence formula. Then we
obtain the modified divergence relation

VO Pulp, X, q.m] = Ugdp (X +q¢) + Q. X, q,m], 22

1
0l¢, X, q,ml = Qupldp1n® +qd*¢ 8y + ma 3“¢ + 5 (Ve = V3aq) ¢*.

Theorem 1.2 is proved by making appropriate choices for X, g and m so that the
quadratic form Q[¢, X, g, m] defined by the divergence relation is positive definite. In
what follows we assume that X, g and m are all spherically symmetric and invariant
with respect to the Killing vector field K.

Lemma 2.1. There exist smooth, spherically symmetric, K-invariant X, g, and m in
r > 2M satisfying the following properties:

() X is bounded® , |q(r)| < r~Y, 1¢’'(r)| < r=% and m has compact support inr.
(ii) The quadratic form Q[¢, X, q, m] is positive definite,

_ 3IM\® _ _ _
0l¢. X.q.m] Z r 20,9 + (1 — 7) r 105> +r 7 W1 +r 7
(ili)) X (2M) points toward the black hole, X (dr)(2M) < 0, and (m,dr)(2M) > 0.

We postpone the proof of the lemma and use it to conclude the proof of Theorem 1.2.
Let X, ¢ and m be as in the lemma. We extend them smoothly beyond the event horizon
preserving the spherical symmetry and the K-invariance. By (2.1) we can modify the
vector field X without changing the quadratic form Q in (2.3),

VEP[¢, X +CK,q,ml =g (X + CK)p +q¢) + 0l9, X, g, m].
Here C is a large constant. We integrate this relation in the region
D ={0<v <y, r>ro}
using the (r, v, w) coordinates. This yields

/ (D¢ (X +CK)$ +q¢) + Q[$. X, q. m]) r’drdide
D

V=10
= /(dﬁ, Pl¢, X +CK,q, m))r’drdw
=0

—/ (dr, P[p, X + CK, q, m))radido.
r=ro

2 In the (r, ) coordinates
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We claim that if C is large enough and r¢ sufficiently close to 2M then the integrals on
the right have the correct sign,

E[¢](ﬁ1)§—[ (dD, P, X+CK, g, ml)r’drdo SCE[$1(@1), ©1 =0, (23)

=101
(dr, Pl¢. X +CK.,q.m]) Z 18:0* +19:0]* +|0ug* + ¢, r=ro. (2.4)
If these bounds hold then the conclusion of the theorem follows by (ii) and Cauchy-

Schwarz.
Indeed, a direct computation yields

~ 1 / M 2 2 M 2
(dv, P19, 95]) = =3 [(ZM - (1 - T)M ) 10561 + (1 - T)Iaﬂbl

#1202,
respectively
2 M ’
(dr, P[¢, 9;]) = 05| + L= == )@ = 13§05
On the other hand
- 2MN 2 , MY\
(dv, P1§, 0, 1) = \1 =\ 1= —— | [0 61" = { 21" = \ 1 = —= ™ | 95609,
while
1 , 2MN\ 2 2M )
(dr. Plg. 0r]) = =2 | =\ 21 = \ 1 = —= ™ | [95¢] —(1—7 |01

+ r2|aw¢|2] )

We compute
(dv, Pl¢, X + CK]) = (X (dV) + C)(dv, Pl¢, 95]) + X(dr){dv, P[¢, 9,]).

For large enough C we have X (dv) + C 2, C. Therefore the first term on the right is

negative definite for » > 2M. More precisely, it is only the coefficient of the |,¢|* term

which degenerates at r = 2M. However, due to condition (iii) in the lemma we have

X(dr)(2M) < 0; therefore we pick up a negative |8,¢|? coefficient at r = 2M. Thus
we obtain

~ 2 2M

—(dv, P[¢p, X +CK]) = C |:|85¢| + (1 -

r>2M.

)|ar<z>|2 +r—2|aw¢|2] +18,01%,

Since all the coefficients in the quadratic form on the left are continuous, it follows that
the above relation extends to r > rq for some ro < 2M depending on C, namely

0<2M —rg < C™ L. (2.5)
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In order to prove (2.3) it remains to estimate the lower order terms P[¢, 0, ¢, m] in
terms of the positive contribution above. Since |¢| < r~! and m has compact support in
r, we can bound

(45 PL8.0. q.mb| <161 [1030 + 18,6 +r210P.

Then by Cauchy-Schwarz it suffices to estimate

/ r 2 PPr2dr < C—%/ [C(l = —) + 1] 10,617 2dr
ro ro r

which is a routine Hardy-type inequality.
We next turn our attention to (2.4) and begin with the principal part

(dr, Pl¢, X + CK]) = (X (dv) + C)(dr, Pl¢, 05]) + X (dr){dr, P[¢p, 9,]).

Examining the expressions for the two terms above, we see that for r( subject to (2.5)
we have

2 2 M
(dr, Pl¢, X + CK]) 2 Cl35|° +|0u0|" — 1—— 101>, r=ro.
Next we consider the lower order terms. The contribution of m is

%(m, dr)p* = ¢*

due to condition (iii) in the lemma. The contribution of ¢ is
1
q(dr, d) — 5¢*(dr, dq).

The coefficient of the second term is (1 - 2TM)q’ , which is negligible for ro close to 2 M.
In the first term we have

oM oM\
(dr,d¢) = (1 - T)M’ + (1 - (1 - 7)“ ) 3.

All terms involving ( il ) are negligible, and since ¢ is bounded we get

49359 < Clago|* + ¢
for large enough C.

Proof of Lemma 2.1. 1t is convenient to look for X in the (r, ) coordinates, where we
choose the vector field X of the form

X =X1+48Xp, K1,

with

( ZM) ( ZM)( ( ZM)—1 )
Xi=ar){1——)09,, X =b(r){1 — — o — 11— — 0r
r r r
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and a and b(l — 27M) will be chosen to be smooth. Note that X is a smooth vector field
in the nonsingular coordinates (r, v), since in these coordinates we have

2M M
X1 =a(r) ((l——)3r+8v), X2=b(r)(1——)8,.
r r

We remark that the vector field X is closely related to the vector field Y introduced
earlier in [14] in order to take advantage of the red shift effect. However, in their con-
struction Y is in a form which is nonsmooth near the event horizon and which is restricted
to the exterior region.

The primary role played by X, here is to ensure that X + CK is time-like near the
event horizon. The red-shift effect largely takes care of the rest.

For convenience, we set

2MN\ 1
Hr) = (1 — T)r—za, (rza(r)) .

A direct computation yields

. 2M\? s r—3M _
ViP ¢, X1] = (1—7) a (r)(@0-¢)" +al(r) e ¥l

1 (2.6)
- Etl ("¢ d, ¢+ X190, 8,

respectively
. 1, 2M 2
v Pa[¢vX2]=§b (r) 1—7 orp — 09

r—3M 1 2MY , 2
+ 5—b(r) — —(1 -— )b (V)) [ ¥l 2.7)
r 2 r

- %(1 - QTM)bmaw 8,6 + X200,

where

oM\ ! 2M
3P dyp=— [(1 - 7) (3:9)* — (1 - 7)(ar¢>2 - |>7¢|2}.

We choose a so that the first line of the right side of (2.6) is positive. This requires that
dry>r7?  a(BM)=0. (2.8)

We choose b so that the first line of the right-hand side of (2.7) is positive. Precisely, we
take b supported in r < 3M with

bo(r)
2M°
===

b=—

rel[2M,3M],

with by smooth, decreasing in [2M,3M) and supported in {r < 3M}. In particular
this guarantees that bo(2M) > 0, which is later used to verify the condition (iii) in the
lemma.
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The exact choice of by is not important, and in effect b only plays a role very close
to the event horizon r = 2M. Even though b is singular at 2M, the second term of the
coefficient of | ¥¢|? in the second line of (2.7) is nonsingular. Hence if § is sufficiently
small this term is controlled by the first line in (2.6).

