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I The Wave Equation

fu(t, x) =02u(t, x) —Au(t, X)

Au(t,x) =95 u(t,x) +0; u(t,x) +...+9% u(t,x)

I The Cauchy Problem

Lu(t,x) =Q(u',u")
®  (t,x0ORxR"

u@©,x)=f(x), 9,u(0,x)=9(x)

I The Forcing Term

= Vanishes to Second Order
= Semilinear

Q(u,u")=Q(u’)=9;ud,u

= Quasilinear

Q(u',u")=cy0ud,u+d; 0,udd,;u

I Global Existence

= Well established local existence theory.

= When does (1) admit a global solution
for “small” f,g?

If n> 4, the Cauchy problem (1) has a
global solution. (~1985 — Klainerman,
Hormander)

I Sobolev Inequality

= What happens when n=2,3?
_n-1
sup [h(x)|[sCR 2 > |[z“h
R n+2
2
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Notice the power of R... what
happens as we sum (integrate) over
R?




I Almost Global Existence

= In n=3, there is almost global
existence. That is, as f,g get smaller,
the lifespan of the solutions grows
exponentially. [1984 - John and
Klainerman]

I Examples

= The following example always blows up
in finite time in n=3. [1981 — John]
Ou=(d,u)’
= This seemingly similar example,
however, has a global solution in n=3.
[Nirenberg]

Ju =(0,u)? —ZS: (0,u)?

I Null Condition

= An extra condition on the quadratic part
of the nonlinearity.

= If we are in the scalar valued,
semilinear case, then the null condition
says that the nonlinearity must be a
constant multiple of the one in
Nirenberg’s example.

I Global Existence in n=3

= In n=3, if the nonlinearity Q satisfies
the null condition, then (1) has a global
solution for “small” f,g. [1986 —
Klainerman, Christodolou]

I Existence when n=2

= In n=2, if Q satisfies the null condition,
then (1) has almost global existence.

= In n=2, if Q also satisfies a second null
condition (on the cubic terms), then (1)
has a global solution for “small” f,g.

= Semilinear case — 1993, Godin.
= Quasilinear case — 2001, Alinhac.

I Existence in Exterior Domains

= We want to look at existence exterior to
some (compact) set with smooth
boundary [an obstacle].

KO{x<D}OR"
Q=R"\K




I The Dirichlet Problem

Lu(t,x) =Q(u',u")
2 t,X)ORxQ
u@©,x)=f(x), a,u(0,x)=9(x)
u(,x)=0 when x10Q

I Types of Obstacles

= Free space — no obstacle

= Convex

= Star-shaped

= Nontrapping

= Some Hyperbolic Trapped Rays
= Schwarzschild Space-Time

= Elliptic Trapped Rays

I New Challenges

= The invariant vector fields do not
preserve the boundary condition.

= You no longer have strong Huygen’s
principle.

= Problems related to local energy decay.

I Local Energy Decay

K nontrapping, [Ju =0,
u(0,x) =0,u(0,x) =0 for |x|> D.
n odd
[Ioute, 0| +(@,utt, )Y ax < ce™ U (o, %) +(0,u(0,%)dx

<D

neven

[Iout, 0 + @t ) ax < ct [ [ou(, )| +(0,u(0,%) dx

<D
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