Taking the above choices into account, we have

2M\? , 1, 2M
Ql¢. X,0,0] = (1 - 7) a (r)(9,¢) +8§b (r) ((1 - 7)8’¢ - 3z¢)

—3M)?
0 (=) 19t - 00,0

1 1 2M
qo(r) = (Etl(r) +8—b(r)(1 — —))
r r

The last term in (2.9) is a Lagrangian expression and is accounted for via the g term.
The first three terms give a nonnegative quadratic form in V¢. This form is in effect
positive definite for r < 3M, where b’ > 0. However for larger r it controls 9,¢ and
¥ ¢ but not d;¢. This can be easily remedied with the Lagrangian term. Precisely, we
choose ¢ of the form

2

(2.9)

where

(r —3M)?*
qg=qo+d1q1, q1(r) = Xir>SM/2) —

where x{r~5Mm/2) is a smooth nonnegative cutoff which is supported in {r > 5M/2} and
equals 1 for r > 3M. The positive parameter §; is chosen so that §; < §. Then the only
nonnegligible contribution of §1¢; is the one involving d;¢. We obtain

2M\? ., , 1, 2M 2
Ql¢. X, q,0] = (l - T) 0@ )(0:-¢) +5§b (r) ((l - T)quﬁ - 3z¢)

—3M)? oM\ ! 1
(u) |Vl +81q1(1 - —) 19:01° — =V*3uq ¢°.

r3 r 2
(2.10)

The contribution of g can be made arbitrarily small by taking §; small. Hence it will
be neglected in the sequel. At this stage it would be convenient to be able to choose a
so that V09,11 (r) < 0. A direct computation yields

V@t (r) = —

La(r) = —rizar [(1 - 27M)r23, [(1 - QTM)ﬁa, (rza(r))H .

Unfortunately it turns out that the condition La > 0 and (2.8) are incompatible, in the
sense that there is no smooth a which satisfies both. However, one can find a with a
logarithmic blow-up at 2M which satisfies both requirements. Such an example is

with

a(r) =r—2 ((r —3M)(r +2M) + 6M? log (r _MZM)).
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This is in no way unique, it is merely the simplest we were able to produce. One verifies
directly that

ar)>r2, La(r) > r—%.
To eliminate the singularity of a above we replace it by
1
ae(r) = r—zfe(R),

where € is a small parameter,

2 r—2M
R = (= 3M)( +2M) + 6M*log ().

and

fe(R)=€""f(eR),

where f is a smooth nondecreasing function such that f(R) = R on [—1, co] and
f = —2 on (—o00, —3]. The condition (2.8) is satisfied uniformly with respect to small
€; therefore the choice of § is independent of the choice of €.

With this modification of @ we recompute

l " (2( ZM)_I) "
Lac = f'(eR)La+O(e)f " (eR)+ O e“{1 — — f7(eR).

This is still positive except for the region {¢ R < —1}. To control it we introduce an m
term in the divergence relation as follows: Let y () be a function to be chosen later. We

set
, 2M\? ) oM
my=8b'r){1——1) v, my,=b(r){1 —— )y, mg = 0.
r r
Then
, 2M 2M
myd*¢ = b (r))/(r)(l - —) ((1 - —)3r¢ - 3z¢),
r r
while

V%my = 8r %0 1—2—M 2rzb’(r)
a = r P () )

Hence, completing the square we obtain

2M\? — 3M)?
0l¢, X, q,m] = (1 — 7) 0™ (3,¢)*+ 0 ((’"r—3)) V|

oM\,
+8191 1—7 10:¢1” + n¢

(O R (D)
o=t (1= 22 )og —ap+ (1- = )ve) .
2 r r
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where the coefficient n is given by

1 2M oM b 2M\?
n:Lae——c‘Srzarrz(l — —)8, (rlb(r)(l — —)) ) ©) (1 - —) J/(”)z
2 r r 2 r
1., 5 2M\? 1, 2MN\?
+0r“yo\r(1——) D) )+ S8y (1 ——) b'(r).

2 r 2 r

We assume that y is supported in {r < 3M} and satisfies

0<y<l, y > —1.
Then for r > 3M we have
n=_Lac>r 4

while for r < 3M we can write

/ 2M ? /
n = Lac + 8y (r)(l — 7) b'(r) + 0(3).

If eR > —1 then, using the bound from below on y’, we further have
n> La+ O(@),

which is positive provided that § is sufficiently small. On the other hand in the region
{eR < —1}, we have

1 2M : / 1 " 2 2M - "
an(S(l — T) b (r)y' (r)y+ 0@)+0(()f " (eR)+ Ofe (1 — T) f7(eR).

The y’ term can be taken positive, while all the other terms may be negative so they
must be controlled by it. The restriction we face in the choice of ¥’ comes from the fact
that 0 < y < 1. Hence we need to verify that

/" 2 M - "
1= S+elf"(eR)|+e (1 — — [f7(eR)| K 6.
eR<—1 r

ce

. . . . -1 .
Indeed, the interval of integration has size < e~ ; therefore the above integral can be

bounded by
I< e 4 €,

which suffices provided that € is small enough.
Finally, note that

X(dr) QM) = (a(r)(l - ZTM) ' 8b(r)(1 _ 27M)) M) <0,

( ) 2M\?
(m, dry(2M) = Sb(r)(l—T) y Jem) > o.

So (iii) is also satisfied. O
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3. Log-Loss Local Energy Estimates

The aim of this section is to prove a local energy estimate for solutions to the wave
equation on the Schwarzschild space which is stronger than the one in Theorem 1.2.
Consequently, we strengthen the norm L E¢ to a norm L E and we relax the norm LEj
to a norm L E* which satisfy the following natural bounds:

lplZe, Selie S I6l7g, (3.11)

respectively
117 s, S WAIE e SIFIE g (3.12)

We note that these bounds uniquely determine the topology of the LE and L E* spaces
away from the photon sphere and from infinity. This is due to the fact that the local
energy estimates in Theorem 1.2 have no loss in any bounded region away from the pho-
ton sphere. To define the LE, respectively L E*, norms we consider a smooth partition
of unity

L= Xen(r) + xps(r) + oo (r),

where x., is supported in {r < 11M/4}, x, is supported in {SM/2 < r < SM} and
Xoo 18 supported in {r > 4M}. Then we set

117 = Ixen® 1 gy + 1 2ps @l T, + IXoc®lIT (3.13)

respectively
2 2 2 2
IO = lXend Ly, + IXps®NLEs + I Xoo®lL £y - (3.14)

The norms LE s and LE} near the photon sphere are defined in Sect. 3.1 below, see
(3.20), respectively (3.21); their topologies coincide with L E s, respectively L E,, away
from the photon sphere.

With these notations, the main result of this section can be phrased in a manner similar
to Theorem 1.2:

Theorem 3.2. For all functions ¢ which solve Ue¢ = f in Mg we have

sup E[¢1(0) + E[$1(ZR) + 19117 S E[G1(ER) + 11 f1I7 - (3.15)

>0

We continue with the setup and estimates near the photon sphere in Sect. 3.1, the
setup and estimates near infinity in Sect. 3.2 and finally the proof of the theorem in
Sect. 3.3.
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3.1. The analysis near the photon sphere. Here it is convenient to work in the Regge-
Wheeler coordinates given by

r* =r+2Mlog(r —2M) —3M —2M log M.

Then r = 3M corresponds to r* = 0, and a neighbourhood of r = 3M away from
infinity and the event horizon corresponds to a compact set in r*. In these coordinates
the operator [, has the form

2M

—2M
r (1 - —) Ogr ™' = Lgw =02 — 9% —
r

73

dp+V(r), V(r)=r'9%r
(3.16)

For r* in a compact set the energy has the form

E01~ [0+ 00 + Gupdrdo,

and the initial local smoothing norms are expressed as

17 g, ~ / @+9)% + 12 ((J0h)® + (9:9)%) + ¢*drdwd,

respectively
2 ~ *—2 p2
”f”LEg ~/r fdrdwdt.
On the other hand
18125, ~ / 0 8)% + 0u)* + (3,0)* + pdrdwd,

IF1Z gy, / frrdods.

In the sequel we work with spatial spherically symmetric pseudodifferential opera-
tors in the (r*, w) coordinates where w € S2. We denote by & the dual variable to r*,

and by A the spectral parameter for (—ASz)%. Thus the role of the Fourier variable is
played by the pair (£, A), and all our symbols are of the form

a(r*, &, ).

To such a symbol we associate the corresponding Weyl operator A*. Since there is no
symbol dependence on w, one can view this operator as a combination of a one dimen-

. . . 1
sional Weyl operator and the spectral projectors IT; associated to the operator (—Ag2)2,
namely

AV =" a" ()T,
A

All of our L? estimates admit orthogonal decompositions with respect to spherical har-
monics, therefore in order to prove them it suffices to work with the fixed A operators
a¥()), and treat A as a parameter. However, in the proof of the Strichartz estimates later
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on we need kernel bounds for operators of the form A", which is why we think of A
as a second Fourier variable and track the symbol regularity with respect to A as well.
Of course, this is meaningless for A in a compact set; only the asymptotic behavior as
A — 00 is relevant.

Let 3 : R — R* be a smooth increasing function so that

1 y<1,

Let y; : RY — R* be a smooth increasing function so that
1

_lyr y<1/2,
v1(y) [1 v 1.

Let y : R — R* be a smooth function with the following properties:

1 z<C,
y(y,z) = Yo(y) y<Vz/2, z=C,

2002/ vy = Vi2 2= C,

where C is a large constant. In the sequel z is a discrete parameter, so the lack of
smoothness at z = C is of no consequence.
Consider the symbol

aps(r*, €, 1) = y(—=In(** + 2726%), In &),

and its inverse
1
y(—=In(r*? + A=262), In 1)

—1
ay, (r*,&,0) =

We note that if X is small then they both equal 1, while if X is large then they satisfy the
bounds

1
1 <a,s(r*, &, 1) <aps(r*,0,1) < (Ini)2,
" : " ) ) (3.17)
(n3)72 <a,!(*,0,0) <ay!(r*. & 1) < 1.

We also observe that the region where y?> > z corresponds to r*? 4 2282 < e VInA,
Thus differentiating the two symbols we obtain the following bounds

0% 0L 9 aps (% £, )] < Capuh P 4272 4 V)T 3g)

respectively

a+p
050 Y, (7, . )] Scapuay (L E, 0ATFT (P ea 2824 VIV TR (319)

where o + 8 + v > 0. These show that we have a good operator calculus for the cor-
responding pseudodifferential operators. In particular in terms of the classical symbol
classes we have

—1 3
dps,dpg € 819, >0,
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Then we introduce the Weyl operators
Aps =D ap (WL,
A
respectively
-1 -1
Ay =D (a1 00Ty,
A

By (3.18) and (3.19) one easily sees that these operators are approximate inverses. More
precisely for small A, In A < C, they are both the identity, while for large A,

lak )@y () = Ip2pe SA7 V™, Ina = C.

Choosing C large enough we insure that the bound above is always much smaller than 1.
We use these two operators in order to define the improved local smoothing norms

lelLE, = 1Ap 3l ~ 1AV l2, (320)
I es, = NAps £z (3.21)

Due to the inequalities (3.17) we have a bound from above for a}fs A),
laps ) fllzz S llaps(r™, 0,0 fll2 S e[ £l 2,

respectively a bound from below for (“;sl W),

@y 0 flle 2 land (s, 0,0 Fll2 2 I e~ £l 2

for f supported near r* = 0. In particular this shows that for f supported near the
photon sphere we have

I¢lLe, = P 17 Vel2, I f e, S Wl £, (3.22)

ps ™~

which makes Theorem 1.3 a direct consequence of Theorem 3.2.
Our main estimate near the photon sphere is

Proposition 3.3. a) Let ¢ be a function supported in {SM /2 < r < SM} which solves
Ugop = f. Then

lelZE,, S If17E;, (3.23)

ps ™~

b) Let f € LE;‘,S be supported in {11M /4 < r < 4M}. Then there is a function ¢
supported in {SM /2 < r < SM} so that

sup E[¢]+ ¢l g, + 106 — Fll7gs < If 17, (3.24)
t
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Proof. Due to (3.16) we can recast the problem in Regge-Wheeler coordinates. Denot-
ingu =r¢, g = (1—2L)rf, we have Lrwu = g. Also it is easy to verify that for ¢
and f supported in a fixed compact set in 7* we have

lolE, =~ lullLe,.  Iflce; = lglLes,-

ps

Hence in the proposition we can replace ¢ and f by u and g, and Ug by Lzw.
To prove part (a) we expand in spherical harmonics with respect to the angular variable
and take a time Fourier transform. We are left with the ordinary differential equation

(0% + Vi (F)u = g, (3.25)

where

r—2M

Vi (r) =17 — A+ V.

Depending on the relative sizes of A and t we consider several cases. In the easier
cases it suffices to replace the bound (3.23) with a simpler bound

18-l 2 + (1l + DNl 2 S gl 2. (3.26)

Case 1. ., t < 1. Then we solve (3.25) as a Cauchy problem with data on one side and
obtain a pointwise bound,

lul + lu| S Ngllz2,
which easily implies (3.26).

Case2. . K t.Then V, . (r*) =~ 2 for r*ina compact set; therefore (3.25) is hyper-
bolic in nature. Hence we can solve (3.25) as a Cauchy problem with data on one side
and obtain

tlul +lu| S llglL2,
which implies (3.26).

Case 3. 1> t. Then V;_ (r*) &~ —A? for r* in a compact set; therefore (3.25) is ellip-
tic. Then we solve (3.25) as an elliptic problem with Dirichlet boundary conditions on
a compact interval and obtain

3 1
A2ful+ A2 up| SlIgl2,
which again gives (3.26).

Case 4. .. ~ t > 1. In this case (3.26) is no longer true, and we need to prove (3.23),
which in this case can be written in the form

19+l 2 + Al (@) Wul 2 S llalyy (Mgl 2, (3.27)

where u, g are subject to (3.25). The d,+u term above is present in order to estimate the
high frequencies |£| > A. For lower frequencies it is controlled by the second term on
the left of (3.27).
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The potential V in (3.25) can be treated perturbatively in (3.23) and is negligible. The
remaining part of V ; (r*) has a nondegenerate minimum at » = 3M which corresponds
to r* = 0. Hence we express it in the form

Vi () = A2 (W (™) +e),

where W is smooth and has a nondegenerate zero minimum at 7* = 0 and |¢| < 1.
We now prove the following:

Proposition 3.4. Let W be a smooth function satisfying W (0) = W/(0) = 0, W”(0) > 0,
and |€| < 1. Let w be a solution of the ordinary differential equation

@7 + 2 W) +w(r™) = g,
supported near r* = 0. Then (3.27) holds.

It would be convenient to replace the norm on the rightin (3.27) by [la s (r*, 0, L) gl 2.
This is not entirely possible since this is a stronger norm. However, we can split g into
a component g1 with a,s(r*, 0, A)g1 € L? plus a high frequency part:

Lemma 3.5. Each function g € L? supported near the photon sphere can be expressed
in the form

g =g +A 20%g
with g1 and go supported near the photon sphere so that

_J 1 _
laps (r*, 0. M)gill 2 + 117> + e S gl 2 + A2 [0 g2l 2 S llalhy (Mgl 2
(3.28)

Proof. The symbols a,s(r*, 0, 1) and a,,(r*, &, 1) are comparable provided that
In(r*? + e7VINA) m In(*? 4 e VInk 4 )22,
This includes a region of the form

D= [1n(r2§2) < %m(r*2 +e Vit

We note that the factor %, arising also in the exponent of the second term in (3.28), is
somewhat arbitrary. A small choice leads to a better bound in (3.28).

If x is a smooth function which is 1 in (—oo0, —1] and O in [0, co) then we define a
smooth characteristic function xp of the domain D by

xp(r*,§,3) = x(In(A26%) — éln(r*2 +emIh),
One can directly compute the regularity of xp,
xp €Sy 8>0.
To obtain the decomposition of g we set

g2 =q"g,
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where the symbol of ¢ is

q(r* &, 2) = 2*72(1 — xp).

Since (a;s.l)w ().x) is an approximate inverse for apws (1), the estimate for g, in the lemma
can be written in the form

102 4 eI 5 @ ) 00 fll 2 + 2721000 @D 00 fll2 S 1l (3:29)

In the first term it suffices to look at the principal symbol of the operator product since
the remainder belongs to OP S, ;+5 for all § > 0. To verify that the product of the

symbols is bounded we note that a;sl is bounded. For the other two factors we consider
two cases. If |€] 2 A then both factors are bounded. On the other hand if || < A then
in the support of ¢ we have

A—Z%.Z > (r*2 + e—\/ In A)%
which gives

q < (r*2 +e_vln’\)_%.

The estimate for the second term in (3.29) is similar but simpler.
It remains to consider the bound for g1, which is given by

1
g1 =1+172D%g")g, Dp = .

As above, the bound for g can be written in the form
laps (r*, 0, ) (1 + A7 Drg™)a, )" ) fll2 S 1 N e

The three operators above belong respectively to S‘f’ 5 S(l)’ s> and S‘fy s forall § > 0. Hence

the product belongs to Sf’ s» and it suffices to show that its principal symbol is bounded.
But the principal symbol of the product is given by

aps(r*, 0, ) xpa,; (r*, €, 1),

which is bounded due to the choice of D.

Finally we remark that as constructed the functions g; and g, are not necessarily sup-
ported near the photon sphere. This is easily rectified by replacing them with truncated
versions,

g1 =x1(r"g1, g = x1(r")ga.

where y; is a smooth compactly supported cutoff which equals 1 in the support of g. It
is clear that the bound (3.28) is still valid after truncation. 0O
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Using the above decomposition of g we write  in the form
u=»xr"2g +i.

For the first term we use the above lemma to estimate

MA2gallp2 + 11272082l 12 S laj (gl 2
which is stronger than what we need. For & we write the equation

Q2+ 2W+e)di=8 g=g—W+eg. (3.30)
For g we only use a weighted L' bound,
107+ W +eD 738l S la(glle,

which is obtained from the weighted L? bounds on g; and g» by Cauchy-Schwarz.
For u on the other hand, it suffices to obtain a pointwise bound:

Lemma 3.6. Foreach A™' < o < 1 and each function it with compact support, we have
_ ~ _1 ~ 1.
M@y )" Wil 2 S (o + W+ €)™ 20t Lo + All(o + [W + €] it L~

Proof. Since W has a nondegenerate zero minimum at 0, if € > —o then o + |W +
€| ~ o + |e| + W. Hence without any restriction in generality we can replace (¢, o) by
(0, o +€]). Thus in the sequel we can assume that either € = 0 or € < —o. We consider
three cases:

Case 1. |€|,0 < e VI"* We consider an almost orthogonal partition of i in dyadic
regions with respect to r*:

~ ~ ~ _1/
A=l + E Uy, 5o = e 2VInA,

so<s<l

For each piece we can freeze r* in the symbol of a;sl and estimate in L2,

Iy )" Wit 2 & llay (s, D, Wil 2,
(@)™ (Wi <yl 12 & llap (0, D, Wit <yl 2
In the first case we use the symbol bound
-1 -1, 8
My (s,E,4) S AlIns| 7 +57°fEl, 8> 0,
where the second term accounts for the region where |£] > As®. This yields

Miaph" Wit g2 S

~

N _5 ~
[ns|™ Afluslig2 + s~ |0p+ttg ) 2.
In the support of ii; we have o + | W + €| ~ s2; therefore by Cauchy-Schwarz we obtain

M@, Wil Slins| ™ Al o + W + e ia 15 Weeh-ta.z
ps sl Sns| T Ao + [W + e Fillpo +5 °l[(0 + |We|) ™% 8pxii|| oo
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The summation with respect to s follows due to the L? almost orthogonality of the
functions (a;?l)w M)y,

Mahr oy D as) Sl D @) Wil

so<s<l 12 so<s<l

1 _l
S Mo + W +eDilipe + (o + W + €)™ 40| L.

This orthogonality is due to the fact that the kernel of (a;sl)w (X) decays rapidly on the

A~ scale in r*, therefore the overlapping of the two functions of the form (a;sl)w (M)t

is trivially small for nonconsecutive values of s.
On the other hand for the center piece ii 5, a similar computation yields

—1 -~ B —Sya -
)\”(aps )w()k)”<so||L2 < [nso| )\||M<so||L2+so 105 1t < Il 1.2

. - Sl
S Al + W + el o + 5" [[(0 + W + €)™ 40t oo,

where the weaker bound in the first term is due to the fact that

/ 0 +|W+e)~2dr* <Ini.
|r¥|<so

Case 2. € = 0,0 > ¢~ V"2 Then we select so by sg = o and partition # into

The analysis proceeds as in the first case, with the simplification that there is no longer
. . . _1
a singularity in the weight (o + |W +€])™2 for |r*| < so.

Case 3. o, e VI"* < _¢_ Then we select sq by sg = —e and partition & into

U=l + g + E Uy.
so<s<1

Then all pieces are estimated as in Case 2 with the exception of ity,, where we have
to contend with the singularity in the weight. However, compared to Case 1 we have a
better integral bound

1
/ W +e|"2dr* < 1
Ir* 50

and the conclusion follows again.
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Due to the above lemma, it suffices to prove that, given |e| < 1 and (u, g) supported
near the photon sphere so that

(02 +22(W +e)u =g, (3.31)
then for some A~! < o < 1 we have
”(U+|W+6|)_£3r*”||L°°+)‘||(0'+|W+E|)%“”L°° §||(A'_l+|w+€|)_%g”Ll~ (3.32)

We remark that the first term on the left gives the L? bound for u,+ in (3.27).
We consider three subcases depending on the choice of €:

Case 4 (i). € > 2~!. Then |W +¢| ~ r* te. Choosing o = e, it suffices to prove that:

Lemma 3.7. Suppose that € >> A~'. Then for u with compact support solving (3.31),
we have

1 1 1
Me+r DT ul+ (€ + ) Hup| S e +r*H)7ag) 0.

Proof. We solve (3.31) as a Cauchy problem from both sides toward 0. For this we use
an energy functional which is inspired by the classical WKB approximation,

« 2 19 1, 1 _3
Eu@™) =r12xW+e)2u+ (W +¢) Zu,*+§Wr*(W+6) ZUltyx.

Since |W,«| < W2, the condition € > A~! guarantees that E is positive definite.
Computing its derivative, we have

LB = S W W)} = 2W2 (W) )
r = — * gk —_ = * *
dre p 2 s

1 :
+QW +6) 2up + W (W o) Tu)g.

This leads to the bound

d k —1 _3 * 1 * _1
dr*E(u(r NISATW+e) 2Eu@™) + E2(u@r™)(W +€) 4g.

Since
/A—I(W oy 2dr <1,

the conclusion follows by Gronwall’s inequality. O

Case 4 (ii). |e] < A~'. We choose 0 = A~'. Then o + |W + €| ~ A~! + r*2. Hence it
suffices to prove the pointwise bound:

Lemma 3.8. Suppose that |e| < AL, Then for u with compact support solving (3.31),
we have

I ! ;
AGT D E U+ 07 ) T e | S T ) T g
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Proof. We use the same energy functional E as above. However, this time E is only
positive definite when W 3> A ~! or equivalently |r*| > Pt Applying Gronwall as in
the first case yields the conclusion of the lemma for |r*| > 172

L _1 . .
In the remaining interval {|r*| < A72} we view (3.31) as a small perturbation of the
equation 83*14 = g. Precisely, we can use the energy functional

3 1
E1(u(r*)) = A2 [u|® + A2 |u+ |2,
which satisfies

‘—El(u(r S AE G ))+E (u(r)iig.

This allows us to use Gronwall’s inequality to estimate the remaining part of u. O

Case 4 (iii). —e > 1~ !. Then we choose o = |¢| 3A-3 and prove the pointwise bound:

Lemma 3.9. Suppose that —e >> L™\, Then for u with compact support solving (3.31)
we have

121 12 1 12 1
MIW+el +[e3A73) 3 ul+(IW+el+]€]3A73) " Hup | SNAW + €|+ [€]3A73) gl 1.
Proof. The energy E above is still useful for as long as it stays positive definite, i.e. if
| W] < 20|W + €]/ (3.33)
Given the quadratic behavior of W at 0, this amounts to
_2, 1
W+e>A3€|3.

In this range, due to (3.33) we obtain, as in Case 4(i),
'_E(“(r*))’ SA WO TIE@EN) + EX )W +€) i,

which by Gronwall’s inequality and Cauchy-Schwarz yields the desired bound.
In a symmetric region around the zeroes of W + ¢,

W el S 275l
the bounds for u and u,» remain unchanged and Eq. (3.31) behaves like a small per-
turbation of 32 u = g, and we can use a straightforward modification of the argument
above.
Finally, in the region
2 1
[r_,ril={W+e < —CA 3€3},

we use an elliptic estimate. Denote

1 2
w=|W+e|+]|€|3A73.
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Then multiplying Eq. (3.31) by —Au and integrating by parts we obtain

r+

Iy Iy
/ Mopeul® + 23|\ W + el|ul>dr* =/ —Augdr* + Auup
r— r—

1 _1 _1
S MloFullogrpllo”3gl +llo” g3,
(3.34)

where for the boundary terms at 1 we have used the previously obtained pointwise
bounds. On the other hand from the fundamental theorem of calculus one obtains

1 =+
Mlotulix, . 5/ Mopul® + 03| W + el lul*dr*,
r—

where the bound (3.33) is used for the derivative of W in [r_, r,]. Combining the last
two inequalities gives the desired bound for u,

1 _1
Mao*ullLoe_ry S lo”*gl L1 (3.35)

Returning to (3.34), it also follows that
ry |
/ Mopeul® + L3 W + el |ul*dr* < llo~ 3 gll3,. (3.36)
r—

It remains to obtain the pointwise bound for u,+. In [r_, ry] we have W < |€|, there-
L, . . .
fore W, < |e|2. Given r € [r—, r+] we consider an interval r; € I C [r—, 4] of size

Lo, . . . .
1| = ck‘lw(r(’)k)_f with a small c. In [ the size of the weight w is constant; indeed, @
can change at most by

1
W] = ex " o(rd) "2e2 S co(rf),

where at the last step we have used the bound w () > |e ﬁ)ﬁg
Within I we first use the L2 bound (3.36) to estimate the average u of uy«in I,

1.2 -1 2 Lo 1 9
lup|= S | /Iur*l dr* S o(rg)?llo”4gll7,
I

It remains to compute the variation of u,+ in I, which is estimated using the equation
(8% +22(W + €))u = g and (3.35),

/|8 wuldr® < /A2w|u| +|gldr* < a)(rg)ﬂlw_%g”u.
Together, the last two bounds show that

L1
lups(ry)| S 0 (rg)? llw” gl L1

The proof of the lemma is concluded. O
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We continue with part (b) of the proposition. We switch to the Regge-Wheeler coordi-
nates. By taking a spherical harmonics expansion it suffices to prove the result at a fixed
spherical frequency A. Let g, be at spherical frequency A with support in {11M /4 <
r < 4M}. Using a time frequency multiplier with smooth symbol we can split g, into
two components, one with high (3> A) time frequency and one with low time frequency.
We consider the two cases separately.

Case . g, is localized at time frequencies {|7| > (1 + 1)}. This corresponds to Cases
1,2,3 in the proof of part (a). As a consequence of the results there we have the a-priori
bound

(l+ M) lull 2 S N5 + Vi oull 2

for all u with supportin {SM /2 < r < 5M}. By duality this implies that for each g € L?
with support in {5M /2 < r < 5M} there exists a solution v to

@ +Viv=¢g
in3 {5M/2 < r < 5M} with
(el + Ml < llgllze.
Applying this at all time frequencies || > (1 + A) we find a solution u; to
Lrwuy = g (3.37)
in{5M/2 <r < 5M]} so that
T+ llull2 + 10unllze S llgallze-
Multiplying Eq. (3.37) by X,z,su » and integrating by parts we obtain
18+ Otpstad |72 S W21 xpstual T2 + I xpsBeurligz + lual 7z + llgaliZa-

Hence the function v, = xsu; satisfies

IVuilizz S llgallz2- (3.38)

On the other hand, since g; is supported in the smaller interval {I1M /4 < r < 4M}, it
follows that v, solves the equation

Lrwv, — gn = [Lrw, xpsltts.

Here the right-hand side is supported in a region, away from the photon sphere, where
the L? and LE;X norms are equivalent. Then this is seen to satisfy

ILrwor — gall2 S llgallz2
by applying (3.38) with x,, replaced by a cutoff with slightly larger support.

Finally, the standard energy estimates for v, allow us to obtain uniform energy bounds
for vy, from the averaged energy bounds in (3.38), thus improving (3.38) to

IVrli2 + IVUalipeor2 S ligallz2- (3.39)

3 No boundary condition is imposed on v.
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Case 1. g, is localized at time frequencies {|7| < (1 + A)}. This corresponds to Case 4
in the proof of part (a). We first observe that the result in part (a) can be strengthened to

PR Vi Ay (3.40)

Indeed, suppose that f = fi+ f> with f] € LE;’;S and f, € L'L?. We solve the forward
problem

Oed2 = f.
By Theorem 1.2 and Duhamel’s formula we have
lé2llLe, S N f2llpige-
We truncate ¢y — X s (1)@ in a slightly larger set than the support of f> and compute
I8¢ (Xps®2) — fallLes, = I0g, Xpslp2llLes, =~ g, Xpsl2ll2 < 162111k,

since the above commutator is supported in a compact set in  away from the photon
sphere.

From Duhamel’s formula and part (a) of the proposition it follows that
I Xps2llLe,, S N f2llpipe-
On the other hand applying directly part (a) of the proposition to ¢ — X ps¢> we obtain
16 = Xpsh2llLE, S I1Hg (@ — XpsdD)Les, S WhillLes, + 1 f2llpip2.

Hence (3.40) follows.
As a consequence of (3.40) we obtain

M@ Gl S inf (gl + lgalleiz) -

RWU)L=81182

By duality, from this bound from below for Lzw, we obtain a local solvability result.
Precisely, for each g, at spherical frequency A with supportin {5M /2 < r < 5M} there
is a function u,_in the same set which solves

Lrwuy = g (3.41)
and satisfies the bound

1@y Wl + Nl o) S llal (Dgall 2. (3.42)

Since (a;xl)w has an inverse in OPS‘ls o» from the first term above we also obtain an L?
bound for u;, namely

M Nupll 2 < Nl G)gall 2. (3.43)

Since g, is localized at time frequencies |t| < (1 + 1), it follows that u; above can be
assumed to have a similar time frequency localization. Hence (3.42) also gives

1@y Wtz 2+ sl o2 S Nlas gl 2. (3.44)
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We can also obtain a similar bound for the r* derivative of u,. For the local energy
part we multiply (3.41) by x s ((a[jsl)w ()L))2 X psuy.- After some commutations where all
errors are bounded using the previous estimates we obtain

1ap )™ ) (Kpsua) 172 S A2 @) W) xpsunlly2 + 1@y O xpsttas 172

228y 112 2
AL sl + g lly2-

For the L°° L? bound on 8,«( psitx) we consider a smooth compactly supported function
x (t). Then multiplying (3.41) by szﬁSuA and commuting we obtain

2 2 2 2 2 2
X 0rs (Xpstad 172 S A7 Ix xpstaally2 + X Xpsune g2 + lurllzz + 11gall72-

Taking also (3.42) and (3.44) into account we have a bound on local averaged energy
for x xpsua:

2 42 2 2 2
107+ (X X pstto) 172 + A7l X Xpstrll 2 + 10 (X Xpsun) 72 S llaps (Mgl

By energy estimates applied to x xpsu; we can convert the averaged energy bound into
a pointwise energy bound to obtain

2 2 2 2 2
||3r*(XXpsuk)||LooL2 + A ||XXpSu)\.||LocL2 + ”at(XXpsuk)HLooLZ 5 ||apws()")g)ul|L2°

Summing up (3.42), (3.44) and the similar bounds above for the r* derivatives we finally
obtain

Il(a;sl)w()»)v(xpsux)llu + IV sl o2 S NgallLes,
where V = (0,, 9;, A).

On the other hand if g, is supported in {11M/4 < r < 4M}, then u; solves the
equation

Lrw xpsur — &. = [LRw, Xpslua.
The right-hand side is supported away from the photon sphere, where the L? and LEj

norms are equivalent. Then, by applying Theorem 1.2 with x s replaced by a cutoff with
slightly larger support, this is seen to satisfy

ILrw xpstr — &llLes S lgrllLEes,.

The proof of the proposition is concluded. O

3.2. The analysis at infinity. In the Schwarzschild space M, if a function u in M is sup-
ported in {r > 4M} we interpret it as a function in R x R> by setting u (¢, x) = u(t, r, )
for x = rw. We now state the analogue of Proposition 3.3.

Proposition 3.10. a) Let ¢ solve Oe¢p = 0in {r > 4M}. Then

Ixoo®li g, S 913 5, + EL61(0).
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b) Let f € LE}; be supported in {r > 4MY}. Then there is a function ¢ supported in
{r > 3M} which solves Ug¢ = f in {r > M} so that

sup E[¢](1) + 19117 £, + 1068 — flI72 S IF17 g - (3.45)

Proof. a) For R > 0 we denote by x- r a smooth cutoff function which is supported in
{|x] > R} and equals 1 in {|x| > 2R}. If R > 4M then

1Gtoo = xRN T,y S NPT -

It remains to show that for a fixed sufficiently large R we have

x>kl £, S 17 g, + ElG10).

For this we notice that x- g¢ solves the equation

He(X>r®) = /1(X)V + f2(x)9, (3.40)

where f1 and f; are supported in {R < |x| < 2R}. If R is sufficiently large then outside
the ball {|x| < R} the operator [, is a small long range perturbation of the d’Alem-
bertian. Then the estimate (1.5) applies, see e.g. [30, Prop. 2.2] or [28, (2.23)] (with no
obstacle, 2 = ) and we have
lx>rO1LE, < Elx=rO10) + [0 (x> kP17 £,
< E[¢10) + [0y, x=£1¢72
S E[$10) + 617 g,

where in the last two steps we have used the compact support of [ (x>r¢p) =

[Dg » X >R]¢'

b) Let R be large enough, as in part (a). For |x| > R the Schwarzchild metric g is
a small long range perturbation of the Minkowski metric, according to the definition in
[29]. We consider a second metric g in R3*! which coincides with g in {|x| > R} but
which is globally a small long range perturbation of the Minkowski metric. Let ¢ be the
forward solution to [z = f. Then we set

¢ = X>Rw-

The estimate (1.5) holds for the metric g, therefore we obtain

sup ELYI0) + 1 |y A1 e, -

Then the same bound holds as well for ¢. Furthermore, we can compute the error
e — f = x>k — Df +[Og, x>rlY.

This has compact spatial support, and can be easily estimated in L? as in part (a). 0O
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3.3. Proof of Theorem 3.2. Given f € LE* we split it into

f =Xehf+Xpsf+Xoof-

For the last two terms we use part (b) of Propositions 3.3, 3.10 to produce approximate
solutions ¢, and ¢, near the photon sphere, respectively near infinity. Adding them
up we obtain an approximate solution

D0 = Pps + Do
for the equation Lg¢p = f. Due to (3.24) and (3.45) we obtain for ¢ the bound

sup E[¢ol() + llgoll g S 1117 e (3.47)

while the error

fl = Dg(¢p& +¢oo) - f

is supported away from » = 3M and r = oo and satisfies

I fillLeg = N fille S I Nes

Then we find ¢ = ¢ + ¢1 by solving

D1 = fi € LE5,  ¢1[0] = #[0] — ¢o[0].

By Theorem 1.2 we obtain the L E(y bound for ¢;. It remains to improve this to an LE
bound for ¢;. By part (a) of Proposition 3.10 we can estimate || xoo @l LE,, -

Near the photon sphere we would like to apply part (a) of Proposition 3.3 to xps¢.
However we cannot proceed in an identical manner because part (a) of Proposition 3.3
does not involve the Cauchy data of ¢ at# = 0, and instead applies to functions ¢ defined
on the full real axis in 7. To address this issue we extend ¢; backward in ¢ to the set M’R,
by solving the homogeneous problem [g¢py = 0 in M, with matching Cauchy data
on the common boundary of Mg and M;e' The extended function ¢; belongs to both
LE(Mpg) and LE (M), and now we can estimate x ,;¢ via part (a) of Proposition 3.3.

4. Strichartz Estimates
In this section we prove Theorem 1.4. The theorem follows from the following two
propositions. The first gives the result for the right-hand side, f, in the dual local energy

space:

Proposition 4.11. Let (p, p, q) be a nonsharp Strichartz pair. Then for each ¢ € LE
with U, € LE* + L})L2 we have

IVOIZ sy S EG1O) + 119117 £ + 108115 4,15 (4.48)

The second one allows us to use L”2 L% in the right-hand side of the wave equation.
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Proposition 4.12. There is a parametrix K for Ug so that for all nonsharp Strichartz
pairs (p1, p1, q1) and (p2, p2, q2) we have

sup ELKf1(9) + EIKf1(E}) + IKFNLE + IVKF I e S IIfIIi o
v (4.49)
and the error estimate
(4.50)

10K S = fllLperie S LA, s

[P
We first show how to use the propositions in order to prove the theorem.
Proof of Theorem 1.4. Suppose that (¢ = f with f € LP> HP92 We write ¢ as

p=p1+Kf

with K as in Proposition 4.12. By (4.49) the K f term satisfies all the required estimates;
therefore it remains to consider ¢;. Using also (4.50) we obtain

101117 oy, + EL911O) S EDIO) + 1 fI2,

P24y "

Then Theorem 3.2 combined with Duhamel’s formula yields

lorlL e + 105 @111 oy 1,2 +50p ELD11D) S EIIO) + 12, .
v v

Finally the L' H=P-9 bound for V¢, follows by Proposition 4.11. O
We continue with the proofs of the two propositions.

Proof of Proposition 4.11. By Duhamel’s formula and Theorem 3.2 we can neglect the
L'L? part of Cy¢. Hence in the sequel we assume that (¢ € LE*.

We use cutoffs to split the space into three regions, namely near the event horizon,
near the photon sphere and near infinity,

@ = Xen® + Xps(b + Xoo®-

Due to the definition of the L E and L E* norms we have

E[¢10) + 9117 £ + 10017 g+ 2 Elxend1(0) + [l xendll7;1 + 1T (xend) 17
+ EDXps®10) + 1 Xps PN, + 105 Otps®) I s,
+E[Xo0®)(0) + [l X0 17 £, + 1T (o)1 s, -

Proving this requires commuting [, with the cutoffs. However this is straightforward
since the LE and LE* norms are equivalent to the H', respectively L2, norm in the
support of V xen, Vxps and V xoo.

It remains to prove the Lg H "4 bound for each of the three terms in V. We consider
the three cases separately:
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I. The estimate near the event horizon. This is the easiest case. Given ¢ supported in
{r < 11M/4}, we partition it on the unit scale with respect to v,

¢=> x(— ¢,
JEZ

where yx is a suitable smooth compactly supported bump function. Commuting the cut-
offs with [, one easily obtains the square summability relation

D lx @ = Dl + 10 (x @ — NP2 + Elx (@ — j)¢1(0)

JjeN
Sl + 10,817, + E[¢1(0).

where the energy term on the left is nonzero only for finitely many j. Since each of
the functions x (v — j)¢ have compact support, they satisfy the Strichartz estimates due
to the local theory; see [32,39,47]. The above square summability with respect to j
guarantees that the local estimates can be added up.

1. The estimate near the photon sphere. For ¢ supported in {SM /2 < r < 5M} we need
to show that

IVIZ 0 g S ELRJO) + 117 g, + 10517 5 -

We use again the Regge-Wheeler coordinates. Then the operator [, is replaced by L gy .
The potential V can be neglected due to the straightforward bound
IVollLes, SIPILE,,-

ps ~

Indeed, for ¢ at spherical frequency A we have

1 _1
IVollLes, S 1In@2+ M2 M@ll2 S A2+ M)[72 Ml 2 S IDlLEy,-

We introduce the auxiliary function

V=409
By the definition of the L E; norm we have
Il S 1@lLE,,- (4.51)
We also claim that
ILRw¥ N2 S NPlLE,, + ILRwll 2. (4.52)

Since A;Sl is L2 bounded, this is a consequence of the commutator bound

[A,). Lrw]: LEps — L,

or equivalently

(A, LrwlAps : H' — L*. (4.53)
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It suffices to consider the first term in the symbol calculus, as the remainder belongs to
OPSf,a, mapping H?® to L? for all § > 0. The symbol of the first term is

g€, r*,0) = {a,; 0), & +r7>(r —2M)A}aps (),
and a-priori we have g € Sy’ “5 . For a better estimate we compute the Poisson bracket

AEr* — 280, (r3(r — 2M))
r*2 +)\._2§2

qE. 1.0 = a,! )yy(y. In k)

’

where y = r*? 4 A72£2. The first two factors on the right are bounded. The third is
bounded by X since 9,+ (r—3(r — 2M)) vanishes at 7* = 0. In addition, g is supported in
|&] < A. Hence we obtain ¢ € ASl 5.6° Then the commutator bound (4.53) follows.

leen (4.51) and (4.52), we argue as in the first case, namely we localize ¥ to time
intervals of unit length and then apply the local Strichartz estimates. By summing over
these strips we obtain

IVY L -ra SIBlLE,, + ILRWIl 2

for all sharp Strichartz pairs (p, p, g)-
To return to ¢ we invert A;SI,

¢ =Ap+(1— Ap A Do

The second term is much more regular,

IV = Aps Ayl 25 S llLe,, 6> 0;

therefore it satisfies all the Strichartz estimates simply by Sobolev embeddings.

For the main term A ;1 we take advantage of the fact that we only seek to prove
the nonsharp Strichartz estimates for ¢. The nonsharp Strichartz estimates for i are
obtained from the sharp ones via Sobolev embeddings,

3 3
IV g-r2a2 SNV g=rrian s P +p2 = 7 +p1, 1< P2
1

To obtain the nonsharp estimates for ¢ instead, we need a slightly stronger form of the
above bound, namely

Lemma 4.13. Assume that 1 < q; < g2 < 00. Then

3 3
|Apstell g—r2.a S el g=e1.a1 s — +tp2=— +p1. (4.54)
q2 q1

Proof. We need to prove that the operator
B=0p"E2+)2+ 1) T A, 0p " (E2+22+1)7

maps L7 into L92. The principal symbol of B is

bor*, £, 0) = (E2 422+ 1) 7T aps (¥, £, 1),
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and by the pdo calculus the remainder is easy to estimate,
B—by e OPS}y ™ 50

The conclusion of the lemma will follow from the Hardy-Littlewood-Sobolev inequality
if we prove a suitable pointwise bound on the kernel K of by, namely

el 1
K, 01,75, 00 S (I = rllor — o)™ 0. (4.55)
For fixed r* we consider a smooth dyadic partition of unity in frequency as follows:
"
L= xqei>n + Z X~ (X{sguo} + Z xusm})’
e dyadic v=vp
where vg = vy (A, r¥) is given by
Invo(A, r*) = In A + max{lnr*, —+/In A}.

This leads to a similar decomposition for by, namely

%

bo = boo + Z(bu,@0 +> b,w).
I3 V=g

In the region |£| 2 A the symbol by is of class S”1~2, which yields a kernel bound for
boo of the form

3
|Koo(rf, w1, 75, )| S (Irf — rf| + oy — an|) 27172,

The symbols of b, are supported in {|§| ~ v, A & u}, are smooth on the same scale
and have size In(v~! ) 4”271, Hence their kernels satisfy bounds of the form

K (s 1,73, 02)] S I~ = 2o(irf =31y + DN P (lo) — wnlu+ D7V,
and similarly for K, <y,. Then (4.55) follows after summation. O

III. The estimate near infinity. Let us first recall the setup from [29]. We fix a
Littlewood-Paley dyadic decomposition of frequency space in R,

o
1= > S(D), suppsy C {27! < [g] <21}
k=—00

Functions u in R x R3 which are localized to frequency 2¥ are measured in

leellx, = 22 llull 2ga gy + sup 1x172ull 204, (4.56)
j=—k

where

Aj=Rx {2/ <|x] <2/*}, Al =Rx{lx] <2/}
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As in [29], by X° we denote the space of functions in R x R3 with norm

o0
Il = D ISkul%,. (4.57)

k=—00
and by Y the dual norm
o
2 _ 2
lullfo = > ISkl
k=—o00

where X,; is the dual norm of Xj.
One can establish the following (see [29, Lemma 1])

Lemma 4.14. The following inequalities hold:

sup2 /2| Vull 24 S IVl o (4.58)
J

and its dual
lullyo < lullLes, - (4.59)

For small deviations from the Minkowski metric, one can also establish stronger
local energy estimates involving the X° and Y° norms; more precisely, one can prove
(see [29, Theorem 4]):

Lemma 4.15. Let g be a sufficiently small, long range perturbation of the Minkowski
metric. Then, for all solutions u to the inhomogeneous problem Uzu = f, one has

2 2 2
IVl ez + V0l 50 S EGAO + 110,11,

We now return to proving our estimate. For ¢ supported in {r > 4M} we need to
show that

IVOIZ ) -0 S EIB1O) + 1017, + 10117 s - (4.60)
For large R we split ¢ into a near and a far part

¢ = X>RP + X<R®,

and estimate
E[$10) + 9111 g, + 108117 5y 2 Elx=rd1O) + I x=rN7 £,y + 10 =D g,
+ E[x<r®1(0) + | x<r®ll31 + 1D X<k

The term x < r¢ has compact support in r and can be treated as in the first case (i.e. near
the event horizon). Hence without any restriction in generality we can restrict ourselves
to the case when ¢ is supported in {r > R}. But in this region the operator [ is a small
long range perturbation of [J; therefore the results of [29] apply. More precisely, from
[29, Theorem 7(a)] we obtain

IVOIT g S ELB1O) + IV 50 + 1D pll7 -
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This does not directly imply (4.60), since the X° norm is stronger than L E ;. However,
we can apply Lemma 4.15 and (4.59) to obtain the bound

IVel%0 S ELP1O) + 13017 s -

Proof of Proposition 4.12. We split f into

fZXehf"‘Xpsf"'Xoof

and construct the parametrix separately in the three regions.
1. The parametrix near the event horizon. We further partition the term y,p, f into unit
intervals

Xen [ = ZX(E — Dxenf
J

with x supported in [—1, 1], so that each component has compact support in the region
Di={ro<r<I1IM/4, j—2<v < j+2}.
Let v; be the forward solution to
Ug¥j = x@ — ) Xen f-

Due to the local Strichartz estimates for variable coefficient wave equations, we obtain
the uniform bounds

INillLe-rerar (o IV Lo 20y Wi oo r2py S UX @ =D Xen F 11 b} 4oy -

Next we truncate y; using a cutoff function ¥ (v — j, ) which is supported in D; and
equals 1 in the support of x (v — j) - Then the bound above also holds for the truncated
functions ¢; = x (v — j, r)y;,

IVGjl Lo r—erar + IV@jll o2 + 1l oo r2pyy S X (0 — Dxen F, ph pron.as-
4.61)

In addition,
Ugpj — x@W = Dxenf = [Hg, x (0 — j. DY
therefore
10®; — x@ = Dxen Sz SUx@ = DXen S, o} 1oy - (4.62)

Finally, by energy estimates we also obtain a bound for the energy of ¢; on the future
space-like boundary of D; atr = ry,

”V¢j ”Lz(Djﬂ{r:rO}) + ||¢j ||L2(Djﬂ{r:r0}) g ”X(ﬁ - j)XEhf”Lpé sz,qé . (463)

To conclude we set

Kenf = Z¢j
J
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Summing up the bounds (4.61), (4.62) and (4.63) for ¢; we obtain the desired bounds
for K.p,, namely

sup E[Ken f10) + E[Ken f1CER) + 1 Ken f 151 + IV Ken 121 1101
v

2
S xen 1

LP/Z H™ v‘ié ’

respectively the error estimate
10 Kenf = Xen fllz S Wxen f 1, iy yrmay-

II. The parametrix near the photon sphere. We work in the Regge-Wheeler coordinates.
Arguing as in the previous case we produce a parametrix K,y with the property that,

for each f supported in {SM/2 +¢€ < r < SM — €}, the function I?psf is supported in
{5M/2 < r < 5M} and satisfies the bounds

sup EKps [1O + 1K ps [ + IV K ps FImn ggmvan SIS s

and the error estimate

ILRwK ps [ — fll2 SIS

LP2 P2
Then we define the localized parametrix near the photon sphere K ,; as
Kpsf = A[;yl I%pSXpSApS (Xpsf),
with x,s = 1 in the support of x,, and slightly larger support. Then we show that K

satisfies the required bounds.
We recall that (p2, p2, g2) is a nonsharp Strichartz pair. Then by (4.54) we can write

||)ZPSA]7S(XPSf)||LpéHp3,q§ 5 ||Xp5f||Lp/2Hp2,qé

for some other Strichartz pair (p3, p3, g3) with p3 = ps and g3 < g2. Since A;SI is L2

bounded, from the above bounds for K ps We obtain

2 < 2
sup ELK ps £ + 1K ps £ 50 S Wt F 12 s

By using (4.54) with A replaced by the weaker operator A;SI we also obtain the
LPYH™P141 bound for K p; f:

2 - = 2 2
”VKPSf”LI’lH—Plvql < ||VKstpsAps(XpSf)”LPH—I)JI S ”XpSf”Ll’éHf’zvqé’

where (p, p, q) is another Strichartz pair with p = p; and g < q1.
It remains to consider the error estimate,

”LRWKpsf - Xpsf”LEuLll_)LZ SJ ”Xpsf”Lpész,qé, (4.64)
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for which we compute
LrwKpsf = Xps f = [Lrw. Apd 1K ps Zps A ps X ps )
+A;s1 (LRWI?ps - I)XpsAps(Xpsf)
+(A;s] )zpsAps - )?ps)(Xpsf)~

We consider each term in the above decomposition. For the first term, due to the H'
bound for K, we need the commutator bound

[Lrw.A,1: H' — LE*
or equivalently

ApslLrw. Ayl H' — L2,

which is almost identical to (4.53) and is proved in the same manner.

The bound for the second term is a direct consequence of the L? error bound for K.

Finally, for the last term we know that (A[_,SIA ps—1) € OPS 1_ (1)+8; therefore using

Sobolev embeddings we estimate
1CADS Xps Aps = Zps) Hps Oy 0 S Uxps £l 0t ymty-
This concludes the proof of (4.64) since
LPSH? C L*H? +L'H? C LE% +L'L.

III. The parametrix near infinity. We now consider the last component of f, namely
Xoo f - For some large R we separate it into two parts,

Xoof = (Xoo — X>R)f + X>r [

The first part has compact support in ; therefore we can handle it as in the first case (i.e.
near the event horizon), producing a parametrix K ZR. For the second part we modify
the metric g for r < R to a metric g which is a small, long-range perturbation of [J. We
let ¥ be the forward solution to

UzV¥oo = X>R /.

We consider a second cutoff function x- g which is supported in » > R and equals 1 in
the support of x- g. Then we define

R ~
Ko>o f = X>RVoco-
It remains to show that K O>OR satisfies the appropriate bounds,

R R 2 R 2 2
sup ELKZ 110+ 1K Py + IVKZ I s SRS
t

respectively the error estimate
R
|||:|ch>>0 f - X>Rf||LEX/[ S ||X>Rf||Lp/21_'1p2,qé'

These are easily obtained by applying the following lemma to ¥/:
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Lemma 4.16. Let f € LP2HP>%. Then the forward solution v to Oz = f satisfies
the bound

sup E[V1(1) + 11z ey, +IVVI ) moray S NI (4.65)

LV frady

It remains to prove the lemma. This largely follows from [29, Theorem 6], but there is
an interesting technical issue that needs clarification. Precisely, [29, Theorem 6] shows
that we have the bound

sup E[y1(1) + VU150 + IVUIT 0 e S IFIP (4.66)

L Py’

By Lemma 4.14, we are left with proving that

_3
02 l2a) S 11 s (4.67)
JjE

We note that this does not follow from Lemma 4.14; this is a forbidden endpoint of
the Hardy inequality in [29, Lemma 1(b)].

However, the bound (4.67) can still be obtained, although in a roundabout way.
Precisely, from (4.66) we have

sup E[y1(0) S 11 /1) (4.68)

/o ’
Py gP2-93

for the forward in time evolution, and similarly for the backward in time problem.

On the other hand, a straightforward modification of the classical Morawetz estimates
(see e.g. [27]) for the wave equation shows that the solutions to the homogeneous wave
equation Uz = 0 satisfy

sup 27 W11, 5 S ELV1O). (4.69)
jeZ /

Denote by 1; H(¢, s) the forward fundamental solution for [z and by H (z, s) its back-
ward extension to a solution to the homogeneous equation, [z H (¢, s) = 0. Combining
the bounds (4.68) and (4.69) shows that

2

< 2
S g s

sup 273
J

/ H(t,s)f(s)ds
R

L2(A})
Since p/2 < 2, by the Christ-Kiselev lemma [11], it follows that

2

2
S A

LV P25’

sup 273
J

/00 H(t,s)f(s)ds
t

L2(A))

which is exactly (4.67). O
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5. The Critical NLW

In this section we prove Theorem 1.5. We first consider (1.18) in the compact region
M. We denote by y the solution to the homogeneous equation

O,v =0, Y1z, = do. Kz, = ¢1.
and by T f the solution to the inhomogeneous problem
Oy (Tf)=f, TFs,=0, KTfis, =0.
Then we can rewrite the nonlinear equation (1.18) in the form

¢ =9 £T@). (5.70)

We define Sobolev spaces in M by restricting to M functions in the same
Sobolev space which are compactly supported in a larger open set. By the local Strichartz
estimates we have

W”H%&MC) S El¢1(Xo0)

and

<
1T s S 008 e

At the same time we have the multiplicative estimate

5 < 5
9%, 8 ey S 1004

Then for small initial data we can use the contraction principle to solve (5.70) and obtain

a solution ¢ € H %’4(/\/1@). In addition, still by local Strichartz estimates, the solution
¢ will have finite energy on any space-like surface, in particular on the forward and
backward space-like boundary of M. Thus we obtain

E[¢1(ZR) S El$](Z0).

It remains to solve (1.18) in Mg (and its other three symmetrical copies). Using the
(v, r, w) coordinates in M g we define ¥ and T as above, but with Cauchy data on DI

By the global Strichartz estimates in Theorem 1.4, for (s, p) as in the theorem we
have

W Lo e S ELDN(SR)

and
NTF N o frsr gy S I Niz2

In particular we can take p = 5 which corresponds to s = 13—0. By Sobolev embed-
dings we have

||¢||L5L10 S ||¢|| i )

10
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therefore

5 5
16012 < 1015, .
H 10"

Hence we can solve (5.70) using the contraction principle and obtain a solution ¢ €

H105. This implies that > € L'L?, which yields all of the other Strichartz estimates,
as well as the energy bound on the forward boundary ¥} of M. This concludes the
proof of the theorem.
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